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§1 Introduction 



1.0. Quick overview. Recently we managed to prove the existence of integral 
canonical models of Shimura varieties of preabelian type with respect to primes p > 3 
(cf. [Va2, 6.4.1 and defs. of 3.2.6]; see [Va2, 6.8] and either 4.6.4 or [Va3] for the case 
of Shimura varieties of preabelian type which are neither of compact type nor of abelian 
type, and see §6 and [Va5] for the case p — 3). For the general theory of such integral 
models we refer to [Va2, §3]; for different types of Shimura varieties we refer to [Va2, 
2.5]. With this paper, which is a natural continuation of [Va2], we start an extensive 
program of proving that many well known results for integral canonical models of Siegel 
modular varieties remain true (under proper formulation) for all integral canonical models 
of Shimura varieties of preabelian type. Here we are concerned with points of these 
models with values in regular, formally smooth schemes over rings of Witt vectors of a 
given length (finite or infinite) of a perfect field. Special attention is paid to points with 
values in (the Witt ring of) a perfect field. 

For the sake of generality and motivated by applications to many other geometric 
contexts, most of the things are stated in the context and language of Fontaine categories 
(see 1.2.4 and 1.2.9). So this paper (together with the ones continuing it) represents: 

Fl. A foundation for integral aspects of Shimura varieties, and 
F2. A foundation for Fontaine categories. 

For a faster publication of our main results pertaining to the program, we split them 
in three parts, to be published separately. The first part is the present paper and so 
contains §1-4, the second part will contain §5-10 and the third part will contain §11-14. 
The results mentioned in [Va2, 1.6-7] are proved in §2-14. In §1-4 we concentrate (this 
was the initial goal) in reobtaining in a new manner: 

• the theory (due to Serre-Tate; see [Me, Appendix] for its first features) of ordinary 
abelian varieties and p-divisible groups (over perfect fields of characteristic p) and of 
their canonical lifts, 

• the theory (due to Serre-Tate and Dwork; see [Kal] and [Ka3-4]) of canonical coor- 
dinates of the formal moduli scheme of deformations of an ordinary abelian variety 
over an algebraically closed field, 

• a proof of Manin's problem (first solved in [Ta, p. 98]), 

and in extending these theories to the geometric context of integral canonical models of 
Shimura varieties of preabelian type and even more generally, to the abstract context 
(see 1.1) of Shimura cr-crystals. The case p = 2 is treated in maximal generality (like 
no restriction in the abstract context and, in the geometric context, we logically restrict 
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to integral canonical models of Shimura varieties of abelian type in mixed characteristic 
(0, 2) whose existence is proved here). 

On the way we obtain many other results pertaining to 7?-divisible groups, to abelian 
varieties, to the mentioned integral canonical models and to Fontaine categories. 

With p > 2, two things are worth being mentioned from the very beginning. First, 
we show that the number of isomorphism classes of p-divisible groups of a given rank over 
an algebraically closed field k of characteristic p which are definable over a fixed finite 
field ¥pq (with p'^ elements; here g G N), is finite and does not depend on k (see 1.6.4). 
Second, we construct versal global deformations, i.e. versal deformations over the p-adic 
completion of (a particular type of) pro-etale schemes over smooth, affine schemes over 
Witt rings of perfect fields (of characteristic p), of p-divisible groups over such fields, cf. 
Theorem 1 of 3.15.1. Theorem 1 of 3.15.1 complements: 

- Grothendieck's theorem of [II, 4.4] (we get stronger forms than what the combina- 
tion of loc. cit. and Artin's approximation theorem can produce); 

- Raynaud's theorem of [BBM, 3.1.1] (it is effective, i.e. it has -cf. its proof- 
an explicit, concrete aspect and it offers in many regular contexts -see the application 
of its proof to the Theorem of 3.15.2- more information on embeddings of finite, flat, 
commutative group schemes of p-power order into p-divisible groups); 

- Faltings's theorem of [Fal, 7.1] (it is effective and works for p = 2 as well); 

- de Jong's theorem of [dJ2, first main result] (it is effective; moreover it handles 
the case of truncations as well: for instance, see its application in the proof of Theorem 
of 3.15.2). 

Over algebraically closed fields of characteristic p, the words "p-adic completion" 
and "pro-etale" can be dropped (cf. Theorem 13 of 1.12). 

1.1. Introducing Shimura (filtered) a-crystals. In what follows A; is a perfect 
field of positive characteristic p, W{k) is the ring of (infinite) Witt vectors of k and a 
is the Frobenius automorphism of W{k) or of B{k) := VF(/c)[^]. We denote by E the 
algebraic closure of a field E. The proof of the basic result 5.1 of [Va2] leads to the 
study of cr-crystals over k endowed with an extra structure (cf. [Va2, 5.6.5]). Moving 
from the geometric context of loc. cit. to a more general and abstract context, we start 
considering a cr-crystal (M, ip) over k (so M is a free VF(/c)-module of finite rank and 
(f is a, cr- linear endomorphism of M producing a cr-linear automorphism of M[i]) and a 
quasi-split reductive subgroup G of GL{M) satisfying the following axioms: 

i) There is a family of tensors {ta)aej in spaces of the form M®'^(g)i^(A;) M*®"^[i] (with 
M* the dual of M and with n,m e N U {0}), such that fit^) = ta, Va G J, and G 
is the Zariski closure of the subgroup of GL{M[^]) fixing ta, Va G J, in GL{M); 

ii) There is a cocharacter fj, : — > G producing a direct sum decomposition M = 
© such that P G Gm{W{k)) acts through /j, on as the multiplication with 
i = 0, 1. Moreover is a proper direct summand of M (this last condition is 
inserted just to avoid trivial cases, cf. 2.2.9 11)); 
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iii) The triple (M, F\ ip) is a filtered cx-crystal (i.e. we have (p{^F^ + M ) = M). 

The triple (M, G) (resp. quadruple (M, F^, 99, G)) is called a Shimura (resp. a 
Shimura filtered) cr-crystal. The pair {Lie{G),(f) is called the Shimura Lie cr-crystal 
attached to {M,ip,G). Here Lie(G) is the Lie algebra of G and we still denote by ip 
the resulting cr-linear Lie automorphism of Lie(G)[^] obtained via the logical inclusion 

Lie(G) C End(M) and the natural action of (p on End(M)[^] that takes m e End(M)[i] 
into (pomo(p~^ e End(M)[^]. Axiom i) guarantees that (p normalizes Lie(G)[^]; we have 
(p{pLie{G)) C Lie(G), cf. axiom iii). See 2.1 for the (standard) way (p acts on the spaces 
of i). 

Fixing the group G, the family of tensors {ta)aeJ ^-^id the G(VF(A;))-conjugacy class 
[fj] of the cocharacter every cr-linear endomorphism (pi of M corresponding to any 
other (T-crystal (M, (pi) satisfying the logical analogues of axioms i) to iii), up to G{W{k))- 
conjugation, can be put in the form (pi = g(p, with g e G{W{k)) (cf. the second paragraph 
of §3). 

If G = GL{M), then we can take the set J of indices to be the empty set and so we 
regain the classical context of Serre-Tate's (ordinary) theory. 

1.2. The core: some basic results. The case p = 2 is treated as asides. So, in all 
that follows, without a special reference we assume p > 2. Our basic results are grouped 
in 3.1 and 3.6. 

1.2.0. On the first group of basic results. In 3.1 we present the first group of 
basic results. For our (standard) conventions on Newton polygons see 2.1. We have: 

Theorem 1. a) Among all Shimura a-crystals {M,gip,G) (with g E G{W{k))), 
the ones which have the smallest Newton polygon (in the sense that all others have a 
Newton polygon strictly above it) are precisely the ones (M, gi<p,G) (called G-ordinary 
a-crystals) for which there is a cocharacter ^ : G^n — ^ G (as in the above axioms), such 
that the parabolic Lie subalgebra pi of Lie(G) corresponding to non-negative slopes of 
the Shimura Lie a-crystal (lAe{G)^ gitp) (see 2.2.3 3)) is contained in the Lie algebra 
F°(Lie(G)) of the parabolic subgroup of G normalizing the direct summand of M 
defined (as in 1.1 ii)) by 

b) // (M, giLp^ G) is a G-ordinary a-crystal, then there is a unique Shimura filtered 
a-crystal (M, F^, giip, G) (called the G-canonical lift of (M, gl^p., G) ) such that for each 
X e pi, we have x{F^) C F^ . 

c) Among all Shimura a-crystals {M,g(p,G) (with g e G{W{k))), the ones which 
have the smallest Newton polygon of their attached Shimura Lie a-crystals (Lie^G), g(p), 
are precisely the G-ordinary a-crystals. 

d) Any Shimura a-crystal (M, g(p, G) is the specialization of a Gy/ (^^^y ordinary a\- 
crysiaZ (M VF(fci), (7i((/7 eg) ai), Gvi/(fci)), with gi E G(W{ki)) (here a \ is the Fro be- 
nius automorphism of the Witt ring of a perfect field ki containing k; we can take ki to 
be the field of fractions of the perfection of k[[X]], where X is an independent variable). 
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Referring to a), the quadruple 

(Lie(G),^i^,F°(Lie(G)),Fi(Lie(G))), 

with F-^(Lie(G)) as the unipotent radical of F°(Lie(G)), is called the Shimura filtered 
Lie (T-crystal attached to (M, F^, (p, G) and the inclusion pi C F°(Lie(G)) is interpreted 
as (cf. def. 2.2.12 a)): it is of parabolic type. See 3.1.1.2 for the interpretation of the 
mentioned inclusion (resp. of the uniqueness part of b)) in terms of (see def. of 2.2.8 7) 
and of 2.2.9 6)) G-endomorphisms (resp. of automorphisms); so 3.1.1.2 represents the 
generalization of the classical result that any endomorphism of an ordinary p-divisible 
group over k lifts to its canonical lift. 

1.2.1. On the proof of Theorem 1. The proof of Theorem 1 is achieved by first 
(an idea suggested by G. Faltings) proving it for Shimura Lie a-crystals {Lie{G), g(p). 
To achieve this and to complete the proof of Theorem 1 we construct (see 3.6.7 for the 
exact form needed) global deformations of such (as in 1.1) Shimura filtered cr-crystals; 
their goal is: to connect any Shimura u-crystal {M,gif,G) (with g E G{W{k))) with 
(the extension to k of) a G-ordinary cr-crystal {M, gi(fi,G). Here by global we mean: 
deformations over the p-adic completion of pro-etale schemes over smooth, affine W{k)- 
schemes, whose special fibres are connected and have a dense set of fc-valued points. This 
takes care of (a stronger form of) d) of Theorem 1, as it can be checked easily starting 
from Grothendieck-Katz specialization theorem (see [Ka2, 2.3.1-2]) and from 1.2.1.0 2) 
and 3) below. 

1.2.1.0. Tools from the Lie context. The proof of Theorem 1 for Shimura Lie 
cr-crystals (Lie(G),^<^) (with g e G{W{k))), means three things: 

1) there is gi e G{W{k)) such that for any x E pi (defined in a) of Theorem 1) we have 
x{F^) C (cf. 3.2.3); 

2) for any g e G{W{k)), the Newton polygon of (Lie(G),^<^) is strictly above or equal 
to the Newton polygon of (Lie(G), gi^p); 

3) if in 2) we have equality of Newton polygons, then an explicit expression of g can be 
determined and the cr-crystal (M, g(p) has the same Newton polygon as the cr-crystal 
(M.giip) (cf. 3.4.11 and 3.4.13). 

Part 1) is easy (as G is a quasi-split reductive group), while 3) is implicitly obtained 
on the way -see below- of proving 2) (cf. 3.4.8-11 and 3.7.4). From 1) to 3) and 1.2.1 we 
get a) and c) of Theorem 1 (see 3.2.4). Based on the fact that [//] is uniquely determined 
by (M, G) (cf. Fact 2 of 2.2.9 3)), the uniqueness part of b) of Theorem 1 is just a 
simple property of parabolic subgroups of G (cf. 3.2.8). 

For the proof of 2) we first show that for any g G G{W{k)), the Newton polygon of 
(Lie(G), (/(/?) can not be strictly below the Newton polygon of {Lie{G) , giip) (cf. 3.4.12). 
This is achieved (cf. the proof of 3.4.6 needed to get 3.4.8, and so needed to get 3.4.12) by 
using Lie stable p-ranks of Shimura cr-crystals, via their interpretation (see 3.4.5.1 B; see 
also the proof of 3.9.2) in terms of multiplicities of (suitable -i.e. minimal in some relative 
sense- non-positive) slopes of Newton polygons of attached Shimura Lie cr-crystals. 
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The Lie stable p-rank of a Shimura cr-crystal (M, G) is a non-negative integer 
associated to (Lie(G), cp): though it is defined just in 3.9.1 and 3.9.1.1, the very essence 
of its definition is aheady captured in 3.4.5 and 3.4.5.1. Here is a sample of how it can 
be computed. If the adjoint group G^'^ of G is an absolutely simple group and fi of 1.1 
ii) does not factor through the center of G, then it is the dimension over k of the stable 
image (i.e. of the image of the "sufficiently high" iterate) of the cr-linear endomorphism 
FSHW of Lie(GA;) = Lie(G)/pLie(G) defined by the reduction mod p of the cr-linear 
endomorphism p(f of Lie(G) (warning: here ip is viewed as a cr-linear automorphism of 
End(M)[^] and so p(f denotes its multiplication by p). As pip normalizes the Lie algebras 

of the derived group G'^'^^ of G as well as of the adjoint group G^'^ of G (see 2.2.13 for 
the adjoint context), this Lie stable p-rank can be computed as well (see 3.9.6) using the 
resulting ir-linear endomorphism FSHW'^'''' (resp. FSHW^'^) of Lie(G"^'''')/pLie(G"^'^'') 
(resp. of Lie(G'^'i)/pLie(G^d)). 

3.4.6 is a theorem on such Lie stable p-ranks capturing the very essence behind 2), 
3) and Theorem 2 below. Its proof is carried out in 3.5. It involves standard techniques 
pertaining to (Lie algebras of) parabolic subgroups of G^: the well known classification 
of Shimura varieties of Hodge type (see [De2]; see also [Sa] or the abstract context of 
[Se2, §3]), allows us to restate 3.4.6 in terms of 

- possible dimensions of suitable intersections of Lie algebras of unipotent radicals 
of such parabolic subgroups, and of 

- suitable inclusions between such intersections. 

Accordingly, the language of root systems occupies a central stage in 3.4-5. 

To conclude the proof of 2) we use standard specialization arguments in the context 
of the mentioned global deformations (cf. 1.2.1; see 3.7.1 and 3.7.6). 

1.2.1.1. Variants and complements. For a simpler way of proving a) and c) 
of Theorem 1 see 3.4.14. See also the last sentence of 1.4.1 for a third approach. For 
the sake of completeness and of future references, 3.4-5 handle as well with full details 
the cases of Shimura Lie cr-crystals (see def. 2.2.11) which are not attachable to some 
Shimura cr-crystals (like the ones involving the Eq and Lie types, etc.). 

The first group of basic results and their proofs are presented in 3.1-5 and 3.7, while 
3.8 shows that Theorem 1 remains true even if G is just a reductive group (i.e. it is not 
necessarily quasi-split). The construction of the global deformations mentioned in 1.2.1 
is carried out in 3.6, being in fact part of the second group of basic results. 

1.2.1.2. On the organization of 2.2. In 2.2 we present basic facts pertaining to 
Shimura (adjoint) (filtered) (Lie) {a- or F-) crystals; most of them are indispensable for 
the reading of §3-4 (and so of 3.1-5). Special attention is paid to the Lie context (see 
the first paragraph of 2.2.3 4) for a justification): see 2.2.2-3, 2.2.4 B, 2.2.8 b), 2.2.11-13, 
2.2.16.5, 2.2.23 B, etc. The notion of Shimura p-divisible groups (these are p-divisible 
groups endowed with a family of crystalline -de Rham- tensors and satisfying an axiom 
inspired from the axioms of 1.1) is introduced in 2.2.20. See 2.2.22 (resp. 2.2.23) for some 
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complements on Shimura (Lie) cr-crystals (resp. on quasi-polarizations); in particular, 
2.2.22 3) deals with different classification problems. 

1.2.2. A supplement to 1.2.0. We have (cf. 3.9.2) the following important 
supplement to 1.2.0: 

Theorem 2. A Shimura a-crystal {M,Lp,G) is a G-ordinary a-crystal iff for any 
g e G{W{k)), the Lie stable p-rank of {M,g(^,G) is smaller than or equal to the Lie 
stable p-rank of (M, (p, G). 

In particular, any Shimura cr-crystal (M, gip^ G) having the same Lie stable p-rank as 
a G-ordinary cr-crystal (M, gi^p^ G), is a G-ordinary cr-crystal itself. Theorem 2 represents 
the generalization of the characterization of ordinary p-divisible groups over k in terms of 
p-ranks of Hasse-Witt maps or matrices: we get Faltings-Shimura-Hasse-Witt (reduced 
or adjoint) maps and matrices "encoding" the values of these Lie stable p-ranks (cf. 3.4.5, 
3.9.1, 3.9.6, 4.3.7 and 4.3.9; see also 3.13.7.6 for their non-compact variant). The essence 
of its proof is 3.5. The (x-linear endomorphism FSHW^"'' (resp. FSHW^"^) of 1.2.1.0, is 
the most elementary sample of a Faltings-Shimura-Hasse-Witt map (resp. adjoint map); 
the dimension over k of its stable image is nothing else but the multiplicity of the slope 
— 1 of the isocrystal (Lic(G')[^], </?). Such maps can be defined as well in global contexts 
(like when k gets replaced by some regular, formally smooth fc-scheme Sk and we deal 
with a suitable F-crystal with tensors -see 2.2.10 for samples- over Sk)- 

We can refer to Lie stable p-ranks as well as Faltings-Shimura-Hasse-Witt invari- 
ants. As we speak about Faltings-Shimura-Hasse-Witt maps as well as (see 1.6.1) strat- 
ifications, and as in more general contexts (like of the class CC^ of 1.2.9), there is a 
demarcation between the two (see 3.13.7.9 for some explanations), to be short and to 
avoid confusion, in §1-14, in connection to Shimura Lie cr-crystals we refer just to Lie 
stable p-ranks of them. 

1.2.2.1. A mod p interpretation. Theorem 2 implies: the fact that {M,g(p,G) is 
or is not G-ordinary depends only on the expression of g mod p (cf. 3.9.3). See 3.13.7.1.2 
for a more of a principle formulation of this, closer in spirit to the classical context of 
Serre-Tate's (ordinary) theory; so 3.13.7.1.2 represents the generalization of the following 
well known result: the fact that a p-divisible group D over k is ordinary or not can be 
read out from its maximal subgroup D [p] annihilated by p. 

1.2.3. The list of principles. In section 3.6 we start the presentation of twelve 
fundamental principles of the crystalline theory. These principles are: 

PRl the V principle (cf. 3.6.1.3, 3.6.18.4 and 3.6.18.6 a); see also 3.6.18.4.4 1) and 
3.6.18.9); 

PR2 the moduh principle (cf. 3.6.1.3 1) and 3.6.18.4.2); 

PR3 the surjectivity principle (cf. 3.6.1.3 5), 3.6.8.1.2 a), 3.6.8.2, 3.6.18.4.5 and 
3.6.18.6 b)); 

PR4 the uniqueness principle (cf. 3.6.1.2, 3.6.18.8 and 3.6.18.8.1); 



10 



PR5 the (very) (weak) gluing principle (cf. 3.6.2.2 and 3.6.19); 
PR6 the integrability principle (cf. 3.6.18.4.1 and 3.6.18.4.1.1); 
PR7 the deformation principle (cf. 3.6.14 and 3.6.14.1-4); 
PR8 the boundedness principle (cf. 3.15.7; see also 1.6.3); 
PR9 the purity principle (cf. 3.6.8.1.4, 3.15.10 and 4.5.16.1); 
PRIO the (local) integral Manin problems (cf. a great part of 4.12); 
PRll the invariance principle (cf. 4.13 and §9-10); 
PR12 the slice principle (cf. §7). 

These principles are accompanied by eight other useful properties: 

• the constructibility property (cf. 3.6.8.1.2 b)); 

• the constancy property (cf. 3.6.8.9); 

• the touching property (cf. 3.6.18.4.3); 

• the inducing property (cf. 3.6.18.5); 

• the liftability property (cf. 3.6.18.5.2, 3.6.18.5.4 1) and 3.6.18.5.9); 

• the inductive property (cf. 3.9.7.2); 

• the homomorphism property (cf. Corollary of 3.15.8); 

• the rigidity property (cf. §7; see also 3.6.1.4 5) and 3.13.5.4). 

3.6.18.4-6 can be extended to a relative situation (i.e. to a situation where a smooth 
group -not necessarily reductive- is involved, as in the context of 1.1): see the whole of 
3.6.18.7. It would be too long to fully describe these principles (or properties) here. So 
we concentrate in outlying some of the main features. 

1.2.4. The first three principles in a convenient Shimura cr-crystal con- 
text. For the definition of Fontaine categories M.J^[o^i]{X) and A4J-'^^{X), of their 
p-divisible objects and for how (p-divisible) objects are pulled back through pro-ctale, 
affine morphisms see 2.1, 2.2.1 c) and respectively 3.6.1.1.1 1), 2) and 5). Here X stands 
for a regular, formally smooth, affine W (k) -scheme such that either itself or its p-adic 
completion is endowed with an arbitrary (but fixed) Frobenius lift compatible (see 2.1) 
with cr; we always assume that the sheaf ^Xk/k on X^ of relative differentials is locally 
free of finite rank. Though in this introduction we deal just with such an X, it is worth 
pointing out that in many situations X can be non-affine. For instance, when we are 
dealing with A4J-'^ ^-^{X), X can be non-affine and moreover we do not need to assume 
that a Frobenius lift is specified (cf. 2.2.1 c)). 

We come back to 1.1. Let U = Spec(i?) be an open, affine subscheme of G such that 
the identity element ao of G{W{k)) belongs to U{W{k)). We assume the existence of an 
etale morphism U — > Spec{W{k)[xi, a^d(G)])) where d{G) is the relative dimension of 
G, such that ao factors through the closed subscheme of U defined by Xj = 0, i = 1, d{G); 
here we identify naturally each Xi with an element of R. Let be the p-adic completion 
of R and let $_r be the Frobenius lift of :— Spec(i?^) which at the level of rings 
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takes Xi (identified naturally with an element of R) into x^, Wi G {1, d{G)}, and is 
compatible with a (for the case of a general type Frobenius lift compatible with a 
see 3.6.18.8.3). Let Mu be the p-divisible object of A4J^[o^i]{U) defined by the triple 

(M ^wik) R"", ^W{k) R"", ^Mu)- 

Here is the $ij-linear endomorphism of M<Siw{k) R^ which takes an element m E M 
into u{Lp{m)), with u e G{R^) as the universal element naturally defined by the inclusion 

U ^ G. So ^Muita) = tct, Va & J. m and ta's are viewed naturally as tensors of the 
tensor algebra of (M © M*) ®w{k) R^[^] ^^'^ ^^^ts in the standard way (see 2.1) on 
this tensor algebra. 

The V, the moduli and the surjectivity principles in their simplified and convenient 
form involving Shimura cr-crystals can be formulated as follows (cf. 3.6.1.3): 

Theorem 3. There is a pro-etale, affine morphism £ : Ui — Spec(i?i) —>■ U, with 
the special fibre of Ui a geometrically connected k-scheme, such that: 

a) The pull hack Mu^ of Mu to (the p-adic completion of) Ui, is a p- divisible object of 
•^•^[0,1] (^i)- other words (cf 3.6.1.1.1 2)), there is a unique connection 

V : M ®w{k) Ri^M ®w{k) ^R/w{k) ®R Ri 

for which the Frobenius endomorphism ^m^^ of M ®vK(fe) Ri (defined by ^Mu> ^he 
Frobenius lift of being the one naturally induced from via £) is V -parallel 
(in the usual sense); V is integrable and nilpotent mod p. Moreover, V respects the 
G -action (i.e. we have Vita) = 0, Vck e J); 

b) There is a closed subscheme B of the special fibre Uk of U not containing the origin 
of Gk, with the property that the fibres of £ above points ofUk\B are non-empty. 

From Theorem 3 and [Fal, 7.1] wc deduce the existence of a p-divisible group Di 
over Spec(-R^) corresponding (via the antiequivalence of loc. cit. applied in the context 
of a suitable projective system) to this p-divisible object of M.J^^ ^{Ui) (cf. 3.6.2.0; see 
also b) of the Fact of 3.6.19). As V annihilates ta, Va e J, the pair T>i := (_Di, {ta)aej) 
is a Shimura p-di visible group. 

In their full form, the above three principles in the context of Mu and describe 
as well how we can choose £ to get an universal property and what extra properties it 
enjoys (subject to this special choice). 

1.2.5. The essence of the second group of basic results: the first six 
principles. For the sake of generality, we now describe PRl-6 in wider contexts (then 
the one of 1.2.4). Let X be as in 1.2.4. The V principle for an arbitrary object €. of 
•^•^[0,1] (-^) shows the existence, in the etale topology of X (i.e. when we pass to an etale, 
affine morphism X' — > X, surjective mod p), of connections on the pull back Cx' of £ to 
X'; such connections satisfy all equations except the ones referring to the integrability 
part (see 3.6.1.1.1 1), 2) and 4)) needed to be satisfied in order that Cx' is obtainable 
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from an object of by forgetting its connection. It also computes the number 

V((i) of connections on C (in the case when the special fibre of X is a local strictly 
henselian scheme), cf. 3.6.18.4.4 1), and expresses upper bounds for this number (in the 
general case), cf. 3.6.18.9. 

The V principle for a p-divisible object € of AiJ^[Q^i]{X) shows the existence of 
such connections in the pro-etale topology of X (i.e. when we pass to a pro-etale, affine 
morphism X' ^ X, surjective mod p) and (under some conditions on X; see b) of Fact of 
3.6.19 and see 3.15.4 for some extensions of it) asserts (via the integrability principle to 
be mentioned below) the existence of a p-divisible group Dx' over the p-adic completion 
X'^ of X' whose associated filtered F-crystal, when viewed just as a p-divisible object 
of 7WjF[o^i](X') (i.e. when viewed without connection), is the pull back of C to X'; to 
be consistent with 1.2.4, X'^ is viewed here as an affine scheme. In many cases the 
uniqueness of Dx' is implied by [Fal, 7.1] (see b) of Fact of 3.6.19); when loc. cit. does 
not apply, we rely on the fully faithfulness results of [BM, §4] and the deformation theory 
of [Me, ch. 4-5] in order to get more general uniqueness statements (see 3.15.2-4). 

Regardless of C being an object or a p-divisible object, the V principle also describes 
how such an X-scheme X' can be obtained: always Xj^ is an affine X^-scheme of a very 
particular type. To detail this we work locally in the Zariski topology of Xk- So we 
consider the context in which € is a p-divisible object, ^x^/k is a free sheaf on X^ and 
the underlying sheaf of € (see defs. of 2.2.1 c)) is as well free. We have (cf. 3.6.18.4.2 b) 
for the mod p part): 

Key Property. Xj^ is the projective limit of schemes X^, m & N, where Xm is 

obtained from X^-i (with Xq := X^) by using a quasi Artin-Schreier system of equations 
(in a number of variables which does not depend on m), while X' itself is obtained as a 
projective limit of schemes by just lifting what we get mod p. 

These systems of equation (cf. the terminology of 3.6.18.4.6 A; they are also called of 
first type, cf. 3.6.8.9) are systems of n equations in n variables xi,..., with coefficients 
in an Fp-algebra -R(p), of the form 

(1) a^j = Lj(a;^, a;^), 

i e {1, where L^'s are linear forms (not necessarily homogeneous). Here n G N. 

Any such system of equations defines naturally an etale, affine Spec(i?(p))-scheme (see 
3.6.8.1.2 a)). 

The uniqueness principle tells us when the number V(C) is 1. There are two forms 
of it: one in terms only of the Frobenius lift of X (or of its p-adic completion) (see 
3.6.18.8) and another one in terms only of the Frobenius endomorphism of (the underlying 
sheaf of) (£ (see 3.6.18.8.1 a)). The integrability principle asserts that all connections, 
whose existence is asserted by the V principle, are in fact integrable. The ideas involved 
in obtaining it rely on a natural algebraization process (which allows us -via Chinese 
Remainder Theorem- to perform suitable global deformations to a generic -i.e. ordinary- 
context) and on the touching property; they can be easily grasped from 3.6.18.4.1. These 
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last two principles together with the inducing property of 3.6.18.5 form a natural extension 
of [Fa2, th. 10]. 

The moduli principle shows the existence of a moduli formal scheme of connections 
(satisfying the equations mentioned in the first paragraph of 1.2.5) on (pull backs of) 
an arbitrary object or p-divisible object C of MJ^[q^i]{X). One form of the surjectivity 
principle asserts that, in the case of a p-divisible object any connected component of 
the special fibre of a such resulting moduli formal scheme, maps onto an open, dense 
subscheme of a connected component of the special fibre of X (cf. 3.6.18.4.5). 

The gluing principle has many variants (cf. 3.6.19). One such variant shows that in 
many cases two filtered F-crystals (which are "modeled" on Shimura p-divisible groups) 
over the (assumed to be connected) special fibre of a separated, smooth W {k)-sch.eme 
Y, under some conditions which make them to look similar "around" a fc-valued point y 
of Y and modulo logical changes of filtrations, are isomorphic over a connected Yjt-scheme 
which is the special fibre of a pro-etale, affine morphism Yi — > y whose image contains 
an open, dense subscheme of Yfe and to which y lifts. 

1.2.5.1. Some ideas. The guiding main new idea for obtaining these principles: we 
work inductively mod p'^, n & N (even in the case of a regular ring of formal power series 
over W{k)). What we gain by doing this: the systems of equations we get (as in 1.2.5, 
by working locally in the Zariski topology of X^) arc of a very simple and practical form 
(for instance, see 3.6.8; see also the simple, independent Fundamental Lemma 3.6.8.1, 
whose proof is based on intersection theory) . 

Using a subclass of quasi Artin-Schrcicr systems of equations (i.e. the class of the 
so called Artin-Schreier systems of equations) with coefficients in Fp-algebras, we define 
Artin-Schreier fundamental groups (of different levels) of F^-algebras whose spectra are 
connected (see 3.6.18.4.6 A and B). See 3.6.18.4.6 C and D for the Fundamental Lemma 
of the TTi-theory in positive characteristic. 

The idea behind the surjectivity principle is the constancy property: the quasi Artin- 
Schreier systems of equations we get working with different powers of p are very close (in 
shape) one to another, i.e. they differ, cf. 3.6.8.9, only by adding some constants to the 
linear forms involved (so the abstract surjectivity principle of 3.6.1.8.2 a) applies). For an 
application of 3.6.8.1 to difference systems of equations see 3.6.8.1.1. We view 3.6.8.1.2 
c) and part of 3.6.8.1 as the purely algebraic analogue of the well known theorem of S. 
Lang on connected algebraic groups over finite fields. 

1.2.6. Some details on the contents of 3.9-10 and 3.12-14. In 3.9.4-5 we 

present the notion of refined Lie stable p-rank of a Shimura cr-crystal (M, (/?, G) and a 
theorem for it similar to Theorem 2. The idea behind this is: for each factor of the 
adjoint group G^'^ of G whose generic fibre has a Lie algebra normalized by </?, we can 
define a Lie stable p-rank; so the "refined" part refers to the fact that we keep track of 
all these Lie stable p-ranks and not only of a particular sum of them. Strictly speaking, 
in 3.4-5 we just deal with Lie stable p-ranks associated to a fixed such factor of G^"^ (see 
their parts referring to Iq of 3.4.0). 
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In 3.10 we introduce the terminology (and notion) of cyclic Shimura (adjoint) Lie 
cr-crystals to be constantly used, as well as logical formulas (see 3.10.6-7) for them. 

In 3.12 we show that for many Shimura filtered F-crystals (M, , cp,G, HJ) (de- 
fined in 2.2.10; so is a smooth subscheme of G such that H{W{k)) contains ao of 1.2.4), 
the Shimura CTj^-crystal over the algebraic closure u of the field of fractions of the com- 
pletion of the special fibre of H in the special fibre of ao, is a G;^(,^)-ordinary a"i,-crystal 
(here is the Frobenius automorphism of W{iy)). 3.12.1 is an immediate consequence 
of d) of Theorem 1 and of (restatement 2.2.21 UP of) [Fa2, rm. in) after th. 10]. 

By a lift of a Shimura cr-crystal (M, (p, G) we mean a direct summand of M such 
that the quadruple {M, F^,(f>,G) is a Shimura filtered cr-crystal. Our hopes for a good 
(understandable and useful) theory of lifts of Shimura cr-crystals (M, G) which are not 
G-ordinary (or are not potentially cyclic diagonalizable; see defs. 2.2.1 d) and 2.2.22 1)) 
are gathered in 3.13: we define different (too many to be itemized) deviations of Shimura 
(filtered) (Lie) cr-crystals. Here deviations are thought as measures of how far (or close) 
a Shimura cr-crystal is from being G-ordinary or potentially cyclic diagonalizable. We 
draw attention to Conjecture 3.13.3.1 3) and to Problem 3.13.4 7). 

The case p = 2 is treated in 3.14: with very few exceptions (all of them are explicitly 
itemized), everything we get for p > 3 remains true for p — 2 without any significant 
modification. In particular. Theorems 1, 2 and 3 remain true for p = 2. With p > 3, 
3.5.4 a) is a well known statement on standard s[2-subalgebras of the Lie algebra of a 
semisimple group SG over k which has a simple adjoint; it plays an important role in the 
proofs of 3.5. Unfortunately it is not true in general for p = 2. However, for p = 2 one 
gets around this problem by using any one (the choice depends on the context and so on 
SG) of the following three things (see 3.14 C; see also Step 2 of 3.13.7.3 and 3.14 J): 

a) a slightly more involved argument pertaining to root systems; 

b) reduced structures of some normalizing group schemes over k in order to make 
them smooth; 

c) the classification of SG^s for which 3.5.4 a) does not hold. 

1.2.7. Some conclusions and Dieudonne's theories. Some conclusions (with 
p > 2) obtained by combining the basic results of 3.1 and 3.6, are included in 3.15 (see 
also 3.1.8); they are detailed below and in 1.6.3-4. Some of them are refined in §4 (like 
Theorem 1 of 3.15.1 is refined -see Theorem 13 of 1.12- in 4.12.12 and 4.12.12.2). 

In different parts of §3, we reobtain many well known results of crystalline Dieudonne 
theories over (special fibres of) regular, formally smooth H^(A;)-schemes; moreover, in 
many situations we weaken -see below- the often used restriction on such special fibres 
to be locally of finite type, as well as in many situations we work in a context involving 
finite, flat, commutative group schemes of p-powcr rank instead of one of (truncations 
of) p-divisible groups. For samples, see 3.6.18.5.1, 3.6.18.5.3, 3.6.18.5.7-8, Fact of 3.6.19, 
3.6.20 3), 3.14 B and 3.15.2-3. To our knowledge, some results are new; like 3.15.2 (and 
its variants referred to in 3.15.3 3) and 6) and in 3.15.4). The idea behind 3.15.2 is the 
moduli principle; so, though a major result, it is not stated explicitly in this introduction. 
Here, in connection to these theories we just mention: 
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• In 3.6.20 3) and 3.15.3 4) we show that (for p>3) the results [Fal, 7.1] and [Fa2, 
th. 10] can be deduced one from another (to our knowledge this is the first time when 
global Dieudonne theories -like [Fal, 7.1]- are used to get local ones -like [Fa2, th. 10]-; 
usually the implications go the other way round, see [dJ2] and the proof of Theorem 2 of 
3.15.1); 

• In 3.6.20 3), in 3.14 B6-8, in the proofs of the two Theorems of 3.15.1 and in 3.15.3 

3) and 6) we make the connection with [dJl-2]; 

• The new ideas we introduce are based on (a more systematic use of) the theory of 
projective systems of (quasi-coherent sheaves on) schemes (see [EGA IV, §8]) and on some 
of the first six principles of 1.2.3. So some of the results are proved in wider contexts, 
like the ones involving pro-etale morphisms or finite, flat, commutative group schemes 
of p-power rank; moreover, we are stating everything in terms (i.e. in the language) 
of Fontaine categories (even when we deal with the special fibre of a regular, formally 
smooth W {k)-sch.em.e; see 3.14 B6 for a sample): see 2.2.1.0 for Dieudonne's crystalline, 
contravariant functor in the language of such categories. 

Many of the ideas presented in §1-4, can be easily adapted to wider contexts, which 
are either not necessarily regular, formally smooth (cf. 3.6.20 4)) or are involving a (non- 
perfect) field having a finite p-basis (cf. 3.15.3 6) and 3.15.4.1); as our work on p-divisible 
groups emerged from the smooth context of a standard Hodge situation (see 1.3), these 
extensions are just very partially exploited here. 

1.2.8. On the context of 3.11. The special features of the case k = k and some 
of their applications arc presented in 3.11. Using defs. 2.2.1 d), 2.2.22 1) and 2.2.12, we 
have (cf. also 2.2.9 6)): 

Theorem 4. If k = k, then all G-canonical lifts {M,F^,g(f,G) (g G G{W{k))) 
are isomorphic to each other (under isomorphisms defined by elements of G{W{k))), are 
cyclic diagonalizable and their Shimura filtered Lie a-crystals are cyclic diagonalizable 
and of Borel and parabolic type. 

In particular, if A; = ^ there is a W{k)-hs&\s {ei\i E B{M)} of M and a permutation 
TT of the set B{M), such that 

g(p{ei) =p^*e^(j), 

where Si is 1 or depending on the fact that is or is not in . All proofs of Theorem 
4 presented (or mentioned) in 3.11.1 are in essence based on 1.2.1.0 3) and on properties 
of parabolic subgroups of G which allow us to use the fact (see 3.6.8.1) that quasi Artin- 
Schreier systems of equations with coefficients in k have always solutions. If G = GL{M) 
then we can assume tt is the trivial permutation (cf. 3.1.1.1). 

Using Theorem 4, we get (see 3.1.4 and 3.11.2 A) that for any G-ordinary a-crystal 
(M, G), there is a unique cocharacter fj, : Gm ^ G as in 1.1 ii) and such that the 
elements of the parabolic Lie subalgebra of Lie(G) corresponding to non-negative (resp. 
to non-positive) slopes of {Lie{G),(f) take (resp. F^) into itself; it is referred as 
the canonical split of {M,ip,G). It is the inverse of the canonical split cocharacter of 
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(M, F^, (f, G) as defined in [Wi], cf. 3.1.5. Useful direct sum decompositions (in the etale 
context with Zp-coefficients or in the integral crystalline context) can be found in 3.11.8.1 
(see also 3.11.9). 

1.2.9. General Fontaine categories. References to Fontaine categories M.T[a,h] (*) 

and M.T^^^{*), with a,b e b > a + 2, are made (besides some foundational material 
of parts of §2 and of 3.6.1 and some isolated remarks) in 3.6.8.9, 3.6.18.5.5, 3.6.18.7.1 b) 
and c), 3.6.18.7.1.1 b), 3.6.18.7.3, 3.6.18.7.4 4), 3.6.18.8, 3.6.18.8.1 b), end of 3.6.18.9, 
3.13.7.8-9, 3.15.4-10, 4.5.4, 4.5.15.2.4 5), 4.5.18.1, 4.14.5 and in Appendix. Such cate- 
gories were first used in [FL] (resp. in [Fal]) for the case when X = Spec{W{k)) (resp. 
when X is smooth over W{k) and either it is affine or we are in situations in which, based 
on gluings arguments as in [Fal, proof of 2.3], we do not need to specify a Frobenius lift). 
Here we just point out four things. 

First, we define a wide (and wild) variety of (subcategories of) Fontaine categories (of 
objects of or p-divisible objects): see 2.2.1.7 for a glimpse. Different tannakian consider- 
ations are gathered in 2.2.4. In particular, we draw attention to the list of TTi-groupoids 
of 2.2.4 J. They are of interest among themselves. Moreover, they also form the first 
attempt to: 

- define (quotients of) crystalline fundamental groupoids (and so indirectly groups) 
with integral coefficients, and to 

- (simultaneously) work as well in other contexts. 

We recall that previous works of Deligne (sec [De6]) and others (more recently see 
[Shil-2] and [HK]) were centered on a rational, unipotent context. Here, by "other 

contexts" we mean contexts which do pay (at least partially) attention to reductive 
(group) aspects and by integral coefficients we mean Zp or W{k) coefficients (versus Qp 
or B{k)). We go as far as: 

i) to present some tools (which hopefully will be used later on and) which pertain 
to Fontaine categories (see all of 2.2.4); 

ii) to define, without assuming that X or its p-adic completion has a Frobenius lift, 
a category MJ^'^(p+*'^'^^)[X) which has most of the features one could think of (the still 
to be defined) category "MJ^^{Xy (see 2.2.4 C and D); 

iii) to speak about tannakian categories and almost fibre functors over Wn{k), n eN 
(see ii) and 2.2.4 F); 

iv) to define Fontaine's crystalline fundamental VF(A;)-groupoid of a proper, smooth, 
geometrically connected VF(A;)-scheme (sec 2.2.4 K); 

v) to define the crystalline fundamental W^(/c)-groupoid in crystals of the special 
fibre Xk ofX (see 2.2.4.1 1)); 

vi) and to include general affine versions of iv). 

Second, most of the properties and principles we mentioned for M.J-'[o,i]{*) in 1.2.4-5, 
are either not true (in general) or are true in a much weaker form for M.J'[a,b]{*)'i this is 
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so due to the fact that working as usual modulo powers of p and following the approach 
of 1.2.5, we get systems of equations in n variables which besides the equations of (1) of 
1.2.5 do involve in general some extra equations (cf. 3.6.8.9; we refer to such systems of 
equations of being of third type). 

Third, some of the results have to be stated not in terms of multiplicities of the 
slopes and 1 or of the slope —1 (as we usually do in the context of A^^[o,i](*): see 
3.6.18.4, 3.6.18.7.0, etc.) but in terms of suitable pseudo-multiplicities of the slope — 1, 
as defined in 3.6.18.5.5 B. The reason is: the liftability property referred to in 1.2.3 does 
not hold (in general) in the context of M.!F[a^b\{*)- 

Fourth, in the study of (truncations of) p-divisible objects of M.!F{W{k)) (see 2.2.1 c) 
for defs.) endowed with some extra structures, we distinguish five major classes. Working 
(for simplicity of language) in a non-filtered context, they are listed below in such a way 
that the next ones contain the previous ones: 

1) The class CCi of Shimura cr-crystals; 

2) The class CC2 of generalized Shimura p-divisible objects over k (see 2.2.8 3) and 

4)); 

3) The class C^Cs of p-divisible objects with a reductive structure over k (see 2.2.8 
3a) and 4a)); 

4) The class CC^^ of a"-5-crystals (see 3.6.1.5); 

5) The most general context (involving a non- necessarily smooth group scheme). 

This division is based on degrees of complexities. A great part of the results of 
1.2.1-8 (pertaining to CCi) extend automatically to CC2 and even to CC^ or to C£4. 
For instance, this paper "handles" entirely CC2 (i.e. everything we get here for CCi is 
obtained as well for €€2). For the (local and global) deformation theory in the context 
of CC2 we refer to 3.6.18.7.1 c), 3.6.18.7.3 C and 3.15.6. One might wonder (based on 
the above use of the word entirely), why we do not treat CC2 and CCi as just one class. 
We have two reasons for this: 

- presently, in general, we do not have geometric interpretations for representatives 
of CC2 (like p-divisible groups, Verschiebung maps of them or the existence of integral 
canonical models of Shimura varieties of preabelian type); 

- occasionally we prove results pertaining to CL2 by reduction to the context of CL\ 
(like the integrability principle; see 3.15.6 D). 

Most of the ideas apply as well directly to CC^^; however, in Step 1 of Appendix we 
state the things only as far as all details are obviously the same as for CC2- One think is 
worth mentioning: we do not present a deformation theory for CC^; however, such a the- 
ory can be substituted from many points of view (like "smallest Newton polygons") either 
by 3.6.6, 3.6.6.0 and Grothendieck-Katz' specialization theorem or by [RR] (see Step 1 
of Appendix). For avoiding repetitions, some results pertaining to CC2 are stated just in 
Step 1 of Appendix, as refinements of results pertaining to CC^. In connection to CC^^ 
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(resp. to CC^ \ CC^) we refer to 3.6.1.6 and Appendix (resp. to 3.9.9). In 3.9.9 we con- 
struct quasi- versal (in the sense of 3.6.19 B) global deformations (over VF(A;)-scliemes as 
in 1.2.1) in contexts provided by suitable quintuples (M, F'^, (p, H, G), with (M, F^, (p, G) 
as in 1.1 and with H a closed (but not necessarily smooth), integral subgroup of G; in 
particular, we get such global deformations for quasi-polarized p-divisible groups over 
W{k). 

1.3. Standard Hodge situations. For a better presentation of geometric applica- 
tions (see §4) of the basic results of §3, we introduce in 2.3 the standard Hodge situation; 
it generalizes [Ko2, ch. 5]. 

We start with an injective map / : Sh(G, X) Sh(GSp(VF, ii)),S) of Shimura pairs. 
Here the pair (GSp(W, V'), '5) defines a Siegel modular variety, cf. [Va2, 2.5]. Let Z(p) be 
the localization of Z with respect to the rational prime p > 3. 

Let f be a prime of the reflex field E{G, X) dividing p and let 0(„) be the localization 
of the ring of integers of E{G, X) with respect to v. We assume the existence of a Z(p)- 
lattice L(p) of W which is crystalline well positioned for the map / with respect to v (cf. 
def. 2.3.4; see also below). The triple (/, L(p), t;) is called a standard Hodge situation. 

Let Kp := {g G GSp(VI/, ?/^)(Qp) | fi'(L(p) (g)^^^^ Zp) = L(p) (^z^^) Zp}. The hypothesis 
on L(p) first implies: L(p) is a good Z(p)-lattice with respect to /. This means (see 
def. [Val, 5.8.3]) that '0 induces a perfect form L(p) ®Z(p) -^(p) Z(p) (i.e. the induced 
map from L^p) into its dual L^^^ is an isomorphism) and the Zariski closure Gz^p) of 
G in GSp(L(p), i/;) is a reductive group over Z(p). So Kp is a hyperspecial subgroup of 
GSp(W, ';/')(Qp) and the intersection 

H:= GSp(W^,V)(Qp)nKp 

is a hyperspecial subgroup of G{Q_p). 

Let e e N be such that 2e = dimQ(VF). We choose a Z-lattice Lz of W such that 
■ijj induces a perfect form '0 : Lz ®-z ^ Z and L(p) = Lz ®z '^{p)- Let {ya)a.ej be a 
family of tensors in spaces of the form 1^*®"- (g)Q VF®", with n G N and with W* as the 
dual of VF, such that G is the subgroup of GSp(VF, '0) fixing Ma G J . The choice of 
the lattice and of the family {va)aeJ allows the interpretation of Sh(G, X)(C) as the 
set of isomorphism classes of principally polarized abelian varieties over C of dimension 
e, carrying a family of Hodge cycles indexed by the set J and satisfying some additional 
conditions and level structures (cf. [Va2, 4.1]). 

It is known (for instance, see [Va2, 3.2.9 and 4.1]) that the Z(p)-scheme M. parame- 
terizing isomorphism classes of principally polarized abelian schemes of dimension e over 
Z(p) -schemes, having level- A?" symplectic similitude structure for any A" G N relatively 
prime to p, together with the canonical action of GSp(W, V')(Ay) on it, is an integral 
canonical model of Sh(GSp(VF, •0), S) / Kp. These structures and this action are defined 
naturally -see [Va2, 4.1]- via L. See 2.1 for the Q-algebras and A/. 

The normalization M of the Zariski closure of S\v{G,X)/H in M.O(^,) is (cf. 2.3.3) 
the integral canonical model of Sh(G, A)/i? (or of Shimura quadruple {G, X, H,v); see 
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[Va2, 3.2.6] for the definition of these quadruples). Let k{v) be the residue field of v. 
The universal principally polarized abelian scheme over M. gives birth, by pull back, to 
a principally polarized abelian scheme (A, V a) over H, which we call special. 

1.3.1. A basic assumption. The crystalline well positioned property of L(p) 
for the map / with respect to v also says: any point z e M{yV{k)) gives birth to a 
principally polarized abelian scheme {A^pa) over W{k) (obtained from {A,VX) by pull 
back) endowed naturally with a family {wci)cteJ of Hodge cycles such that the filtered 
cr-crystal (M, F^,(/?) (with M := H^^yg{A/W{k)), with (p as the cx-linear endomorphism 
of M and with as the Hodge filtration of M defined by A) gets a natural structure 
of a "not necessarily quasi-split" Shimura filtered cr-crystal (M, F^, (^^^(A;))- In other 
words: 

(*) The subgroup of GL{M) obtained by taking the Zariski closure of the subgroup of 

GL(M[i]) fixing the perfect alternating form pA '■ M 0w{k) M W{k){l) (induced 
by the polarization pA of the abelian variety A and still denoted by pa) and the 
de Rham component to, of Wa (this component is a tensor in the tensor algebra of 
(M © M*)[^] fixed by (f, cf. the Corollary of 2.3.10), \/a & J , is a reductive group 

(not a priori quasi-split) Gvk(A;) over W{k). 

There is a finite, nilpotent Galois cover Spcc(VF(fci)) of Spec(VF(/c)) of index of 
nilpotency at most two and of a very particular type (see 2.3.9 b) and d)) such that 
Gw{ki_) is isomorphic to GvK(fci)- Moreover, for many standard Hodge situations we can 
show (see 2.3.9 c)) that Gw{k) is in fact automatically isomorphic to Gw(fc)- So, just for 
the sake of convenience, we make the convention (sec 2.3.9.2) that, without any extra 
reference, we consider from now on only points Spec(/c) M with the property that for 
a (any) lift of it Spec(VF(/c)) A/", the reductive group over W{k) we get as in (*), is 
(isomorphic to) GvK(fc) and so is quasi-split. The proof of 2.3.9 uses Fontaine's comparison 
theory, properties of reductive groups as well as a great part of [Va2, 6.4-6]. Based on this 
convention, the triple (M, (/?, GvK(fc)) (resp. the quadruple (M, (jvK(fc))) is called the 

Shimura cr-crystal (resp. the Shimura filtered cr-crystal) attached to the point y G A/"(/s) 
defined by z (resp. attached to z). When we want to emphasize pa we also speak about 
the principally quasi-polarized Shimura (resp. Shimura filtered) cr-crystal attached to y 
(resp. to 2;). Notation: {M,ip,Gw{k),PA) (resp. {M, F'^ ,(p,Gw{k)^PA))- 

1.3.1.1. Remark. (*) and the local deformation theory of [Va2, 5.4] imply (see 
2.3.11): for any regular, formally smooth VF(A;)-scheme U and for every morphism U — > 
A/", we get naturally (via pull back) a principally quasi-polarized Shimura p-divisible 
group over U. 

1.3.2. The deformation principle. This principle in its essence says (cf. 3.6.14): 

Theorem 5. We consider a point y : Spec(A;) — > A/V(fc)- assume that a starting 

assumption (see SAl of 3.6.14) is satisfied for it. Then there is a smooth morphism 
Mill) J^w{k) and a pro-etale morphism m} : M{y)^ A/'(y), with MiyY and affine 
scheme having a geometrically connected special fibre N such that: 
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a) lm{m^) contains an open, dense subscheme ofN{y)k and y G m^{Af{y)^{k)), and 

b) the principally quasi-polarized Shimura p- divisible group over the p-adic com- 
pletion ofMiyY, obtained by natural pull back (see 1.3.1.1), has a very nice (down to 
earth) expression. 

What we mean by b): T>^ is obtained by pulling back (through the p-adic completion 
of a pro-etale morphism) the principally quasi-polarized Shimura p-divisible group T>\ 
over Spcc(i?^) produced entirely as in Theorem 3, but starting from the principally quasi- 
polarized Shimura a -crystal attached to y (so here U is a suitable open subscheme of the 
subgroup of G\Y(^k) fixing the perfect alternating form p^ on M). 

We get this principle by combining standard arguments with our approach of work- 
ing inductively modulo powers of p; though lengthy, the proof of Theorem 5 is very 
instructive. The starting assumption refers to the fact that, working mod p, the variant 
of Theorem 5, obtained by working with henselizations of localizations of smooth Mk- 
schemes in /c-valued points lifting y, is a priori satisfied. In practice it is very hard to 
check if a starting condition is satisfied or not. However the proof of Theorem 5 involves 
some very important techniques and its variants modulo powers of p (see 3.6.14.4) in- 
volving no assumption, are also very useful for different local computations. Moreover, 
the fact that a starting condition is satisfied or not, is at the very root of many extremely 
important problems (see §5-8; see also 3.6.19 and the idea of 4.10.5). 

There are variants of this principle: we work with a point yH^^ '■ Spec(/c) — > Mw{k)/ Hq 
(here Hq is a compact, open subgroup of G{K^^) such that the quotient morphism M —>■ 
Af/Ho is a pro-etale cover and (A-iVa) descends to M/Hq) or with an etale morphism 
Af{y)^Afw{k), cf. 3.6.14.1-3. 

1.4. Main geometric concepts. Starting from Theorem 1, we are able to 

- reobtain (see 4.6.1 3)) the well known results (pertaining to integral canonical 
models of Siegel modular varieties and to universal principally polarized abelian schemes 
over them) concerning the existence of an ordinary type and the existence of the canonical 
lift of a (principally polarized) ordinary abelian variety, 

- as well as to extend them to any integral canonical model Af of a Shimura variety 
Sh(G, X) of Hodge type and to every special principally polarized abelian scheme (.4, Va) 
over J\f, arising (as in the end of 1.3) from a standard Hodge situation (/, L(p), v). 

For instance, with the notations of 1.3 we get the following three things. 

a) First we get a Shimura-ordinary type r (cf. 4.1). It depends only on / and v and 
not on the choice of -£'(p). It can be described as follows. 

The isomorphism L(^p-j^L*^^ induced by ifj allows us to identify with a subgroup 
of GL{L*^~^). Let L* := L*^^ ®i'{p) "^p'-i so Gzj, is naturally a subgroup of GL{L*). Let T 
be a torus of Gz^ such that: 

1) there is a cocharacter n : Gm — * 7V(fc(i))) which over an embedding of W{k{v)) in 
C (extending the composite inclusion 0(„) C E{G, X) C C) is G(C)-conjugate to 
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the cocharacters //* : Gm Gc, x G X, which are the cocharacters jix mentioned 
in [Va2, 2.2], but viewed in the dual context (so they are the cocharacters of Gc 
defining the Hodge Q-structures on W* associated to points x E X); 

2) there is a Borel subgroup B of containing T and whose Lie algebra is such that 
its elements take the F-'^-filtration of L* <SiZp W{k{v)) defined by /j, into itself. 

We recall that /i gives birth to a direct sum decomposition L*^Zp W{k{v)) = F^^F^, 
with P e Grn{W{k{v))) acting through /j on as the multiplication with z = 0, 1; 
so 2) can be restated as: b{F^) C F^, V6 e Lie(S). 

T is the formal isogeny type associated to the cr-crystal over k{v) 

defined by </? := a o //(i). Here cr acts as identity on L* and as Frobenius automorphism 
on W{{k{v)), while ^ e Gm{W (^k{v) [^]))- Due to 1) and the expression of the slopes 
of T have as denominators divisors of the degree [k{v) : ¥p] (see 4.6 P4). 

b) Second we get G-ordinary (or Shimura-ordinary) points of J\fk{v) (cf. 4.2). One 
way to define them: they are those points, with values in fields, which have the property 
that the abelian varieties, obtained from A by pull backs via them, have r as their formal 
isogeny type. They are dense in Afc(„). 

c) Third we get G-canonical (or Shimura-canonical) lifts of G-ordinary points of 
Mk{v) with values in perfect fields (cf. 4.4); they are uniquely determined (see 1.5). 
These G-canonical lifts are points of N with values in Witt rings over perfect fields. 

1.4.1. On the passage from abstract to geometric contexts. 1.4 b) and c) are 

a consequence of Theorems 1 and 2, via a natural algebraization process (see 2.3.15-16) 
of the local deformation theory of [Va2, 5.4]; this process is supported by: 

- the natural interpretation of loc. cit. in terms of filtrations (see 2.3.17; see also 
2.4 for an abstract presentation in the right context of PD-huUs); 

- Fontaine's comparison theory (it is the essence behind 4.2.3, for instance, cf. [Va2, 
5.2.17.2]); 

- and by a general Lemma (see 3.6.6) on Shimura d-crystals. 

T is a usual ordinary type (i.e. it is the formal isogeny type e(l, 0) + e(0, 1); see 2.1) 
if and only if k{v) is Fp (cf. 4.6 PI: it is an immediate consequence of how r is defined). 
If k{v) = Fp, then the abelian variety over W{k) obtained from A by pull back through 
any W{k)-valued G-canonical lift of jV, is the canonical lift of an ordinary abelian variety 
(cf. 4.6 P2: it is a consequence of 4.6 PI and of b) of Theorem 1; cf. also 2.3.17). 

The proof of 3.6.6 relics heavily on the language of root systems and of the classi- 
fication mentioned in 1.2.1.0. In fact 3.6.6 (in the form of the Exercise 3.6.6.0) is from 
some points of view equivalent to a) and c) of Theorem 1: see Step 1 of Appendix. 
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1.5. Shimura (filtered) Lie cr-crystals attached to points. Let y : Spec(A;) — > 
Mk{v)- The Shimura Lie cr-crystal (0, attached to the Shimura cr-crystal attached to y, 
is also referred as the Shimura Lie cr-crystal attached to y (cf. 2.3.10; see also 1.3.1); here 
g := \j\e{Gw{k))- Similarly (see 4.3.1), we speak about the Faltings-Shimura-Hasse-Witt 
(adjoint) map attached to y. 

Any lift z : Spec(VF(A;)) J\f of y, makes {Q,f) to be a filtered Lie cr-crystal, i.e. 
it makes it to be a p-divisible object of M.J-'[-i^i]{W{k)) endowed naturally with a Lie 
structure. So we get a filtration 

= F\q) C F\q) C F°(0) C F-\q) = Q 

such that 

Vp(V(0) + fO(0)+p5) =0; 

p 

F^(q) is a parabolic Lie subalgebra of g having F^{g) as its nilpotent radical, F^{q) is 
abelian and [g, ^^(g)] C F'^{q). We refer to the quadruple (g, F°(g), F^(g)) as the 
Shimura filtered Lie cr-crystal attached to z. a) of Theorem 1 implies (via 2.3.17): y is 
a G-ordinary point iff there is a VF(/c)-valued point z oi M lifting it and whose attached 
Shimura filtered Lie cr-crystal is of parabolic type. Such a lift 2;, when exists, is unique 
(cf. b) of Theorem 1 and 2.3.17) and defines the G-canonical lift of y. 

The G-ordinary points of N'k{v) (resp. the G-canonical lifts of G-ordinary points) 
with values in perfect fields have all usual properties of ordinary points (resp. of canonical 
lifts of ordinary points) of M. with values in perfect fields, which can be read out from 
Shimura (resp. Shimura filtered) Lie cr-crystals attached to points of with values 
in perfect fields (resp. in Witt rings of perfect fields). As samples of this philosophy 
see 1.7-9 and 4.4.4. Of course, these properties have to be reformulated accordingly (if 

1.5.1. A new, more general concept: t/-ordinariness. A natural question 
arises: for which other fc-valued point of Mk{v) we can (identify and) define naturally a 
lift of it to a VF(A;)-valued point of A/", which is uniquely determined by some conditions? 
In 4.4.13, as a digression, we answer partially this question: we define t/-ordinary points 
and [/-canonical lifts. The tZ-ordinary points of Nk{v) with values in k are those points 
whose attached Shimura cr-crystals have a unique lift of quasi CM type in the sense of 
2.2.17 (and so in particular are potentially cyclic diagonalizable): these unique lifts define 
the [/-canonical lifts. Any G-ordinary point is a [/-ordinary point and any G-canonical 
lift is a [/-canonical lift (see 4.4.13.3); but there are tremendously many examples of 
standard Hodge situations for which we have (plenty of) [/-ordinary points which are 
not G-ordinary. These examples do not show up in the classical setting of M.: they 
typically show up when Gq^ has certain simple factors which are not absolutely simple. 
See 4.4.13.3.1 for first examples, in the abstract context of Shimura (Lie) cr-crystals. The 
simplest concrete geometric examples can be obtained starting from 4.12.12.6.6 3). 
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The passage from G-ordinary points to [/-ordinary points is achieved via (see 
4.4.13.2): we move from keeping track of parabohc Lie subalgebras of Lie{Giv(^k)) cor- 
responding to non-negative slopes, to keeping track of Lie subalgebras (they are auto- 
matically reductive in the potentially cyclic diagonalizable context, cf. 2.2.19.1-2) of 
Lie{Gw{k)) corresponding only to the slope 0; here slopes are with respect to some (/? as 
in 1.3.1. When we are in the context of L^-ordinary points and these last Lie subalgebras 
are abelian, we get a subclass of [/-ordinary points which we call T-ordinary points. The 
G-ordinary points are just exceptionally T-ordinary points (see 4.6 P7). 

Our hopes for good (i.e. unique in some sense) lifts for other A;-valued points of j\4(^,) 
are expressed in question Qs) of 4.5.15. 

1.6. Stratifications. The Newton polygons of (isocrystals defined by) Shimura 
Lie (T-crystals attached to points of J^k{v) with values in perfect fields, achieve (cf. 4.5) 
a stratification (called the canonical Lie stratification) of J^k{v) i^ito G(Aj)-invariant, 
reduced, locally closed subschemes. It is similar (in nature and properties) to the well 
known Newton polygon stratification of Ai^p- 

More generally, for any representation 

p : Gz, ^ GL{N), 

with N a free Zp-module of finite rank, we define (via Newton polygons, see 4.5.4) a 
p-stratification of Mk{v) iii G(A^) -invariant, reduced, locally closed subschemes. The 
intersection of all these p-stratifications defines the absolute stratification. This absolute 
stratification is the most refined stratification of Afkiv) which can be obtained naturally 
(i.e. in an adequate Shimura context, involving representations of Gzp) with the help of 
Newton polygons. The p-stratification depends only on the restriction of p to G'q'^ (cf. 
4.5.6 9)); however, there is a lot of data lost if we consider just such restrictions (see end 
of 4.5.4 for a glimpse and see 1.15.1 for a general principle). 

In particular, we also define (see 4.5.2) the refined canonical Lie stratification of 
N'k(v)'- it is the intersection of those p-stratifications which have p as a subrcprcsentation 
of the adjoint representation of Gz on Lie{G^). If (G^'^,X^^) has all its simple factors 
of Cn type or of some particular type, with n G N, then this stratification coincides 
(see 4.5.6.1) with the absolute stratification; but this is not necessarily true in general 
(see 4.5.6.2). The G-ordinary points of A/fc(i;) are points of the generic (i.e. dense) open 
stratum (it does not matter which stratification we use, cf. 4.5.6 8)). 

1.6.1. The (quasi-) ultra stratification. Warning: till 1.9.1 we assume k = k. 
A long list of other types of stratifications of N'kiv) is presented in 4.5.9 and 4.5.15. To 
explain them let us start mentioning some main points. 

• Many of them are refinements of the absolute stratification of Af^v) (see question 
Q2) of 4.5.15). 

• The most useful ones are the pseudo-ultra, the quasi-ultra (or the Faltings- 
Shimura-Hasse-Witt) and the ultra stratification (see 4.5.15.1). 
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• The quasi-ultra stratification is defined purely in terms of inner isomorphism classes 
(over algebraically closed fields) of Faltings-Shimura-Hasse-Witt adjoint maps attached 
to points of Nk{v) with values in such fields, while the ultra stratification is defined 
as the intersection of the quasi-ultra and the absolute stratifications (it is 4.2.10 which 
allows us to speak about inner isomorphism classes; for instance, referring to the map 
FSHW^'^ and notations of 1.2.1.0, we allow only those isomorphisms between FSHW 
and ig o FSHW^^, with ig as the inner automorphism of Lie(G^'^)/pLie(G^'^) defined by 
g e G^'^{k), which are defined as well by such inner automorphisms). 

• In order to define these last two stratifications we either assume that the set of 
such inner isomorphism classes is finite (we expect -see 4.5.15.1; see also 1.6.2- that this 
set is always finite, under no restrictions) or allow stratifications (they are formalized in 
2.1) with potentially an infinite number of strata. 

• The quasi-ultra stratification can be studied without using any Verschiebung map; 
its main properties can be listed as follows (see 3.13.7.1-7, 4.5.15.2 and 4.5.15.2.1-5 for 
more details): 

a) its strata are in one-to-one correspondence to a subset of the set of orbits of some 
algebraic group action QA over the algebraic closure F of Fj,: is constructed purely 
in terms of G^'^ and of the special fibre of the cocharacter of 1.4 1) (in the abstract 
context, see T° of 3.13.7.1); more precisely, the number of its strata is conjectured to 
be the number of elements of the quotient set of the Weyl group WG of G^*^ which 
parameterizes orbits of QA defined naturally by elements of WG (this can be grasped 
from 1.6.2; see 4.12.12.6 for why all elements of WG do show up); 

b) which stratum specializes to which stratum can be read out from QA (see end of 
4.5.15.2.1); 

c) all its strata arc regular (this is a consequence of a) and of 2.3.15); 

d) the dimensions of its strata can be read out from QA; in particular, their codimen- 
sions are given by dimensions of automorphism groups of Faltings-Shimura-Hasse-Witt 
adjoint maps attached to F- valued points of J^4(^;) (again this is a consequence of 2.3.15); 

e) if / is an isomorphism (i.e. if = A4), it coincides with the canonical strat- 
ification as defined (for suitable quotients of Mf^) in [EO] (see also its published first 
preliminary version [Oo3]); 

f ) the quasi- affineness property of loc. cit. implies that all its strata are quasi-affine. 
So the philosophy of the quasi-ultra stratification is: 

Ph. Faltings-Shimura-Hasse-Witt adjoint maps are the adjoint Lie analogue (in any 
relative context pertaining to Shimura Lie a-crystals) of truncations mod p of p- divisible 
groups over ¥p-schemes. 

The only thing we use in §1-14 from [Oo3] (cf. the quasi-affineness part of f)), can 
be in fact entirely avoided, cf. 4.9.17.0.0. 
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1.6.2. A main expectation. The main expectation on tlie precise number of 
orbits of QA can be formulated (with the def. of 2.2.14) in an abstract context as follows 
(the notations are as in 1.1-2): 

Expectation (the CM level one property). For any Shimura a -crystal (M, (f, G) 

over k, there is a lift of it such that the truncation mod p of (M, F^, ^p, G) is isomor- 
phic, under an isomorphism defined by an element of G{k), to the truncation mod p of 
{M, F^ , g{p,G) , where g G G{W{k)) is such that, for a maximal torus T of the parabolic 
subgroup of G normalizing F^, the quadruple {M, F^ , gip,T) is a Shimura filtered a- 
crystal. 

This should be provable by slightly refining the proofs of 3.4.6 and 3.6.6, cf. 3.5.3-4 
and the way the group actions T and T° of 3.13.7.1 are constructed. 3.13.7.2 makes the 
connection between this Expectation and inner isomorphism classes of Faltings-Shimura- 
Hasse-Witt adjoint maps. In 3.13.7.1 we develop some steps towards the proof of this 
Expectation: it gets reduced to checking that a Bruhat decomposition (naturally asso- 
ciated to (M, G)) holds for G(/c), see 3.13.7.1.3-4. We do believe that such decom- 
positions can be also checked abstractly, in an adequate a- or F-context pertaining to 
Tits systems: sec 3) of 3.13.7.4 D for a precise statement on such decompositions in the 
F-context for reductive groups. Here is used as in the Steinberg's reformulation of 
Lang's theorem (see [Hu2, 8.3]). 

For some extra reduction steps towards the proof of the existence of such decom- 
positions (and so towards the proof of this Expectation), see 3.13.7.3-4, 3.13.7.6 and 
4.6.7-8. For the case when we are dealing with a reductive group whose adjoint has all 
its simple factors of Ai Lie type, such decompositions are proved to exist in 3.13.7.5. 
See also 3.13.7.6.0 for how they can be used in connection to inner isomorphism classes 
of Faltings-Shimura-Hasse-Witt adjoint maps which are (j-linear endomorphisms of the 
Lie algebra of an adjoint group over k of whose simple factors are all of Ai Lie type. In 
turns out that the mentioned Ai Lie type case is just a particular case of the so called 
essentially Borel subgroup case: see Corollary 2 of 3.13.7.5 and 3.13.7.8.2 for precise 
statements and a description of such a case. 

1.6.2.1. Some generalizations. A great part of the theories of 1.6.1-2 can be re- 
done in terms of (inner isomorphism classes of) truncations mod p of Shimura cr-crystals 
(see 2.2.14 for defs.): see 4.5.15.2.4 3) for (geometric) justifications of why we still pre- 
fer the adjoint context. Despite this and the philosophy of 1.6.1, we view the refined 
canonical stratifications hinted at in 4.5.9 as the right generalization of the canonical 
stratification of [EO] . If one wants, the quasi-ultra stratifications are the generalization 
of the generalized canonical stratifications. Motivation: they provide the right context 
which can be immediately extended to any geometric context involving p-divisible objects 
with a reductive structure over k. 

In other words, the abstract Expectation of 3) of 3.13.7.4 D has often significant and 
extremely important (adaptable to geometric) interpretations (similar to the ones of 1.6.1 
and referring to isomorphism classes) in the much wider context of CCs'- see 3.13.7.8 for 
details; see 3.13.7.8.1 for a very concrete example. See also [Val2] for geometric examples 
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involving other classes of polarized varieties (like polarized K3 surfaces or cubic fourfolds, 
etc.). Here we will just mention that in 2.2.14.2 we introduce Fontaine truncations: 
they provide the right context for such extensions and interpretations, leading to the 
most general possible Faltings-Shimura-Hasse-Witt stratifications. See 3.13.7.9 for the 
general form of Faltings-Shimura-Hasse-Witt (all types of) maps. See also 3.13.7.8.3-4, 
4.5.15.2.4 3), 4.14.5 and Appendix for some extra useful aspects and comments. 

1.6.3. The boundedness principle and some new^ stratifications. In all 

that follows we speak only about stratifications of N'k{v) and we allow them to have 
an infinite number of strata. Accordingly, till the end of 1.6.3 we take k — ¥ and we 
consider (see the conventions of 2.1) for the simplicity of language, only those strata 
which are locally closed subschemes of Afk(v)- In 4.5.16 and 4.9.9.1 we start a deep study 
of the ultra stratification of N'k{v)- We introduce two extra types of stratifications: the 
Faltings-Shimura-Dicudonne and the ultimate stratifications. Each one of these types 
has three variants: adjoint, principal or standard; warning: most common we drop the 
word standard. 

The Faltings-Shimura-Dieudonne principal stratification (resp. adjoint stratifica- 
tion) is the stratification of Nk{v) defined by (warning!) inner isomorphism classes of 
principally quasi-polarized Shimura cr-crystals (resp. of Shimura adjoint Lie cr-crystals) 
attached to /c- valued points oi Mk{v)- Related to the use of the word inner we mention 
two things. First, in the adjoint context it is 4.2.10 which allows us to speak about 
inner isomorphisms between Shimura adjoint Lie u-crystals attached to fc-valued points 
of Hk{v)- Second, in the principally quasi-polarized Shimura cr-crystals, the fact that 
the subgroup of GM^(fe) fixing pA of 1.3.1 is connected (sec the part of 2.3.3 referring 
to G^p), we can speak about isomorphism classes of quadruples {M,(p,{ta)aeJ^PA) 
(of elements) as in 1.3.1; they are referred as inner isomorphism classes of princi- 
pally quasi-polarized Shimura u-crystals attached to /c- valued points of A4(v)- The 
Faltings-Shimura-Dieudonne (standard) stratification is defined similarly to the Faltings- 
Shimura-Dieudonne principal stratification but without keeping track of principal quasi- 
polarizations. The Faltings-Shimura-Dieudonne (standard or adjoint) stratification is 
G(A^)-invariant (see Fact 6 of 2.3.11) and (cf. 4.9.9) invariant under the automorphism 
group Aut(G, X, H) (sec 2.3.5.4 for a review on it). In many cases (like when the center of 
G is a torus and the connected components of A4(v) are permuted transitively by G(Ap), 
the Faltings-Shimura-Dieudonne stratification and the Faltings-Shimura-Dieudonne ad- 
joint stratification coincide but we are not able to list all cases when this happens. Also, 
if these last two stratifications coincide and if {-^) — —1, then they also coincide with 
the Faltings-Shimura-Dieudonne principal stratification; we do not know what to say 
if (^) = 1. See 4.5.16.0 2) for the last two sentences. Warning: the principal quasi- 
polarizations (as pa at the end of 1.3.1) are viewed here as fixed cycles and not up to 
Gm(Zp)-multiples (of such fixed cycles). 

The ultimate stratification of Mk{v) is the G(Aj)-invariant, Aut(G, X, iy)-invariant 
maximal refinement of the Faltings-Shimura-Dieudonne stratification obtainable by de- 
composing its strata into open closed subschemes. One can define as well the ultimate 
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principal stratification of A/fc(v)- we just liave to replace G(Ap and Aut(G, X, H) by their 
maximal subgroups leaving invariant the Faltings-Shimura-Dieudonne principal stratifi- 
cation; as we do not know how to compute these groups, in §4 we do not mention it. For 
getting nice functorial purposes (sec end of 1.10.1), the ultimate adjoint stratification of 
Mk{v) is obtained similarly (but slightly different) from the Faltings-Shimura-Dieudonne 
adjoint stratification of J^k{v)] see 4.9.9.1. 

So the ultimate adjoint stratification is a refinement of the Faltings-Shimura- 
Dieudonne adjoint stratification, which is a refinement of the ultra stratification, which 
at its turn is a refinement of the quasi-ultra or of the absolute stratification. Also, there 
is nothing we can refine to the ultimate stratification, from any point of view pertaining 
to Shimura p-divisible groups attached to points of Afk{v)- These new two types of strat- 
ifications have one disadvantage: in general their number of strata is infinite; however, 
see rm. 4.9.9.3. We have (cf. 4.5.16 and 4.5.16.1): 

Theorem 6 (the third form of the purity principle and a geometric form 
of the boundedness principle). The Faltings-Shimura-Dieudonne (principal) strat- 
ification is well defined, i.e. its strata are indeed reduced, locally closed subschemes of 
(suitable pull backs of) Mk{v)- H satisfies the purity property (as defined in 2.1) and 
each stratum of it is regular, quasi-affine and all its connected components have the same 
dimension. 

We have versions of this (see 4.5.16, 4.5.16.1, 4.9.9 and 4.9.9.1) for the Faltings- 
Shimura-Dieudonne adjoint stratification or for the ultimate types of stratifications. The 
idea of the proof of Theorem 6 is very simple: its very essence is the Fundamental Lemma 
3.6.15 B. The simplest form of 3.6.15 B asserts that for any Shimura cr-crystal (M, G) 
and for any h e G{W{k)), there is n G N such that (M, hip, G) and (M, gh(~p, G) are iso- 
morphic under an isomorphism defined by an element e(/i, g) of G{W{k)), \fg G G{W{k)) 
congruent to the identity mod p^. Its proof involves some fundamental techniques: in 
general we can not choose e{h, g) to be congruent to the identity mod p"; so in order 
to be able to use the fact that any quasi Artin-Schreier system of equations with co- 
efficients in k has a solution in k, we use the stairs method, i.e. we consider suitable 
VF(/c) -sub modules of Lie(G) which (warning!) do not pay at all attention to the Lie 
structure but are obtained using Dieudonne's classification (see [Di] or [Man]) of isocrys- 
tals over k (so 3.6.15 B is true even in the context of CC^; see rm. 1) of 3.15.7 B). Simple 
estimates (see 3.15.7 C) show that n can be taken to be independent on h. This is the 
main ingredient needed to get (via standard techniques of algebraic geometry) that the 
Faltings-Shimura-Dieudonne (principal) stratification of Mk{v) is well defined. The esti- 
mates of 3.15.7 C handle the most general context of (see 2.1) latticed isocrystals over 
k. 

The essence of the above paragraph is presented as the boundedness principle in 
3.15.7. See 3.15.8 for the homomorphisms form of 3.6.15 B; it is based on the fact that 

we can always choose e{h, g) to be congruent to the identity mod p^~'^, where (for n 
bounded below as in 3.6.15 B) m G N does not depend as well on h. Using it, we get 
(see 3.15.8) a new proof of "Katz' open part" of the Grothendieck-Katz' specialization 
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theorem. 

The third form of the purity principle can be checked immediately using schemes of 
isomorphisms between two finite, flat, commutative group schemes over the same base. 
Even more, in 3.15.10 we show how the homomorphism form of 3.6.15 B can be used 
to get the second form of the purity principle, i.e. to get that all stratifications by 
Newton polygons defined by (see 2.1 for conventions on them) F-crystals in locally free 
sheaves of locally finite ranks over suitable Fp-schemes S, satisfy the purity property. This 
was obtained previously under the hypothesis that S is locally noetherian in [dJO, 4.1]. 
The philosophy (which among other things allows a weakening of this local noetherian 
assumption; see 3.15.10 and 3.15.10.1 1) and 2)) is: 

Ph. Newton polygons are entirely "encoded" in the existence of suitable morphisms 
between truncations modulo effectively computable (positive, integral and high) powers of 
p of F -crystals in locally free sheaves of locally finite ranks. 

Our interest in Newton polygons is considerably reduced (cf. the Real Problem of 
1.6.5); so this second form of the purity principle is presented at the very end of §3. It 
is worth pointing out that in 3.15.10 we use only tools which were already available in 
print in 1979 (i.e. we use besides 3.6.15 B -its proof uses the simplest type of quasi 
Artin-Schreier systems of equations with coefficients in k which obviously have solutions 
over k- just [Ka2, 2.7.4]). One might wonder why it took 21 years to get [dJO, 4.1] (and 
that by using strong tools -like alterations, overconvergent F-crystals, etc.). We think 
the reason is: too little mathematical effort was put in connection to the Real Problem 
(according to us, most of what has been done previously from the rational point of view 
-like Newton polygons, etc.- has to be redone entirely -unfortunately, often starting from 
the very scratch- from the perspective of the Real Problem). 

We came across Theorem 6 being motivated by the integral Manin problem (see 
1.12), cf. 3.6.15 A. There is extremely few literature in connection to it. The most we 
can say: [LO] has some material which can be used to have more computations performed 
(unfortunately, very little of loc. cit. can be adapted to the context of Shimura p-divisible 
groups; moreover, loc. cit. can not be used in connection to ^£2, provided we are in a 
context involving the Shimura Lie cr-crystals mentioned in 1.2.1.1). We refer to §9-10 for 
our computations involving different stratifications we mentioned above. Warning: we 
presently have no reason to think that in general the ultimate (adjoint) and the Faltings- 
Shimura-Dieudonne (adjoint) stratifications oiNk(v) coincide; [IKO, 2.10] is a nice result 
pertaining to isomorphism classes of principal polarizations on products of supersingular 
elliptic curves over /c, which tells us to be cautious in trying to identify these last two 
(adjoint) stratifications. 

1.6.4. The First Main Corollary. Theorem 6 and its abstract analogues rep- 
resent, in our opinion, a turn in the study of (Shimura) p-divisible groups: we need to 
build up their "libraries" (i.e to list them). For instance, the following consequence of 
3.6.15 B tells us that it is possible to build an "atlas" for isomorphism classes of Shimura 
p-divisible groups over F which are defined over a fixed finite field, similar to the well 
known "atlas" for finite groups or to [Cr]. We have: 
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First Main Corollary. Let q e N. Let ¥pq be the field with p'^ elements. The 
number D{r^d^q) of isomorphism classes of p- divisible groups of fixed rank r e N and 
dimension d G {0, ...,r} over k which are definable overWpq is finite and does not depend 
on k. Similarly, for any Shimura a-crystal over k, the number D{Cl{M,(p,G),q) of 
elements of the class Cl{M, G) (see 2.2.22 2); it is a set formed by isomorphism classes) 
definable over ¥pq is finite and does not depend on k. 

See 3.15.7 G for concrete (though very gross) upper bounds for D{r,q) or for 
D{Cl{M,(^,G),q). For instance, we get D{r,q) < p'^'^ where /i : N — >• N is an 
effectively (and easily) computable function. 

1.6.5. Grothendieck's specialization categories. Presently we have full control 
on the Expectation of 1.6.2 for Shimura varieties of A^, Cn or Lie types (cf. 4.6.7- 
8). So, based on this and the last sentence of 1.6.4, in 4.9.9.2 we already introduce 
Grothendieck's (adjoint) specialization category of A/fc (or of A/fc(„)) which keeps track of 
specializations between strata of the ultimate (adjoint) stratification of N'h{v)\ some of 
the most natural invariants associated to it are mentioned in 4.12.12.8. The philosophy 
behind this category can be roughly summarized as follows. 

The Real Problem. Let p > 2. The real problem of the theory of Shimura p- 
divisible groups over some convenient perfect field k (usually finite or algebraically closed) 
of characteristic p, is to list (often using families) their isomorphism classes and decide 
which such isomorphism classes specialize to which other. The same applies to the theory 
of p- divisible objects with tensors over k (we mostly have in mind the context of CCs but 
not only). 

Not to make this paper too long, we include here extremely few applications of 
Theorem 6 (see §9-11 for many such applications, cf. also 1.15.6). A last think: we have 
a result similar to Theorem 6 in the abstract context of CC2 (see [Va6]; see also 3.15.6 D 
and E). 

1.6.6. (Refined) Artin— Schreier stratifications. Each quasi Artin Schreier 
system of equations with coefficients in a reduced Fp-algebra R, defines naturally (based 
on 3.6.8.1.2 a)) an Artin-Schreier and a refined Artin-Schreier stratification of Spec(i?) 
in a finite number of strata, cf. 3.6.8.1.3. In 4.5.18, we extend these notions of types 
of stratifications to an arbitrary reduced F^-scheme: examples (abstract as well as con- 
crete ones pertaining to N'kiv)) and comments are included. We draw attention to the 
Conjecture of 4.5.18.1. It is related to the first form (pertaining to quasi Artin-Schreier 
systems of equations; see 3.6.8.1.4) of the purity principle: it conjectures that the second 
and third form of this principle are particular cases of its first form. 

1.6.7. Toric points. In 4.5.11 we enlarge the class of tZ-ordinary points: we 
introduce toric points; the A;-valued toric points of Mk{v) are defined by requiring that 
their attached Shimura cr-crystals have lifts of quasi CM type, without imposing the 
uniqueness of such lifts. 

1.7. On the contents of 4.3 and 4.6. In 4.3 we restate 1.2.2 in the context of 
a standard Hodge situation as in 1.3. We use refined Lie stable p-ranks: each simple 
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factor of can be used (cf. 4.2.10) to define (independent) Lie stable p-ranks of its 
corresponding cyclic adjoint factors (see 3.10.1 for their definition) of Shimura cr-crystals 
attached to points of Hk(v) with values in k. 

In 4.6 we include some examples to illustrate the general theory presented in 4.1-5 
and to point out the complexities which are arising. One sample: in 4.6.1 1) we point 
out that it can happen that the formal isogeny type r introduced in 1.4 does not have 
integral slopes. We also list the main properties of the general theory; some particular 
situations are also referred to (for instance, see 4.6 Pll for the case when the centralizer 
of G in GSpiW^ if)) is a. 1 dimensional torus). As a simple and straightforward application 
of 1.4 b) and of [Va2, 5.8.6] wc get a general principle concerning non-ordinary reductions 
of an abelian variety A over a number field E, with respect to primes of E: 

Theorem 7 (the non-ordinary reduction criterion). // the reflex field of the 
Shimura variety defined naturally (see 2.1) by the Mumford-Tate group of A, is not Q, 
then A has a non-ordinary reduction with respect to an infinite number of primes of E. 
Moreover, there are very precise recipes of how "to cook" such primes (see 4-6.2.1; see 
also 4.6.2.2). 

4.6.5-8 contain different complements meant to emphasize how complexities or sim- 
plifications arise depending on the type of /, on k{v) and of the types of the simple factors 
of {G'"^,X'"^). In connection to 4.6.4 see 1.14.3. 

1.8. Crystalline coordinates. We consider a standard Hodge situation (/, L(p), t;) 
as m 1.3. Let v""^ be the prime of E{G''^'^, X^'^) divided by v and let d be the dimension 
of X as a complex manifold. Let y : Spec(/c) N'w{k) be defined by a G-ordinary point 
l/o: Spec(/c) — > N'k{v) and let {Ay.,pAy) ■— yo{A,VA)- The principally quasi-polarized 
filtered F-crystal (associated to the natural pull back of (A-iVa)) over the completion 
k[[xi, . . . , Xd]] of the local ring of y in j\4, can be put in a very practical form (cf. 4.7.2). 
Using this we get: 

Theorem 8. The moduli formal scheme Aiy of G- deformations (i.e. of defor- 
mations factoring through M) of {Ay,pA ) over spectra of artinian local W{k)-algebras 
having k as their residue field, is naturally isomorphic to the formal torus of the com- 
pletion Tfi of Gf^ (viewed overW{k)) in the special fibre of its identity element section. 
Under such an isomorphism, the principally polarized abelian scheme over Spec{W{k)) 
obtained by pull back via the G-canonical lift ofyo, corresponds to the identity element of 
TdiWik)). 

Theorem 8 and its logical (abstract) variants in contexts without (principal) polar- 
izations (see 4.7.11 6)) represents a generalization of the following three things: 

• the main result of [Nol] (in the less general case of a standard Hodge situation); 

• [De3, 2.1.3]; 

• [Ka3, 3.7.1-3 and 4.3.1-2] (see 4.7.11 8); for p = 2 cf. also with 4.14.3 E). 

So we obtain G-multiplicative (crystalline) coordinates of Aiy. When k(v^'^) = ¥p, 
the situation is very close in spirit to the one in [De3, 1.4] (cf. 4.7.5-29; see also its abstract 
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generalization of 4.7.11 4) and 8)): we obtain G-canonical multiplicative (crystalline) 
coordinates. In order to make the connection with previous works, the proofs of 4.7.5-22 
follow the pattern of [De2, 1.4.2 and 1.4.7] (cf. 4.7.10). 

Theorem 8 is a very particular case of 4.7.11 6) and so is part of a general theory of 
crystalline coordinates for Shimura p-divisible groups over k presented in 4.7.11. It is the 
inducing property of 3.6.18.5 -and its variants of 3.6.18.7 in the relative context- which 
allows significant simplifications and advancements in such a theory: our approach in 
4.7.11 is "cook and pick". By this we mean: we consider a priori a p-divisible object with 
tensors of some (logical) Fontaine category M.T[o^i]{W {k)[[xi, ...,Xm\]), m e N, and then 
we pick up a connection (see 3.6.18.4 and 3.6.18.7.0) which makes it to be viewed as a 
p-divisible object with tensors of -MJ^^ ij {W{k) [[xi, Xm]]) and whose Kodaira-Spencer 
map is injective (cf. a) and b) of 4.7.11 2)); the "cooking" is done in such a way that 
the "picking" is possible (it is enough to be able to "perform the picking" mod p, cf. the 
lifting property). This approach, in most cases (like the ones of the classical situation of 
[De2] and [Ka3-4] or like the ones pertaining to the case k{v^'^) = Fp), avoids entirely 
any computation (even for p — 2, cf. 4.14.3 E). 

As a particular case of this general theory we have (see 4.7.14.1 for arguments): 

Corollary. If A}, is an abelian variety over k of dimension do having a lift A ( over 
W{k)) of quasi CM type (see def. 2.2.17), then the moduli formal scheme of deformations 

of Ak is naturally isomorphic to the formal torus 7^2 obtained by completing Gm ( viewed 
over W{k) ) in its identity element section, with the abelian variety A corresponding to 
the identity element ofT^2{W{k)). 

This is the most general (abelian varieties) context in which we can (presently) prove 
the existence of "good" (i.e. useful and natural) crystalline coordinates. For variants of 
Theorem 8 and of this Corollary, including the additive case, see 4.7.14.2 and 4.7.11 5) 
and 6); here, for instance, in the context of Theorem 8, by the additive case we mean that 
the Frobenius lift of VF(A;)[[a;i, x^W is as in 4.7.1 and we try to get even more practical 
forms of 4.7.2. The main merit of the Theorem of 4.7.11 6) is: its simple form works out 
in all cyclic diagonalizable cases. 

1.8.1. Complements. For a list of the new types of equations (differential or 
not) showing up in the theory of crystalline coordinates when we move from a classical 
ordinary context to a cyclic diagonalizable one, see end of 4.7.11 1). For a digression 
on crystalline coordinates in the context of an ordinary K3 surface over k (including the 
case p = 2) see 4.7.11 2A). For a sample of the lifting process (to be fully elaborated in 
§7 and [Val2]) which allows the passage (of many properties) from a Shimura (filtered) 
(T-crystal context to the attached Shimura (filtered) Lie a-crystal context, see 4.7.11 2B). 
In 4.14.2 we point out that all of 4.7.11 can be performed in the context of CC21 without 
any reference (even if possible via a lifting process) to p-divisible groups. 

1.9. A Galois property. In 4.8 we present the following Galois property of G- 
ordinary points of Nk^v)] it answers a question of C. -L. Chai. We consider a standard 
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Hodge situation {f,L(^p^,v). With the notations of 1.3, we consider a G-ordinary point 
Spec(/c) Mk{v) and a hft of it 2; : Spec(F) — > with V a DVR which is a finite, flat 
extension of W{k). Let K := V[^] and let Ay := z*{A). We have (see 4.8.2): 

Theorem 9. There is a finite field extension Ki of K such that the Galois repre- 
sentation 

factors through the group of Xp-valued points of an integral, solvable subgroup ofGzp- 

The identification i?j^(^^,Zp) = L*^^^ ®Z(p) ^sed here is not canonical, cf. [Va2, 
top of p. 473]. The proof of Theorem 9, as R. Pink pointed out to us, is a direct 
consequence of Theorem 4 and of 4.7.2 (and so of the proof of Theorem 8). For variants 
of this Galois property (including the case of a finite field) see 4.8.3 d) and e). 

1.9.1. The abstract generalized Serre— Tate (ordinary) theory, a) to c) of 

Theorem 1, Theorems 2 and 4, the abstract form of Theorem 9 (see 4.8.3 e)) as well as 
3.1.1.2, 3.1.4-5, 3.9.3, 3.9.4 and 3.13.7.1.2 form the abstract generalization of the Serre- 
Tate's (ordinary) theory for Shimura cr-crystals (or Shimura p-divisible groups) over k; 
see 1.13 for the case p = 2. See Step 1 of Appendix for the context of CJC2. 

1.10. On the passage from the Hodge type to the preabelian type. The 

phenomena of 1.4-8 involving Af are an intrinsic "property" of J\f (and of N'k{v))i i-e- do 
not depend on the special principally polarized abelian scheme (.4, Va) we got over A/" 
(only r of 1.4 a) does depend on it); so they "hold" for (i.e. can be transferred to) special 
fibres of integral canonical models of Shimura varieties of preabelian type. For instance, 
we have (cf. 4.9.8 and 4.9.8.2) the following combined version of the density property of 
Shimura-ordinary strata and of the existence of refined canonical Lie stratifications and 
of Shimura-canonical lifts. 

Theorem 10. Let M^f^^^s^ be the special fibre of an integral canonical model of 

a Shimura variety Sh(G-^,X^) of preabelian type with respect to a prime of E{G^ , X^) 
dividing a rational prime p > 2. Then -Af^^i^ has a refined canonical Lie stratification in 

G^{A^j^) -invariant, reduced, locally closed subschemes; it has precisely 1 open stratum (if 
dimc(A^) > 1 then its complement is of pure codimension 1). In the case of a standard 
Hodge situation we regain the refined canonical Lie stratification mentioned in 1.6. The 
points (with values in fields) of the open stratum are called G^ -ordinary (or Shimura- 
ordinary) points of Af^^iy- any such point with values in k, has a uniquely determined 

(in the same -parabolic type- way as in 1.5 hut expressed over k) G^ -canonical (also 
called Shimura-canonical) lift Spec(VF(/c)) — A/"^. 

The refined canonical Lie stratifications and the Shimura-canonical lifts are functorial 
with respect to finite maps (see def. [Va2, 2.4 and 3.2.6]) between Shimura quadruples. 

In 4.9 we present a proof of this for primes p > 5 (for the case p = 3 see §6). The 
proof relies on the following result. 
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The Existence Property. We consider a Shimura quadruple {Go,Xq,Hq,vo), 
with (GqjXq) defining a Shimura variety of adjoint, abelian type, with vq a prime of 
E{Go, Xq) dividing a rational prime p > 3 such that Gq is unramified over Qp, and 
with Ho a hyperspecial subgroup of Gq{Qp). Then there is a standard Hodge situation 
{f^,Ll^,v^), with 

/° : Sh(G^X°) ^ Sh(GSp(W^,V),-5) 

an infective map such that (G^^'^, X^***) = (Go,-^o) o,f^d v° divides vq, and with G^^^^ as 
the maximal isogeny cover of G^^'^ allowed by the abelian type (for p > 5, cf. [Va2, 6.4-2] 
and the translation of [Va2, 5.1, 5.6.5 and 5.6.9] -see 2.3.6- in the language of standard 
Hodge situations; for p — 3, cf. %6). Moreover, if we define a hyperspecial subgroup H^ 
ofG^iQp) as in 1.3, we can assume (cf. [Va2, 3.2.7.1]) that H^""^ = Hq. 

In order to get Theorem 10 from this result, we need to use a diagonal trick (see 
4.9.2): its goal is to "combine" (i.e. put together) two standard Hodge situations involving 
two Shimura quadruples having the same adjoint, in order to show the independence on 
which such standard Hodge situation we use to define (or get) some properties. The 
diagonal trick itself is supported: 

a) by the density part of 1.4 b); 

b) by a variant (see 4.9.2.0 A) of 2.3.13 in a non a priori reductive context; 

c) by the direct sum decompositions of 3.11.8.1; 

d) and by Fontaine's comparison theory (used -for p = 3- in a way similar to the 
detailed one of the review -with p = 2- 2.3.18.1 E but in the adjoint context). 

For the G^(A^.) -invariant part of Theorem 10 we use the strong approximation the- 
orem for adjoint Q-groups (see 4.9.7.1 for a second possible approach). 

1.10.1. Extension of terminology. Strictly speaking 1.10 a) to d) are not needed 
to prove Theorem 10, as in connection to Newton polygons we can work just rationally. 
However, they arc indispensable for integral purposes. In other words, using 1.10 a) 
to d) and standard arguments on right translations by Hecke operators, we define (see 
4.9.17) Shimura adjoint (resp. Shimura adjoint filtered) Lie cr-crystals attached to points 
of J^^(^yi-^ with values in algebraically closed fields (resp. with values in Witt rings of such 
fields); so we define also toric points (in particular, tZ-ordinary and T-ordinary points) 
of A/'^^i) (see 4.9.17.2 and 4.9.17.5), as well as [/-canonical lifts of [/-ordinary points 
with values in perfect fields. Moreover, Theorem 10 has variants (see 4.9.9) in other 
contexts, like the one of the Faltings-Shimura-Dieudonne adjoint (or the quasi-ultra, 
or the ultimate adjoint, etc.) stratifications; again, for these variants 1.10 a) to d) are 
indispensable. 

1.11. Dense Hecke orbits and functorial aspects. We do expect (cf. 4.10.1; 
cf. also [Ch2, p. 441]) that the open stratum of J^^^i-^ is the smallest G'^(Aj)-invariant, 
open subscheme of J^k(v^)- This is proved for TWpp in [Ch2]. Using Theorem 10, we prove 
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it for Shimura curves (cf. 4.10.3). For a more substantial approach to the general case 
see 4.10.5. 

In 4.11 we prove the functorial behavior of G-ordinary points and of G-canonical 
lifts of them. Let /o : {G, X, H,v) > {Gi,Xi, Hi,vi) be an injective map between two 
Shimura quadruples of Hodge type, having integral canonical models A/" and respectively 
A/i- We assume v is relatively prime to 2. We have a natural morphism (still denoted 
by) fo'-J^^ A/i (cf. [Va2, 3.2.7 4)]). We also assume the existence of an injective map 

/i : (Gi,Xi,iyi,^i) ^ (GSp(t^,V),5,GSp(W^,V)(L(p) ^p),p) 

(with L(p) a Z(p) -lattice of W for which we have a perfect form i/j : L(^p^ ®Z(p) -^(p) ~^ ^(p)) 
such that (/i, L(p), vi) and (/i o /g, L(^p),v) are standard Hodge situations. So the Zariski 
closure of G (resp. of Gi) in GSp(L(p), ?/') is a reductive group Gz^^^ (resp. (jiZ(p)) over 
Z(p). Let k{v) and /c(ui) be the residue field of v and respectively of vi. We have (cf. 
4.11.1.1 and 4.11.2): 

Theorem 11. A G-ordinary point of Afk(v) is mapped by fo into a Gi-ordinary 
point of J\fik{vi) iff there is a torus T of Gzp such that: 

1) there is a cocharacter fx : G^n ^ TVi/(fc(«)); which over an embedding of W{k{v)) 
in C, extending the composite inclusion 0(^y^ C E{G,X) C C, is G{C)- conjugate to the 
cocharacters iJ,*,x^X, defined as in 1.4 (see also 2.3.1); 

2) there is a parabolic subgroup Pi of GiZp containing T and a Borel subgroup of 
o,nd whose Lie algebra has the property that its elements take the -filtration of 

L*(^p) ®'Lp W{k{v)) defined by ii (as in I.4 a)) into itself. 

Moreover, if these conditions hold, then a G-canonical lift of H is mapped by fo into 
a G I- canonical lift of H\. 

The equivalent conditions of Theorem 11 imply k{v) = k{vi) but the converse of this 
does not hold (see 4.11.4-6). The proof of Theorem 11 relies on 1.4 a), 4.4.13.2 and on 
standard arguments on reductive groups over Zp or W{k). 

1.12. Some important applications. Till 1.13 we assume k = k. In 4.12-13 
we present two important applications inspired from the deformation principle of 3.6.14. 
First, in 4.12 we formulate the integral Manin problem for a standard Hodge situation as 
well as for integral canonical models of Shimura varieties of preabelian type with respect 
to primes relatively prime to 2. For a standard Hodge situation (/, L(p),f), with the 
notations of 1.3, the problem is to determine all principally quasi-polarized Shimura a- 
crystals attached to fc-valued points of (a connected component of) A4- A solution (cf. 
§11; see the proof of 4.12.12 for some particular cases) to this problem is provided by 
Milne's conjecture (see d) of 4.4.1 3) and 1.15.1) and by the completion property. The 
completion property is stated in 3.6.15 A as an expectation and will be proved in §11, 
starting from the isogeny property to be referred in 1.15.7 and from the strong form of the 
generalized Manin problem (see B) of Theorem 14); see the proof of 4.12.12 and 4.12.12.0 
for samples (in contexts in which the isogeny property can be checked immediately). 
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For the initial motivations behind the completion property, see 3.6.15 B and 3.6.14.4.1. 
In the language of 1.6.5, the completion property (over F) says: the Grothendieck's 
specialization category of Mk has as many objects as we can think of. 

There is a second approach to the completion property of 1.12: see 4.12.12.7. 

For different local (resp. global) integral Manin problems see 4.12.14-19 (resp. 
4.12.21). For a new (though very close in spirit to [Ta]) and simple solution to the 
original Manin problem we refer to 4.12.12.4. 

Second, in 4.13 we present (partially; to be continued in §9-10, cf. 1.15.6) the 
invariance principle. Let p > 3 be a rational prime. Let {Gi, Xi, Hi,Vi), i = 1,2, be 
two Shimura quadruples of preabelian type, with Vi dividing p. Let Afi be the integral 
canonical model of {Gi, Xi, Hi,Vi), i = 1,2. Let Hoi C G'i(Aj) be a subgroup such that 
the subgroup Hoi x Hi of Gi{Af) is smooth for the pair {Gi,Xi) (see def. [Va2, 2.11]) 
and an extra mild condition holds (satisfied for instance, if the image of Hoi in Gf'^{Qi), 
for some prime / different from p, has no pro-p subgroup), i — 1,2. Let i/i : Spec(A;) —>■ 
Mik/Hoi, i = 1,2, be points such that the non-trivial part of the Shimura adjoint Lie 
cr-crystal attached to yi is isomorphic to the non-trivial part of the Shimura adjoint Lie 
cr-crystal attached to 1/2 (see 2.3.10 and 3.10.1 for definitions). Let Oy- be the local ring 
of yi (in Afiw{k)) and let Oy^ be the p-adic completion of its henselization, z = 1, 2. The 
refined canonical Lie stratification oi J\fik{vi) makes Spec(0(p)^.) := Spec{Oy^ /pOy^) to 
be a stratified scheme. One variant of the local form of the invariance principle is (see 
4.13.1; see 4.13.2 and 4.13.3 3) for other variants): 

Theorem 12. Let n There is an isomorphism 

p : Spec(Ojf )^Spec(Oj^^) 

inducing an isomorphism 

p(p) : Spec(0(p)Jj^Spec(0(p)Jj 

of stratified schemes, such that the pull hack through p of the non-trivial part of the 
Shimura adjoint filtered Lie F -crystal over ^Y>^c{0{p)y^) defined by the natural mor- 
phism Spec{Oy^) M2, when taken mod p'^ , is isomorphic to the non-trivial part taken 
mod p^ , of the Shimura adjoint filtered Lie F -crystal over Spec(0(p)JjJ defined by the 
natural morphism Spec{Oy^) Hi (see 4-9.20 and 4-^3 for the definition of these Lie 
F -crystals). 

Theorem 12 is a consequence of variants modulo powers of p of Theorem 5. 

As a direct application of what the completion property says in some particular cases 
in which G^'^ is of type, for future references, we state here the combined version of 
4.12.12, 4.12.12.2 and 4.12.13 2). We have: 

Theorem 13. We assume p > 2. Let {d,r — d) be a pair of non-negative inte- 
gers. There is q &N, a geometrically connected, projective, smooth scheme C(^r,d-r) over 
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W{¥pq) and a p-divisible group D£,^^^_^^ over C(^r,d-r) of rank r and dimension d such 
that: 

a) -D/:(^^_^) is versal in each k-valued point of C(^r,d-r)', 

b) the relative dimension of C{^r,d-r) over W{¥pq) is exactly d{r — d); 

c) any p- divisible group over W{k) of rank r and dimension d is obtained by pulling 
back via a W{k)-valued point of C^r,d-r)- 

Moreover C{^r,d-r) is of general type. 

Theorem 13 represents as well a second (totally independent) proof of the ordinary- 
specialization result of 3.1.8.1. We refer to jC(^r,d-r) ^ ^ complete Shimura envelope (or 
library). The word library is a more recent terminology suggested by [LO, §4] and [dJO, 
§5] which speak about catalogues of p-divisible groiips. Warning: the catalogues of loc. 
cit. are "complete" in their specialized class of p-divisible groups (i.e. from the point of 
view c)) but not from the point of view of the projectiveness of C(^r.d~r)- 

1.12.1. Null strata and the generalized Manin problem. For some more 
applications of Theorem 13 and its proof we refer to: 

- 4.12.12.5 and 4.12.13 4) (they represent a new -independent- approach to the 
deformation theory of p-divisible groups, in the complete, local, Noetherian case having 
a perfect residue field), and to 

- 4.12.12.6 (it says that each integral canonical model A/'j^^^^i-j mentioned in Theorem 
10 has /c-valued toric points of all possible, i.e. expected, types; this is the second part 
of B) below). 

4.12.12.6 has itself many applications (see 4.12.12.6.1-3). Here we will just mention 
three of them. First, when combined with 3.13.7.6.0 it allows us (mainly see 4.12.12.6.2 
A) to list all the main properties of the Ai Lie type case of the quasi-ultra stratifications 
mentioned in 1.10.1; this (together with its p = 2 version, see 4.14.3 J) represents the 
generalization of [GO]. Some properties are completely new, like the simple formula (see 
end of 4.12.12.6.6 3)) computing the number of strata of such a quasi ultra-stratification 
(in the Ai Lie type case) having t/-ordinary points. 

Second (sec 4.12.12.6.3-4 for proofs), we have: 

Theorem 14. A) The null stratum of the special fibre M^^i^^ of an integral canonical 
model as in Theorem 10 has toric points (and so it is always non-empty). 

B) (the strong — Weyl— form of the generalized Manin problem) Any stratum 
of the absolute stratification o/A/'^^-^i^ has a toric point and all expected toric points do 
show up. 

C) The number of strata of the absolute stratification of Af^^i^ is at most equal to 
the number of elements of the Weyl group of . 

The null stratum of J^^^i^ is the stratum of the refined canonical Lie (or absolute) 
stratification, which is "opposite" to the open, dense stratum and is the natural gen- 
eralization of the supersingular stratum of /Aw . With the notations of 1.3-5, a point 
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y : Spec(/c) — > A4(v) is a point of the null stratum iff the Shimura Lie cj-crystal attached 
to it has all slopes 0. Obviously, the null stratum is closed. In the classical situation 
of A^F one shows that its supersingular stratum is non-empty by taking products of 
supersingular elliptic curves. In the general context, for the proof of A) (as well as of 
4.12.12.6) we use the following two things: 

a) the proof of Theorem 10, to reduce the situation to the context of a standard 
Hodge situation (so in b) to e) below we use the notations of 1.3-5); 

b) [Har, 5.5.3] and standard properties of Shimura subpairs of {G,X) (see [Va2, 
3.2.11 and 3.3.3]; see also 4.12.12.6.0 2)); based on them we show the existence of suitable 
maximal Z(p)-tori of Gz^^y 

See 4.12.12.6.4.3 for abstract (general) forms of A) (and so implicitly of b)). B) is a 
consequence of the following three things: 

c) the logical abstract form of A) in the context of Shimura cr-crystals; 

d) 4.12.12.6; 

e) the (abstract) inductive property of 3.9.7.2. 

The idea of 3.9.7.2 is: ii k — k and if (M, (p, G) is a Shimura u-crystal with the 
property that not all slopes of (Lie(G)[^], 99) are zero, then from many points of view 
(including Newton polygons), the study of (M, <y?, G) gets reduced to the study of a 
Shimura cr-crystal (M, (^1, Gi) with G\ a reductive subgroup of G different from G. This 
inductive approach (of dropping the relative dimension of G) applies to CC2 as well; 
however, the arguments of 3.9.7.2 do not apply (in general) to CvCs, though one could 
hope to mimic them in many situations. 

To our knowledge, the strong -Weyl- form of the generalized Manin problem was 
not known before even for Siegel modular varieties; implicitly, the Fact of 4.12.9 1) was 
not known previously. A weaker form of B) can be roughly formulated as: all Newton 
polygons "showing up" are the ones obtained using specializations of (see [Va2, 2.10]) 
special points of M with values in fields of fractions of DVR's of mixed characteristic; 
this was predicted implicitly by the Langlands-Rapoport conjecture (see the definition of 
admissible homomorphisms in [Mil, §4]; see also [Ch3, rm. after Theorem 1] for a down 
to earth translation). 

Third, the study of the orbit map of the group action QA of 1.6.1 a) splits up in terms 
of double cosets of suitable parabolic subgroups of (see Fact of Step 3 of 3.13.7.3 and 
3.13.7.6.1 for the abstract context). 4.12.12.6 allows us to list out all cases when there 
is such a double coset consisting just of 1 orbit and corresponding to a stratum of the 
quasi-ultra stratification oiMk(v) of dimension (see 3.13.7.6.1-2 for the abstract context 
and see 4.12.12.6.2 B for the geometric context of special fibres of the integral canonical 
models of Theorem 10). We have: 

Theorem 15. In the listed cases, there is a unique stratum of the quasi-ultra strat- 
ification of N'k{v) of dimension 0. All its points are toric points, called pivotal. Even 
more, the Shimura adjoint Lie a-crystals attached to k-valued points of it are all inner 
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isomorphic (it is 4-2.10 which allows us to speak about inner; restricting to a connected 
component of N'k{v), we have a form of this in terms of Shimura a-crystals attached to 
k-valued points of it). 

The toric part of Theorem 15 is an apphcation of the reduction steps of 3.13.7.4 B 
and 3.13.7.6.0 and of a (significantly simphfied form of) the inductive proof of 3.6.15 B 
(see 3.13.7.6.3 for the abstract context). Theorem 15 represents the generahzation of the 
foUowing classical result: if k — k, then any cr-crystal (M, ip) over k whose truncation 
mod p is isomorphic to the truncation mod p of the d-crystal (M, (/?i) of a product of 
supersingular elliptic curves over A;, is in fact isomorphic to {M,ifi). In the classical 
situation, one uses the fact that is p times a cr^-linear automorphism of M. This 
elementary trick does not work in the general context and this explains why we need all 
the "Weyl staff' of 3.13.7.1-6 for proving Theorem 15. 

In the remaining (i.e. not listed) cases (involving most of Shimura varieties of or 
type) it can be checked using relatively simple computations the existence of strata 

of the quasi-ultra stratification of N'h{v) having dimension and toric points: we refer to 

§9-10 for these computations (see also Corollary 2 of 4.6.7). 

It is worth mentioning that 3.13.7.6.1 and 3.13.6.7.3 apply as well to the class CC2, 
cf. 3.13.7.7. 

1.12.2. Degrees of definition. One of the things which comes again and again 
is: degrees of definition. To detail what we mean by this we refer to 1.6.2. 3.6.15 B 
implies: if A; = F, then {M,(p,G) is obtained from a Shimura cr-crystal over a finite field 

by extension of scalars. So roughly speaking the degree of definition of [M, 99, G) is the 
smallest possible degree over Fp of such a finite field. As this definition is too technical 
for practical computations, in most of the cases we allow k to be arbitrary and moreover: 

- we either restrict (see 3.11.3) to specific Shimura cr-crystals for which we can define 
(using some logical lifts) immediately its degree of definition (later on we will check that 
the two definitions coincide; for instance, this is done implicitly in 3.11.8 for the Shimura- 
or dinar y context), or 

- we work with potentially cyclic diagonalizable Shimura filtered cr-crystals and we 
define (see 2.2.16.4 and 2.2.22 1)) their degrees of definition using their canonical split 
cocharacters (of [Wi]). 

Similarly, in adjoint Shimura contexts we define ^-degrees of definition. For samples, 
see 2.2.16.4-5, 3.11.3, etc. 

1.13. The geometric picture of the case p = 2. For the case of a p = 2 
standard Hodge situation introduced in 2.3.18, see 4.12.12.1 and 4.14.3. The needed well 
known facts from crystalline cohomology pertaining to the mixed characteristic (0, 2) are 
reviewed (parts of it with new personal proofs) in 2.3.18.1. For instance, based on them 
and on 3.14, we get that all of 1.4-6 holds for ap = 2 standard Hodge situation (/, L^2)jv) 
modulo two modifications (cf. 4.14.3). 
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First, we do not prove that the [/-canonical hfts of 1.5.1 (and so imphcitly the G- 
canonical hfts of 1-4 c)) can be always uniquely identified, i.e. determined (we recall that 
to locally lift a 2-divisible group over an algebraically closed field of characteristic 2 it 
is not enough to lift the filtration in the crystalline cohomology context; see 2.3.18.1). 
So presently, it is convenient to allow a finite number of [/-canonical lifts of a /c-valued 
[/-ordinary point y of Af^v)'- a M^(A;)-valued point of J\f lifting y is a [/-canonical lift 
iff its attached Shimura filtered cr-crystal is a [/-canonical lift. Accordingly, 3.1.1.2 in 
geometric situations has to be slightly modified for p = 2 (for instance, as in 4.14.3 B4). 
On the other hand, 4.14.3 B3 shows that we can define uniquely a [/-canonical lift of y, 
provided the Shimura adjoint Lie a-crystal attached to y does not have slope —1. 

Second, the part of 1.12.1 referring to 4.12.12.6 has to be weaken as suggested by 
4.14.3 J (however, 4.14.3.2.5 points out variants where such a weakening can be consid- 
erably eliminated). 

1.13.1. The D case of PEL type embeddings for p — 2. Warning: as in [Mil, 
1.1], in the definition of Shimura varieties of PEL type -and so of PEL type embeddings- 
we allow Q-semisimple algebras which are not necessarily simple. For the case j> = 2 of 
a PEL type embedding involving the D case (see [Ko2, ch. 5] for the meaning of this), 
left aside in loc. cit. and in [LR], see 2.3.18 B: it represents the first new instances of 
p — 2 standard Hodge situations (while reobtaining all previous ones). 2.3.18 B finally 
completes the proof of the existence and uniqueness of integral canonical models in the 
integral context of PEL type embeddings. This proof was started in the original edition 
(dated 1965) of [MFK] and continued -as a direct application of loc. cit. and of Serre- 
Tate and Grothendieck-Messing deformation theories (see [Me])- in [LR] and [Ko2]. We 
formulate 2.3.18 B here, in a slightly different (and weaker) form, more convenient to 
make the passage from [Ko2] (without using too much of the language of this paper) . Let 
/, L(2) and v (resp. F) have the same significance as in 1.3 (resp. 1.6.1) but for p = 2. 
We assume that tfj induces a perfect form L(2) ®Z(2) -^(2) ~^ ^(2); that the Zariski closure 
of G in G'L(L(2)) is a reductive group Gz(2) over Z(2) and that all simple factors of G**^ 
are of some Lie type. Let i3 be a Z(2)-subalgebra of End(L(2)) such that: 

- it is self dual with respect to ifj] 

- over VF(F) is a product of matrix VF(F) -algebras; 

- G is the connected component of the origin of the subgroup of GSp{W, i/j) fixing 
its elements. 

Let H, K2, M. and 0(„) be defined as in 1.3. We have: 

Theorem 16. The normalization M of the Zariski closure of Sh{G, X)/ H in AAo^^^ 
is the integral canonical m,odel of the Shimura quadruple {G,X,H,v). 

The new ideas needed to handle this left aside case (i.e. to prove Theorem 16), 
besides the ones of [Ko2, ch. 5] and [Va2, §5], consist in: 

a) a slight refinement of parts of [Ko2] (for instance, we have in mind 7.1-2 of loc. 
cit.) in the p = 2 context of the D case (see 2.3.18 B2-3); 
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b) a slight refinement of [Fa2, tli. 10] (see iii) to v) of 2.3.18 B9); 

c) performing a greater part of [Va2, 5.2-3] in the context of the VF(F)-algebra Re 
instead of the VF(F)-algebra Re of loc. cit. 

See below for why M is uniquely determined as an integral canonical model. 

1.13.2. Uniqueness of integral canonical models in mixed characteristic 

(0,2). 2.2.1.4 fulfills [Va2, 3.2.1.4 5)]. The new thing it brings: any regular, formally 
smooth scheme over a DVR of mixed characteristic (0, 2) and index of ramification 1 
is healthy in the sense of [Va2, 3.2.1 2)]. 2.2.1.4 implies (see 2.2.1.5) the uniqueness of 
(local) integral canonical models of Shimura varieties in mixed characteristic (0, 2). This 
last result was not known previously, even for the Siegel modular variety of dimension 
3 or 6 (i.e. of genus 2 or 3). What 2.2.1.4 brings new to Step B of [Va2, 3.2.17]: we 
alternate using an "analysis" mod p (with p>2) with the approach of loc. cit. pertaining 
to mixed characteristic; so we can appeal to the language of 2.2.1.0 and so to the results 
of [Fal, p. 31-3]. 

See 2.2.1.5.2 for a second approach to the uniqueness of projective (local) integral 
canonical models of Shimura varieties of compact type in arbitrary mixed characteristic. 

1.13.3. The passage from the Hodge type to the abelian type in mixed 
characteristic (0, 2). 4.14.3.2 achieves the passage of the existence of integral canonical 
models in mixed characteristic (0, 2) from the Hodge type to the abelian type. [Va2, 6.2.2 
a)] has a very restricted application in mixed characteristic (0, 2). So in order to achieve 
the mentioned passage, i.e. to get a p = 2 version of [Va2, 6.2.2 b)], as we have 2.2.1.5, 
we just need to get p = 2 variants of the corrected versions (see AE.4 and AE.4.1-2) 
of [Va2, 6.2.2.1]. They are developed along different parts of this paper (for instance, 
see 4.14.3.2.1-2) and involve mild conditions. For instance, the main assumption we 
need in order to achieve the mentioned passage refers to the fact that we start from a 
p = 2 standard Hodge situation (/, i^(2), v) whose associated integral canonical model M 
is such that each connected component of N'h{v) has /c-valued quasi-pivotal points (i.e. 
toric points whose attached Shimura adjoint Lie u-crystals do not have slope —1). The 
p = 2 version of 4.12.12.6 implies that this holds, provided the connected components 
of Mk{v) are permuted transitively by G'(Aj) (for instance, if the Shimura pair (G, X) 
involving / is of compact type, cf. 2.3.3.1 and its p = 2 version). This assumption is 
related to the fact (it is just a natural extension of the part of 2.3.18.1 C referring to 
no slope or no slope 1) that for A;-valued quasi-pivotal points, the lifts of it to W{k)- 
valued points of J\f are in one-to-one correspondence to (logical) lifts of filtrations in the 
crystalline cohomology context, cf. 4.14.3 B3. 

Warning: we still do not know how to show that [Va2, 6.8.2] applies as in [Va2, 
6.8.3] for p = 2, i.e. we still do not know how to achieve in mixed characteristic (0, 2) the 
passage from the abelian type to the preabelian type. 

See 2.4.1-2 for abstract variants of 2.3.17 for p = 2; the approach to them is based 
on [Fa2, th. 10] and the remarks after. 
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1.13.3.1. Generalized Serre lemma. 4.14.3.2.1-2 lead to a form of the generalized 
Serre lemma of [Va2, 6.4.6 6)] (see also AE.4.2) in mixed characteristic (0, 2), see 4.14.4.1. 
Using this we regain the classical Serre lemma of [Mu, p. 207]: see 4.14.4.2. To our 
knowledge, this is the first proof of loc. cit. in a p-adic (and not Z-adic) context. 

1.13.4. Some samples of results with p = 2. It is worth mentioning, as samples, 
some of the things we get in connection to Theorem 16. For instance, we have (all these 
can be read out from different parts of 4.14.3 -see 4. 14. 3. 3-, cf. also the above part of 
1.13): 

a) The special fibre N'k{v) of ^ has a Zariski dense set of Shimura-ordinary points. 
For all such points with values in a perfect field k of characteristic 2 we identify a finite 
set of Shimura-canonical lifts via: their attached Shimura adjoint filtered Lie u-crystals 
are of parabolic type. The VF(F)-valued Shimura-canonical lifts give (by pulling back A) 
to abelian varieties over VF(F) having complex multiplication. 

b) If (G, X) is of compact type, then any Shimura quadruple of abelian type having 
the same adjoint as {G,X,H,v), has a uniquely determined integral canonical model. 

c) The quasi-ultra stratification of Mkiv) has regular, quasi-affine strata whose codi- 
mensions can be easily computed. Its number of strata is at least as expected (i.e. 
predicted in terms of a quotient set of the Weyl group of Gc)- 

d) If is absolutely simple of D„ Lie type and if either n is even and is split 
or n is odd and is non-split, then N'kiv) has pivotal points to which the p = 2 version 
of Theorem 15 applies. 

e) If k = k and the residue field of the prime of E{G^'^j X^'^) divided by v is F2, then 
the completion of J\f in any A;- valued Shimura-ordinary point y has a canonical structure 
of a formal torus, with the Shimura-canonical lifts of y corresponding to its 2-torsion 
points. 

1.14. Afterthoughts, the Second Main Corollary and advices. Here we 
include the Second Main Corollary and different specifications meant to ease the reading. 

1.14.1. List of invariants. 4.14.6 contains the complete list of invariants of a given 
{p = 2) standard Hodge situation, introduced along different parts of §2-4; the main class 
invariants (in the sense of 2.2.22 2)) are listed in 4.14.6.1, while 4.14.6.2 contains references 
to the types of points (with values in fields) defined in different parts of §4. 

1.14.2. More on the overall organization. Following §4, there is an addenda and 
errata to [Va2]. We refer to it as AE. The reading of AE.4 is indispensable to different 
parts of 2.3.3-11 and 4.4-14. To AE.0-3 and AE.5-6, the reader ought to look only if 
needed. Some afterthoughts are presented in 4.14 and in Appendix. Appendix makes the 
connection and comparison with [RR] and so in particular contains some general forms 
of the results of §2-4 (see also the last paragraph of 1.2.9). 

Two proofs of Theorem 1 are presented. The first one, less than 24 pages, starts in 
3.1 and ends in 3.4.14, via 3.5; it completely avoids the use of 3.6. The second one is just 
a more elaborated form of the first one, in the sense that it leads to a much stronger form 
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of d) of Theorem 1 (cf. Theorem 2 of 3.15.1). It starts in 3.1 and ends in 3.7.4; it uses 
from 3.6 just the part till 3.6.8 inclusive. Also for 4.1-8 and 4.11 which form a sequence 
continuing 2.3, we need from 3.6 just 3.6.6: 3.6.6 is independent of the other parts of 3.6 
except of the first sentence of 3.6.0. 

The parts 3.6.13-14 are needed just in 3.6.19, in 4.3.6 (as an exemplification) and in 
4.12-14 (for p = 2 we need to add 3.14 E and 4.14.3 K). They are independent of what 
follows after them in 3.9 and 3.11-12; so we do not hesitate to use for their proofs results 
stated in 3.9 and 3.11-12 and so, their reading should proceed only after the reading of 3.9 
and 3.11-12. We felt that it is appropriate to include them as part of 3.6, for having the 
deformation theory part (i.e. one of the most beautiful parts) of §1-4 presented fluently. 
3.6.15-16 (resp. 3.6.17) are first used in 3.15.7-10 (resp. in 3.11.1). 

The sequence 3.6.17-20 is very little related to what follows after it; so it can be read 
at any (needed) time after 3.6.1-14. To make §4 as little dependent as possible on §3 and 
to avoid repetitions, in few places of §2-3 we refer to §4: as a typical situation is the proof 
of 2.2.16; these references are made either as possible variants or in such a way that the 
reader will have no difficulty at all in looking in advance at one or two paragraphs of §4 
for some independent arguments. 

For the present work we were motivated by very concrete problems, emerging from 
the theory of Shimura varieties. Whenever we were aware from the very beginning that 
things work out in a more general context, we worked in such a general context; when 
not or when pedagogical reasons required, we stated (or presented) the things in the 
more general context as remarks following the "simpler" context. Wc tried to present 
the ideas in the most natural order. But wc did not hesitate (in order to bring deeper 
understanding) to point out different connections between them, which somehow were 
going against this order. 

1.14.3. Starred results. There are two facts stated (and referred) here whose 
proofs are postponed to future papers: 4.2.8.1 and d) of 4.4.1 3); they are labeled with a 
*. Whenever we use them we present a second proof entirely independent of them. The 
only two exceptions are: 

- the starred Claim of the proof of 4.11.2, as its use is entirely avoidable, and 

- the starred answer of 4.12.5, as it is easy to restate it in a way which does not rely 
on d) of 4.4.1 3) (see the paragraph following it); also we would like to point out that for 
most purposes (like ones involving Newton polygons), the Z^-structures of 2.2.9 8) are 
"equally good" (though not as precise) as d) of 4.4.1 3). 

Occasionally we mention other results to be proved in §5-14: they are never used 
here and so they are not starred. So §1-4 are self contained modulo the existence of 
integral canonical models of Shimura quadruples (G, X, H, v) of preabelian type with v 
dividing p = 3; warning: the limitations of [Va2, 6.8.6] are removed in 4.6.4. 

In other words, in 4.6.4 we prove that the criterion [Va2, 6.8.2 b)] holds (withp > 3); 
the proof relies on the simple fact that, in the context of a standard PEL situation, the 
abelian varieties obtained by natural pull backs via G-canonical lifts of G-ordinary points 
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with values in F, are having complex multiplication (cf. 4.4.5; see also 1.15.8). As a 
conclusion we get (cf. 4.6.4 B): 

Second Main Corollary. Everywhere in [Va2] the single stars (i.e. all stars except 
the two ones of [Va2, 5.6.5 h)]) can be removed. 

So the reader, if desires, can everywhere we are dealing with: 

- a standard Hodge situation (/, L(p),f) such that v divides 3 and not all simple 
factors of G^^ are of some An Lie type (cf. 2.3.5.1), can add the assumption that a 
priori exists; 

- a Shimura quadruple (G, X, if, v) such that v divides 3 and not all simple factors of 
G^"^ are of some Lie type, can add the assumption that there is a standard Hodge sit- 
uation (/i,L[p),t;i) such that {G^^"^ , X^^'^ , H^""^ , v^""^) = {G'"^,X'"^,H'"^,v'"^) and G^^^-^ 

is maximal among isogeny covers of G^'^ allowed by the abelian type (i.e. can add that 
the analogue of [Va2, 6.4.2] holds; cf. also the Existence Property of 1.10). 

1.14.4. Promises. 2.2.1.4, the Second Main Corollary and 4.9.8.2 are among the 
first places meant to fulfill (in due time) all promises and expectations of [Va2] . 

1.14.5. Some extra tips. Due to the fact that the results of §1-4 have been largely 
detailed above, most common we do no stop at the beginning of the other chapters §2-4 
(or of their sections), to outline their contents. However, wherever the title of a section 
does not make its main goal entirely obvious, this main goal is stated explicitly in the 
opening paragraph. 

At the first lecture, the reader can skip the case p = 2, 3.6.8.3 and Step 2 of the 
second way (solution) of 4.6.4 A. Moreover, the reader will benefit by having a general 
look on 3.6.8 from the very beginning; to avoid repetitions, in some more general contexts 
we still refer to it (even if it uses very concrete situations) (cf. also 3.6.8.4 1) to 3)). §1-4 
is organized as a foundation: inevitably, in some places (very few in number), it contains 
material which seems isolated from the rest of it but which is used quite a lot in §5-14. 
For instance, many of the concepts of 2.2.4, 2.2.22 2), 3.13.1-6 and 3.13.8-9 are just very 
partially exploited (or referred) here. As a very wide variety of terminology is introduced 
and used, often, for convenience, we point backwards to (i.e. we remind) some definitions. 

For us, techniques used for proving some results are equally important as these 
results. So thus, many results in this paper are getting two or more proofs. Moreover, we 
do not hesitate to include results which are particular cases of our future work, as long as 
their proofs are involving interesting techniques or are much simpler; as a sample: 2.3.18 
B is a very particular case of the p = 2 theory of Shimura varieties of abelian type to be 
fully developed in §6, [Va5] and [Va3]. We strongly encourage the reader to peruse all 
techniques introduced in this paper. Motivation: we consistently strove to capture the 
very essence of the mathematical problems we dealt with here. 

Warning: many (relatively well known) results pertaining to reductive groups are 
mentioned with proofs or appropriate references at different parts of §1-4; we felt this 
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offers pedagogical advantages (in comparison with a gathering of them -in tens of pages- 
in one section) even if few and small repetitions are made. 

Warning: based on the Second Main Corollary, in 4.9-14 we refer to results of [Va2] 
having a single star, without mentioning each time that all such stars have been removed 
by 4.6.4 B. 

Besides the results mentioned in 1.2-15, this paper contains many other ideas, exer- 
cises and examples. The ideas we did not have time to deal with, are presented in the 
form of problems and questions or as remarks. 63 (4.5.6 itself counts as 10) instructive 
and simple exercises, almost all with full hints or solutions, are included in §2-4 and 
AE.4.2. 

1.15. On the contents of §5-14. We present now in a very brief manner the 
contents of the other two parts continuing this paper. We recall that without stating the 
things otherwise we assume p > 3. 

1.15.1. On §5. In §5 we elaborate on the notion of Shimura p-divisible group 
introduced in 2.2.20 and prove the conjecture of Milne stated in [Va2, 5.6.6], in the wider 
context of Shimura p-divisible groups; so we also prove d) of 4.4.1 3) and remove the two 
stars of [Val, 5.6.5 h)]. 

As a corollary of Milne's conjecture we get the integrality theorem of Shimura p- 
divisible groups and so also the integrality theorem of Shimura varieties of Hodge type. 
Here we formulate it only for a VF( A;)- valued point of an integral canonical model of a 
Shimura variety of Hodge type (using 2.3.13.1 it can be stated for many other valued 
points; see also 4.4.12). 

If (/, L(p),t;) is a standard Hodge situation then, with the notation of 1.3, the p- 
component of the etale component of Wa is integral (i.e. it is an element of the tensor 
algebra of Hl^(^Aj^,Zpj © (i7j^(A-^, Zp))*, where Kq is the algebraic closure of B{k)) 
iff t(y is integral (i.e. it is an element of the tensor algebra of M ® M *). What is worth 
remarking: there is no restriction on the degree of Wa-, a & J-, and it also holds for p = 3. 

We use Milne's conjecture to show how, to a standard Hodge situation (/, L(p),v) 
and to a representation p : Gzp GL{N) (with a finitely generated Zp-module, 
not necessarily free) it is naturally associated and object (if A as a set is finite) or 
a non-trivial almost p-divisible object (otherwise) Cp of 7\4^^(^*5-p+tens)^j^^ (with 
j^j7V{btg-p+tens)^j^^ 0^ 2.2.4.1 5); SO the necessary precautions are taken in cases 
we do not get something to which the gluing arguments of [Fal, proof of 2.3] apply). 
For almost p-divisible objects we refer to 2.2.1.7 1). If A is a free Zp-module of finite 
rank, then (tp is a filtered F-crystal in locally free sheaves on ^/k{v) (cf- the conjecturally 
expected result mentioned in [Ch2, end of (Ql)/?]). The association p — > is functo- 
rial and respects the usual operations (tensor products, identity elements, duals when 
defined, etc.). It is uniquely determined by requesting two other natural properties to be 
satisfied. 

In the last part of §5 we introduce the notion of automorphic vector bundle on an 
integral canonical model of a Shimura variety. We use the existence of Cp's to prove 
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the existence and uniqueness of automorphic vector bundles on N (associated to repre- 
sentations of on Z(p)-free modules of finite rank or to representations of Gq^^) on 
0(^,)-free modules of finite rank) or on H 'XO(^) (with 0(vi) a local ring which is 
an etale 0(„)-algebra) (associated to representations of Gq^^^^ on 0(t;^)-free modules of 
finite rank). We also extend these results to Shimura varieties of preabelian type, under 
slight conditions (as in [Mi4, ch. Ill]) on the representations involved. 

1.15.2. On §6. In §6 we prove that for any injective map / : {G,X) ^ 
(GSp(VF, -0), -S"), every Z^^-j-lattice L^^) (of W) good with respect to /, is automatically 
crystalline well positioned for the map / (with respect to any prime of E{G,X) divid- 
ing p). We also prove the existence of integral canonical models of Shimura varieties of 
preabelian type with respect to primes dividing 3 and the existence of integral canon- 
ical models of Shimura varieties of Hodge type with respect to primes dividing p > 3 
and (plenty of) non-hyperspecial subgroups. Related to proofs we just mention: Milne's 
conjecture of 1.15.1 is the main new ingredient besides [Va2] needed to overcome the 
limitations of [Va2, 5.1] for p = 3. 

1.15.3. On §7. In §7 we introduce a method by which, from particular Shimura 
cr-crystals, we construct integral, normal, faithfully flat schemes over local rings which 
are DVR's formally etale over with p > 2, which either have fibres having a dense 
set of formally smooth points or have the extension property (of [Va2, 3.2.3 3)]). By this 
method we recover all connected components of integral canonical models of Shimura 
varieties of Hodge type. We (conjecturally) expect to get some other interesting integral 
models, even smooth ones; this expectation is a heuristic extrapolation of the existence of 
generalized Shimura p-divisible objects (M, G) over k for which the pair (Lie(G*'^), (p) 
has factors of one of the special Eq, E-j or D™'^^'^ types (see 3.10.5-6 for the definition of 
these types). We call these normal schemes twisted connected Shimura schemes. These 
schemes and their variants (obtained using generalized Shimura p-divisible objects) are 
supposed to lead to the construction of integral canonical models of Shimura varieties of 
special type. Also, they either lead to very beautiful mathematics or provide a negative 
answer (which we do not expect) to Oort's conjecture [Ool, p. 6]. 

§7 contains as well many other complements on Shimura (Lie) cr-crystals (like the 
slice principle, the rigidity property, etc.). See also 2.2.6 4). 

1.15.4. On §8. In §8 (as a continuation of [ValO]), we apply some of the ideas 
of §3, §5 and §7 to prove the Mumford-Tate conjecture for many abelian varieties over 
number fields. We also present a simple strategy meant to prove the following general 
criterion (it is known that it implies this conjecture): 

Expectation (the split criterion). Let A he an abelian variety over a num,her 
field E. There is N{A) G N (very easily expressible in terms of A) such that, if £ is 
a prime greater or equal to N{A) and the reductive group Gq^ over Qi, defined as the 
connected component of the origin of the algebraic envelope of the Galois representation 
p : Gail{E/E) GL{Hl^{A^,Q£)){Q£), is a split reductive group, then the Mumford- 
Tate conjecture is true for A with respect to £, i. e. we have Gq^ = Haq^ ■ Here Ha is the 
Mumford-Tate group of A. 
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1.15.5. On §9. In §9 we deal in great detail with the null stratum of the special 
fibre of an integral canonical model of a Shimura variety of preabelian type: influenced 
by properties (see [LO, 0.2]) of supersingular strata of special fibres of integral canonical 
models of Siegel modular varieties, we formulate our expectations about the properties 
enjoyed by these null strata and prove some of these expectations. In particular, we get a 
non-supersingular criterion similar to the non-ordinary one of 1.7. Warning: referring to 
1.6, the null stratum of Nk{v) is not always the pull back of the supersingular stratum of 
Mk{v) via the morphism J\f ^ M (see 1.3), as the toric part {G^^,X^^) of {G, X) plays 
a role in the definition of this morphism. 

1.15.6. On §10. The first goal of §10 is to show that the number N{G,X,v) of 
strata of the refined canonical Lie stratification of the special fibre of an integral canonical 
model (of a Shimura variety Sh(G, X) of preabelian type with respect to a prime v of 
E{G,X) dividing p > 2) and the dimensions of the geometrically connected components 
of these strata are easily and effectively (algorithmically) computable. To achieve this 
first goal, the first philosophy is: 

Ph. The number N{G, X, v), the mentioned dimensions, as well as the local geometry 
of strata (like the type of singularities in the Stale topology of a given stratum, like which 
stratum specializes to which stratum, etc.) depend only on the pair (Gq^""^, //^'^), where 

G^^^ is the smallest direct product factor of Gq^ with the property that the generic fibre 
ji^ of the cocharacter ji^^ : Gm ^w{k{v'^<^)) (i^Hh k{v^'^) as the residue field of the prime 
v^'^ of E{G^'^,X^'^) divided by v) factors through the extension of G^^^ to B{k{v^'^)). 
Here ji^^ is a cocharacter such that fi^^ becomes (under an embedding of B{k{v^^)) in 
C extending the inclusion E{G^'^,X^'^) C G^'^iC)- conjugate to the cocharacters ^x, 
X e X"^, of [Va2, 2.2]. 

This forms the global form of the invariancc principle. The second philosophy, meant 
to express very concretely what we mean by "easily and efi'ectively" , is "captured" by 
3.6.14.4, by the formulas of 4.5.15.2 and 4.5.15.2.1 computing the dimensions of the strata 
of the quasi-ultra stratifications, by the CM level one (expected to hold) property (of 
1.6.2) and by the completion property (or by its weaker -intermediary- form 4.12.12.6). 

We have versions of this Ph for the other stratifications of 1.10.1 as well as for the 
(presently abstract) context of €£2- 

The second goal of §10 is to continue the study of the ultimate types of stratifications 
and to get progress with respect to the Real Problem of 1.6.5. Implicitly we include an 
extensive study of Grothendieck's (adjoint) specialization categories and of the invariants 
introduced in 4.12.12.8. In particular, starting from the methods of §1-4, we generalize 
[dJO, §5] from four points of view: 

1) we include global forms of different isogeny properties (like of [dJO, 2.17]); 

2) we work in a reductive context with cycles (warning: [dJO, §5] can not be adapted 
to such a context); 
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3) we do not restrict to the isocline context (i.e. to the context of Shimura p-divisible 
groups having only one slope); 

4) we go beyond [dJO, 5.13] by being, in many situations, very specific on which 
p-divisible groups specializes to which p-divisible group (i.e. we introduce and solve in 
many situations Grothendieck's integral problem). 

These generalizations are possible due to the fact that 3.6.15 B has logical global 

variants; for the constant Newton polygon context they are essentially obvious (cf. also 
3.15.10.1 3)) and this takes care of 1) and 2) for this context. The main tools for 3) and 
4) are: Theorems 3 and 6 and 3.15.7-9 (specifically, see 3.15.7 BP2). See [Va6] for extra 
generalizations of [dJO, §5] in the context of CL2- 

1.15.7. On §11. The main purpose of §11 is to prove the isogeny property men- 
tioned in [Va2, 1.7]. The idea is: we follow entirely the pattern of [FC, 4.3, p. 264] but 
in the crystalline context provided by Fontaine categories; this approach is supported by 
the fact that the isogeny property is trivial for G-ordinary points. The hard part is when 
we deal with points of the null strata; for such points we need to combine loc. cit. with 
ideas of [Mil]. 

1.15.8. On §12. In §12 (and §6) we prove the following result. Let {G,X,H,v) 
be a Shimura quadruple, with (G, X) a Shimura pair of adjoint, abelian type and with 
(f,2) = 1. Then there is an injective map / : {Gq, Xq, Hq^vq) > (Gi, Xi, i^i, wi) such 
that: 

1) {Gf.X^'^) = {G,X) and (under the natural inclusion E{G,X) C E{Go,Xo)) vq 
divides v; 

2) (Gi , Xi , i^i , ) is the quadruple of a Shimura variety of PEL type, with all simple 
factors of G^ of some Lie type (£ e N depends on the factor); 

3) provided (G, X) has no simple factor of type (n e N, n > 3), the residue field 
k{vo) of Vq is the same as the residue field k{vi) of vi; 

4) there is an injective map fi : (Gi.Xi) ^ (GSp(VF, ■!/;), 5") and a Z(p)-lattice 
L(p) of W (with p the rational prime divided by v), with the property that the triples 
(/i, -^(p), vi) and (/i o /, L(p), fo) are standard Hodge situations; 

5) if (G, X) has no simple factor of type (n G N, n > 3) (so we have k{vo) = 
k{vi)) or if some other (simple to check) conditions hold, then we are in a context in 
which Theorem 11 applies. 

As a consequence of this and its proof we prove the result concerning special points 
mentioned in [Va2, 1.6.1] as well as the following result. 

1.15.8.1. A result. Let A be an abelian scheme over the ring W{k) of Witt vectors 
of a finite field k of characteristic p > 3. Let {sp)fi^i be a family of Hodge cycles of A, 
including a polarization of degree relatively prime to p. We assume the Zariski closure 
of the subgroup Gp of GL{Lp[^]) fixing the p-components of the etale components of the 
Hodge cycles of the family {sis)^^! in GL{Lp), with Lp :— HI^{A-^tj^, Zp), is a reductive 



48 



group over Zp. Let tt be the Frobenius endomorphism of Ah. Then a positive, integral 
power of TT, as an automorphism of Hl^y^{Ak/W {k))[-], fixes the de Rham component of 

1.15.9. On §13-14. In §13-14, we prove the results (pertaining to Langlands- 
Rapoport conjecture) stated in [Va2, 1.7]. 

1.16. Some history. A small part of the results presented in §1-4 (essentially 
Theorems 1 and 2 in the context of a standard Hodge situation and their applications, 
presented in a) and b) of 1.4), is a revised and improved version of the second part of our 
thesis [Val] (sec also [Va2, 1.6]). Strictly speaking b) of Theorem 1 was not stated in [Val]; 
however all ingredients needed for getting it can be found in loc. cit. In particular, the 
starting idea for getting a) and c) of Theorem 1, of using Faltings-Shimura-Hasse-Witt 
shifts (see 3.4.5), which is the essence of all types of computations (for instance, like the 
ones involving some types of Faltings-Shimura-Hasse-Witt maps), was first introduced 
in [Val, 5.5.4] based on a suggestion of G. Faltings (and this explains our terminology). 
To our knowledge, Shimura-ordinary types were first defined in [Val, 5.1.3] and the use 
of Weyl elements in connection to the truncation mod p of Shimura (Lie) cr-crystals was 
initiated in [Val, 5.6.2-3]. Implicitly, cyclic factors over (truncation mod p) of Lie cr- 
crystals (see 3.10 for elaborated definitions) were first used in [Val, §5]; see also [Va2, p. 
495] and the part of AE.4 referring to it. 

[Val3] was the initial draft (version) of this paper. Proposition 2.3.15, which is very 
useful for different local computations, was already part of [Val3] (being just the logical 
globalization of part of [Va2, 5.4]). 

We came across quasi Artin-Schreier systems of equations (resp. integral Manin 
problems) on Oct. 1997 (resp. Feb. 1996): they were part of the version of this paper 
released on Dec. 1997. 

1.16.1. Supplementary references. Many results of §1-4 are completely new; so, 
there is relatively very few literature to be mentioned in connection to most of them. The 
literature which influenced us and is directly related to the present work, is mentioned 
(directly or indirectly) at different moments along the manuscript. The most we can add 
to what was mentioned in 1.0-15 is as follows: 

a) we do not know if weaker forms of Theorem 3 for ordinary elliptic curves are 
traceable in the literature; 

b) Theorems 2 and 5 and the First and Second Main Corollaries are untraceable in 
the literature; 

c) tiny bits of 1.9.1 and of 1.4 were known before (for instance, see references in 
3.1.8.1 and 4.6.1 3)); 

d) in connection to Theorem 7 we refer to 4.6.2.5; 

e) if k{v) = Fp, then Theorem 9 is a consequence of Serre-Tate and Dwork theories 
of coordinates mentioned in 1.0; 
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f) except some very particular cases (basically pertaining to curves), there is no 
literature in connection to Theorem 10; 

g) outside of the case k{vi) = k{v2) = Fp (which is trivial), there is no literature in 
connection to Theorem 11; 

h) in connection to Theorem 12 we refer to 4.13.3 1); 

i) Theorem 14 was not known before outside of the case of Siegel modular varieties 
and of trivial cases (like of Shimura curves). 

Also we do not hesitate to make connections to the literature which did not influence 
us, even if this literature appeared later than the first versions of this paper. 
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the mentioned two loc. cit. are restated in different parts of this paper (see 2.2.1.1 2), 
2.2.21, etc.), we still often (as a homage) refer directly to them. Directly (for instance, 
see [Fo], [FL], [FI] and [CF]) or indirectly (via [Fal-3] and [Wi]) we are very much obliged 
to the work of Prof. Jean-Marc Fontaine. We would like to thank Prof. Richard Pink for 
pointing out the thing mentioned in 1.9, and Prof. Arthur Ogus for some comments and 
questions, for the suggestion of 3.6.1.4 2) and for explaining us things in connection to 
the case p — 2 for ordinary elliptic curves (these things motivated us to include 2.3.18.1). 
We benefitted from two seminar talks of Prof. Minhyong Kim on [HK] and [Shil-2]: for 
them and for some answers we thank him (2.2.4 I to K had them as the very starting 
point). Parts of AE.6 are based on discussions with Prof. James Stuart Milne: we thank 
him for them. We would like to thank Ms. Rahel Boiler for the typing of [Val3]. We 
would like to thank FIM, ETH Ziirich, UC at Berkeley, Univ. of Utah and Univ. of 
Arizona for providing us with very good conditions for the writing of this manuscript. 
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§2 Preliminaries 



2.1. Notations, conventions and some definitions. Reductive groups over 
fields are always assumed to be connected. So the fibres of a reductive group over a 
scheme are connected. For a reductive group G over a scheme X we denote by G*^®"", 
Z{G), G^^ and G'^^, respectively, the derived group of G, the center of G, the maximal 
abelian quotient of G and the adjoint group of G (see [SGA3, Vol. Ill, p. 257] for derived 
groups and abelianizations). The group scheme over X parameterizing automorphisms 
of G is denoted by Aut{G) (see [SGA3, Vol. Ill, p. 328]). G is called quasi-split, if it has 
a Borel subgroup. 

We consider now an arbitrary affine group scheme G over X. The identity element of 
the group G{X) is often referred as the origin; if X is connected, the connected component 
of G containing the origin is referred as the connected component of the origin. We denote 
by Lie{G) the Lie algebra of G. For an approach to it via rcpresentable contravariant 
functors from the category of X-schemes into the category of Lie algebras over different 
rings of global sections, see [SGA3, Vol. I, Exp. II]. If G is smooth or if X is integral and 
the tangent space of the origin of any geometric fibre of G has the same dimension, then 
we always identify Lie{G) with a quasi-coherent locally free sheaf Lie(G) on X endowed 
with a Lie structure; if moreover X = Spcc(J?) is affine, we identify Lie(G) with a Lie 
algebra over R whose underlying i?-module is locally free of locally finite rank. Often we 
denote Lie(G) by g. For any cocharacter : — ^ G and for any affine X-scheme X^ 
we denote by [nxA G(X^)-conjugacy class of cocharacters defined by the extension 
jix^ of ji to X-*^; if X^ = Spec{R^) is affine, we denote [fix'^] also by [iJ,Ri]. 

Let p be a rational prime. We say that a reductive group G over Q is unramified 
over Qp if Gq^ is unramified over Qp, i.e. if Gq^ is quasi-split and splits over the maximal 
unramified algebraic field extension Q™ of Qp. The set of rational primes / such that G 
is unramified over is denoted by U{G) (cf. [Va2, 6.7]). If G is a reductive group over 
S, where S is either a DVR of mixed characteristic (0,p) or the field of fractions of such 
a DVR, we denote by t{G) e N the biggest non-negative, integral power of p dividing the 
order of an element of G{S) of finite order. If G is a reductive group over Q, its small 
torsion number i{G) e N is defined by 

t(G):= n ^(^^J n tiG^J, 

peU{G) p^W(G), p aprime 

where, for p G W(G), Gz is a reductive group ([Ti2] implies that it does not matter which 
one) over Zp having Gq^ as its generic fibre (the existence of such numbers t{*) can be 
easily deduced from the part of AE.4 referring to n e N and the Hints of the Exercise 
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of AE.4.2). Here and in what follows we refer to the chapter "Addenda and Errata to 
[Va2]" as AE. We use freely the Definitions 1 and 2 of AE.4. 

If X is a set endowed with an equivalence relation R C X x X, then for any element 
X E X,we denote by [x] e X/R the equivalence class of x. Let n, m eN. An n + m-tuple 
whose entries contain (in the proper order) the entries of an n-tuplc is referred as an 
extension of tn- We always look at an m-tuple (ni, ...,nm) whose entries are (denoted 
by a lower right index to the same small letter and are) in Z from the circular point of 
view; so for q E 'Z we refer, without extra comment, to Uq := Uq^, where gi e {1, m} 
is such that m\q — qi. We denote by |B| the number of elements of a finite set B. For a 
hermitian symmetric domain D which is a disjoint union of the same connected hermitian 
symmetric domain D^, we denote by mid(D) the maximal (irreducible) dimension (as a 
complex manifold) of an irreducible factor of D^, cf. [He, p. 381]. 

Our main source of references on Shimura varieties is [Va2]. The expression [G,X) 
always denotes a pair defining a Shimura variety, E{G, X) denotes its attached reflex field 
and Sh(G, X) denotes the Shimura variety defined by it, identified with the canonical 
model of the complex variety. For an arbitrary compact subgroup K of G{Af), wc 
denote by ShxiG, X) or Sh{G, X)/K , the quotient of Sh{G,X) by K. Any x E X and 
a G G{Af) define a complex point [x,a] of Shx(G, X). As in this paper we encounter 
several quadruples and triples, the quadruples (resp. triples) introduced in [Va2, 3.2.6] 
are called Shimura quadruples (resp. triples). Warning: we use freely the notations and 
terminology of [Va2, 2.4 and 3.2.6]. For generalities on Shimura varieties of PEL type, 
we refer to [Ko2, ch. 5] and to [Mil, p. 161]; warning in last loc. cit. one needs to add 
that the axiom [Mil, (SV2)] holds. The embeddings in Siegel modular varieties defining 
Shimura varieties of PEL type used in [Mil, p. 161] are referred as PEL type embeddings. 

If ^ is a set and / : A — > ^ is an endomorphism of it, we denote by /"^ the m-times 
composite of / with itself; the identity bijection of A is denoted by 1^. li f : A ^ B and 
g : B ^ C are morphisms in some category we refer to (7 o / as the composite of / with 
g. IfO^A^B^C^Ois any short exact sequence, we refer to B as the extension 
of C by A. 

If /c is a field we denote by k its algebraic closure. Let Gal(/c) the group of automor- 
phisms of k acting identically on (the perfection of) k. For a field k of characteristic p, 
W{k) is the DVR of Witt vectors of k, while B{k) := W{k)[^] is the field of fractions 
of W{k). We denote Gal{B{k)) by Ffc. ctp is the finite, flat, commutative group scheme 
over k of rank p, defined as the kernel of the Frobenius endomorphism F : Ga- 
For D a p-divisible group or a finite, fiat, commutative group scheme over k, wc denote 
by a{D) := dim/;(Hom(Q;p, D)) its a-number. Occasionally, we use the Witt ring W{R), 
with R an arbitrary /c-algebra, and Wn{R) := W{R)/p''W{R). 

In all that follows we assume k is perfect. We denote by a (resp. a) the Frobenius 
automorphism of W{k) and B{k) (resp. of W(k) and B(k)). Often, to avoid repetitions 
and for the sake of preciseness, we also denote a by 0"^. 

By a cr-crystal (over k) we mean a pair (M, </?), with M a free VF(A;)-module of finite 
rank and with ip a (j-linear endomorphism of M which is a (j-linear automorphism of 
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M[i]. We refer to (M, as a cT^-crystal. Warning: by a filtered cr-crystal (over k) 
we mean a triple (M, with (M, a u-crystal and with a VF(/c)-submodule 

of M which is a direct summand of M such that ^{^F^ + M) = M; this convention 
is not standard but, as we often deal just with contexts involving p-divisible groups, 
it is very practical. We always denote by F^ a direct supplement of F^ in M. By a 
principal quasi-polarization of a (j-crystal (M, (/?) we mean a perfect alternating form 
: M ®vK(fc) M W{k) such that ilj{(p{x), (p{y)) = pa{ip{x,y)), \/x,y e M. We often 
write it as V : M ®w{k) M W(k){l). 

By a cr"'-isocrystal (over k) we mean a pair {M,(p), with M a finite dimensional 
-B(fc)-vector space and with (f a (T"^-lincar automorphism of M. We still denote by cp 
the Frobenius endomorphism of any free VF(/c)-submodule or i?(/c)-vector subspace N 
of different tensor products (taken in any order) of a given number of copies of M with 
a given number of copies of its dual M*, which is taken by (f into itself; here (p takes 
/ e M* into cr"^ o / o (fi~^ e M* and acts in the usual tensor way on all such tensor 
products. Warning: if ip takes N into N, then Vm G M we make the convention that p'^cp 
acts on N via the rule: n G TV is mapped into p'^(p{n); so p'^(p is an abbreviation for 
(p'^In) o ^- In particular, (p takes e e End(M) = M <^B{k) into (poeo (fi~^, while p*/? 
takes e into p{ip o e o ip~^). By a latticed cr"-isocrystal (over k) we mean a pair (M, 
with M a free l^(A;)-module of finite rank, such that the pair (M[^], (p) is a cr"-isocrystal. 
A morphism between two latticed cr"'-isocrystals (Mi,<^i) — > (M2,</?2) is a W^(A;)-linear 
map / : Mi M2 such that by inverting p it is a morphism between u^-isocrystals. 
When n = 1, we speak simply about (latticed) isocrystals (over k). 

Always Vq denotes a Witt ring over an algebraically closed field of positive character- 
istic and then Kq automatically denotes its field of fractions. If ?; is a prime of a number 
field we denote by k{v) the residue field of it and by 0(„) the localization of the ring 
of integers of E with respect to it. The normalization of Z(p) in E is denoted by E(j,y 

If O is a local ring, we denote by O^, O^^ and O respectively its henselization, its strict 
henselization and its completion. 

We usually write Z^^) instead of The ring of finite adeles Z ®z Q is denoted by 
Kf and the ring of finite adeles with the p-component omitted is denoted by A^. So we 
have A/ = X %. We use freely different Tate-twists: Q(l), Qp(l), Zp(l), A/(l) etc. 
We denote by F^d the field with p"^ elements {d e N) and by F its algebraic closure. If G 
is a reductive group over Q, then its torsion number t{G) e N is defined by 

t(G):= n ^(^^(F)) n ^(G^B(F))- 

p£U{G) p^W(G), pa prime 

We have: i{G) divides t{G). An integral, separated Fp-scheme is called perfect if it has 
an open, affine cover by spectra of perfect Fp-algebras. 

If i? is a faithfully flat Z(p)-algebra, we denote by i?^ its p-adic completion. Similarly, 
ii X = Spec(i?), with R as before, we denote := Spec(i?^). 

By a p-adic formal scheme X we mean a formal scheme which locally can be obtained 
by completing a faithfully flat Z(p)-scheme along its special flbre. By a morphism from X 



53 



into another p-adic formal scheme Y or into a scheme Y, we mean a morphism f : X ^Y 
of locally ringed spaces; we refer to / as a p-adic formal scheme over Y. So we have a 
natural morphism X — > Spec(Zp). The fibre X^^/p^Xp is a scheme, Vs e N. If X is a 
flat Zp-scheme, we denote hj X^ the p-adic formal scheme it defines naturally. Warning: 
if X = Spec(i?), then without a special reference X^ denotes Spec(i?^); accordingly, 
without a special reference, the p-adic completion of an affine scheme (resp. of a morphism 
/ between affine schemes) is viewed as an affine scheme (resp. as a morphism between 
affine schemes). The sheaf of local rings implicit in the definition of a scheme or of a 
formal scheme X, is denoted by Ox- The category of locally free Ox-sheaves of locally 
finite ranks (resp. of coherent Ox-sheaves) is denoted by LF{X) (resp. by {COH{X)). 
By a geometric point of a scheme we mean a point of it with values in an algebraically 
closed field. 

The category of f)-divisiblc groups (resp. of finite, flat, commutative group schemes 
of p power order) over a (formal) scheme S is denoted hy p—DG{S) (resp. hy p — FF{S)). 
The reduced scheme of a scheme S is denoted S'l-ed- If S is an Fp-scheme, then without a 
special reference on their type, all crystals and F-crystals on S are in locally free sheaves 
which locally have flnite ranks and, if they are flltered, the flltrations are given by direct 
summands. All F-crystals are such that by pulling them back through geometric points 
of S we get isocrystals over algebraically closed fields as defined above. If is a '^(p)- 
scheme (resp. VF( A;) -scheme) on which p is locally nilpotcnt, the crystalline site we use 
CRIS{S/Spec{Zp)) (resp. CRIS{S/Spec{W{k)))) is Berthelot's crystalline site as used 
in [Be, ch. Ill, §4] and [BM]. The PD-structure on the ideal {p) of Zp (resp. of W{k))) 
is the usual one from characteristic 0. 

A morphism Xi — > X of formal schemes is called etale, if locally in their topology 
it is defined by a morphism Spf(^i) — > Spf(^), where A (resp. ^i) is complete with 
respect to the topology defined by an ideal / of itself (resp. with respect to the topology 
defined by its ideal lAi), such that the morphism Spec(Ai//^Ai) — > Spec(A//'^) is etale, 
Vs e N. Similarly we define formally etale morphisms between formal schemes. 

If G is an affine group scheme over W{k), the W{k)-valued point of the p-adic 
completion of G or of the completion of G with respect to its origin, defined by the origin 
of G, is still referred as origin. 

Let K be an arbitrary field. By a stratification 5 of a reduced K-scheme S in 
potentially an infinite number of strata, we mean that: 

a) for any field L which is either K or an algebraically closed field containing K but 
different from a set <Sl of disjoint reduced, locally closed subschemes oi Sl is given 
such that each L- valued point of S factors through an element of it; 

b) if ii2 Li ^ L2 is an embedding between two fields as in a), then the pull back to 
L2 of any member of 5^^, is an element of Sl^ (so we have a natural transition injective 
map S{ii2) : Sl^ "-^ Sl^)- 

Most of the time, we just mention how Sk is constructed (as the constructions of 
SlS and of 5(ii2)'s are automatic). The inductive limit of all maps 5(ii2) is a class 
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which in general is not a set. We refer to it as the class of S. Each element of some 
Sl is referred as a stratum of S. S is said to satisfy the purity property if for each L 
as above, any element of Sl is an affine ^-scheme; this is a more practical and general 
definition then any other one relying on codimension 1 statements on complements (of 
course, if S satisfies the purity property and 5*^ is locally noetherian, then the Zariski 
closure Ti of any irreducible component Tq of an element of Sl i^n Sl is such that Ti \ To 
is either empty or of pure codimension 1). Without a special reference, we always deal 
with stratifications of S such that all transition injective maps <S(zi2) are bijections and 
Sk is a finite set. 

By a Probenius lift of a Z(p) -scheme X (resp. of a Z(p) -algebra R) we mean an 
endomorphism of X (resp. of R) which mod p is the usual Frobenius endomorphism 
(for instance, for R/pR, it takes x e R/pR into x^). If R and S are two arbitrary Z(p)- 
algebras having Frobenius lifts : R ^ R and respectively $5 : 5 — > -S, if M is a 
projective i?-module endowed with a $i?-linear map (p : M ^ M, and if 6 : i? — > is a 
Z(p)-homomorphism compatible with the mentioned Frobenius lifts, we denote by (/? ® 1 
the $5-linear map on M (E)r S induced from (f via b. As above, if i? is a fiat Z(p) -algebra 
and if (p becomes an isomorphism by inverting p, we still denote by (p the $it-linear 
endomorphism of any il-submodule or i?[^]-submodule of a tensor product of a number 
of copies of M[^] with a number of copies of its dual, taken by (p into itself. Moreover, 
we use the same convention on p'^cp, m e N, as above (in the case R = W{k)). 

Let a, 6 e Z, 6 > a. Let S{a,b) := {a,a+ l,...,b— 1,6} and let SS{a,b) := 
{a — b,a — b+l, b — a — l,b — a}. We denote by MJ^[a,b]{*)i MJ^{*), and 
A^J^^(*) the cate gories introduced in [Fal, ch. II]; here * G {R,X}. Whenever required 
(see loc. cit.), the p-adic completion of * is equipped with a Frobenius lift. We refer to 
them as Fontaine categories (of objects); an arbitrary such category is often denoted as 
FC. We allow R (resp. X) to be (the p-adic completion of) a regular, formally smooth 
VF(fc)-algebra (resp. l^(fc)-scheme or p-adic formal scheme over W{k)). The objects of 
FC are denoted using tuples. For instance, fixing a Frobenius lift ^r of i?^, an object of 
•^•^[I,6](^) denoted as a quadruple (M, {F\M))i^sia,b), i'Pi)ieSia,b),'^)- M is an R- 
module such that each element of it is annihilated by some power of p, {F^{M))i^s(^a,b) is 
a decreasing filtration of M, (pi : F\M) — > M is a $ij-linear map, and V is a connection 
on M (the axioms being as in loc. cit.). Warning: in 2.2.4 we adopt the (naive) point 
of view that all Fontaine categories are small, i.e. its morphisms are forming a set. This 
can be fully formalized using the notion of universe as in [SGA4]; however, we prefer to 
keep the requirements to the minimum and so we never mention such a universe (i.e. we 
think that from the point of view of 2.2.4 J, the naive approach is "enough", as we can 
work as well with skeletons of categories). 

We always assume, for the sake of simplicity of presentation, that the R/pR-module 
^R/pR/k (resp. the -sheaf ^Xk/k) of relative differentials is projective (resp. is 
locally free) of locally finite rank in each point of Spec{R/pR) (resp. of Xk). In what 
follows we refer to [Fal, 2.1], with R and X as in the above paragraph, without any 
other further comment: the proofs of loc. cit. apply entirely to the context we have 
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allowed (working in the faithfully fiat topology we can assume -R is a complete, local ring 
having an algebraically closed residue field; for this context the inductive argument on 
dimensions of loc. cit. applies entirely). We refer to [Fal, 2.3] as the standard gluing 

process (or arguments) in the context of Fontaine categories involving connections (the 
word "gluing" is used for the first time in the last sentence of the paragraph before [Fal, 
e) of p. 35]). 

We can speak as well about Fontaine categories for regular, formally smooth, affine 
formal schemes (when allowed just formal schemes) over W{k), as well as we can replace 
W{k) by Wn{k) (in this last case wc deal only with objects annihilated by p'^ in the 
logical sense recalled in 2.2.1 c) below); the context of formal schemes (which are not 
necessarily p-adic formal schemes) shows up just in 3.15.4. 

As a policy, besides some definitions, we always start with some Fontaine category 
involving a scheme X and, as the constructions force us, we move to some Fontaine 
categories involving a p-adic formal scheme over X. Just one exception: 3.6.18.4.2 is 
stated simultaneously in the context of schemes as well as of p-adic formal schemes. 

We often refer to as a Frobcnius lift of Spec(i?) and so we write as well : 
Spec(i?) Spec{R). If r : W{k) R is a Z(p)-homomorphism and $i^(r(x)) = r{a{x)), 
Vx G W{k), we say is compatible with a. In what follows, we always assume that the 
Frobenius lifts of M^(/c)-algebras are compatible with a. The same applies to the context 
of regular, formally smooth (p-adic formal) schemes over W{k). 

We use freely [Be, 1.6.5, p. 247] as well as its filtered version; accordingly, we have a 
natural functor .F[o,6] from the category MJ^^ ^{X) to the category of filtered F-crystals 
on Xk on coherent sheaves; here 6 e N U {0} or 6 G S{0,p — 1) depending on the fact 
that X^ is or is not equipped with a Frobenius lift. For instance, if X = Spec(i?^) and a 
Frobenius lift of X is fixed, then J-'[o^b] takes an object (M, {F^{M))i^s{o,b): {¥^i)ieS{o,b): V) 
of MJ^^ ^{X) into the filtered F-crystal on X^ whose evaluation at X is the quadruple 

(M, {F'{M))i^s{o,b)-) fOi V) (the action of J^[o,b] on morphisms being the logical one). 

For fitting the convention of [De2, 1.1.6] on Hodge structures, the canonical split 
(cocharacters) of objects ofp—A4J^{W{k)) (see 2.2.1 c) for the definition of this category) 
to be used are the inverses of the ones defined in [Wi, p. 512]. So whenever we refer to 
them we mean the inverses of the cocharacters of loc. cit., though they are still referred 
as canonical splits. We use freely (the functorial aspect of) loc. cit. in the formed 
mentioned. 

The zero element of any module or ring is denoted by 0. For any finitely generated 
projective module M over a commutative ring R, we denote by M* its dual. The -R-span 
(i.e. the i?-submodule of M) generated by a finite number of elements ei,..., of M, is 
denoted by < ei, ...,6^ >. We denote by M®"" (S)r M*®*, with s,t G N U {0}, the tensor 
product of s-copies of M with t-copies of M* taken in this order. If f G M®^ M*®*, 
we denote by deg(v) := s + 1 its degree, and we call it a homogeneous tensor of degree 
s + t. By the essential tensor algebra of M ® M* we mean 

r(M) := ®s,tenu{o}M^' ®R M*®*. 
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We do not use the natural structure of T[M) as an i?-algebra (it is non-commutative 
if the rank of M is at least 2 in some point of Spec(i?)). We always identify End(M) 
with M ®R M*. So End(End(M)) = End(M M*) = M M* M* M is 
always identified (by changing the order) with M®^ (E)r M*®"^ . A family of tensors of 
T{M) is denoted in the form {va)aeJj with J' as the set of indices; if all its tensors are 
homogeneous of degree not greater than u G NU {0}, we say it is of degree at most u. Let 
Ml be another finitely generated, projective i?-module. Any isomorphism / : M^Mi 
extends naturally to an isomorphism T{M)^T{M) and so we often speak about / taking 
Vj into some specific element of T(Mi). 

If M is endowed with a decreasing filtration by direct summands F'^{M), z G Z, then 
T{M) gets naturally equipped with a filtration (called the tensor product filtration) by 
direct summands; moreover, whenever we have a direct summand N of T{M) such that 
its intersection with any direct summand F'^{T{M)) of T{M) which is part of its tensor 
product filtration, is a direct summand of N, we endow it with this intersection (also 
called induced) filtration; so F'{N) := N n F'{T{M)), Vz G Z. We refer to F'{T{M)) 
(resp. to F*(M)) as the F*-filtration of T{M) (resp. of M). In particular, we often refer 
to the F°-filtration of T(M) or of End(M) or to the F^-filtration of End(M). If F^ is 
a direct summand of M, by the F°-filtration of T(M) defined by it, we mean the F°- 
filtration of r(M) defined by the filtration of M defined by: F^{M) = {0}, F^{M) = F^ 
and F^{M) = M. 

All filtrations of M to be considered are decreasing and such that F^{M) = M for 
i << and F^M) = {0} for j » 0; so often we just mention those direct summands 
F*(M)'s which are different from {0} and M. Warning: this does not apply to Fontaine's 
rings of 2.3.18.1 E and of 4.9.2.0. By a range of a filtration of M we mean an interval 
[a, 6], with a, 6 G Z, such that F"(M) = M and F^+^(M) = {0}. If F'^{M) = {0} and 
F^(M) = M, then we just mention the direct summand F^{M), and we usually denote 
it (in a simpler way) by F^; moreover, a direct supplement of F^ in M is denoted by 
F^. If we use some lower right index j to denote the filtration of M (i.e. if we work with 
F'-{M), i G Z), then we automatically use the same type of index for all other filtrations 
introduced in the above paragraph: we write FJ(T(M)), Fj{N), etc. Warning: we still 
refer to Fj{T{M)) as the F*-filtration of T(M), etc. Similarly, the right lower indices 
are transfered in the context of F^ and F°: we often consider F^ and a supplement of it 
F9 in M. 

Similarly, we define the essential tensor algebra T(JF) of © J^*, for a locally free 
Ox-sheaf JF of locally finite rank on a ringed space [X, Ox)- If this ringed space is a 
scheme, then GL[T) is the reductive group scheme over it of Cx-hnear automorphisms 

of r. 

A bilinear form on M is called perfect if it induces an isomorphism from M into its 
dual M*. A pair {M,ip) with M as above and ip : M <Sir M ^ R a perfect alternating 
form on it, is called a symplectic space over R. GL{M), SL{M), Sp{M, GSp{M, 
etc., are viewed as group schemes over i?; so, for an i?-algebra GL{M){Ri) denotes 
the group of i?i-valued points of GL{M) (i.e. the group of i?i-linear automorphisms 
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of M etc. Warning: if G is a closed subgroup of GL{M), we often identify a 

morphism Spec(-Ri) — > G, with a matrix automorphism of M <^ji Ri; in particular, we 
often refer to 1m as the identity element of If /i and /2 are two Z-endomorphisms 

or automorphisms of M (or of the localization of M with respect to some element of 
R), most common we denote /i o /2 by /i/2- We usually use the same notation for 
two perfect bilinear forms if they are obtained one from another by an extension of 
scalars; the same applies to tensors of two essential tensor algebras obtained one from 
another by an extension of scalars. If {W, ip) is a symplectic space over Q, we denote 
by Sh(GSp(VF, V'), S) the Siegel modular variety associated to it (for instance, see [Va2, 
Example 2 of 2.5]). 

For a finite field extension "—^ k and for a reductive group G over k, Resfc/jto^^ 
denotes the group scheme over /cq obtained from G by Weil restriction of scalars (see 
[BLR, 7.6]). If / : G — > Gi is a homomorphism of group schemes which is a closed 
embedding, then we identify G with its image (through /) in Gi. 

We use freely the terminology of Hodge cycles of abelian varieties over a field of 
characteristic used in [De4] and, by natural extension, this terminology is also used 
for abelian schemes over a reduced Q-scheme S. Even more: if 5" is a reduced, fiat 
Z(p) -scheme and A is an abelian scheme over S", we speak about Hodge cycles of A, 
though strictly speaking, we should speak about Hodge cycles of the generic fibre of A. 
Any polarization of an arbitrary abelian scheme A is denoted by pa (sometimes Va) 
and, by abuse of notation, we also denote by pA the different maps on the cohomologies 
(homologies) of A induced by it. Pairs of the form {A,pa) always denote a polarized 
abelian scheme. If 5 is a set of rational primes and if Z[4] is the subring of Q generated 
by Z and the inverses of all primes of «S, then by a Z[^]-isogeny between two abelian 
schemes Ai and A2 defined over a scheme, we mean a Q-isomorphism which induces an 
isomorphism Ai[N]^A2[N]^ VAT e N which is relatively prime to all primes in S. 

We consider an abelian scheme or a p-di visible group A over a scheme S. We denote 
by A^ its dual and by A^p^] the kernel of its multiplication by p^. We now assume 5' is the 
spectrum of a perfect field ki of positive characteristic p. By the 0"^^ -crystal (resp. by the 
isocrystal) of (or attached to) A we mean the -crystal defined by the first crystalline 
cohomology group of A with coefficients in W{ki) (resp. we mean the isocrystal over 
ki defined by such a 0"^^ -crystal). Similarly, if 5" = Spec(VF(/ci)), we speak about the 
filtered cr^^-crystal of (or attached to) A. If = Spec(/ci), with ki arbitrary, by the 
formal isogeny type of A, we mean the formal isogeny type (see [Man]) defined by the 
isocrystal of A-^. We use the notation (n, m) instead of the notation Gn,m of loc. cit; so 
(1, 1) is the formal isogeny type of (the isocrystal of) a supersingular elliptic curve, etc. 

If S is the spectrum of a field of characteristic zero and if A is an abelian variety, 
then we speak about the Shimura variety Sh(G, X) attached to A: choosing an arbi- 
trary polarization pA of A, the Shimura pair (G, X) is defined as in [Va2, 2.12 3)]; it is 
independent on the choice of pA ■ 

For Artin's approximation theorem we refer to [BLR, p. 91]. We use it freely as 
well as its intermediary form of [BLR, th. 12 of p. 83]. For classical Dieudonne theories 
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over k or W{k) we refer to [Fo]; mainly we need [Fo, p. 152 and 160 and §5 of ch. 4]. 
For Lang's theorem on (torsors of) connected algebraic groups over finite fields, we refer 
to [Bo2, 16.3-4 and 16.6]. For standard properties and terminology of involutions on 
semisimple algebras over fields wc refer to [KMRT, ch. 1]. For the specialization theorem 
(of Grothendieck-Katz) we refer to [Ka2, 2.3.1-2]. For Grothendieck's algebraization 
theorem we refer to [EGA III, ch. 5]. For Serre-Tate's deformation theory we refer to 
[Me, ch. 5] and [Ka3, ch. 1]. For Zariski's Main Theorem we refer to [Ra, ch. IV]. For 
the ordinary conjecture concerning the ordinary reductions of an abelian variety over a 
number field, we refer to [Ool, p. 11]. We use freely the fact that any regular, p-adically 
complete, formally smooth VF(/c)-algebra has Frobenius lifts. 

All limits and colimits to be used are assumed to be filtered. Projective systems 
of (formal) schemes have affine transition morphisms. A projective limit of a projective 
system indexed in the standard manner by elements of N, is referred as an N-projective 
limit, while the projective system itself is called an N-projective system; similarly we 
speak about an N-inductive limit or system or about an N-pro-etale scheme over another 
scheme. As the transition morphisms are affine, the projective limit of a projective system 
of formal scheme with etale transition morphisms, does exist as as formal scheme. So 
similarly, we speak about an (N-) pro-etale formal scheme over another formal scheme. 

Occasionally, we refer to the N-pro-etale topology of a scheme: this can be defined 
entirely similar to the etale topology. What we need: a property V pertaining to an 
"object" O over a scheme S is satisfied locally in the N-pro-etale topology of S, if for 
each point y of S with values in a field there is an N-pro-etale morphism Si S whose 
image contains y, such that V holds for the (assumed to make sense) pull back of O to 
Si. The same applies to the context of formal schemes. 

We often refer to a Newton polygon being below, above, strictly below or strictly 
above another one, in the usual sense (so the Newton polygon of a supersingular elliptic 
curve over k is strictly above the Newton polygon of an ordinary elliptic curve over k). 
The Newton polygon of a set of Newton polygons which is below all of them, is called the 
smallest Newton polygon of the set. We use freely the specialization theorem to define 
stratifications using Newton polygons, even in a context where we are not dealing with an 
F-crystal over an Fp-scheme S but with "modifications" of such an F-crystal, where the 
Frobenius endomorphisms of modules over flat Zp-algebras associated naturally to it are 
divided by the same positive, integral power of p. This applies in particular to the context 
of Lie F-crystals as to be defined below (for instance, see 2.2.2). In particular, we allow 
Newton polygons which have negative slopes and so, we deviate from the initial approach 
suggested in [Va2, 1.6.2] of using Tate twists in order to get only non-negative slopes. 
By the Newton polygon of a latticed isocrystal (M, (p) we mean the Newton polygon of 

The set (often viewed as a matrix algebra over R) oimxm matrices with coefficients 
in R is denoted by Mm{R); the group of invertible such matrices is denoted by GLm{R)- 
If pR = {0} and B e Mm{R), then denotes the matrix whose entries are p-powers 
of entries of B. 
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Most common we avoid using "an index to another index" ; for instance, if Gi (resp. 
G^) is a reductive Q-group, then its extension to Qp (resp. its derived subgroup) is 

usually denoted by Giq^ (resp. by G^^^^) and not by Giq^ (resp. by G^^^^). 

For the theories of healthy schemes and of different extension properties (like EP, 
EEP, SEP, etc.) see [Va2, 3.2.1-3]. The expression "with respect to" is abbreviated as 
w.r.t. For minimal weights we refer to [Bou3, ch. 8, §7.3], to [Sa] and to [De2, p. 261]. 
For the theory of well positioned families of tensors we refer to [Va2, 4.3.4-17] (see also 
AE.3 for the correction of [Va2, 4.3.6 3)]); we use freely the terminology of [Va2, 4.3.4]. 

2.2. Fontaine categories and Shimura crystals. In what follows we introduce 
a language to be consistently used in §2-14 as well as in the subsequent papers (like [Va3- 
12]). It is an "interplay" between the general, abstract contexts of Fontaine categories and 
the particular, concrete contexts which have direct applications to the study of Shimura 
varieties. Let k be an arbitrary perfect field of characteristic p > 0. 

2.2.1. Basic definitions and few comments, a) Let r E Q. An isocrystal 
(M, ip) over k is said to be r-symmetric, if Vck e Q such that r — a is a slope of it, r + a 
is also a slope of it of the same multiplicity. 

b) We say that a /c-scheme Xk'. 

- has the ALP property, if the only open subscheme of it containing all its fc-valued 
points is Xk itself; 

- is an almost global (to be abbreviated as AG) /c-scheme, if for any connected 
component C of it there is a partition of the reduced scheme Cred in a finite number of 
reduced, locally closed subschemes, each stratum being an N-pro-etale cover of a A;-scheme 
of finite type. 

ALP stands for "algebraic points". The ALP property is stable under pro-etale 
covers; so any AG A;-scheme has the ALP property. 

c) Let Rhe a, regular, formally smooth l^(fc)-algebra. We have in mind mainly the 
case when Spec{R/pR) has the ALP property (like the case when Spec{R/pR) is a local 
or an AG /c-scheme) ; but for the sake of generality we do not assume we are dealing just 
with such Let <I>jj be a Frobenius lift of R (resp. of R^). 

A finitely generated projective i?-module (resp. i?^-module) M, together with a 
decreasing filtration (F*(M))jgz of it by direct summands and a $i?-linear endomorphism 

^:M[i]^M[i], 

is said to be a p-divisible object of /AJ-'{R) if for any i E Z, (p restricted to F'^{M) is of 
the form p'^(fii, with 

<Pi : F\M) ^ M, 
and the i?-linear (resp. i?^-linear) map 

: ®iezF\M) ®r ^^R ^ M 



60 



(resp. : (BiezF^iM) $^-R^ — >■ M), whose restriction to the summand F^{M) 

(resp. to F^{M) ®jja $^-R^) acts as (pi (8) 1, is an isomorphism; here, for z e Z, 
F'^{M) is a direct supplement of F*+^(M) in F'^(M). We denote such a p-divisible object 
by a triple 

€ := (M, (F^(M)),ez,^). 

For any n G N, M/p'^M together with the filtration (F^(M)/p"F^(M))^ez of it and 
the induced family of $fl;-linear maps is an object of M.T{R) (we recall, cf. 2.1, 

that F^{M) — {0} for i very big or very small); here we still denote by (pi its reduction 
mod p". We denote this object by €/p'^€ and we call it the truncation mod of €; 
often, for the sake of convenience, as (p and F*(M)'s determine <^i's, we denote it also by 
the triple 

(M/p-M, {F\M)/p^F\M))i^^, ^) 

instead of the triple (M/p'^M, {F^{M)/p'^F'^{M))i^z, {'fi)iez)] warning: here we do not 
think of p as some reduction modulo some power of p. We refer to M as the i?-module 
(resp. the J?^-module) underlying C and to M/p^M as the R / p^ R-modvle underlying 
<t/p^^. We refer to (F*(M))j£2 as the filtration underlying etc. Similarly, we speak 
about the (filtered) module or sheaf (of modules) underlying an object of any Fontaine 
category and about the truncation mod p^ of any such object; if an object is isomorphic 
to its truncation mod p", we say it is annihilated by p^ . If F^{M) = M, then </? takes M 
into M and we refer to it as a Frobenius endomorphism of M and we write ip : M ^ M. 
If F^{M) 7^ M, then we refer to (p as the Frobenius endomorphism of -^[^]. 

The notations M.T{R) and M.T{R'^) always denote the same category. Accordingly, 
if M is a projective i?-module, we identify this p-divisible object € with the one obtained 
from it by the extension of scalars from R to R^\ in other words, we identify € with the 
;>divisible object €ra := (M 0r R^, {F\M) R^)iez, ^ ® 1), the Frobenius lift of R^ 
being the p-adic completion of ^r. However, as we do not want to lose the information on 
C of being "algebraizable" , we always prefer to work with C (resp. with C/p"'€) instead 
of CflA (resp. of C^A/p^CijA). 

If ^1 = (Ml, (F*(Mi))iez, is another such indivisible object of MJ^{R) with Mi 
an i?- module (resp. an i?^-module), then by a morphism from C to Ci, we mean an 
i?-linear map q : M ^ Mi ^r R^ (resp., when M and Mi are i?^-modules, we mean 
an i?^-linear map q : M ^ Mi) respecting the filtrations and Frobenius endomorphisms. 
Notation: 

The Zp-module of morphisms from C to Ci is denoted by Hom(C^, Ci). We get the category 
p — MT{R) of p-divisible objects of MJ^{R):, it is a Zp-linear category. 

Warning: a p-divisible object of A4J-'{R) is not a particular type of object of /AJ-'{R) 
(of course, it is an object oi p — M.T{R)); it is (i.e. it can be identified with) a suitable N- 
projective system of objects of }AT{R). In other words, we can identify (cf. definitions) 
€. with the naturally obtained N-projective system defined by n G N. So the 

category p — 7W.7^(i?) is equivalent to a full subcategory of the category N — pro — M.T {R) 
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of N-projective systems of objects of A4J-'{R); we rarely use this equivalence, as we think 
the notations involving projective i?-modules (resp. i?'*^-modules) are much simpler than 
the ones involving N-projective systems. 

If moreover we fix a family of tensors {ta)a£j of the F°-filtration of T(M[^]) fixed 
by (f, then we speak about a p-divisible object with tensors of A4J-{R). Notation: a 
quadruple (M, (F'(M))iez, V', {ta)aej) or a pair (€, {tc)aej)- 

We also speak about p-divisible objects (with tensors) of M.J-'[a,b]{R)j of -^-^[^ b](^) 
or of A4J-'^{R), or about p-divisible objects (with tensors) of A^JF[„ {,](X), etc., with 
a,b E Z, b > a, and with X a regular, formally smooth W {k)-scheme (resp. a regular, 
formally smooth p-adic formal scheme over W{k)). Warning: in this last case (pertaining 
to X) the tensors are global sections of sheaves of the form T{J^) <8)Z(p) Q, with a locally 
free Ox -sheaf (resp. Ox-sheaf) of locally finite rank. Without specific references, we 
always assume that either X itself or its p-adic completion is equipped with a Frobenius 
lift or we are in a situation where the standard gluing process of [Fal, 2.3] applies, i.e. 
we are in the context of MJ^^j^^iX), with b — a < p — 1 (however, see 2.2.4 C and 

D for natural extensions). Warning: as the connections involving objects of M.J^^{X) 
are p-nilpotent (see [Fal, p. 34]), the restriction p > 2 in (the proof of) [Fal, 2.3] is not 
needed; so in what follows, we refer to loc. cit. and its proof without extra comment even 
forp — 2. We also speak about Zp-linear categories defined by such p-divisible objects 
(resp. by N-projective systems of objects): p — M.J^[a,b]{R) (resp. N —pro — M.T[a,b]{R))-i 
etc. When we speak about ap-divisible object with tensors of M.J^'^iR), etc., we require 
the tensors to be (as well) horizontal, i.e. to be annihilated by the (natural extension 
to T(M) of the) connection involved. We speak as well about truncations of p-divisible 
objects MJ^[a,b]{R), or oiMJ^^{R), etc. 

We recall from 2.1, that whenever we deal with some (object or p-divisible object of 
a) Fontaine category involving a regular, formally smooth (/j-adic formal) scheme Y over 
W{k), we always assume ^Vk/k is a locally free Oy^-sheaf of locally finite rank. Warning: 
as we allowed R (or X) to be regular, formally smooth (and not only smooth) over W{k), 
some precautions are in order. In the case of a p-divisible object of AiJ-"^ (R), we work 
with the p-adic completion ^^^/vk(A:) i?-module of relative differentials ^R/w(k) of R 

over W{k); the same applies in the context of X. For instance, if R — W{k)[[zi, Zm]], 
m e N, and if M is a free i?-module of finite rank, then all connections 

V : M ^ M ®w{k) ^R/wik) 

to be considered, factor through M(8)flf^^/vK(fc); where nfl/vi/(fe) is the free i?-submodule of 
^R/w{k) generated by dzi,..., dzm', we have a natural identification H^/^y^fc) = ^^^/vK(fe)- 

A p-divisible object of MT^ {R) is denoted as a quadruple (M, (F*(M))jgz, V', V) 
or as a pair (€, V), where £ is as above; warning: due to the conventions of the previous 
paragraph, we always consider M to be an i?^-module. 

We use freely tensor products of (p-divisible) objects of some Fontaine category, 
whenever they are defined (when we are dealing with a Fontaine category of objects 
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involving filtrations in a fixed range, like A4J-'[a,b]{R): then such tensor products might 
be defined just in a "larger" Fontaine category, like A4T{R)). For instance, if above M 
and Ml are i?^-modules, € ®r/\ €i is the p-divisible object of M.T{R) whose underlying 
filtered i?^-module is M^f>^ Mi endowed with the tensor product filtration, the Frobenius 
endomorphism of M[^] ®jjA[i] Mi[^] = M (g)ijA Mi[^] being ® V'^- 

We speak about a principal quasi-polarization of a p-divisible object of AiJ-'[o^i]{R) 
or of A4J^^ ^-^{R). For instance, if £ = (N^F^.^p) is a p-divisible object of AiJ-'[Q^i]{R) 
with N an i?^-module, the dual (T* of is a p-divisible object of o](-R) and so 

is a p-divisible object of AiJ-'[o^i]{R); so by a principal quasi-polarization of €, we 
mean an isomorphism 

producing a perfect alternating form 

{p(r is a morphism in the category p — 7WjF[o^2](-R))- Here, for m e Z, 

R^{m) := i?^ ^w{k) W{k){m) 

is the p-divisible object of M.^[m,m] (R) defined by the -R^-module R^ and the ^^^-linear 
map of which takes 1 into p'^. Usually we identify canonically i^r with p^; we 

refer to the pair or to the quadruple {N,F^ ,lp,pn) (with p^ : N ®r/\ N — > R^ 

defining p^r) as a principally quasi-polarized p-divisible object of M.J-[q^i-\{R). We often 
write Pat : N ®r/\ N — > -R^(l). The truncation mod p"^ of R^{m) is also denoted as 
R/p''R{m). 

Similarly, we speak about principally quasi-polarized objects of TWjFjo^i] (i?) or of 
AiJ-'^ ^-^{R); most commonly we get such principally quasi-polarized objects by taking 
truncations (modulo some integral positive power of p) of principally quasi-polarized p- 
divisible objects (of M.J^[o,i]{R) or of A4J^^i-^{R)). The last two paragraphs apply as 
well in the context of X. 

d) A p-divisible object € = (M, {F^{M))i^s(a,b),¥>) oi MJ^[a,b]iW{k)) is said to be 
cyclic diagonalizable ii M ^ {0} and there is a PF(/c)-basis B — {ei\i e A} of M, with 
A := 5'(1, dim^(/j)(M)), such that the following two conditions hold: 

i) Vz e S{a, b), a subset of B is a W^(A;)-basis of F*(M); 

ii) there is a permutation tt of A with the property that (p{ei) = p"^*-*-'e7r(i), Vz G A, where 
n{i) e S{a,b) is uniquely determined by requesting Cj e F"'(*)(M) \ F"'*^*)+^(M). 

When TT = 1^ we drop the word cyclic. If tt is an |^|-cycle, then we often replace 
the word cyclic by circular. 

Similarly, we speak about the truncation mod p"^ of € of being cyclic (or circular) 
diagonalizable; keeping i) we just need to replace in ii) the equality (/?(ei) = P^^^^&-K{i) by 
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the requirement that (Pn{i){ei) mod is e^(j) mod p'^; here (pi^s are obtained from (p as 
in c). 

e) Let O be a DVR and let u be a uniformizer of it. If S is an O-scheme, then an 
05-sheaf is said to have the DC property (here DC stands for direct cychc) if it is a finite 
direct sum of Cg-sheaves of the form Os/u^Os, with n e N U {0}. Similarly, if R is an 
O-algebra, then an i?-module is said to have the DC property if as an Ospec(i?)"Sheaf it 
has the DC property. If we allow n to be 00 as well (with Os/u°°Os '■= Os), then we 
speak about the EDC property, with E standing for extended. 

f) We refer to the morphism C — > of c). We denote it by q. We assume M and Mi 
are -R^-modules. q is called an epimorphism or a monomorphism if q is so. q is called an 
isogeny if q becomes an isomorphism by inverting p and moreover there is m e N such that 
q{M) contains p'^Mi. If q after inverting p is an isomorphism, then we define Coker(q) 
as follows. We can assume is connected. Let n G N. M2 ■= Mi/q{M) is p-adically 
complete. Moreover, M2/p^M2 locally has the DC property (being the underlying R^- 
module of Coker(C/p"£ ^ cf. [Fal, p. 31-33]). So, as Maf^] = {0} and as 
Xk is connected, using a Teichmiiller lift of Spec(i?^) with values in the Witt ring of a 
perfect field, we get that we can assume p"M2 = {0}. So we take: 

Coker(q) := Coker(C/p"(2: ^ €i/p''Ci); 

it is well defined independently of the choice of n (subject to p"M2 = {0}). The same 
applies to all other Fontaine categories of 7?-divisible objects. 

Similarly, if (t (resp. £1) is a p-divisible object (resp. an object annihilated by p") 
of the same Fontaine category FC, then the torsion Zp-module 

Hom(C:, di) HomFc(^/p''£, 

is well defined independently of the choice of n (subject to the mentioned property) and 
any element q of it is referred as a morphism € ^ €1. If at the level of underlying 
modules q is an epimorphism, we say q is an epimorphism and we refer to C as a lift of 
€1; if moreover the resulting epimorphism (t/p<t — > Ci is an isomorphism, we refer to C 
as a strict lift of Ci. 

2.2.1.0. The crystalline, contravariant Dieudonne functor in the lan- 
guage of Fontaine categories. The initial motivation for using (p-divisible objects of) 
Fontaine categories, stems from the existence of the crystalline, contravariant Dieudonne 
functor D. Let X, R and ^r: R^ ^ R^ be as in 2.2.1 c). 

We have a contravariant, Zp-linear functor 

p-DG{X)^p-MJ'^o,i]iX). 

Its existence is a particular case of Grothendieck-Messing theory (see [Me, ch. 4-5]), via 
a natural limit process; in other words, the functor associates to a p-divisible group D 
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over X the p-divisible object of M-J^"^ ^-^{X) defined naturally by the N-projective system 
of objects of A^jFp -^j(X), whose object corresponding to n e N is annihilated by 
and is naturally defined (via reduction mod p'^) by the dual of the Lie algebra of the 
universal vector extension of the pull back (warning!) of D\p'^'^^] to X Xwik) Wn+i{k). 
Such a functor is also constructed in [BBM, ch. 3]. In [BM, ch. 3] it is shown the 
compatibility of the two constructions (warning: [BM, 3.2.11] applies here even for p = 2 
due to the fact that we are not dealing with crystals on GKlS{X^r^^_^(^|^^/Spec{W{k))) 
but just with locally free _,_i(fe)"Sheaves obtained by evaluated them at ^p7„_,_i(A;))- 

Following [BBM, ch. 3], this functor is denoted by D. 

We recall briefly the construction of D, in the wider (in fact intermediary) context of 
p — FF{X), i.e. of finite, flat, commutative group schemes of p-power order over X. Let 
G and G be such group schemes. We first assume that X = Spec(i?^), that G (resp. G) 
is a closed subgroup of an abelian scheme A (resp. A) over and that there is m e N 
such that both G and G are annihilated by p'^. Let Ai :— A/G. Let € (resp. €i) be the 
p-divisible object of MJ-"^ ^{R) naturally defined by A (resp. by ^i). We recall that the 

underlying i?^-module of € is H^^yg{A/ R^) and is naturally equipped with a $i?-linear 
endomorphism, that the filtration of H^^y^{A/R^) is the Hodge filtration, and that the 
connection on H^^yg{A/R^) is the p-adic completion of the Gauss-Manin connection. 
Similarly, we get Ci. 

Now (cf. [Fo] for the particular case R — W{k) and cf. [BBM, 3.1.2] for the general 
case; see also [BM, p. 190-1]) 

D(G) = (M,F\$o,$i,V) 

is defined as the cokernel (see 2.2.1 f)) of the isogeny €i ^ € associated to the natural 
isogeny A ^ Ai. M is annihilated by p^. 

Similarly we define D(G). If /c : G ^ G is a homomorphism, then the homomor- 
phism (1g, /g) : G G X G is a closed emebedding. So D(/g) : D(G) ^ D(G) is defined 
naturally via the epimorphism 

D(G) e D(G) = D(G X G) ^ D(G) 

associated naturally to (1g, /g); here D(G x G) is computed via the product embedding 
of G X G in ^ X Ai. One checks that D(G) and D(/g) are well defined (i.e. do not depend 
on the choices made) in the standard diagonal way. For instance, if G is a closed subgroup 
of another abelian scheme B over R^, then by embedding G diagonally in A x^. a S, we 
get (via standard arguments involving the snake lemma in the context of any one of the 
two projections oi Ax^a B onto its factors) that D(G) defined via Ax^a B is canonically 
isomorphic to D(G) defined via A ot B. 

To define B(G) in general, we use Raynaud's theorem of [BBM, 3.1.1]: locally in the 
Zariski topology of X, G is a subgroup of an abelian scheme and is annihilated by p'^ for 
some m G N; so D(G) is defined as above, via standard arguments of gluing (based on 
the previous paragraph). 
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Warning: in [BBM], [BM] or [dJl-2] the language of Fontaine categories is not used. 
Referring to the case X = Spec(i?^), the mentioned places (with [BBM, ch. 3] as the main 
reference) are using instead of the $ij-linear map $i : F-*^ — > M, a Verschiebung i?^-linear 
map V : M ^ M identifying $i with an i?^-hnear map ^j^R^ M, 

we have 



Vx e (^RA ^j^R^. Similarly, identifying $o with an i?^-linear map M(^ji ^j^R^ M, 
we have 



e M (S>RA ^rR^- As M is generated by the images of $i and ^q, we get: 
Fact 1. V is uniquely determined by $o o'^^ ^i- 

So we feel it is appropriate to denote (M, F^, $o, V) by D(G); so in what follows, 
(the functor) D is used for p — FF{X) as well as for p — DG{X). 

If now D is a p-divisible group over X, then 3{D) is the N-projective system de- 
fined naturally by D(Z)[p"]), n e N: one checks that the underlying Ox /p^Ox sheaf 
of D(i;>[p"^]) is projective of rank equal to the rank of D and D(i„) is an epimorphism, 
Vn G N; here i^ : -D[p"] D[p'^^'^] is the natural inclusion. Argument: based on [Fal, 
2.1 ii)], using Teichmiiller lifts (of open, affine subschemes of X endowed with a Frobe- 
nius lift) it is enough to consider the case when X = Spec(VF(/c)). But this case is a 
consequence of the classical Dieudonne theory. We get the first sentence of: 

Fact 2. 3{D)/p'^3{D) is naturally identifiable with I]){D\p"']). It depends only on 
the pull back of D[p"'~^^] to Xvi/„_^^(/c) . 

The second sentence follows from the above part referring to [Me] or to the connection 
between V and $i. 

The language to be used in what follows: to any p-divisible group D over X (resp. 
over Spec(i?) or Spec(-R^)) it corresponds (or it is associated) ap-divisible object 3(D) of 
M.J-'^^{X) (resp. of M.J-'^ ^{R)); similarly, we say: to a finite, fiat, commutative group 
scheme G of p-power order over X (resp. over Spec(i?) or Spec(i?^)) it corresponds (or 
it is associated) an object B{G) of MJ^^-i^^{X) (resp. of MJ^^-i^^{R)). 

Whenever D is uniquely determined by ©(-D), we also say D is associated to ID)(-D); 
[BM, §4] and [Me, ch. 4-5] can be combined to give plenty of situations, with p > 2, in 
which D is uniquely determined by D(D). 

2.2.1.1. Remarks. 1) One might wonder if the terminology p-divisible objects is 
the right one. Our justification is: the below philosophies of 2) and of 3.6.18.5.1. We do 
think that: 
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- the terminology "Barsotti-Tate objects" would have complicated very much the 
terminology (for instance, later on -see 2.2.8 3)- we introduce Shimura p-divisible ob- 
jects); 

- the terminology "formal objects" would have forced us to always be in a formal 
context and moreover it would have not allowed us to speak about p-adic formal schemes 
as a way of emphasizing the type of formal schemes we are mostly dealing with; 

- the terminology "torsion free objects" offers some advantages (i.e. in some sense 
it is more accurate) but using it the results below would have been significantly less 
uniformly stated; 

- the terminology of [FL, §1] used for the case of W{k) is neither practical nor 
accurate for the general cases of i?'s and X's as in 2.2.1 c) (that is why [Fal] speaks just 
about objects). 

2) If p > 2 and X is the p-adic completion of a smooth VF(/c)-scheme, then [Fal, 
7.1] can be restated as follows. The contravariant, Zp-linear functor 

D:p-FF(X)^M.Fj^i](X) 

is an antiequivalence of categories. This implies: ED : 7? — DG{X) — > p — M.J^^ ^-^ {X) is an 
antiequivalence of categories. So occasionally, we refer to D~^. 

3) In general, the categories of objects or p-divisible objects introduced in 2.2.1 c) 
do depend on the choice of Frobenius lifts. However, the category Al-^p p_i](-^) does 
not depend (up to canonical isomorphisms) on such choices, cf. [Fal, 2.3]. One of the 
main advantages of working with p-divisible objects instead of objects is: 

Fact. p-MJ^^^{X) (as well as p — AiJ-'^{X) ) does not depend (up to canonical 
isomorphism) on the choice of a Frobenius lift of X. 

This is a consequence of the fact that, when we have no p-torsion involved, canonical 
isomorphisms can be constructed as in loc. cit. Argument: we can assume a = and so, 
to check that some gluing maps (constructed as in [De3, 1.1.3.4] using Taylor series) do 
define isomorphisms, we can work locally in the faithfully flat topology; for the case of 
X = Spec{W{k)[[xi, ...,Xm\]) we refer to loc. cit. 

We always identify p — M.^^ ^ {X) with a full subcategory of the category of filtered 
F-crystals on Xf, (to be compared with the case of A4J^^ ^{X) of 2.1); here b e NU {0}. 

4) Any cyclic diagonalizable 7?-divisible object is a direct sum of circular ones. More- 
over, any circular diagonalizable p-divisible object has a unique slope. 

5) AiJ-'{X) and AiT^X^) denote the same category of objects; the same applies 
to all other Fontaine categories of objects or of p-divisible objects. Moreover, we always 
identify M.J-'[a,b]{X) (resp. A4J-'^^{X)) with a full subcategory of J^J^^a',b']{X) (resp. 
of M:F^, ^^,^iX)) and of MJ^{X) (resp. ofMJ^^{X)), where a' <a<b<b' are integers. 
Also, we always identify M.T{R) with A4J^(Spec(i?)), etc. Warning: the natural functor 

FORG : A<.Fj,](X) ^ MJ'iaMiX) 
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which "forgets connections" is not full in general. 

6) All Fontaine categories of 2.2.1 c) involving objects are abelian, cf. [Fal, Cor. of 
p. 33] (it extends automatically to the context involving connections). This is not true for 
the context of p-divisible objects (the problem being with cokernels). However, it is trivial 
to see that all Fontaine categories of 2.2.1 c) involving p-divisible objects have kernels, 
images and arbitrary finite fibre products. Moreover, if a, b, R and : — > R^ are 
as in 2.2.1 c), we have: 

Fact. Locally in the Zariski topology of R, any object of A4J-'[a.b]{R) annihilated 
by for some n G N and is the cokernel of an isogeny between two p-divisible objects of 

MJ'la,b]{R). 

Proof: Let d := (M, {F'{M)),QS{a,b), {^i)ieS{a,b)) be an object of MJ^[a,b]iR)- We 
choose a direct summand F'{M) of F'+^{M) in F'{M), cf. [Fal, 2.1 i)], i e S{a,b). 
Localizing, we can assume M = ®j^s{i,m)R/p^^ R-i with m e N U {0} and all n^'s in N, 
cf. [Fal, 2.1 ii)]. So we can take n := max{n-,|j e S'(l,m)}. 

Localizing further on we can assume all F'^(M)^s have the DC property. The argu- 
ment goes as follows. F*(M)/pF*(M)'s are projective R/pR-modnles and so localizing 
we can assume they are free. We work with a fixed i G S{a,b). By induction on n, 
we can assume pF^{M) has the DC property. Let {ej, ...,e^'}, with G N U {0}, be 
a set of elements of F*(M) such that pF*(M) is a direct sum of the cyclic /^-modules 
generated by pej, j G S{l,mi), and the annihilator of each such pej is an ideal of R 
generated by a positive, integral power of p. This implies that the i?/pi?-sub module of 
F^ (M) / pF"^ (M) generated by the images of e^'s is free of rank mf, it is easy to see that 
is as well a direct summand. So let {e^""*"^, ■■■,ef} be a set of elements of F'^{M) such 
that the images of e^, j G S'(l, Qi), in F'^{M)/pF^{M) are forming an i?/pi?-basis of this 
free i?/pi?-module. By replacing each e], with j G S{mi + l,qi), hj a, linear combination 
of e|'s, with s G S{l,mi), we can assume pej = 0, Vj G S{mi + l,qi). Let s{i,j) G N be 
such that p^^'^'^^R is the annihilator of e], j G 5(1, qi). We get: F^{M) is (isomorphic to) 
the direct sum ®j£5(i^g.)(i?/p^*^*'-')j?)e:^. 

We now consider the free i?^-modulc Mr having as an i?^-basis a set formed by 
elements f^,iE S{a, b) and j G 5(1, qi). We consider the i?^-epimorphism 

q : Mr M 

that takes each f- into e^. For i G S{a,b), let F^{Mr) be the i?^-submodule of Mr 
generated by those //,, with i' G S{i,b) and j G S{l,qi'). F'^{Mr) fl Ker(g) is a free 
i?^-module having {p^'^'^' '^^ fj,\i' G 5(^,6) and j G S{l,qi')} as an i?^-basis. We consider 
a $i?-linear endomorphism (p of Mi^[i] that takes // into p'^gj, where gl G Mr is an 

arbitrary element with the property that q{gj) = (fi{el). The elements gf,i& S{a,b) 
and j G S{1, qi), generate Mr, as this is so mod p [q mod p being an isomorphism). So 
the triple {Mr, {F^{MR))i^s{a,b)-:^) is a p-divisible object <t of M.T[a,b]{R)- Moreover, 
from the very construction q defines a morphism £ — > Ci and so (cf. also on the above 
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part on Ker(g)) Ker(g) is the underlying i?^-module of a p-divisible subobject (I2 of (t. 
Obviously €1 is the cokernel of the natural inclusion €2 ^ C This proves the Fact. 

From the part of the proof referring to F^{M) having the DC property, we get: 

Corollary. An R-module has the DC property iff R/pR and pR have it. 

Exercise. Show that the kernel of a morphism from a p-divisible object into an 
object of the same Fontaine category FC is well defined and is a p-divisible object of FC. 
Hint: use the fact that FC is an abelian category and the above proof. 

7) If FC is a Fontaine category of objects, we denote by FClp"^] (resp. hy p — FC) 
its full subcategory formed by objects annihilated by p"^ (resp. the category of p-divisible 
objects of FC). We refer to it as a Fontaine category of objects annihilated by p'^ or as 
the truncation mod p'^ of FC (resp. as the Fontaine category of p-divisible objects of 
FC). The operation of taking truncations mod p^ can be viewed as a functor 

TRn{FC) :p-FC ^ FC[p"]. 

Corollary. // FC = M.!F{R) with R local, then TRi {FC) is essentially surjective. 

Proof: The proof of 6) implies Ti?i (FC) is surjective on objects; but its arguments 
can be used as well for morphisms. This ends the proof. 

We assume Xk has a finite number of connected components. Let FC be any one 
of the following four categories: MJ^{X), MJ^^{X), MT[a,b]{X) or MJ^^^{X). Let 
q : € ^ €1 be a monomorphism oi p — FC. We have: 

Fact. There is a canonical epimorphism t : €1 ^ €2 of p — FC such that e o q = 
and the factorization € ^ Ker(e) is an isogeny. 

Proof: Based on the canonical aspect of the Fact, we can work locally and so we can 
assume X = Spec(i?), with R local and as in 2.2.1 c). The proof in the context involving 
connections is entirely the same. So not to introduce extra notations we assume we are in 
the context of q of 2.2.1 c), with M and Mi as i?^-modules and with q a monomorphism. 
Let M[ := {x e Mi\p'^x e q{M) for somen e N}. The quotient module 

M2 := Mi/M[ 

is a locally free i?^-module. The argument for this goes as follows. M\/q{M) is p-adically 

complete and so is the N-projective limit of Mi/p"Mi + q'(M)'s, n G N. Mi/p'^Mi + q{M) 
is the underlying i?-module of the kernel of the truncation mod p^ of q and so it has the 
DC property. We write it as the direct sum of a free R/p^R-m.od\x\e Mi{n) and of an 
R/p'^^^ R-n\od\x\e Ni{n). There is no G N such that Ni{n) — Ni{no), Vn > no: this can 
be seen using Teichmiiller lifts (one for each connected component of Spec(i?^); the Fact 
is trivial for Witt rings as we can argue at the level of lattices). So for n > no, wc have 
Mi(n + l)/p^Mi{n + 1) = Mi(n). So M2 is the projective limit of Mi(n)'s and so is 
a free i?^-module. We also get that we can identify Mi/g(M) with Ni{no) © M2. The 



69 



same arguments apply for filtrations: the image of F*(Mi) in Mi/q{M) — Ni{no) © M2 
is a direct sum of a direct summand of A^i(no) and of a direct summand F*(M2) of M2, 
Vz e Z. 

For z G Z, the $i^-hnear endomorphism of the image of F^(M) in M\/q{M) naturaUy 
defined by p~'^<f^ takes F*(M2) into M2 (as ip^ becomes an isomorphism after inverting p). 
It is easy to see that this imphes that M2 together with (F*(M2))iez and the $fl-hnear 
endomorphism of M2[^] defined naturaUy by (p^ is an object €2 oi p — FC and moreover 
the i?^-epimorphism Mi M2 defines an epimorphism e : -» C2 of p — FC having 
the required properties. This proves the Fact. 

From this Fact and 6) we deduce that the category 

isog -p-FC:=p-FC % 

of isogeny classes of p-divisible objects of FC is an abelian, Qp-linear category. 

2.2.1.2. A result of Wintenberger. We recall a simplified form of the main result 
of [Wi]. If (M, (F*(M))iez, {tc,)ccej) is a p-divisible object with tensors oiMT{W{k)), 
then (cf. loc. cit. and the convention of 2.1 pertaining to it) there is a cocharacter 
jjL-.Qrn^ GL{M) such that: 

- the image of fixes ta, & J\ 

- it produces a direct sum decomposition M — (BiezF^^ with (3 e G^(VF(fc)) acting 
through it on as the multiplication with and with as a direct supplement of 

F^+i(M) in F\M). 

2.2.1.3. Pull backs. We consider a VF(/c)-morphism m : Xi — ^ X , where each X 
or Xi is either a regular, formally smooth W {k)-schem.e or is a regular, formally smooth, 
p-adic formal scheme over W{k)] warning: if X is a formal scheme, then Xi is also 
(automatically) a formal scheme. 

Let a e Z. For any object (resp. p-divisible object) € of A1-^[Ya+p-i](^)' 
define its pull back m*{€) (to Xi or through m). The construction of the object (resp. 
p-divisible object) m*{€) ofMJ^^{Xi) can be obtained by entirely following the pattern 
of [Fal, p. 34-35] (for the case of p-divisible objects it is somehow more convenient to 
follow the pattern of the top of [Fa2, p. 135] referring to M). 

To be shorter, we briefly recall the construction of m*{€) under the extra assumption 
(automatically satisfied if m is a formally closed embedding or is formally smooth, or if 

it factors as a composite of such morphisms), that locally in the Zariski topology of Xk 
and Xik, we can choose Frobenius lifts of the p-adic completions of X and Xi which 
are compatible with m (these are the situations we need in what follows). So, due to 
[Fal, 2.3], we can assume that X = Spec(i?) and Xi = Spec(i?i) are affine schemes, 
p-adically complete and endowed with Frobenius lifts and respectively which are 
compatible with the natural VF(/c)-homomorphism (still denoted by 
We also assume £ is a p-divisible object (M, (F*(M))jg5(-a 97, V): the case of an 

object is entirely the same. We now take 

m*{€) := (M ®R Ru{F\M) ®r i?i)ies(«,a+p-i), ^ ® 1, Vi), 
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where Vi is the connection on M ®ji Ri naturally induced by V. 

In case X and Xi are equipped with Frobenius lifts compatible with m, then we can 
define in the same manner the pull back m*(C) (to Xi or through m) of any object or 
;>divisible of MT{X) or of MT^{X). 

In case X = Spec(i?) and Xi = Spec(i?i) are affine W (k) -schemes, we also refer to 
such an object or p-divisible object m*{<t) as the extension of € to Ri or to Xi (through 
m) or as the extension of (t through m. We also say: m*(C) is induced from € via the 
VF(/c)-homomorphism m : R ^ Ri. 

2.2.1.4. An application. Let O be a DVR of mixed characteristic {0,p) having 
index of ramification 1. Referring to the end of 2.1, we have: 

Proposition. Any regular, formally smooth O-scheme is healthy and p-healthy. 

Proof: The case p > 3 is well known, see [Va2, 3.2.2 1) and 3.2.17]: loc. cit. proves 
even more for such primes; but the new proof below, under above restrictions on O, works 
for all primes. Following the Steps of [Va2, 3.2.17], only Step B of loc. cit. needs to be 
redone differently. We just need to show that any p-divisible group D over U extends to 
a p-divisible group over Y :— Spec{W{k)[[T]]), where U is the only open subscheme of 
Y different from Y and such that {Y,U) is an extensible pair (see def. [Va2, 3.2.1 1)]). 
Let O he the local ring of Y which is a DVR faithfully flat over W(k). Let Oi he a 
complete DVR which has an algebraically closed residue field and index of ramification 
1 and which is a faithfully fiat O-algebra. From [FC, 6.2, p. 181] we get that for any 
n e N, D\p'^] extends uniquely to a finite, fiat group scheme G„ over Y. We just need to 
show that for any n, m e N the sequence 

(SEQ) —>■ Gn — > G^+m Gm — > 

naturally defined by the standard short exact sequence 

^ D\p^] L'[p"+'"] ^ D\p^] 0, 

is in fact a short exact sequence. Let 

{DSEQ) ^ ©(G™) ^ D(Gn+m) ^ HGn) ^ 

be the complex of MJ^^ ^-^{Y) induced by (SEQ) via 2.2.1.0. Let M^, Mm+n and M„ be 

the underlying M^(fc)[[T]]-modules of ©(G^), J!>{Gn+m) and respectively of D(Gn). From 
the proof of 2.2.1.1 6) we get: they have the DC property. We claim that the complex 

{MOD) o^Mm^ Mn+m ^ M„ ^ 

of VF(^) [[T]]-modules defining (DSEQ) is a short exact sequence. To prove this, due to 
[Fal, 2.1], it is enough to check that the sequence (MODT) obtained from (MOD) by 
inverting T is a short exact sequence. But (MODT) over Oi is nothing else but the short 
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exact sequence defined by puUing back (SEQ) to Oi and applying D (for instance, cf. 
the classical Dieudonne theory over the residue field of Oi). Another way to see this is 
to use the arguments of 2.2.1.0 on the independence of D(G) on the embedding of G in 
an abelian scheme; over Oi we can use as well embeddings into p-divisible groups over 
Oi (cf. also [BM, p. 190-1]). 

We conclude (DSEQ) is a short exact sequence. Using the DC property and simple 
arguments involving lengths of artinian VF(A;)-modules, we get that (DSEQ) mod T is as 
well a short exact sequence. So from the classical Dieudonne theory we get that: 

- if p > 2, (SEQ) mod T is a short exact sequence; 

- if p = 2, (SEQ) mod (2, T) is a sort exact sequence. 

Regardless of the parity of p, using Nakayama's lemma we get that Gn is a closed 
subgroup of Gn+m- This implies: Gm = Gn+m/Gn- So (SEQ) is a short exact sequence. 
This ends the proof. 

2.2.1.4.1. Corollary. Let iY^U) he an extensible pair, with Y a regular, formally 
smooth O -scheme of dimension two. Then any short exact sequence of finite, fiat, com- 
mutative group schemes of p-power order over U extends to a short exact sequence of 
finite, flat group schemes over Y. 

Proof: We can assume Y is as in the proof of 2.2.1.4 and so the Corollary follows 
from this proof. 

2.2.1.4.2. Corollary. Any regular, formally smooth X-scheme is healthy. 
The case p = 2 of 2.1.4.1-2 answers a question of P. Deligne. 

2.2.1.4.3. Remark. One might wonder if in the proof of 2.2.1.4, the condition O 
is of index of ramification 1 is needed or not. A great part of the proof of 2.2.1.4 can 
be adapted (even for p — 2) for an arbitrary index of ramification: however, (presently) 
there is one obstacle. We sketch what this "obstacle" is (see §6 for precise definitions 
and more details). We assume k = k. If is a finite, flat, totally ramified DVR 
extension of Vq := W{k), then following the pattern of [Fa2, §3] we define a category 

p — A^jFjQ ^^^(i?^ [[T]]) of p-divisible objects, whose underlying modules are free i?v^[[T]]- 
modules of finite ranks; here Ry is a VF(/c) -algebra obtained from V in the same way 
as Re was constructed in [Va2, 5.2.1], starting from the choice of a uniformizer 'Ky of 
V . Here the tilde on the top of M.T refers to the fact that F-^-filtrations of underlying 
i?v[[T]] -modules are not defined by direct summands. There is a logical passage from 

p-divisible objects to objects (so wc get the category AlJ^[o^i](-Ry[[r]]) of objects) and a 
similar functor D as in 2.2.1.0. So the "obstacle" shows up as a question: 

- — - V 

Q. For which morphisms of M.T \Q^x^{Ry\\T\\) can [Fal, 2.1] he adapted? 
One approach towards answering this question is to try to associate to any mor- 
phism of A^.^[o,i](-Rv^[[2^]]) "cl pull back" of it (via the natural VF(/c)-epimorphisms 
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Rv[[T]] V[[T]] k[[T]]) to a morphism between two objects oi MJ^^^^{W{k)[[T]])\p]. 
Such "pull backs" can be constructed in many cases: it is easy to see that any ob- 

ject of p — AlJFjQ [[T]]) is obtained by extension of scalars from an object of 

p — A1^[Q i](VF(/c)[[Ti, T]]), where VF(/c)[[Ti]] is the ring of formal power series "defining" 
Ry starting (see [Va2, 5.2.1]) from the VF(/c)-epimorphism W^(/c)[[Ti]] V, which takes 
Ti into the chosen uniformizer of V. 

The same method could be be used in connection to other regular 0-schemes whose 
special fibres are having some properties (like are irreducible, etc.). Within these lines, 
we hope to achieve the classification of S'-healthy schemes "tentatively defined" in [Va2, 
top of p. 430]. 

From 2.2.1.4, as in [Va2, 3.2.4], we get: 

2.2.1.5. Corollary. Any (local) integral canonical model of a Shimura quadruple 
{G,X,H,v), with V dividing 2, has the SEP and so it is uniquely determined. 

This result was known previously just for zero dimensional Shimura varieties (see 
[Va2, 3.2.8]). However, if Sh(G, X) is the elliptic modular curve, then it can be easily 
checked that (G, X, H, v) has a uniquely determined smooth integral model having the 
SEP. If Sh(G, X) is a Siegel modular variety of genus at least 2, it was not known 
previously that (G, X, iif, v) has a uniquely determined smooth integral model having 
either the SEP or the EP. 

2.2.1.5.1. Corollary. In [Va2, 3.2.7 4)], the conditions {v,2) = 1 and (p, 2) = 1 

can be removed. In particular, referring to 2.2.1.5, we get that the group AMtiG.X.H) 
of automorphisms of {G.X.H) (see [Va2, 3.2.7 9)]) acts naturally on Af. Moreover in 
[Va2, 3.2.12] the condition e < p — 1 can be replaced by e < max{l,p — 2}. 

2.2.1.5.2. Uniqueness of projective integral canonical models: a second 
approach. It is worth pointing out that there is a second approach (besides the one 
based on 2.2.1.4) to the uniqueness of a projective (local) integral canonical model of 
a Shimura quadruple (G, X, H, v) of compact type, with v dividing an arbitrary prime p. 
To present it, we work in a slightly more general context and as the arguments for the 
local context (over 0„) are the same, we concentrate just on integral canonical models. 
Let A/i be another integral canonical model of {G, X, H, v) which is quasi-projective. Let 
Hq be a compact, open subgroup of G{KK) such that M\ (resp. M) is a pro-etale cover of 
the 0(^,)-scheme Mi/Hq (resp. H /Hq) of finite type. We can assume Hq is small enough 
so that the connected components of Sh/fgxH(G, X) are of general type. 

To show that M = A/i, it is enough to show that M /Hq = Mi/Hq. It is enough 
to show that Mi/Hq is projective over 0(„) (cf. [MM, Theorem 2]). Using Nagata's 
embedding theorem (see [Vo]) we deduce that each connected component Cq of Mi/Hq 
is embeddable as an open subscheme into an integral, proper 0(^,)-scheme C. We can 
assume Ce{g,x) = Cqe{g,x)- If Mi/Hq is not projective over 0(„), then Cq is not C. So 
let mc : Spec(y) ^ C be a morphism, with V a strictly henselian complete DVR of mixed 
characteristic (0,p), such that the special point of Spec(V) maps into a point of C \ Co- 
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Let Kv '■— y[^- Let my := Spec(JCy) Sh//()Xi/(G', X) be the resulting morphism. 
It extends to a morphism Spec(y) M /Hq (as M /Hq is proper over 0{y)). It hfts to 
a morphism Spec(y) — > M. As Mi has the EP, the generic fibre of this last morphism 
extends to a morphism Spec(F) — > Mi. This contradicts the choice of mc- We conclude: 
Ml is canonically isomorphic to M. 

2.2.1.6. The non-filtered context. Occasionally we speak about non-filtered 
Fontaine categories of p-divisible objects: p — p — M.[a,b]i*)i P ~ M.^ {*) and 
p — with * G {R,X}j where R and X are as in 2.2.1 c), as well as about 
objects of them with tensors. Not to be long, as a variation, we detail the definition of 
an object with tensors of p — M^^ A triple (M, {ta)aej) is called an object with 
tensors of p — ^ (-R), if locally in the Zariski topology of Spec(i?), can be extended to 

a quadruple (M, {F'^{M))iQS{a,b)-) 'Pi {ta)aej) defining ap-divisible object with tensors of 
A4J^^^{R). The morphisms in non- filtered Fontaine categories of p-divisible objects are 

the logical ones (for instance, in the context without connections, they are morphisms 
between underlying sheaves respecting -after inverting p- Frobenius endomorphisms). 
Warning: if a < then f{M) is not necessarily included in M. 

Moreover, we speak about pull backs of objects oi p — M."^ {X) through points of X^ 
with values in perfect fields: we can assume X is local and that a Frobenius lift of X^ 
is fixed; considering Teichmiiller lifts of X^ with values in the Witt rings of such fields, 
the pull backs are defined as in 2.2.1.3 (by just ignoring filtrations). 

We could define as well non-filtered Fontaine categories of objects: as we do not 
use them at all in this paper, except if (a, b) = (0, 1) or if we are in the context of k- 
schemes 5" for which we do not know that Og/fc is free or of finite type, these excepted 
contexts are detailed just at appropriate places (see b) of 2.2.4 B, 3.15.2 and 3.15.8- 
10 below). However, we always identify p — Mj^^iX) with a full subcategory of the 
category of F-crystals on X^', so we speak about morphisms between truncations of 
objects of p — 7Vlp^j(X): we view them as morphisms between F-crystals on Xk in 
coherent sheaves. 

2.2.1.7. Complements. 1) We refer to the category N - pro - MJ^{R) of 2.2.1 
c). Each object € of M.J^{R) can be identified with the projective limit of n G N. 
So we view M.T{R) as a full subcategory of N — pro — M.T{R). By an almost p-divisiblc 
object of M.J^{R) we mean an object of N — pro — M.J^{R) which is the extension 
of a p-divisible object of M.!F{R) by an object £2 of M.T{X); when both and 
£2 are not the zero object of N — pro — M.T{R), we speak about a non-trivial almost 
p-divisible object C of M.J^{R). The usefulness of this notion springs from the fact that 
often the cokernel of a morphism o{p — M.T{R) is an almost p-divisible object of M.J^{R). 
Starting from 2.2.1.1 6) and 7), it is easy to see that the full subcategory a — p — MiJ-'{R) 
of N — pro — M.T{R) whose objects are almost p-divisible objects of M.!F{X) is abelian 
and Zp-linear. Its objects can be interpreted in a similar way to 2.2.1 c) (i.e. using finitely 
generated i?^-modules which are direct sums of projective ones and of ones which locally 
in the Zariski topology have the DC property). 
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Similarly we define a — p — FC for any Fontaine category FC of objects. 

2) We always identify MJ^{W{k)) with MJ^^{W{k)). An object of MJ^{R) or of 
A4J^^{R) is called trivial, if it is either the zero object or it is the extension of scalars 
of some object of MJ^{W{k)) of the form Wq{k){m), q e N, m E Z. If m = then we 
speak about a totally trivial object. A short exact sequence ^ Oi ^ O2 ^ Os ^ m 
M.J-'{R) or in A4J^^{R) is said to be of direct summand type, if the underlying i?-module 
of Oi is a direct summand of the underlying i?-module of 

An object of M.J-'{R) or of A4J-'^ {R) is called solvable (resp. topologically solvable) 
if it is obtained from trivial ones via a finite number of short exact sequences of direct 
summand type (resp. via a finite number of short exact sequences). An object of M.J^{R) 
or of AiJ-'^{R) is called unipotent (resp. topologically unipotent) if it is obtained from 
totally trivial ones via a finite number of short exact sequences of direct summand type 
(resp. via a finite number of short exact sequences). An object of A4J-'{R) or of M.J-'^ {R) 
is called quasi-solvable (resp. quasi-unipotent), if locally in the N-pro-etale topology of 
Spec(i?) is solvable (resp. unipotent). Here, if Spec{Q) — > Spec(i?) is an etale morphism 
defined by a homomorphism m : R ^ Q, then we endow with the unique Frobenius 
lift $Q such that $q o = o $^ and the pull back operations of objects of A4J-'{R) 
or of MJ^^{R) are as in 2.2.1.3. Similarly, an object of MT{R) or of MJ^^{R) is 
called topologically quasi-solvable (resp. topologically quasi-unipotent), if locally in the 
N-pro-etale topology of Spec(i?) is topologically solvable (resp. topologically unipotent). 

Similarly we define (topologically) (quasi-) solvable and (quasi-) unipotent objects 
(resp. p-divisible objects) for any Fontaine category FC (resp. p — FC) of objects (resp. 
of p-divisible objects). We get the full subcategories top — q — solv — FC , top — solv — FC, 
top — q — unip — FC, top — unip — FC, q — solv — FC, solv — FC, q — unip — FC and 
respectively unip—FC of FC whose objects are topologically quasi-solvable, topologically 
solvable, topologically quasi-unipotent, topologically unipotent, quasi-solvable, solvable, 
quasi-unipotent and respectively unipotent. Similarly, we get top — q — solv — p — FC, 
top — solv — p — FC, top — q — unip — p — FC, top — unip — p — FC, q — solv — p — FC, 
solv—p—FC, q — unip—p — FC and unip—p—FC. Of course, 1) and 2) can be combined. 
Moreover, the same applies to FC[p"'] (n e N): we speak about top — q — solv — FC\p'^], 
top— solv — FC[p'^], q—solv — FClp"^], solv — FC\p'^], etc.; here, for instance, solv — FC[p^] 
is the full subcategory of solv — FC formed by objects annihilated by p". An object of 
FC[p] is solvable (resp. unipotent) iff it is topologically solvable (resp. topologically 
unipotent). 

3) We summarize different connections between most of the categories we have de- 
fined so far. Let FC be a Fontaine category of objects. Denoting a full subcategory by 
a hook right arrow and a subcategory by the inclusion sign, we have 

FClp] ^ FC\p^] ^ ... ^ FCIp""] ^ ...^p-FC ^a-p-FC ^N-pro-FC 

unip — FC ^ solv — FC ^ q — solv — FC ^ top ~ q — solv — FC 
unip — FC ^ q — unip — FC ^ top — q — unip — FC ^ top — q — solv — FC, 
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and, with X as in 2.2.1 c), we have 

isog -p- MT{X) Dp- MT{X) Cp-MiX) 

isog -p- MJ^iX) Dp- MT^{X) dp- M^{X). 

4) Let X (resp. R) be a flat scheme or algebra over W{k). We assume a Frobenius 
hft of X^ (resp. of R^) is chosen. As in 2.2.1 c) (resp. in 2.2.1.6) we define MJ'iX), 

MJ^^{X), p - MT{X), p - MJ^^iX), p-M{X),p- M"^{X), etc. Warning: we do 
not claim that all properties of the smooth context extend as well. For instance, we do 
not know when M.J^{X) is abelian. 

5) Let Xk be a regular, formally smooth /c-scheme. We consider the full subcategory 
UNIP{Xk) (resp. TOP - UNIP{Xk)) of the category of crystals on Xk on coherent 
sheaves with the property that each object Oh of it has the following three properties: 

i) there is n G N (depending on Oh) such that all sheaves of modules we get by 
evaluating Oh at different thickenings of X^-schemes are annihilated by 

ii) if X is an arbitrary regular, formally smooth VF(/c)-scheme lifting an open sub- 
scheme Xk of Xki the C'xvK (fe)"^^^^^ obtained by evaluating Oh at (cf. also 
i)), locally in the Zariski topology of has the DC property; 

iii) the pair (.F, V), with V the connection on T defined by Oh, is unipotent, i.e. is 
obtained via short exact sequences of direct summand type in the same sense as of 2) 
(resp. via short exact sequences) from pull backs of VF„(/c)-modules of finite type (and 
endowed with trivial connections). 

We refer to UNIP{Xk) (resp. to TOP - UNIP{Xk)) as the category of unipotent 
(resp. of topologically unipotent) objects on Xk- As in 1), 2.2.1 c) and 2.2.1.1 7) we define 
the following 5 categories p - UNIP{Xk), isog-p- UNIP{Xk), N -pro - UNIP{Xk), 
UNIP{Xk)\p% a-p- UNIP{Xk) (resp. p - TOP - UNIP{Xk), isog-p- TOP - 
UNIP{Xk), n-pro- TOP - UNIP{Xk), TOP - UNIP{Xk)\p% a-p- TOP - 
UNIP{Xk)) as well as truncations mod p"^, m G N, of their objects. UNIP{Xk) is a 
full subcategory of TOP — UNIP{Xk) and the same remains true in the context of the 
mentioned 5 categories. To check ii) and iii) it is enough to deal with specific lifts of the 
members of an arbitrary open, affine cover of Xk- 

2.2.1.8. Samples for 2.2.1 a) and d). The isocrystal of an abelian variety over k 
is 1/2-symmetric. li k = k then the filtered cr-crystal of the canonical lift of an ordinary 
abelian variety over k is diagonalizable and a p-divisible object of M.J^[o^i]{W{k))- 

2.2.2. Definitions. 1) Let a G Z. An a-Lie cr-crystal (resp. a Lie isocrystal over 
k) is a pair (fl, <^), with q a Lie algebra over W{k) (resp. over -B(A;)), which as a W{k)- 
module (resp. as a -B(fc)-vector space) is free of finite rank (resp. of finite dimension), 
and with (p a u-linear Lie automorphism of g ®w(k) B{k) such that <^(p"0) C Q (resp. 
with ip a (j-linear Lie automorphism of g). If a = 1 we drop it. 
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2) A Lie a-crystal is said to be ordinary or of ordinary type, if the slopes of the 
isocrystal {q <S)w{k) B{k)^ip) are (warning!) precisely —1, and 1, with the multiplicity 
of the slope 1 equal to the multiplicity of the slope —1. 

3) A filtered Lie cr-crystal is a quadruple (g, F^{q), F^{q)) such that: 

- the pair (g, ip) is a Lie cr-crystal; 

- F^{q) and F^{q) are Lie subalgebras of g, which as VF(A;)-submodules are direct 
summands of g; 

- F^{q) is abelian and [fl, F^fl)] C ^^(g); 

- the quadruple {q, F'^{q), F^{q),(p) is a p-divisible object of M.T[-i^i\{W{k))^ i.e. 
^{\F\q) + +P0) = (we have q = F-^{q) and F\q) = {0}). 

4) Let R and : ^ be as in 2.2.1 c). By a Lie p-divisible object of 
M.J^[-i^i]{R) (rcsp. of MJ^^^^{R)) we mean a p-divisible object C of M.J^[-i^i]{R) 

(resp. of Al.F[Y,i i]{R)) together with a morphism 

m£ := C ®flA C ^ C 

between p-divisible objects of A4J^[-2,2]{R) (resp. of M.J^^2 2](-^)) satisfying the usual 
axioms of a Lie algebra. In practice the Lie algebra structure of £, is obvious (i.e. is 
in- built in the underlying i?^-module g of C) and so we always omit mentioning m^; so 
the notations are as in 3) above. We also refer to a Lie p-divisible object of AiJ-'^^ i](-^) 
as a filtered Lie F-crystal over R/pR (this matches to 3) above in the case R — W{k)); 
when we do not want to mention its filtration we refer to it as a Lie F-crystal over R/pR. 

All these apply to the context when we are dealing with an X as in 2.2.1 c) instead 
of R or when we are dealing with objects instead of p-divisible objects. 

2.2.3. Remarks. 1) The slopes of a Lie (resp. filtered Lie) cr-crystal are rational 
numbers of the interval [— l,oo) (resp. of the interval [—1, 1]). Most common: 

- for Lie cr-crystals {g, <^), g is the Lie algebra of a reductive group and so ([g, g\<Siw{k) 
B{k)^ is a 0-symmetric isocrystal (i.e. the multiplicity of a slope a is the same as the 
multiplicity of the slope —a: this is a consequence of the fact that the Killing form on 
[05 fl] ^w{k) B{k) is non-degenerate and -as (/? preserves the Lie bracket- fixed by (p; see 
also 3) below) whose slopes belong to the interval [-1,1]; 

- for filtered Lie cr-crystals (g, (/p, F°(g), F^(0)), g is the Lie algebra of a reductive 
group and F'^{g) is a parabolic Lie subalgebra of g having F^{g) as its nilpotent radical. 

We sometimes need to use Lie cr-crystals (g, (/?), with g as a Lie subalgebra of the Lie 
algebra of a reductive group over W{k). 

2) We introduce similarly to 2.2.2 3) the notion of an [a, 6]-filtered Lie cr-crystal 
C := (fl, F«+i(0), . . . , F\g)) , where a, 6 e Z, 6 > a, by requiring that it is a p-divisible 
object of M.J^[a,h]{^{k)) and g has a natural Lie algebra structure such that the Lie 
bracket morphism g ®w{k) defines a morphism C ®w{k) jO, C between objects 
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of p — M.J'i2a,2b]{W {k)) ■ So an [—1, l]-filtered Lie cr-crystal is the same as a filtered Lie 
cr-crystal. Forgetting the Lie structure, the pair (g, (f) becomes a latticed isocrystal (if 
a then it is a cr-crystal). As in 2.2.3 4), we define (filtered) [a, 6] -Lie F-crystals. We 
always drop [—1, 1]. 

3) We recall the following well known result: 

Lemma. Any isocrystal (V, ipv) over k is a direct sum of isocrystals having only 
one slope. 

Proof (slightly sketched): Dieudonne's classification (see [Di] or [Man]) of isocrys- 
tals over k implies that this holds over k and moreover V ®B{k) B{k) has a nice W{k)- 
lattice L. The word "nice" is used here in the following sense: there is n such that 
p^ifv ® 1)(-^) C L and L is a direct sum of VF(fc)-lattices taken by p^{ipv ® 1) into 
themselves in such a way that the Hodge numbers of the restriction of p^^ipv ® 1) to any 
member of this direct sum, are all the same. But any such VF(A;)-lattice L is defined over 
the strict henselization of W{k) and so over W{ki), with k\ a finite field extension of k. 
Using (here is the sketched part) standard matrix computations over W{ki) (similar to 
the ones defining the F^-filtrations of canonical lifts of ordinary p-divisible groups over 
ki) the statement of the Lemma is true over ki. Using standard Galois descent, the 
Lemma follows. 

So if a G M and if {N^ip^) is an isocrystal (resp. a latticed isocrystal) over /c, then 
we can speak about the i?(A;)-vector subspace (resp. VF(/c)-submodule which is a direct 
summand) Wa{N,(pN) of N corresponding to slopes of {N^ipn) greater or equal to a: 
Wa{N,(fi]sf) is maximal with the property that it is taken by (fN (resp. by <^jv times 
some positive, integral power of p) into itself and all slopes of {Wa{N), lpn) are greater 
or equal to a. Similarly, we define W"{N,(f>N), by replacing "greater" by "smaller", and 
W{a){N, (Pn) by deleting "greater or". So 

W{a){N, pn) 3 W^{N, pn) n W"{N, p^) 

and by inverting p we have an isomorphism. 

Let (g, p) be a Lie isocrystal over k. Then p>o := Wo(0, p) is a Lie subalgebra of g. 
We call the (Lie) isocrystal (p>o,(yc) (resp. the Lie algebra p>o) the (Lie) subisocrystal 
of {g,p) (resp. the Lie subalgebra of g) corresponding to non-negative slopes of {g,p). 
Similarly we define things for non-positive (or positive, or negative) slopes, or for the 
slope 0, or for slopes greater (resp. smaller) than some r e [0, oo) (resp. than some 
r e (—00,0]). In particular, p<o := W^{g,p) and p=o '■= W{0){g,p) are often used. 
Similarly, we denote by p>o (resp. by p<o) the Lie subalgebra of g corresponding to 
positive (resp. negative) slopes of {g,p)- Warning: similarly we define and denote things 
for a Lie a-crystal. 

Claim. // g is the Lie algebra of a semisimple group over B{k), then p>o is a 
parabolic Lie subalgebra of g. 
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Proof: As this well known Claim is used a lot in what follows, we include a proof 
of it. Let (cf. Lemma) 

be the slope decomposition of g achieved by (p. So the isocrystal (Cq,,*/?) has only one 
slope a, VcK e SL. Let GB(fc) be the adjoint group over B{k) having q as its Lie algebra. 
Cq, is perpendicular on Cp w.r.t. the Killing form KIL on g, provided /5 G SL is different 
from —a G SL. Denoting (Lg — {0}, if s ^ S'L, this is a consequence of the following Lie 
bracket property 

{LBP) [Ca, c^] C Ca+^, 

Va, /3 G ^L. 

As the center of q is trivial, p=o is the Lie subalgebra of q normalizing Ca, Va E SL. 
So (see [Bo2, 7.1 and 7.4]) it is the Lie algebra of a connected subgroup P=o of Gs^k)- 
We know that the restriction of KIL to p=o is non-degenerate. From [Boul, ch. 1, th. 
4] we get that P=o is a reductive group. 

We can assume k = k. So we can assume there is a maximal torus T of P=o whose 
Lie algebra is stable under The centralizer of T in GB(k) is a reductive group C(T) (see 
[Bo2, 11.12]) whose Lie algebra is normalized by ip. The restriction of KIL to this Lie 
algebra is still non-degenerate and T = C(T) nP=o; so to check that T is a maximal torus 
of GB{k) we just need to check that C{T)^^^ is trivial. It is enough to show: if C{T)^^^ 
is non-trivial, then (Lie(C(T)'^'"^), (/?) has slope with positive multiplicity. Shifting our 
attention from CiT)'^'^^ to GB(k) (in order to use previous notations), we need to show 
T is non-trivial. If T is trivial then P=q is trivial and then, for a G SL fl (0, oo] and for 
the greatest element (3 G SL we get [cp, C-p] = {0}, [c^, Cq,] = {0} and [c_^, c_q,] — {0}; 
so (cf. Jacobi's identity) and are perpendicular w.r.t. KIL and so are included 
in the annihilator of KIL. Contradiction. So T is a maximal torus of GB{k)- 

Let $ be the set of roots of the action of T-^^ via inner conjugation on Q®B{k) B{k), 

and let be its subset corresponding to the action of T-^(j^ on p>o. is stable under 

addition inside $ and moreover $ = — U This last equality is a consequence 

of the fact that Cq is the dual of c_q, w.r.t. KIL, Va G SL. It is easy to see that this 
implies ^-^ contains a base of $. So the Claim follows from [Bo2, 14.17-18] applied over 

B{k)- 

Comments. As p>o is perpendicular on p>o w.r.t. KIL and as p=o is reductive, 
from [Boul, Prop. 6 b) of p. 81] we get that p>o is the nilpotent radical of p>o and so it 
is included in a Borel Lie subalgebra of 0®B(fc) B{k) containing Lic(T) ®B{k) B{k). So, as 
T normalizes Cq, from [Bo2, p. 184] applied over B{k), we get that Cq, is the Lie algebra 
of a unipotent subgroup of GB{k)i Va G SL. From [Bo2, 7.1] we get that all these hold 
for any (perfect) k. 

We have a duality of language: positive versus negative, non-negative versus non- 
positive, etc. So the Claim implies as well that p<o is the Lie algebra of a parabolic 
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subgroup of GB{k)- However, often in problems pertaining to Lie cr-crystals it is more 
convenient to work with a specific choice (hke with p>o instead of p<o, etc.); warning: 
the choice depends on the problem. 

The above Claim still makes sense over W{k) due to the following general simple 
Fact: 

Fact. Let D he an integral Dedekind scheme such that all its closed points are of 
positive characteristic. Let Go be a reductive group scheme over D. Then the Zariski 
closure in Gd of any parabolic (resp. Borel) subgroup of the generic fibre of Go, is a 
parabolic (resp. Borel) subgroup Pd (resp. Bd) ofGo- In particular, Go is a quasi-split 
reductive group iff its generic fibre is. 

Proof: As the operation of taking the Zariski closure is compatible with flat mor- 
phisms, we can assume D is the spectrum of a complete DVR V having an algebraically- 
closed residue field. Let Ky be the field of fractions of V. We can restrict just to the 
part involving Pd- The special shape of D implies Gd is split; we deduce the existence of 
a parabolic subgroup of Gd whose generic fibre is GD(-fCv') -conjugate to the generic 
fibre of Pd (cf. also [Bo2, 21.11] applied over Ky). Using Iwasawa's decomposition (see 
[Ti2, 3.3.2]), we get that Pd and are GD(£))-conjugate and so the Fact follows. 

4) One may ask: why Lie cr-crystals? There are three reasons. First, this is the best 
way to keep track of the relative situation which involves tensors (independently of some 
fixed "embedding": see 2.2.8 for a sample; see also 4.9.8 below). Second, we have natural 
equivalences between different categories M.J-'[a,b]i*) and J^J-'[a+c,b+c]i*) (or -^^^bji*) 
and 5_|_c](*))) with a,b, c E Ij, b > a. When we take End^s of their objects (see 

2.2.4 B below), c goes automatically away; so we have a better way to express our results 
(as samples see 3.6.18.7.0, 3.6.18.8.1 b), 4.7.11 4), etc.) and moreover, we do not want 
to lose track of the extra Lie structure of such End^s objects. Third, we can read very 
easily different versal conditions (involving deformations of -to be defined in 2.2.8 4a)- 
generalized Shimura p-divisible objects over k) by looking at attached Lie F-crystals. 

In some sense, §1-4 grew out of a systematic exploitation of Lie cr-crystals. Ac- 
cordingly, to always have a good way of keeping track (without always emphasizing 
the extra Lie structures) of when we are dealing with filtered Lie cr-crystals instead of 
just some p-divisible objects of AiJ-'[^i^i]{W{k)), most of the time we use the ordering 
(fl, F'^(0), F^(g)) instead of the standard one (g, F°(g), F^(0), </;); the same applies to 
the situation when W{k) is replaced by some f? or X as in 2.2.1 c). 

2.2.4. Operations with (p-divisible) objects. In this section we deal with 
different "tannakian" considerations. We mostly concentrate on what we need; however, 
some material which is not needed in the rest of this paper is as well included. In what 
follows we use the tannakian language as of [De5, ch. 2] (see also [Mi4, p. 288-9]) except 
that we allow the base scheme not to be necessarily the spectrum of a field. Till end of 
2.2.4.1 we have n G N. 

A. Duals. No Fontaine category EG of objects has identity object with respect to 
tensor products. However, FCjp"^], p—EG and isog—p—EG do have such identity objects. 
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For instance, referring to 2.2.1 c), R/p^R{Q) is the identity element of M.J^{R)\p^]. So 
we can define duals of objects of FC[p"^], of p — FC and of isog — p — FC. For instance, 
if € is an object of FC\p'^], then its dual 

C := HomFc{€,R/p''R{0)) 

is computed as follows. Let us assume FC = M.J^[a,b]{X) (the V context is the same). 

If e = (M, {F'{M))i^sia,b), {Vi)iesia,b)), then 

HompciC, R/p^'Rm := (Homfl(M, R/p'^R), F^(Homfl(M, R/p^R))i^s- , {<fi)ies-), 
with S~ := S{—b, —a), with 

F*(Homji(M, R/p'^R)) := Ker(Homji(M, R/p^R), Homji(F^-^(M), R/p'^R)) 
and with (^^ defined by the formula 

where z e -a), i G S{a,b), Xj E F^ (M) and /, G F*(Homii(M, i^/p'^i?)). This 

last equality makes sense as for i + j > we have fi{xj) = 0. It does not depend 
on the choice of n such that ^ is an object of FC\p'^]: the natural monomorphism 
R/p'^R{0) ^ R/p'^~^^R{0) defined by the multiplication (inside the ring R/p^^^R) with 
p, achieves a natural isomorphism 

Hompci^, i?/p"i?(0))^iyomFc(C, R/p^'+^RiO)). 

If Xk has a finite number of connected components, then 

FC = Un^FClp^] 

(cf. [Fal, 2.1] ii)). So, as the dual objects can be defined restricting to each connected 
component of X^, we get that, in general, each object of FC has a uniquely determined 
(up to isomorphism) dual. 

Similarly, referring to 2.2.1.7 5) we have: 

Lemma, a) TOP - UNIP{Xk)[p''] and UNIP{Xk)\p'^] are Z/p'^Z- linear, ahelian 
categories endowed with tensors products and duals. 

h) We assume that any object of UNIP{Xk)\p] (resp. of TOP - UNIP{Xu)\p]) is 
the cokernel of an isogeny between two objects of p — UNIP{Xk) (resp. of p — TOP — 
UNIP{Xk)). Then any object ofUNIP{Xk) (resp. ofTOP-UNIP{Xk)) is the coker- 
nel of an isogeny between two objects of p — UNIP{Xk) (resp. of p — TOP — UNIP{Xk) ). 

Proof: We can assume X^ is connected, a) is just a variant of [Fal, p. 31-3]: 
only the abelian part is not entirely trivial. As we have duals (this is as above), we 
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just need to check that UNIP{Xk)\p''] and TOP - UNIP{Xk)\p''] have kernels and 
images. We first consider the case of TOP — U NIP{Xk)\p'^]. Its object (Ox^, c^), where 
d is just the (i-operator viewed as a connection on Ox^i is simple (i.e. has no proper 
subobjects) and moreover, each object of TOP — UNIP{Xk)\p'^] is obtained from it 
through a finite sequence of short exact sequences. Let m : Wi ^ W2 be a morphism of 
TOP — UNIP[Xh)\p'^]. Using induction on the length of the underlying VF(/ci)-module 
of the pull back of U\ ® W2 via a VF(/c)-morphism zi : Spec(T4^(A;i)) — > X, with ki 
a perfect field containing k, based on the fact that Ox^ is the only simple object of 
TOP — UNIP{Xk)\p'^], we can assume lAi = IA2 = (Oxk^d). In this case m is either 
an isomorphism or it is the zero morphism. The passage from TOP — UNIP{Xk)[p^] 
to UNIP{Xk)\p'^] is an immediate consequence of the following Sublemma, whose easy 
proof is left as an exercise. 

Sublemma. Let O and tt be as in 2.2.1 e). Let Rq be a flat O-algebra. Let 
Ml ^ M ^ M2 be a short exact sequence of direct summand type, with M, 
Ml and M2 as Ro-modules having the DC property. Let N be a Ro-submodule of M 
such that N, N n Mi and N/N n Mi have the DC property. Then N D Mi is a direct 
summand of N. 

For b) we can restrict to the case UNIP{Xk) (as the case of TOP - UNIP{Xk) 
is entirely the same). Let now U be an object of UNIP{Xk). To check b) for it, we 
use again induction on the length of the underlying 11^ ( A; 1) -module of the pull back of U 
through zi. liU = {Ox^i d), then U is the truncation mod p of {Ox, d). For the general 
case, we use a short exact sequence 

By induction, we consider an epimorphism ei ^ Wi, with = (jFi, di) an object of 
p - UNIP{Xk). Let e2:W and W be the morphisms oia-p- UNIX{Xk) 

defining the fibre product of — > ZYi and ei. pU2 is an object of p — UNIP{Xk) (this 
can be checked easily by "evaluating" at X^'s as in 2.2.1.7 5)). Using the short exact 
sequence 

0^pU2^U2^ U2/PU2 0, 

and similar arguments involving pull backs, it is enough to show that is the 

cokernel of an isogeny between objects oi p — UNIP{Xk). But this is or hypothesis. This 
ends the proof. 

Remark. We assume X is proper and geometrically connected. We can assume (cf. 
Grothendieck's algebraization theorem) that all objects of p — UNIP{Xk) involve locally 
free C^-sheaves and connections on them. The hypothesis of b) is satisfied if different 
cohomological conditions hold (one such condition could be: (X, J^) is a torsion free 
VF(/c)-module and the restriction map H^{X,T) — * H^{Xk, J-'/pJ-') is surjective, for all 
locally free Ox-sheaves which are obtained via short exact sequences from Ox)- 

B. Ends. Let R, : R^ ^ R^, a and b be as in 2.2.1 c). Let £ = 
(M, {F'{M))i^s{a,b), {y^i)ies{a,b)) he an ohject of MJ^[a,b]{R)- We can assume Spec (i?/pi?) 
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has a finite number of connected components; so we view M as an i?-module (and not 
just as an i?^-module). For j e SS{a, h), let 

F-'(End(M)) := {m e End(M)|m(FXM)) C F^+^(M), Vi e S{a,h)}. 

As F^(M)'s (as i?-modules) are direct summands of M (see [Fal, 2.1 i)]), F^(End(M))'s 
are as well direct summands (as i?-modules) of End(M). The object of MT[a-b,h-a\{R) 

End{€) := (End(M), (F^(End(M))),ess(a,6), (^,)je5S(a,6)) 

is called the End object of (£. ipj's are obtained from ip^s in the logical way: if m e 
F*(End(M)) and x e F^{M), then 

{ENDFR) (pi{m){^pj{x)) := ^pi+j{m{x)). 

So, if M is a projective module for some n e N, then <^j's are obtained via 

the canonical identification End(M) = M ^R/pnn M*. The natural Lie bracket map 
End(M) End(M) End(M), defines a morphism 

End{€) ®R End{€) End{€) 

between objects of MT[2a-2b,2b-2a]{R) ■ 

Similarly, we define End^s of objects of EC or of 7? — EC, for an arbitrary Fontaine 
category EC of objects. In particular, if C is a p-divisible object of MJ^[o^i]{W{k)) (i.e. 
if ^ is a filtered u-crystal), then any Lie p-divisible subobject of End{€) is a filtered Lie 
(T-crystal. 

Similarly one defines Horn objects (resp. p-divisible objects): they are direct sum- 
mands of suitable End objects (resp. p-divisible objects). Moreover, we have a natural, 
functorial (bilinear) identification Hom{€,€i) = €* <Si €1. 

If X or is not equipped with a Frobenius lift, then for the definition of End^s of 
objects of ■MJ-'^ ^ {X) we assume b — a < p — 1 and we think of End{€.) as the collection 
of End objects indexed by pairs {U, $(7), where U is an open subscheme of X having a 
non-trivial special fibre and $[/ is a Frobenius lift of U^, the End object corresponding 
to such a pair being End{Cu)-i with €u as the pull back (restriction) of € to U. The 
natural gluings (see [Fal, p. 34-35]) between such restrictions result in natural gluings 
between End{€uys. See C and D below for a fancier presentation of such gluings. 

Warning: taking End's is not a functorial process. 

Exercise, a) We assume X^ has a finite number of connected components. Then 
for any 2 objects and €2 of M.!F{X), the Z^-module Hom(€i, C2) is finite. 

b) Let h e NU {0}. We assume k = k. Let d = (Mi, (pi) and (^2 = (M2, ip2)) be two 
objects of p — M.\fl_h]{W{k)). Then the Zp-module of morphisms between and 
C2/p"C2 which lift to morphisms between Ci/p^^^'ti and ^2/p^^^^2 is finite and by pull 



83 



backs via the canonical morphism Spec(M^(/ci)) — > Spec{W{k)), with ki an algebraicaUy 
closed field containing k, it remains the same. Here morphisms are interpreted in terms 
of Ox -^-modules endowed with Frobenius endomorphisms. 

Hints. For a), using Teichmiiller lifts we can assume X = Spec(VF(/c)); using 
devisage and the existence of iifom-objects the situation gets reduced to case when both 
£i and (^2 are annihilated by p. For b), as above we can speak about Hom{€i,C2) = 
(Hom(Mi, M2), If) and about the maximal VF(/c)-submodule Mq of Hom(Mi, M2) taken 
by (p into Hom(Mi, M2); each morphism we are interested in can be interpretated defines 
uniquely an element of Mq/p^Mq fixed by (p. 

C. Tensorial closures. The problem we face (see the last part of B) is: if is 
not equipped with a Frobenius lift, then just -M.^^ a+p-i]^-^) presently well defined; 
from a tannakian point of view this is slightly inconvenient (see E and F below; see the 
proof of J below for the use of the word slightly). So it is desirable to define in some way 
•^•^[a a+p+i] ("^)' 'w^ith i e NU{0}. There are many ways to proceed: accordingly, as below 
we deal with four such ways, the first (resp. the second, the third and the fourth) one will 
have the upper index V(tens) (resp. V{loc — tens), V{p + tens) and V(p + loc — tens)) 
instead of V. The constructions have to be performed for each connected component of 
X^; so we assume Xk is connected (i.e. is integral). Let 

U(X) 

be the set of pairs {U, $[/) as in B. As in what follows we work with two or more Frobenius 
lifts of the p-adic completion of some fixed open subscheme of X, to emphasize which 
Frobenius lift we use to define Fontaine categories involving connections, we denote by 
MJ^^^iU, $[/) and by MJ^^{U, ^u) the Fontaine categories defined by (C/, ^u) e U(X) 

and which previously were defined just by -M-J^^ ^{U) and respectively by A4J^^{U). 
The pull back functor 

is faithful; in general it is not fully and this motivates what follows. If $^ is a second 
Frobenius lift of U^, then (see [Fal, proof of 2.3]) we have a canonical isomorphism of 
categories 

and, if $^ is a third Frobenius lift of U^, we have the following cocycle condition 

i{U, a, $^) o i{U, a, $[/, $^) = i{U, a, $[/, $^). 

Definition. If TC is a tensorial category which is small, then by the tensorial closure 
in TC of a subcategory SC of TC we mean the smallest tensorial subcategory (i.e. the 
intersection of all tensorial subcategories) of TC having SC as a subcategory. 
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Let 

be the tensorial closure of the union of the categories -MJ^^ ^_^_p_i-^{U, ^u) taken in- 
side {U^ We wiU not include here a big ado about tensorial closures of arbi- 
trary abelian categories. We just point out that there is a standard way to check that 
^^v(tens)^^^ does not depend (up to canonical isomorphism) on the choice of ^u. 
We have: 

Lemma. There is a uniquely determined isomorphism 

i{U, $[/, : MJ^^^'''''\U, $c/)^A<J^^(*""^)(C/, 

of tensorial categories which extends i{U, c, ^^), Vc e Z. 
Proof: We consider the product category 

TS := MT^{U, ^u) X MJ'^iU, 

and the smallest tensorial subcategory SC of it containing the union of the categories 
•^•^[Ic+p-i](^' ^u), ceZ, embedded into TS via the natural inclusion 

and the composite of c, $(7, with the similarly defined natural inclusion i^^i • 

We consider the natural (projection) functors F : SC — >■ A<JF^(*^"^'*)(C/, $[/) and 
Fx: SC ^ MT^^^'''^''^{U,^]j). From very definitions we get: they are surjective (on 
morphisms). We also consider the functor FF : M.T'^ {U^^u) M.T{W{ki)) (resp. 
FFi : MJ^^{U, ^Ij) MJ^{W{ki))) defined by pull back through a $[/-Teichmiiller lift 
of in a /ci-valued point of it, with ki an arbitrary perfect field. The fact that F and 
Fi are injective (on morphisms), results from the following two Facts. 

Fl. Vc G Z, the image of MJ^^^^^p_^^{U,^u) in MJ^{W{ki)) x MJ^{W{ki)) de- 
fined naturally via FF and FFi factors through A4J-'{W{ki)) diagonally embedded in 
MTiWiki)) X MJ^iWiki)). 

F2. Vc e Z, the image of MJ^^^^^p_^^{U,^u) in COH{U) x COH{U) defined 
naturally via the functor that associates to an object Oh of TS the underlying Ou- 
sheaves of FF{Ob) and of FFi{Ob) factors through COH{U) diagonally embedded in 
COH{U). 

Both these two Facts can be checked locally (so we can assume U is affine) and so 
are a consequence of [Fal, proof of 2.3]. We get: F and Fi are isomorphisms of categories 
and so we can take 

i{U,^u,^h) :=i^ioF-i. 

This ends the proof. 
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Corollary. We have the following cocycle condition 

i{U, ^h, ^l) ° i{U, ^u, ^h) = i{U, ^u, ^h). 

We define •M.J^'^^^^^^q{X) to be the category whose objects are obtained from the 
ones of the categories M.J-'^ ^_^p_^{X), c e Z, through the following 4 operations: 

- taking duals and tensor products as well as kernels and cokernels compatible with 
the standard gluings and whose underlying -sheaves are having filtrations in the 
range [a,a + p + i]; 

its maps (morphisms) are defined in the logical way. Similarly, by not specifying the 
range of filtrations, we define 

To fully formalize the definition of A<:F'^(*^'^*)(X), we recaU (see [Fal, p. 34-5]) that 
A4J^[c,c+p-i]{^) is the subcategory of 

¥{X) := x^u,^^)^v(x)MJ'^{U,^u) 

whose morphisms are families of morphisms {mu,^jj){u,<i>u)ev{x)j with each mu,<i>u as a 
morphism of A4J^^ ^_^_p_^{U, $[/), such that for any functor i{U, c, as above we 

have 

So we define M.J^'^^^'^'^^\X) as the tensorial closure of the union of AiJ-'[c,c+p-i\{^)^^ 
(ceZ)inF(X). 

Remarks. 1) Each morphism of A4J-'^^^'^'^^\X) defines a family of morphisms 
{iTT'U,^u){u,^u)ev{x): with each mu,^u as a morphism of M.J^'^^*^'^^\U,^u)i such that 
for any functor i{U, as in the Lemma the following equality 

(GLUE) i{U,<^u,^h){mu 

makes sense and holds. 

We denote by j\^j:'^i}oc-ten8) ^j^g subcategory of F(X) formed by all such families 
of morphisms. We do not stop to study when the natural inclusion of categories 

is an isomorphism. 

2) If X^ has a Frobenius lift, then ^^°'^~^'^'^^\X) is naturally a subcategory of 

Mr^{x). 

3) We consider an open cover {Ui)i^i of X. In the definition of (X) (or 

we can restrict to the subset of U(X) whose elements are of the 
form (f/, ^u)i with U an affine, open subscheme of f/j, for some i e /. 
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4) As the category COH{X) is tensorial, following the pattern of F2 we get that for 
each object of we can speak about its underlying O^-sheaf (it has the 

DC property) and about its filtration by direct summands. So the gluing performed by 
(GLUE) of 1) is just at the level of Frobenius endomorphisms. 

D. Two other variants. The problem with AiJ^'^^^^'^^\X) is: the category p — 
AiJ-'^ (X) is already well defined (see 2.2.1.1 3)). But there is nothing to guarantee 
that under the operation of taking truncations mod p"^, n G N, we get a functor from 
p - MJ^^{X) to A<J^^(*«"«)(X). So as a second variant, we define A<JP-^(f+*<'"^)(X) to 
be the tensorial closure in ¥{X) of the union of A^jr^(*^"*)(X) and of the images of the 
truncation mod p"^ functors from p — A4J-'^ (X) to F(X), m G N. 4) of C still applies to 
it. Similarly, we define MJ^^^p+^°''-*^''^\X). 

Exercise, a) We define (X) to be the fuU subcategory of Aljr^^*^"^) (X) 

whose objections are involving filtrations in the range [a, a + p — 1]. Show that we have 
a canonical identification ~ -^-^[a a+p-i]("^)" '^^^ same holds, with 

AIJT^ (X) being replaced by MJ^^^^'"'-^^''^\X). 

b) The category of p-divisible objects of Ji4J-'^^P~^^^'^^\X) (defined following the 
pattern of 2.2.1 c)) is naturally identified with p — M.J^^{X). 

c) Define p - MJ^^^^^'^'^X). Show that it is a subcategory of p - MT'^iX). 

d) Perform c) as weU for N -pro- MT^^^^'^'^X) and for isog -p- MJ^^^^''''^\X). 

Hint: use the proof of the Lemma of C. 

E. Rigidity. All Fontaine categories involving filtrations (of sheaves) in a finite 
range are not stable under tensor products and so are not rigid. However, if X is as 
in 2.2.1 c) and X'^ is equipped with a Frobenius lift (resp. is not equipped with a 
Frobenius lift) and if FC is any one of the following two (resp. four) categories M.J-'{X) 
and MJ^^{X) (resp. j^^jrV{loc-tens) ^ j^j^v{p+tens) and A<:?^^(f+'°'=-*«"*)), 

then FC[p'^], p — FC and isog — p — FC are rigid. 

F. Fibre functors. Let O be DVR and let w G O be a uniformizer. Let TC be 
a tensorial category over O/vP'O. [De5] and [Mi4] are stated over fields; however, the 
definition of a fibre functor as defined in [De5, 2.8] can be adapted for tensorial categories 
over (quotients of) O as follows. 

Definitions. 1) Let X be a fiat O / vP^O -scheme,. A tensorial subcategory SC of 
COH{Ox) over O ju^O is said to be a good subcategory on X if it has the property that 
each object of it, locally in the Zariski topology of X has the DC property. 

2) By an almost fibre (resp. by a fibre) functor of TC we mean an 0/p"0-linear 
functor which respects tensor products, identity elements and the standard constraints 
A, U, and C (see [De5, 2.7]) from TC to COH{Xi) (resp. to LF(Xi)), with Xi an 
O-scheme which is not necessarily flat, which is the composite of an 0/p'^O-linear, 
exact, tensorial functor 

TC COH{X) 
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factoring through a good subcategory on X (resp. TC LF{X)), with X a flat O/u^O- 
scheme, with the natural pull back functor m* : COH{X) — > COH{Xi) (resp. m* : 
LF{X) LF{Xi)) defined by some O/w^O-morphism m:Xi^X. 

3) TC is called tannakian if it has an almost fibre functor. 
Fact. Any almost fibre functor ofTC is exact. 

Proof: Let SC be as in the Definition. We need to show that the restriction m*\SC 
to it of any puU back functor m* : COH{X) COH{Xi), with m : Xi ^ X an 
0/tt" O-morphism, is exact. We can assume X is connected. We consider a short exact 
sequence 

{SES) ^ Oi 02 ^ C)3 ^ 

in SC. To show that the complex 

{COM) 0^m*(C>i)^m*(C»2)^m* (03)^0 

is exact, we proceed by induction on g G n) such that u'^ annihilates 02- It is enough 
to show that the complex — > m*{Oi) — > m*{02) is exact. If g = 1 then (SES) locally 
in the Zariski topology of X (or of X^) splits and so (COM) is exact. The passage from 
g — 1 to g is argued as follows. We use a second induction on the rank rk(C2) of the 
locally free Cxo/„o""^^^^^^ 

We can assume O3 is non-zero. We have a standard short exact sequence 

^ u'i-^m*{Oi) ^ m*{Oi) m*{Oi/u''-^Oi) 0. 

Denoting by O12 the image of Oi in 02/u'^~^02 and by 0[2 the kernel of Oi — > C12, we 
get a short exact sequence 

{SESl) ^ C'la ^ Ci ^ O12 0. 

As Os is non-zero, we have rk((9i) < rk((!?2). So by the induction statements, the pull 
back through m* of (SESl) and of the exact complexes 0[2 "— * u'^~^02 and ^ 
O12 Ci/'u"~^Ci, are exact. These imply that the complex — >■ m*(Oi) ^ m*{02) is 
exact. This ends the proof. 

For the language of groupoids we refer to [De5, p. 113-5 and §3] and [Mi4, Appendix 
A]; again we allow the base to be an arbitrary Z-algebra Rz- For simplicity, as we deal 
with very explicit groupoids, a groupoid acting on an i?z-scheme X is usually denoted 
just as an i^^-scheme. The definition of a representation of a (9/w"(9-groupoid acting on 
an O-scheme X is as in [De5, 3.3] (so an arbitrary quasi- coherent Ox-sheaf V is allowed 
to be the target -see [De5, p. 114]- of such a representation). 
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Let X and FC be as in E. In all that follows, for simplicity of presentation, we 
assume X]^ is connected. As the only global sections of Ox^. fixed by the Frobenius 
endomorphism of X^ are the ones defined by elements of Fp, we have 

EndFc(^iy„(fc)(0))=Z/p"Z; 

here XvK„(fe)(0) is the pull back of Wn{k){Q) to X. Accordingly, we view as well X-^^q,^ 
as a Z/p"Z-scheme. 

Fact. FC\p'^] and all its rigid full subcategories (like q—unip—FC[p'^], solv—FC\p^], 
etc.) are tannakian categories over Z/p"Z. 

To see this we just need to point out (cf. the Fact) that there is a canonical almost 
fibre functor 

CAFF^iFC) : FC\p^] ^ COH{Xw^^,^y, 

it associates to any object of FC[p"] its underlying Cxvv/„(fe) -sheaf (^^® action on mor- 
phism being the logical one). We have the following compatibility property: iden- 
tifying COH{X\y^(^i^^) with a full subcategory of COH{X]Y^^j^(^f.)), the restriction of 
CAFF^+i{FC) to"FC[p'^] is CAFFr,{FC). 

Similarly, if X is affine (resp. is proper over W{k)), then isog—p — FC is a tannakian 
category over Q^: the canonical fibre functor 

CAFF^iFC) 

of it takes values in LF{X^®ZpQp) (resp. takes values, cf. Grothendieck's algebraization 
theorem, in LF{XB(k)))- 

G. Pull backs. All pull back operations of 2.2.1.3 are functorial, Zp-linear, respect 
tensor products and (when appropriate) identity objects. Moreover, they do extend to 
the context of MJ^^^^'^'^'^X) and of Al:r^(p+*en«)(x) (for instance, cf. 3) and 4) of C). 

H. Fontaine's comparison theory. We assume that p > 2 and that X is 
an integral, regular, formally smooth W{k)-sch.em.e having a connected special fibre. 
We also assume that we can speak about Fontaine's comparison theory for objects of 
•^•^[Tc+p-2](^)' affine, open subscheme U of X which is faithfully flat over 
W{k) and formally etale over W{k)[xi, ■■■,Xm\[T=\ ' ]) with m equal to the relative 

dimension of X over W{k) ([Fal, 2.6] says that X smooth over W{k) would do; this 
can be easily extended to pro-etale covers of smooth VF(/c)-schemes). By this we mean 
that there is a natural fully faithful, contravariant functor D(7 from -M^^ c+p-2](^) 
the category of representations of Fj/ on Zp-modules of finite length which respects the 
type as defined in [Fal, p. 37]; here Tu is a suitable (like in [Fal, p. 38-40]) quotient 
of the fundamental group 7Vi{{U^)B{k)j'nu)j with rju as the generic point of U^. We 
deduce the existence of a fully faithful, contravariant functor (still denoted by) 3u from 
p — ^^p_2]{U) to the category of representations of Fu on free Zp-modules of finite 
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rank. Let Fx be a suitable fundamental group obtained as in [Fal, rm. of p. 41] such 
that we can "glue" the above functors B^/, to get a fully faithful, contravariant functor 
Dx from p — M.^^ c+p-2]('^) category of representations of Tx on Z^-modules 

which are free of finite rank. For instance, if X is proper over W{k), then we can take 
(see [Fal, 2,6*]) Tx = 7ri(XB(fe), ryx), with ijx as the generic point of X. 

We consider the subcategory FCT — isog — p — MT^ (X) of isog — p — MT^ (X) 
which is obtained through the four operations of C but performed starting from the 
categories isog —p — -^^^ c+p-2](-^y^i c £ As in C, we can define it in a fancier way 
as the tensorial closure of the union of the categories isog — p — MJ^^ ^_^_p_2^{Xys, c G Z, 
in isog — p — M.J^^{X). We have a natural fibre functor 

Bx : FCT - isog -p- MT^ {X) Rep(fx; %) 

into the category of Qp-linear representations of Fx: it is the tensorial extension of the 
restriction of D to the union of the categories isog — p — AlJFry^^^_2j(X)'s, c e Z (so 
it is obtained via the above operations -of taking kernels, cokernels, tensor products 
and duals- from Qp-representations of Fx obtained by making p-invertible in the Zp- 
representations of it associated (via Dx) to objects of p — ■M^^ c+p-2\^-^) • existence 
can be checked as in (the proof of) C, using tensorial closures. 

I. The quasi-solvable context. The category isog—unip—p—A4.J-''^Q^{X) is a full, 
tensorial subcategory of isog — q — unip — p — A4J-'^q^{X), as well as this last category is 
a full, tensorial subcategory of FCT — isog — p — AiJ-'^ {X) . So in H, we can speak about 
the restriction of Dx to isog — unip—p — A4J^^ ^^^{X) or to isog — q — unip—p — AiJ-'^ ^^{X) 
as being a fibre functor; we do not know if (or when) we can replace here unip by solv. 

It is worth pointing out that: 

Fact, isog — unip — p — A4J-'^q^{X) can be naturally identified with the category of 
unipotent F-isocrystals on Xk- 

Proof: We just need to show that any unipotent F-isocrystal €. on X^ is obtained 
from an object of unip — p — M.J^^ q^{X) by making p-invertible. Let n be the rank 
of ^. Let £i C £2 C ... C €n = ^ be a filtration of it by F-subisocrystals such that 
Vi G 5'(1, n — 1), is a trivial F-isocrystal of rank 1. Let C"* be an F-crystal on 

Xfc having £ as its F-isocrystal. We view it as a p-divisible object of M.T^ ^^(^X) (this can 
be checked using Teichmiiller lifts: the slopes of any unipotent F-isocrystal over a perfect 
field ki are all zero and so any cjfe^-crystal producing it can be viewed as a p-divisible 
object of Ai!F[Qfi-\{W{ki))). But now, based on this and on Fact of 2.2.1.1 7), we get 
directly that the intersection of with taken inside £ is a p-divisible subobject 
of C^"* and that the quotient Cj^V^i-i is a trivial object oip- MT^q-^{X), Mi e 5(1, n). 
This ends the proof. 

J. TTi-groupoids. What follows is not used at all in §2-4; however, we hope to 
come back soon to its important (unexploited) ideas. We refer to E. We assume Xk is 
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connected. We consider the Z/p"^Z-groupoid 

acting on X\y^(^k) and defined (as in [De5, 1.11]) by automorphisms of the almost fibre 
functor CAFFr,{FC). 

The case n = 1 is simpler as C AFFi{FC) is in fact a fibre functor; so (cf. [De5, 
1.12]) 7ri(FC, 1) is faithfully flat over Xp^ and the tannakian category FC\p] 
is isomorphic (in the tannakian sense) to the tannakian category of representations of 
7ri(FC, 1). Unfortunately loc. cit. deals only with the case of a base scheme BS which 
is the spectrum of a field and with (see [Dc5, 2.8]) locally free sheaves of locally finite 
rank on some SS'-scheme. So we do not stop to check here that similar properties hold 
for n>2. As FC\p'^~^] is a full subcategory of FC[p"] as well as a quotient category of 
FC[p"] (via the functor truncation mod p"~"^), we have a canonical identification 

7ri{FC,n)w^_i{k) = TTi{FC,n - 1), 

Vn e N, n > 2. So it makes sense to speak about the projective limit of 7ri(FC, n), n e N; 
it is a Zp-groupoid 

7ri(FC, n — > oo) 

on the p-adic formal scheme X^. 

Similarly, in the isog — p context, we will not try to work with groupoids over 
analytic spaces: whenever we refer to a Qp-context we assume X is either an affine or a 
proper VF(/c) -scheme. Let now X be affine (resp. proper W {k)-schem.e) . Starting from 
isog — p — FC, we similarly define 

7ri(FC,oo) 

to be the Qp-groupoid acting on X^[i] (resp. on XB(k)) defined by the fibre functor 
CAFF^{FC). Loc. cit. implies 7ri(FC,oo) is faithfully fiat over X^[i] XB{k) X^[^] 
(resp. over XB{k) ^B{k)XB{k))- 

We expect that in many cases 7ri(FC, oo) is "algebraizable" in a natural sense. To 
exemplify here what we mean by natural sense, we restrict t the case X is affine. In such 
a case 7Vi{FC,n oo) is algebraizable, i.e. it is obtained naturally from a Zp-groupoid 
TTi{FC,alg) on X^. Warning: 7Ti{FC,alg) is not necessarily flat over Zp. 

However, denoting by 7ri{FCj alg)(Q^ the natural pull back of iTi{FC, alg) to a Qp- 
groupoid on X^[i], we have a natural homomorphism 

rriFC ■ 71"! (FC, alg)q^ 7ri(FC, oo); 

it is defined by the natural "inverting p" functor a—p — FC isog —p — FC which passes 
to isogeny classes. See 7) below for a study of it. Here we just point out that if X is a 
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proper -scheme, one should similarly be able to construct a natural algebraization 
of 7ri{FC,n — > oo) and a natural homomorphism mpc- Warning: in this paragraph, in 
case is not equipped with a Frobenius lift, we take FC = 

We have lots of variants and properties. 1) to 7) below are just samples of what one 
can do. 

1) The unip and solv variants. Similarly we define 7r""'^(FC, n), 7r™^(FC, cxd), 
7rf°'^(FC, n) and 7rf°^^(FC, oo), by working in the unip or solv context. For instance, 
if X is proper over W{k), 7r^"'^(FC, oo) is the groupoid acting on X^^k) defined by 
automorphisms of the restriction of CAFF^o {FC) to isog — unip — p — FC. 

In general, we have natural homomorphisms of groupoids on Xy/^Q--^ 

7ri(FC,n) ^ 7rr^^(FC,n) ^ irY^^'iFC^n) 
and in case X is an affine or a proper W^(/c)-scheme 

7ri(FC, oo) ^ 7rr'"(FC, oo) ^ Tr^'^li^C, oo). 

2) Cocharacters. One of the nice features: whenever we consider a W(A;i)-valued 

point of X, with ki a perfect field containing k, [Wi] allows us to define cocharacters of the 
resulting pull back groupoids. For instance (see 2.2.14.1 below), we get a cocharacter of 
the Z/p'^Z-groupoid on Wn{ki) obtained by pulling back iti{FC, n) to a Z/]3"^Z-groupoid 
on Wn{ki). Such pull backs are extremely useful in studying the flatness of different 
Z/p"Z-groupoids we defined. 

3) Fontaine's comparison theory variant. Let now X be as in H. Let 

TTi{FCT{X)) (resp. 7r""^P(FCT(X))) be the group scheme over % defined as the au- 
tomorphism of the fibre functor Dx of H (resp. of its restriction to isog — unip — p — 
M.J^[Q^Q]{X)). Similarly, let 7ri(rx) be the group scheme over Qp which is defined by 
automorphisms of the tautological fibre functor of Rep(rx;Qp). We get natural homo- 
morphisms 

7ri(fx) ^ 7ri(FCT(X)) ^ 7rr^(FCT(X)). 

4) Pull backs. If m : Xi — > X is a morphism as in 2.2.1.3, then the above 
constructions of groupoids are compatible with pull backs. Just one example. We take 
FC = A<JP-^(P+*^^^)(X) and FCi = >[J^^(p+*^"«)(Xi). Then, corresponding to the puU 
back operation of 2.2.1.3 (see also G) we have a natural morphism 

7ri(FCi, n) m*(7ri(FC, n)) 

of Z/p^Z- groupoids on Xl■^Y^(^k)■ 

5) The extra feature of the case k = ¥p. If /c = Fp and if ^ G X(Zp), then the pull 
back of 7ri(FC, n) via z, is a group scheme over Z/p"'Z equipped naturally with a Z/p"Z- 
valued point defined naturally by the Frobenius automorphisms (pz of M.J-'{Zp)[p"']) (they 
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are obtained as in 2.2.1 c) starting from direct sum decompositions produced by canonical 
split cocharacters; see 2.2.14.1 below for the mod version of such cocharacters). 

6) Some extra features of the Al^[o,o](*) case. We just include two samples. 
The Probenius endomorphism of gives birth, via the interpretation of Fact of I, to a 
"Frobenius" endomorphism oi 7rr'^{MJ^^^P+*^''^\X), oo). 

The previous paragraph is just a property of the [0, 0] range. If FC is AiJ-'{X) 
(resp. any one of the Fontaine categories of E involving connections) let FCo[p"] := 
MT[o,o]iX)\p''] (resp. let FCob"] — •^•^[o,o](^)[P"])- FCo\p''] is a fuU tensorial sub- 
category of FC\p'^]. So the restriction of CAFFn{FC) to it is an almost fibre functor: we 
denote by 'K^{FC^n) the Z/p"Z-groupoid on Xw„(^k) it defines. It is naturally equipped 
with a Frobenius lift. Moreover, we have a natural homomorphism of Z/p"Z-groupoids 

7ri(FC,n) ^<(FC, n). 

7) The Zp-context. If is not equipped with a Frobenius lift, then below we 
work with FC = MT^^p+^^'^'^X). We have a variant 7ri{FC{ESS),n) of 7ri(FC,n), 
obtained by replacing FC[p^] with the tensorial closure of the image FC{ESS)[p'^] of 
p — FC in FCIp"^] via the truncation mod p"^ functor. Here (ESS) refers to: essentialized. 
We have a similar natural identification (with n > 2) 

7Ti{FCiESS),n)w^_^ik) = MFC{ESS),n-l) 
and a natural homomorphism (with n > 1) 

7Ti{FC,n) ^ 7Ti{FC{ESS),n) 

compatible with restrictions (from mod p'^ to mod p^~^, with n > 2). So passing to limit, 
we get a homomorphism of Zp-groupoids 

mpcn^oo ■ 7ri(FC, n ^ oo) ^ 7Ti{FC{ESS), n oo). 

If X is afiine, then 7ri{FC{ESS), n oo) is as well algebraizable, i.e. is defined naturally 
by a Zp-groupoid 7ri{FC{ESS),alg) on X^. Moreover, mpcn-^oo is defined naturally 
by a homomorphism 

rriFCaig ■ TTi{FC, alg) 7ri{FC{ESS),alg). 

It seems to us that the pull back of it to a Qp-groupoid is an isomorphism. We have a 
natural factorization of mpc through mpcalgq '■ we denote it by mpc{ESS)- We have 
the following philosophy: 

Ph. Tii{FC{ESS),alg) is the "standard I^p" part, while iti{FC, alg) "captures" the 
"exotic p-torsion" as well. 
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Proposition. We assume X is proper and geometrically connected over W{k). 
Then there is a uniquely determined 'Zp-groupoid 7ri{FC{ESS),alg) on X having the 
properties: 

a) Its p-adic completion is canonically identified with 7ri{FC{ESS),n — > oo). 

b) Its pull back to a Qp-groupoid on XB{k) canonically identified with tt\{FC, oo). 

c) For any affine, open subscheme U of X having a non-empty special fibre, the pull 
back to U :— Xw{k) B{k) of the identifications of a) and b) are compatible with the 
canonical homomorphism mpc{ESS)K '• 7ri{FC{ESS),n oo)u — 7ri(FC, oo)^. 

Proof: In essence, this is obvious: so we go quickly through the main details. We 
use freely Grothendieck's algebraization theorem. We need the following obvious Fact. 

Fact. Any finite subcategory of p — isog — FC is obtained from a finite category of 
p — FC by making p-invertible. 

We recall that we adopted (see 2.1) the point of view that FC is a small category. 
To avoid using the notion of universes (which we do not mention any way) , the reader if 
desires, for what follows can work with a skeleton of p — FC. We consider the set S{FC) 
formed by finite subcategories of p — FC. We order it under the relation of inclusion: it 
is a filtered set. For each a e S{FC), we consider the functor 

J^a-oc^ LF{X) 

which associates to each object of a the algebraization of its underlying Cx'^ -module 
and which acts on morphisms in the logical way (via algebraizations). Let Ga be the 
Zp-groupoid on X parameterizing automorphisms of JFq,. 

If «!, a2 G S{FC) are such that ai C 02, then the restriction of ^1 J-ai- 

We deduce that we have a natural homomorphism of Zp-groupoids 

fa2,oti • G(x^ > Gqi^. 

We take 

7Ti{FC{ESS),alg) := proj.\im.aeSiFC)Ga 

via /a2,ai's. The Fact implies that its fibre over Qp is 7ri(FC, 00). Similarly, the natural 
morphism 

7ri{FC{ESS),n) 7ri{FC{ESS),alg)w^^k) = proj. lim.c,es(FC)G'aiv„(fc) 

is an isomorphism. The equality part is due to the fact that tensor products commute 
with inductive limits. The fact that the arrow is an isomorphism is a consequence of 
the fact that FC{ESS)\p'^] is the tensorial closure of the image of TRn{FC) (of 2.2.1.6 
7)): from the point of view of groupoids of automorphisms of almost fibre functors, the 
operation of taking the tensorial closure is irrelevant (cf. the exactitude of almost fibre 
functors and the list of 4 operations of C). This takes care of a) and b). c) can be checked 
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locally; it boils down to: if is a flat Zp-algebra, then the only Zp-subalgebra Ri of R[^] 
such that -Ri[^] — R[p] ^1 — -R^; is itself. This is a consequence of the fact that 
R = R[^]n i?^, the intersection being taken inside This ends the proof. 

K. Some comparisons. We will be brief. Whatever was done above in the context 
of Fontaine categories can be redone in the de Rham context (of X). One defines different 
tannakian categories of vector bundles on X^^(fc) (or on X or XB(k)i etc.) which are or 
are not endowed with some specific type of connections. So we get, as above, plenty of 
^dR groupoids. It is natural to try to "compare" them. The unipotent case is by far the 
easiest, cf. the following general Fact. 

Fact. Let O and u he as in F. Let K :— 0[^]. Let X be a proper, flat O-scheme 
whose ring of global sections is O. Then any pair [T ^ V), with T a locally free Oxn'^heaf 
of finite rank r and with V a connection on it, which is obtained from the pair {Oxk-, d) 
( with d as the connection annihilating 1 ) via short exact sequences, is obtained, up to 
isomorphism, from a similar pair {T{X), V) on X by making u invertible. 

Proof: We proceed by induction on r. The case r = 1 is trivial. We now consider a 
short exact sequence 

{SES) ^ (.Fi, Vi) {T, V) ^ {Ox^^d) ^ 0, 

such that = {Ti{X) ,V i) K ■, with (.Fi(X), Vi) a pair obtained from {Ox,d) via 

short exact sequences. M := Ext^((9x, ^i(^)) is a finitely generated O-modulc. Let 
7 G M[^] be the class of (SES) viewed without connections. Considering the pull back 
of (SES) via the automorphism of (Ox^ , d) defined by tt"*, with m e N and big enough, 
we can assume that 7 e M and that V takes the O^-sheaf T{X) (which is the extension 
of Ox through J^i{X)) defined by 7 into J^{X) <SiOx ^x/o- This ends the proof. 

The tannakian category isog — unip — p — A4J-'{X) used here is different from the 
one used in [Shil-2]: loc. cit. uses unipotent isocrystals and not unipotent F-isocrystals, 
i.e (cf. the below Lemma) uses isog — p — UNIP{Xk)- 

Lemma. Any object (t of p — UNIP{Xk) is a unipotent crystal, i.e is obtained from 
short exact sequences of direct summand type from objects of p — UNIP{Xk) which are 
crystals on Xk in invertible sheaves. 

Proof (slightly sketched): Let 2?„ be the maximal subobject of which is 

obtained by pulling back a Wn(fc)-module of finite type (and endowed with the trivial 
connection); its existence is implied by the fact that U NIP{Xk)\p'^] is an abelian category 
having direct sums and of the fact that any quotient object of any such pull back is as 
well a pull back of a VF„(/c) -module of finite type. By very definitions, the Ox^ (k)'^^^^^ 
of the evaluation of 5D„ at Xy^^^i^^ is non-trivial. We consider the maximal subobject 
of ®n with the property that the Cxvy^(fe) -sheaf of its evaluation at XvK„(fc) is free. 
For m e N, we have a natural monomorphism in,m '• ^n+m 

[p"] ^ 6n. Let be the 

intersection of the images of all in,m, m G N. By reasons of ranks, we get a natural 
isomorphism jVi,i '■ 5n+ib"] ^ 'Sn- The projective limit of jn.i's define a subobject ^ of 
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C It is easy to see that ^ is the pull back of a free VF(/c)-module of positive rank and 
that is an object oip — U NIP{Xk). So the Lemma follows by induction on the rank 

of a. 

We can perform B to J in the context of UNIP{X]^). As in E (resp. in 
F) we get that UNIP{Xk)\p% p - UNIP{Xk), isog - p - UNIP{Xk) are rigid 
(resp. that UNIP{Xk)[p'^] is tannakian over Wn{k); its canonical almost fibre func- 
tor CAFFn{UNIP{Xk)) is defined by evaluations at Xw^^(^k))- As in G we speak about 
pull backs of objects of UNIP{X}(), of p — UNIP{Xfi), etc., under morphisms Xi —>■ X. 
b) of Fact of A holds as well for unip — M.J^^{X). So very often, for unipotent contexts 
we do not need to make distinction between some "essentialized" or not (see 7) of J). 
However, to simplify the things below we work in "essentialized" contexts. 

Prom now on we assume X is proper. By replacing in the Proposition of J, 
FC{ESS) by unip — FC{ESS) and by UNIP{Xk){ESS) we speak respectively about 
iTi^^^{FC{ESS)jalg) and about the unipotent, crystalline fundamental VF(/c)-groupoid 

^unip,crys^^^^^^ On X of Xk] SO 

7rrP'-^^(X,,X;^„(,)) := 7rr''''='^^^(Xfe, W{k))w^^k) 

is the groupoid of automorphisms of the canonical almost fibre functor obtained by re- 
stricting CAFFn{UNIP{Xk)) to UNIP{Xk){ESS)\p% The combination of the Fact 
and of the Lemma implies that its fibre over B{k) is the same as the -B(fc)-groupoid 
on XB(fc-) we get using vector bundles endowed with a flat connection and which are 
unipotent in the natural sense. 

We have a natural forgetful functor (which forgets the Probenius endomorphisms) 
unip -p- MT{X) ^p- UNIP{Xk) 
and so, at the level of VF(A;)-groupoids we get a homomorphism 

munip : 7rr^''='^^^(Xfc,X) ^ 7rr''{MJ'''(P+"^-^Hx){ESS),alg)wik). 

There are situations when isomorphism; however, in general we have to look 

at 7ri"^(>l.F^(P+*^^")(X),a/£?) as a quotient (often trivial) of 7rpP'''^'(Xfc, X). 
If X^ is not (resp. is) equipped with a Probenius lift, then the fibre product 

7rf(X) 

of 

™unip with the natural homomorphism 
7r,iMT''^P+''^'\X)iESS), alg)wik) ^ 7rr''iMT''^P+'''''\X)iESS), alg)wik) 

(resp. with T:i{MT^{X){ESS),alg)w{k) ^ t^T^" {MT"^^P+^^'''\X){ESS),alg)w{k)) is 
called Fontaine's crystalline fundamental VF(A;)-groupoid of X; it is on X. 
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2.2.4.1. Complements. 1) ^^^^'^''^^^^{Xkj X) is a W(/c)-groupoid on X and so it 
does depend on X. On the other hand UNIP{Xk) depends only on X^. To reconcile 
these two things, we can proceed in two ways. In the first way, we start with an arbitrary 
regular, formally smooth /c-scheme Yfc. We define the unipotent crystalline fundamental 
crystal in 14^(A;)-groupoids 

as follows. We work with CRIS(Yk/W{k)). If {Z,i,d) is an arbitrary object of it (i.e. 
a thickening of some Y^-scheme S^', so i : ^ Z is a, closed embedding and 5 is a 
PD-structure on the ideal sheaf defining i), to define 7ri(Z, z, 5) we can assume that Z is 
affine, that = in Z, and that there is a VF(A;)-morphism y from Z to an aflfine, 

regular, formally smooth lift Y of an open subscheme Yk of Yfe whose restriction to Sk is 
the A;-morphism S'fc — > Yfe. Then we take 

7Ti{Z,i,6) := m^^^(7ri"'P'"^'(Yfe,lV„(fc)))- 

As the objects of U NIP{Yk) are crystals in coherent sheaves, it is trivial to check that tti 
is indeed a crystal in VF(/c)-groupoids. For this definition of tti, it is enough to have Xk 
such that locally in the Zariski topology, X^ has flat lifts to W{k) which, when viewed 
naturally as thickenings of X^, are final objects of C RI S {X ^/W {k)); in particular, the 
TTi crystal in groupoids can be defined for arbitrary perfect A;-schemes. 

For the second way, we assume Y^ is connected. Then the pull back of tti via any 
y e Yk{ki), with ki a perfect field containing k, is a crystal on Spec(/ci) in group schemes. 
So it can be identified with an affine group scheme iTi{y) = Spec{Ry) over W{ki) (cf. 
also the Proposition of J; we view Spec(VF(/ci)) as a proper scheme over itself). We 
will not stop to check if (or when) 7ri(y) does not depend on y e X(W{ki)). It is well 
known that the generic fibre '^i{y)B{ki) does not depend on y. Argument: TTi{y)B{ki) 
a pro-unipotent group scheme and so H^{Ti.,7ri{y)B{ki){B{k))) = 0; on the other hand 
[De5, 1.12] and [Mil, Cor. A. 9] tell us that tti (1/1)^(^1) is an inner form of 'n:i{y)B{ki), 
Vyi G Yk{ki). However, this seems not to be enough to conclude that 7ri(y) does not 
depend on y. 

Denoting, ly := Ker{Ry Ry (8>vK(fci) -^(^i)))? the group scheme naturally defined 
by Spec{Ry/Iy) is referred as the flat part Tr^^^d/) of ni{y). We do not stop to check 
when 7rf^^{y) is of finite type (over W{ki)). Even if its generic fibre is of finite type (over 
B{ki)), we can not conclude from the proof of Proposition of J that it is of finite type; 
however, referring to the Fact of 2.2.4 K, we can always choose (JF(X), V) to be maximal 
in some sense and this is our guarantee that at least in many cases 7r^^*(y) is of finite 
type. However, tti is only one of the numerous possible variants: we can always restrict 
our attention to subcategories of p — UNIP{Xk) of interest; for instance, referring to 
2.2.4 J, we can work as well with some having the property that its generic fibre is 
the group scheme (assumed to be of finite type) T^i{y)B{ki)- 

2) We refer to 7) of 2.2.4 J. The study of mpcaig is related to the study of objects 
of FC which have lifts. If — > Ci ^ C2 -» C's — >^ is a short exact sequence in FC, b) 
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of 2.2.4 A points out that often O2 has a hft if Oi and O3 do have. In general, Oi has 
a hft if O2 does. Using this one gets that often any morphism between objects of FC 
having a hft is the cokernel of a commutative (square) diagram in p — FC. StiU this is 
not enough to get that mpcalg has a section. The problem is with pairs of morphisms 
of FC of the form 

where Oi and O2 have lifts while O does not. Usually we overcome this problem by 
considering only objects of FC which are self dual. Briefly, we denote hy SD — FC the 
category: 

- whose objects are pairs {O, /), with O an object of FC and with / : O^O^ an 
isomorphism of FC; 

- whose morphisms are the logical ones (if (Oi, /i) is another object of (C, /), then 
the morphisms from [O, /) to (Oi, /i) are given by morphisms : O — > Ci of FC such 
that we have /i o /i = /i* o /, with /i* : Oi — O as the dual of h). 

It is a tensorial, Zp-linear category. Similarly, we get SD — FC{ESS). mpcaig has 
an analogue in the context of SD — FC{ESS); it can be checked that it has a section. This 
points out that we can speak about self dual (or orthogonal or symplectic) fundamental 
groupoids (cf. also 2.2.23 below). 

3) All above can be redone over finite, ramified, DVR extensions of W{k) of index 
of ramification at most p — 1 (cf. also 2.2.1.4.3). To us, based on the Fact of I and of 
a logical ramified version of it, the comparisons in the imipotent F-context (of isog — 
unip — p — M.J-'{X)) or of FCT — isog — p — /AJ-'^ {X) are all a consequence of Fontaine's 
comparison theory of [Fa2, th. 5*]. So to us the interesting cases of comparisons are 
the ones involving ^^^(p+*'''^*)(X) or p — A4J-'^{X) or an index of ramification which 
is greater than p — 1. We hope to come back to them. We end by mentioning that the 
whole of 2.2.4 can be adapted to the log-smooth context (see [Shil-2] in connection to 
isog-p-UNIP{Xk)). 

4) Warning: in the almost p-divisible context (for instance, of a — p — FC), though 
we have an identity object, we do not have duals; so, working with EDC instead of 
DC, we do not get useful extensions of 2.2.4 F. However, we can work with almost 
p-divisible objects in order to construct directly different algebraizations of {W{k)-) Zp- 
groupoids; for instance, we have a variant of the Proposition of 2.2.4 J in the context of 
7ri(FC, n — * 00): we just need to replace in its proof p — FC hy a — p — FC. 

5) We refer to 2.2.4 C. We have a variant 

j^j:-V (big -tens) ^-^^ 

(resp. A^:r^(''*3-P+*«"«)(X)) of A^:r^(*''^*)(X) (resp. of A^:r^(P+*^"«)(X)) obtained by 
allowing besides the mentioned 4 operations (of 2.2.4 C) an extra one: 

~ taking subobjects compatible with all gluings (see (GLUE) of C) of objects obtained 
naturally by changes of Frobenius lifts of the p-adic completion of open, affine subschemes 
of X. 



98 



Warning: we do not know when we can define pull backs for these variants. However, 
see 1.15.1 and 2.2.20.1 9) for their usage. The same apply in the context of V(Zoc — tens). 

6) All of 2.2.4 can redone in the topologically (q-) solvable (or unipotent) context. 
Though it might look premature to say, it seems to us that such topological contexts 
are right contexts for making important steps towards the understanding of "the whole" 
crystalline cohomology group of X^s as above (and not only of their unipotent counter- 
parts). 

2.2.5. Definitions. Let X be a connected scheme. 

1) A Shimura group pair over X is a pair [G, [//]), with G a reductive group over 
X and with [//] a G(X')-conjugacy class of cocharacters // : Gm — ^ Gx' defined over a 
connected etale cover X' of X, such that the induced (via inner conjugation) action of Gm 
on Lie(Gx') is defined (warning!) precisely by the characters: the null, the identical and 
the inverse of the identical character of Gm- So is automatically a closed embedding. 
If moreover G is an adjoint group, then we speak about a Shimura adjoint group pair. 

2) Two such Shimura group pairs {G, [fJ-i]) and (G, [^2]) over X (with fii : Gm Gxi 
defined over a connected etale cover of X, z = 1, 2) are said to be identical if there is a 
connected etale cover X' of X, dominating Xi and X2 and over which /xi and ^2 define 
the same G(X')-conjugacy class of cocharacters of Gx'- 

3) For any such Shimura group pair (G, [/x]) over X, we denote by [Lie(//)] the 
G'^'^(X')-conjugacy class of the (rank one) direct summand dfj,{Lie{Gm)) of Lie(Gx')- 
We refer to the pair (Lie(G), [Lie(/i)]) as the Shimura Lie pair (over X) attached to the 
Shimura group pair (G, [n]). 

4) Two such Shimura Lie pairs (Lie(Gi), [Lie(//i)]) and (Lie(G2), [Lie(//2)]) over X 
(with cocharacter of Gxi, for Xj a connected etale cover of X), are said to be 
isomorphic if: 

a) there is an isomorphism of Lie algebras p : Lie(Gi)^Lie(G2), taking the kernel 
of the natural Lie homomorphism (between locally free O^-sheaves endowed with a Lie 
structure) qi : Lie((ji) — > Lie(G'f'^) onto the kernel of the similarly defined natural 
Lie homomorphism q2 : Lie(G2) Lie((j'|'^), and such that the resulting isomorphism 
Im(q'i)^Im(q'2) is obtained naturally from an isomorphism Lie{Gi'^)—>-Lie{G2^) induced 
by an isomorphism Gf^^GI*^; 

b) over a connected etale cover X' of X, dominating Xi and X2, p takes [Lie(/xij(^/)] 
onto [Lie(/X2x')]- 

2.2.6. Remarks. 1) Most common in 2.2.5 1), either: 

a) G is split and X is local henselian, or 

b) X = Spec(Qp) (resp. X = Spec(Zp)) and G (resp. Gq^) is unramified over Qp. 

In case a) we can take X' = X. Argument: we consider a cocharacter of G which 
over the spectrum of the separable closure A;^'^ of the residue field kx of X is G{k^-^'^)- 
conjugate to /x^s«p , and so we can assume X is strictly henselian. We just need to show 
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that any two cocharacters ni and /X2 of G which over kx are identical, are in fact G{X)- 
conjugate. Based on [SGA3, Vol. Ill, 6.1 of p. 32] (applied to the centralizers of the 
images of /ii and fj,2 in G) and [SGA3, Vol. Ill, 1.5 of p. 329], we can assume fii and //2 
factor through the same torus of G. This implies jii = 112- 

For future references we also point out that 

{DER) G-d(X) = Tad(X)Q(G(X)), 

where Tad is an arbitrary maximal torus of G^ and q : G ^ G^^ is the natural epi- 
morphism (this formula can be obtained by simply using two short exact sequences 
^ Z(G'^^'') ^ G"^""' ^ G""^ ^ and ^ Z{G'^''') ^ Tder ^ Tad ^ 0, with Tder 
as the pull back of Tad to G'^'^^ , in the cohomological context of the etale or flat topology 
of X). 

In case b) there is a smallest unramified cover X' of X such that the Shimura group 
pair involved is definable by a cocharacter ji-.'Qm — Gx', cf. [Mi3, 4.6-7] (resp. cf. loc. 
cit., [Bo2, 15.14] and the fact -it can be deduced from [Ti2]- that Gx' has a maximal 
split torus whose generic fibre is as well a maximal split torus). 

2) We can work 2.2.5 in terms of the faithfully flat (or etale) topology of X but for 
this paper, the present form of 2.2.5 is all that we need. 

3) Based on 2.2.5 1) and 2), we speak about morphisms (maps) between two Shimura 
group pairs (Gi, [/ii]) and (G2, [/^2]) over X: these are homomorphisms f Gi ^ G2 such 
that for a simply connected pro-etale cover X' of X, [i^ix' ° fx'] = [a*2x']- We denote 
such a morphism by 

/:(Gi,H)^(G2,H). 

It is called an injective map (resp. an isomorphism), if as a group homomorphism is a 
closed embedding (resp. is an isomorphism). We get the category ShGp(X) of Shimura 
group pairs over X . 

4) A study of Shimura group pairs over Zp together with their symplectic embeddings 
(i.e. injective maps into (GSp(Wzp, i^), M); here {Wz^, ip) is a symplectic space over Zp, 
while \p] is uniquely determined by requiring that /x : Grn GSpiWzp , V') ^icts on Wz^ 
via the null and the inverse of the identical character of Gm), is implicitly started in 3.10 
and is fully developed in §7. See 4.6.7-8 below for samples. 

5) Any Shimura variety Sh{G,X) of dimension > 1 gives birth to a Shimura group 
pair (G, [/u]) over Spec(Q). Here 11 : Gm Ge^{g,x) is a cocharacter, with E^{G,X) 
a finite field extension of E{G,X), which over C under an i?(G, X)-monomorphism 
E^{G,X) ^ C, is G(C)-conjugate to anyone of the cocharacters fix, x E X, def. in 
[Va2, 2.2]. The association: (G, [/j,]) to Sh(G, X), is functorial. 

2.2.7. Remark. Let £ eN. If X is local henselian and if G is an X-simple, adjoint, 
split group, then the Shimura group pairs {G, [fi]) are implicitly classified by [De3, 1.3.9] 
(cf. also [Sa]); it is [SGA3, Vol. Ill, 6.1 of p. 32 and 1.5 of p. 329] which allows us to 
treat the situation as if X is the spectrum of a field. We have [^-y'] isomorphism classes 
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if G is of Ai {£> 1) Lie type, 2 isomorphism classes if G is of Di Lie type {£ > 5), and 
one such class if G is of D4, Eq, E7, or Cg Lie type {£ > 1). There are no Shimura 
group pairs (G, [p]) with G an X-simple, adjoint group of Eg, F4 or G2 Lie type. 

Moreover any Shimura group pair (Gi, [/ii]) over such an X, with Gi an adjoint 
group, can be written uniquely (up to isomorphism) as a product of pairs (G2, [a*2]) 
which are either having ^2 as the trivial cocharacter or are Shimura group pairs having 
G2 as an X-simple, adjoint group. This is a consequence of the classification of adjoint 
groups over a field (see [Til]). 

2.2.8. Basic definitions and notations. 1) A Shimura filtered cr-crystal over k 
is a quadruple (M, F^, cp, G), with (M, F^,(p) a filtered u-crystal such that F^ is a proper 
direct summand of M and with G a quasi-split reductive subgroup of GL{M), for which 
the following condition is satisfied: 

a) There is a family of tensors {ta)aej of the F^-filtration of T(M[i]) defined by 
F^, such that (p{ta) = ta, VcK e J", and GB{k) is the subgroup of GL(^M[-\j fixing ta, 

The following two properties (introducing extra notations) are implied by this con- 
dition a): 

b) The quadruple {Ue{G),(p, F^{Ue{G)), F^{Ue{G))) is a filtered Lie (7-crystal; 

here 

F°(Lie(G)) := Lie(G) n F'^(End(M)) = {x E Lie(G) | x{F^) C F^} 

and 

F^(Lie(G)) :=Lie(G)nF^(End(M)) = {x E Lie(G) | x{F^) = {0} and a;(M) C F^}; 

c) There is an injective cocharacter /i : G producing a direct sum decompo- 
sition M = F^ Q) with l3 G Gm{W{k)) acting through ^ on F'^ as the multiplication 
with p-\i = M. 

The argument for why a) implies b) and c) goes as follows, c) is a consequence of 
2.2.1.2 and of the assumption that F^ is a proper direct summand of M. From c) we get 

that F*(Lic(G)) ®w{k) k is the intersection of F*(End(M)) <^w{k) k with Lic(G) <Siw(k) k. 
So (f{pUc{G) + F°(Lie(G)) + iF^(Lie(G)) is a direct summand of End(M); as it is 
included in Lie(G) [i] (this is a consequence of a)), it is Lie(G) itself, c) implies F'^(Lie(G)) 
is a parabolic Lie subalgebra of Lie(G) having F^(Lie(G)) as its unipotent radical and 
we have [Ue{G) , F\Ue{G))] C F°(Lie(G)); so b) follows. 

2) A Shimura cr-crystal over /c is a triple (M, ip, G) which can be extended to a 
quadruple {M,F^,ip,G) defining a Shimura filtered u-crystal over k. F^ itself or this 
quadruple, is called a lift of (M, G). 

3) A generalized Shimura p-divisible object of M.!Fya,h]{^ i^)) is a quadruple 

(M, (FXM)),es(a,6),^,G), 
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where the triple (M, {F'^{M))i^s{a,b): is ap-divisible object of ■MJ^[a,b]{W {k)) (so a, 6 e 
Z, with a <h) and G is a quasi-spht reductive subgroup of GL{M), for which the following 
three conditions hold: 

a') The condition a) above holds under the modification that the F°-filtration of 
T{M) is defined (see 2.1) by the filtration {F\M))i^s{a,h) of 

b') The condition b) holds but with F°(Lie(G)) and (Lie(G)) as direct summands 
of Lie(G) induced (see 2.1) from the tensor product filtration of T{M); 

c') The cocharacter : Gm G obtained by applying 2.2.1.2 to the quadruple 
(M, {F^{M))i^s{a,b)^'Pi {ta)aej) (cf- a')) and producing a direct sum decomposition M = 
®ieS(a,b)F^i with P e Gm{W{k)) acting through /j, on as the multiplication with 
i = a,b, and with F'^{M) = ®j^s{i,b)P^ i is such that at least two of the 14^(A;)-submodules 
F*, i = a,b, are non-zero, and so in particular it is injective. 

3a) If in 3) we do not impose b') and we just assume that G is reductive, then we 
speak about a 7?-divisible object with a reductive structure of M.T[a,b]{W (k)) . 

4) A generalized Shimura p-divisible object over A; is a triple (M, (/?, G) which can be 
extended to a quadruple (M, (F'(M))jg5(„ (p, G), called a lift of (M, </?, G), defining a 
generalized Shimura p-divisible object of M.J-'[a,b]{W (k)) . 

4a) Similarly to 4), starting from 3a) we speak about a p-divisible object with a 
reductive structure over k (in the range [a, b]) and about its lifts. 

5) Let n e N. A Shimura cr'^-isocrystal over A; is a triple {MB(k): GB{k))-i where 
{MB(k)i is a cr^-isocrystal over k and GB{k) is a reductive subgroup of GL{MB{k))i for 
which there is a family of tensors {ta)a€j of T{MB(k)) such that (fi{ta) = ta, ^Oi e J^, 
and GB{k) is the subgroup of GL{MB(k)) fixing ta, Vet e J'. 

6) A Shimura filtered (j"-isocrystal over A; is a quadruple 

(MB(fc), {F\MBik)))^ez, ^, GBik)), 

where iMB(k), GB{k)) is a Shimura cr^-isocrystal over k and {F'^{MB(k)))i€Z is a de- 
creasing filtration of MB(k), such that, with the notations of 5), we can moreover choose 
the family of tensors {tcc)aej to be in the F°-filtration of T{MB(k)) defined by the fil- 
tration {F^{MB(k)))iez of MB{k)- When n = 1 we drop it. 

7) By an endomorphism of a Shimura (resp. Shimura filtered) cr-crystal (M, G) 
(resp. {M, F'^,(f,G)) we mean an element / e Lie(G) (resp. / e F°(Lie(G))) fixed by 
cp. We denote it by / : (M, cp, G) (M, ^, G) (resp. / : (M, F^, ^, G) (M, F\ G)). 
The set of such endomorphisms has a natural structure of a Lie algebra over Zp. Similarly, 
we define endomorphisms for 3) to 6). 

2.2.9. Remarks, facts and variants. 0) We often drop out mentioning "over /c". 
1) We refer to 2.2.8 1). We saw that condition a) implies (/?(Lie(G)[i]) = Lie(G)[i]. 
It is "almost" implied by b), cf. [Fa2, rm. iii) after th. 10]: in loc. cit. we do have 
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to consider Tate-twists as well; moreover, according to us, the first (warning: not the 
second) part of loc. cit. involving the existence of the line Lq is not correct as it stands 
(this is why we used condition a) to define Shimura filtered cr-crystals). 

To argue this, let Co := {Mq, Fq,(Po) be a filtered cr-crystal. Let po : Tfc — > 
GL{Nq){'Zp) be the Galois representation defined by the dual of the Tate-module of 
any p-divisible group Dq over W{k) of whose associated filtered cr-crystal is Cq- If p = 2 
we assume Dq exists (it does exist after replacing k by an abelian extension of degree 
dividing a power of 2 which depends only on {Mo,Fq), cf. the Corollary of the review 
2.3.18.1 D below). So A^o is a free Zp-module of the same rank as Mq. If p > 3, then po 
is uniquely determined by Cq (for instance, cf. [Fa2, th. 7]). Let Go be the flat, closed 
subgroup of GL{Nq) which is the algebraic envelope of po (see [Sel]). Let Gi be an 
arbitrary integral, closed subgroup of GL{Nq) normalized by Gq. Let Gi be the integral, 
closed subgroup of GL[Mq) corresponding to Gi via Fontaine's comparison theory (for 
p = 2 it is recalled in 2.3.18.1 E below). We assume it is smooth and its Lie algebra is the 
underlying module of a Lie p-divisible subobject of End{(to) (if p > 5, the second part 
of this assumption is implied by the first one, cf. [Fal, 2.6]). It is very easy to adjust 
the situation such that Gi has a connected special fibre as well. But if a line Lq exists 
as in [Fa2, rm. iii) after th. 10], then Go is contained in a subgroup of GL{No) which 
is the extension of Gm by Gi. This is not always so. So what is missing in loc. cit.? 
The mistake consists in: the Zp-submodulcs of T{Nq) of rank 1 and normalized by Gi, 
are not fixed by Gq but just permuted (and the orbits under the resulting permutation 
are not necessarily finite). In other words, there are two ingredients missing in loc. cit.: 
condition c) as well as the passage to an algebraic field extension of k (see the Fact below) . 

We come back to our situation of 2.2.8 1). As already pointed out c) results from 
a). On the other hand, we have: 

Fact. If k = k and the conditions b) and c) hold, then a) holds automatically. 

Proof: We just need to use a standard argument involving Zp-structures (it is 
recalled in 8) below) and the fact that GB{k) is reductive: with the independent notations 
of 8), Gqp is the subgroup of GL(M°'[i]) fixing some tensors of T(M")) (cf. [De4, 
3.1 c)]); viewing these tensors as tensors of T(M) (via the natural identification M = 
M°' W{k)) we do get that a) holds automatically. 

So no doubt, a great part of the essence of def. 2.2.8 1) is expressed by b). All above 
applies as well to the context of 2.2.8 3). 

1') 1) suggests the introduction of pseudo Shimura (filtered) cr-crystals: instead of 
a) of 2.2.8 1) we assume just b) of 2.2.8 1). Similarly, if b) and c) hold and a) holds after 
a passage to W{ki), with ki a finite field extension of k (resp. with ki — k), then we 
speak about quasi (resp. potentially) Shimura (filtered) cr-crystals. Warning: for these 
notions we still keep G to be a quasi-split reductive group over W{k). The greatest part 
of the terminology to be introduced below for Shimura cr-crystals makes sense (and so it 
is used as well without extra comment) for these pseudo, quasi or potentially contexts. 
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We have the foUowing Galois interpretations. Not to introduce extra notations, we 
refer to the context of a pseudo Shimura filtered cr-crystal (Mq, Fq, (po,Gi) as in 1) (so 
Gi is a quasi-split reductive group and Gq normalizes Gi; for p = 2 we assume Dq exists). 

Fact. (Mq, Fq , (fio,Gi) is a Shimura (resp. quasi Shimura) filtered a-crystal iff Gq 
(resp. the Zariski closure in GL{No) of the connected component of the origin ofGoq^) 
is a subgroup of Gi . 

Proof: Below we use freely the passage (via Fontaine's comparison theory) from ten- 
sors in the F^-filtration oiT{Mo[^]) fixed by (f to tensors oiT{No[^]) fixed by po(rfc). For 
instance, it implies (via arguments involving torsors) Giq^ is a reductive group. So loc. 
cit. applies again to the representation of GiQp on A''o[^]. Based on this, the part "with- 
out quasi" is obvious. We deal now with the part "involving quasi". If {Mq, Fq,(Pq,Gi) 
is a quasi Shimura filtered cr-crystal, then the image through po of a compact, open sub- 
group of F/s is contained in Gi(Zp) (see 2.2.8 a)); so the connected component of the 
origin of Gqq^ is a subgroup of Giq^ . 

We assume now that the connected component of the origin of GoQp is a subgroup 
of GiQp. So the canonical split cocharacter fx : Gm GL{Mq) of (Mq, F^}, (/^o); factors 
through Gi- But, as Gi is reductive, using an argument involving Qp-structures entirely 
similar to the one of the proof of the Fact of 1) but performed in the etale context, we get 
that the restriction of po to F^ factors through Gi(Zp). So, as the number of connected 
components of GoQp is finite, we deduce the existence of a finite Galois extension ki of 
/c, such that the restriction of po to F^^ factors through Gi(Zp). So, based once more on 
a similar Qp-argument as in the proof of 1) but performed in the etalc context, wc get 
that the extension of (Mq, Fq^, v^o) to ki is a Shimura filtered 0"^^ -crystal. This ends the 
proof. 

As in 2.2.8 7), we define endomorphisms of pseudo or quasi or potentially (filtered) 
Shimura cr-crystals. 

2) If in 2.2.8 1) we have F'^{U.e{G)) 7^ 0, then the pair (G, [p]) defines a Shimura 
group pair over Spec(IF(/c)). Similarly, the cocharacter p^'^ : Grn G^"^ (induced natu- 
rally by the cocharacter fx of c') of 2.2.8 3)) is either trivial or gives birth (cf. 2.2.9 b')) 
to a Shimura adjoint group pair (G^'^, [/U^^]) over Spec(IF(/c)). 

3) We refer to 2.2.8 1). The G(IF(/c))-conjugacy class CCV of the parabolic Lie sub- 
algebra F°(Lie(G)) of Lie(G), is uniquely determined by the Shimura cr-crystal (M, ip, G). 
This is a consequence of the fact that the direct summand F^/pF^ of M/pM is uniquely 
determined by (p and of the following Fact: 

Fact 1. Two parabolic subgroups Pi and P2 of G having the same special fibre, are 
G{W{k))- conjugate. 

Proof: As this well known result plays an important role in many parts of §2-14, 

we include a proof of it. Let be a maximal tonis of Pik — P2k and so of G^ (cf. [Bo2, 
18.2 (i)]). From [SGA3, Vol. II, 3.6 of p. 48] we deduce that lifts to a maximal torus 
Tj of Pi, i = 1,2. To loc. cit. we need to add that: 



104 



Subfact. Any closed subscheme of which mod is a torus T^, Vm G N, is 
obtained by completing p-adically a uniquely determined torus T of G. 

The argument goes as follows. We can assume k = k and G — GL{M). We consider 
the direct sum decomposition M/p'^M = (Bp^cHm^'Ifiixn), with CHm as the set of 
characters of Tm-, naturally defined by the action of Tm on M/p'^M. As T^+i lifts T^, 
CHm does not depend on m and so we can denote it by CH; moreover, V/3 G CH , there 
is (as M is p-adically complete) a direct summand M{P) of M such that Mp{rn) is the 
reduction mod p^ of it, Vm G N. So we get an action of the (abstract) torus T whose 
reductions modulo positive, integral powers of p are T^'s, on M: T acts on M(/3) via /3. 
It is a closed embedding (this is a matter of characters and so it follows from the fact 
that mod p we have a closed embedding). The Subfact follows. 

This addition to loc. cit. is not repeated in the subsequent places relying on it. 

Also from loc. cit. we deduce the existence of G G{W{k)) which mod p is the 
identity, such that under its inner conjugation Ti is taken onto T2. So we can assume 
Ti —T2. But Piw(k) P2W(k) determined by the set of roots (i.e. of characters of 
^iVF(fe)) action (via inner conjugation) of Tj^vK(fe) their Lie algebras. As these 

sets can be read out from this action mod p, we get A = P2- This ends the proof. 

We call CCV as the filtration class of the Shimura cr-crystal (M, (/p, G) . About (or 
the G(VF(A;))-conjugacy class defined by ji) we say it defines CCV. 

Fact 2. [^] itself is uniquely determined by (M, ip, G) . 

Proof: Let ni : Gm ^ G he another cocharacter producing (as in c) of 2.2.8 1)) 
a direct sum decomposition M — Fl (B such that (M, Fl^ ip, G) is a Shimura filtered 
cr-crystal. Based on Fact 1 we can assume F°(Lie(G)) = F°(Lie(G)). Let Pq be the 
parabolic subgroup of G having F°(Lie(G)) as its Lie algebra; both n and ni factor 
through it. Let T be a maximal split torus of Pq- it is obtained by the usual lifting 
process (of loc. cit.), from a maximal split torus of Poit- Applying [Bo2, 15.14] to P^ki wc 
can assume that the special fibres of /x and /xi factor through T^. Based again on [SGA3, 
Vol. II, 3.6 of p. 48] (applied to Pq and its cocharacters 11 and //i) we can assume // and 
jii themselves factor through T. In particular, we get: their images are commuting to 
each other. As Fl/pFl = F-^/pF^, this implies F^ = F^ and Fq = Fq ; so = jii. This 
ends the proof. 

Corollary. The G^'^{W {k))-conjugacy class [/i^'^] defined by the cocharacter ^i^'^ : 
Gm G^'^ induced by n, is uniquely determined by (M, (p, G). Moreover, if G is a torus, 
then 11 itself is uniquely determined. 

4) Generalized Shimura p-divisible objects over k show up in this paper in: 3.1.7, the 
beginning paragraph of 3.4 (and so implicitly in many parts of 3.4-5), 3.6.1.5-6, 3.15.6, 
4.5.6 8), 4.4.13, 4.9.18, 4.12.12.0, 4.14.2 and Appendix. They wiU be used much more 
frequently in §5-10 (cf. also 4.5.4 below). Similarly, the "with a reductive structure" 
context of 2.2.8 3a) and 4a) shows up concretely just in 3.13.7.8-9 and in Appendix. The 
whole of 1), 1') and of 3) as well as the whole of 5), 6), 8), 9) and 10) below can be entirely 
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adapted to this last context: as no modifications are needed (besides always assuming in 
1) that po exists), we do not restate the things. Warning: when we speak about pseudo 
(or quasi or potentially) p-divisible objects with a reductive structure, we do not assume 
that the reductive group involved is quasi-split. 

We use freely the terminology to be introduced for Shimura (filtered) o"-crystals and 
which depends only on their attached (cf. 2.2.13 below) Shimura Lie cr-crystals, in the 
context of generalized Shimura p-divisible objects over k or of /AJ-'{W{k)); as a sample 
see 2.2.22 2) below. Any context involving generalized Shimura p-divisible objects is often 
referred as a generalized Shimura context. 

5) When we want to emphasize a family of tensors {ta)aeJ ^-s in a) of 2.2.8 1), we 
denote a Shimura cr-crystal by a quadruple {M,{p,G, {tct)otej)- Similarly we denote a 
Shimura filtered cr-crystal by a quintuple {M, ,(f,G, {tct)aej)- Strictly speaking we 
should refer to (M, ip, G, {ta)aej) ^ ^ Shimura cj-crystal with an emphasized family of 
tensors but we rarely do so; the same about the filtered case. 

If m e N U {0} is such that all homogeneous components of are of degree at most 
m, VcK e J", then we say (M, G) is of degree at most m; by the degree 

deg(M, ^, G) e N U {0} 

we mean the smallest such possible value m, where the family {ta)a^j is allowed to vary 
subject to the constraint of a) of 2.2.8 1). If deg(M, ip, G) = 0, then G = GL{M). 

6) If (M,(/:,G',(t«)«e^) and (Mi, (/^i, d, (ti„)«e^J (resp. li {M,F^ ,^,G,{t^)^ej) 
and (Ml, Fl, (/?i, Gi, {tia) oteJi)) ^"^^ t'^o Shimura (resp. two Shimura filtered) u-crystals, 
then an isomorphism between them is given by an isomorphism t : M^Mi tak- 
ing the triple {^p,G,{toc)ocej) into (</?i, Gi, (tia)a€j^i) (resp. taking the quadruple 
{F'^,(p,G,{ta)ocej) into (Fi\(^i,Gi, (tia)aej-J). If 3 ■ J^Ji is a bijection and if the 
isomorphism t takes ta into iij(a)) then we call t a j-isomorphism. In particular, an 1 j- 
isomorphism between two Shimura cr-crystals (M, </?, G, {ta)ceej) ^-nd (M, (fi, G, {ta)aej) 
is given by an element g G G{W{k)) such that (pi — g(pg~^. An isomorphism of (M, ip, G) 
does not need to fix the family of tensors {ta)aej'i easy examples can be constructed if 
A; = Fp and so, by natural extension, over any k. 

Warning: the 1 j-automorphisms are not in general those endomorphisms which are 
invertible. 

7) The condition G quasi-split, used in 2.2.8 1) to 4), is not really needed (cf. 3.8 
below). It is inserted just to be able to be concrete in 3.2.3 below. Also Theorem 2.3.9 
below makes it very convenient for applications to Shimura varieties of Hodge type. When 
we do not know that G is quasi-split or when it is not, we speak about a Shimura (filtered) 
(7-crystal of being not necessarily quasi-split. 

8) If in 2.2.8 1) we have k = k, then writing cp = a o //(^), a becomes a u-linear 
automorphism of M and so of T{M) (and in particular of Lie(G)), and 

M" := {x e M\a{x) = x} 
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is a free Zp-module of rank dimvK(fe)(-M'). Moreover, 

Lie(G')'* := {x e Lie(G)|a(a;) = x} = Ue{G) n End(M)'* C End(M'*) 

is the Lie algebra of a reductive subgroup Gz^ of GL{M"-); the extension of Gz^, to W{k) 
is the reductive subgroup G of GL{M). As ji and (p fix ta-, we have ta £ T(M")[|], 
Va e J. 

Let S(Fpd) be the field of definition of the G(i?(/c))-conjugacy class of the cocharacter 
A*-B(fc) '■ — ^ GB{k) (cf. [Mi3, 4.6-7] applied to Gq^; Gq^ splits over a finite unramified 
extension of Qp). Here d e N. Let T^^ be a maximal torus of which over W{¥pd) 
contains a maximal split torus of Gvk(f a)- • '^m ~^ Gw{¥ d) be a cocharacter 

which over W{k) is G(VF(/c))-conjugate to fi and which factors through Tiy{f The 
existence of /iq is guaranteed by loc. cit. and by the fact (see [Ti2]) that the generic fibre 
of a split torus of Gw{f a) ^ maximal split torus of Gb(f a)- deduce the existence of 
an element g G G{W{k)) such that the Shimura filtered cx-crystal (M, F^,g(f, G, (ta)^^ j-) 
is 1 j-isomorphic to the extension to /c of a Shimura filtered u-crystal 

over Fpd, where F^^ C W{¥pd) is the F-'^-filtration associated as usual to jiQ (here 

we still denote by a its restriction to Wi^pd))- If G is a torus, then g =1m- 

So, from many points of view, for the study of Shimura cr-crystals over a perfect field 
ko of characteristic p, we can assume k^ is a finite field (if fco 7^ ^o, then passing to a 
finite field extension ki of /cq, defined as above but working with g{ip ® 1) instead of 
(f for a suitable (7 g G(VF(/ci)), is still a free Zp-module of rank (Mmy^ . 

9) Any filtered u-crystal (M, F^, with F^ a proper direct summand of M, is iden- 
tified with the Shimura filtered cr-crystal {M,F^ ,(p,GL{M)), and any a-crystal (M, (^) 
which can be extended to a filtered cr-crystal (M, F^,(p), with F^ a proper direct sum- 
mand of M, is identified with the Shimura cx-crystal (M, (p, GL{M)). 

10) Any Shimura (filtered) cr-crystal over k gives birth to a Shimura (filtered) isocrys- 
tal over /c, by making p invertible. But not any Shimura (filtered) isocrystal over k is 
obtained in this manner: for instance, the Shimura isocrystals over k can have slopes 
which do not belong to the interval [0, 1] and the reductive groups involved are not nec- 
essarily quasi-split. 

11) The condition (of 2.2.8 1)) F^ is a proper direct summand of M as well as the 
condition (of 2.2.8 3)) at least two of the submodules F"s are different from {0}, are 
inserted just to avoid the trivial cases. So the cocharacter p of c) of 2.2.8 1) (or of c') 
of 2.2.8 3)) docs not factor through the center of GL[M). When we have F^ — {0} or 

= M in 2.2.8 1) (resp. we have M = F^ for some i G S{a,b) in 2.2.8 3)), we speak 
about a trivial Shimura (filtered) cr-crystal (resp. about a trivial generalized Shimura 
p-divisible object of MT{W{k))). Without a special reference, we always assume we are 
in a non-trivial situation. 
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12) For the sake of flexibility it is important in 2.2.8 1) not to assume that (M, (p) 
has a principal quasi-polarization or that dimyi/(fc)(F^) = dimiY(^i^^{F^) (as we have in 
situations emerging from principally polarized abelian varieties over W{k)). So we com- 
pletely ignore the phenomenon of Tate-twists. However, when we have a principal quasi- 
polarization 

PM ■■ M(^wik)M ^W{k){l) 

normalized by G, we speak about a principally quasi-polarized Shimura (filtered) a- 
crystal. As notation, we put pm as part of some n-tuple at the very end; exam- 
ple: {Mj F^, ip, G, {tce)aeJ:PM)- Moreover we do not assume GB{k) is the subgroup of 
GL{M[^]) fixing t^, Va e J: we just assume it is the subgroup of GSp(M[^],pm) fixing 
these tensors. 

Let now k = k. We consider a Zp-structure Gz^ of G obtained as in 8). As is 

injective, G does not fix pM- So Z{Gz ) contains a split torus of dimension 1 which 
normalizes pm without fixing it. The elements of Z(G^p)(Zp) are naturally identified 
with 1 j-automorphisms of (M, F^, G, {tct)oiej) but not of (M, F^, G, (tajaeJiPM)- 

2.2.10. Shimura filtered F-crystals. Let (M, F^,(/7,G) be a Shimura filtered a- 
crystal. Let H he a smooth subscheme of G such that the origin of G factors through H. 
Let R be the VF(/c) -algebra of the completion of H at this factorization o. We consider 
a VF(A;)-isomorphism / : R^W{k)[[x-i, . . . , Xd]], with d the relative dimension of H over 
W{k) in o; we view it as an identification. Let be the Frobenius lift of R taking (via 
this identification) Xi to x^, i = l,d. Let ^/^/^(/j) be the free i?-submodule of ^R/w(k) 
generated by dxi,..., dxa- 

We consider the p-divisible object of M.T]^q^i^{R) defined by the following triple 

(M ®vK(fe) ^, ®M/(fc) ^, $), with 

^ := h{(p ® id) 

defined by the universal element h e H{R) of H. [Fa2, th. 10] guarantees that there is a 
unique connection 

V : M <^w{k) R^ M <^w{k) ^R/w{k) 

such that $ is V-parallel in the sense of [Fa2, ch. 7]; from [Fa2, th. 10] we also deduce it 
is integrable and nilpotent mod p. In 3.6.18.4 we reobtain in a completely new manner 
the existence and the uniqueness of V, while in 3.6.18.4.1 we reobtain in a completely 
new manner the fact that V is automatically integrable and nilpotent mod p. 

The quadruple 

{M^w{k) R,F^ <»w{k) i?,^,V) 

is a filtered F-crystal over R/pR. We call it a Shimura filtered F-crystal over R/pR 
(defined by (M, F^, (p, G)) and we denote it by a sextuple 

{M,F\<p,G,Hj). 
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When H — G, we denote it by a quintuple (M, F^, (p, G, /); when d — we keep denoting 
it by (M, F^, cp, G). Usually i? is a smooth subgroup of G. When we want to emphasize 
the family of tensors {tci)oteJ^ then we denote a Shimura filtered F-crystal also by a 
7-tuple (^M, F^,Lp,G, {toi)ceej) ^'^d then, by abuse of notation (cf. 2.1), we still 
write {tct)aeJ ^or this family of tensors, when viewed as being formed by tensors of 
T{M ^W{k) R[^])- We have: 

Fact 1. V(ta) = 0, $(ta) = ta and to, belongs to the F^ -filtration ofT{M <^w{k) 
defined by F^i^], e J . 

The fact that V(ta) = is implied by [Fa2, rm. ii) after th. 10], while the other 
parts of Fact 1 are obvious. So the i?-linear cndomorphism of M (E)w(k) R taking m E M 
into V(^)(m) belongs to Lie((j') ®w{k) R, Vi G S{1, d). Accordingly, we still denote by 
V the natural connection on T(M) ^w{k) R or on N ®vK(fc) R, with N a direct summand 
of T{M) normalized by G, induced by the connection V on M <S>w{k) R] in particular, 
this applies to Lie(G) ®w(k) R C (M 0w{k) M*) ®wik) R- 

Fact 1 implies directly the following two Facts: 

Fact 2. The quadruple 

(Lie(G') ®wik) R, F%Ue{G)) ®w{k) R, F\^HG)) ®w{k) R, V) 

is a filtered Lie F-crystal over R/pR. 

Fact 3. For any point of Spec{R/pR) with values in a perfect field ki, we get from 
(M, F^, (f, G, H, f) by pulling back, a Shimura a^^ -crystal over ki. 

Similarly to the end of 2.2.1 c) or to 2.2.9 12), we speak about principally quasi- 
polarized Shimura filtered F-crystals. Moreover, the conventions of 2.2.9 12) apply as 
well. Warning: if (M, F^, G, pm) is a principally quasi-polarized Shimura filtered a- 
crystal, then whenever we want to keep pm as the cycle of a principal quasi-polarization 
of (M, F^, G, /), we need to take H to be as well a subscheme of Sp(M, pm)- 

2.2.10.1. Comments. 2.2.10 can be performed as well for the context of a W{k)- 
morphism fn ■ H ^ G for which there is a VF(/c)-morphism zh '■ Spec{W{k)) — > H 
such that Zh ° fn is the origin of G, with H an arbitrary regular, formally smooth 
W{k)-scheme (so Spec(i?) is now the completion of H in zh)- The resulting quadruple 
{Mi®iY{k) R, ®w{k} R: ^5 V) is Still referred as a Shimura filtered F-crystal over R/pR 
but the notation is (M, F^, (p, G, fH°ZH,f)- 

However, in such a generality we often prefer to speak about filtered F-crystals (with 
tensors) over the special fibre Sh = Spec{R/pR) of the completion of H in zh- we feel 
inclined to reserve the terminology Shimura filtered F-crystals just for contexts where we 
do have some closed embedding into the completion of G in its origin. Similarly, when we 
are in the context of a p-divisible object with tensors of AiJ^^ ^ (H) which is modeled on 
2.2.10, then we often prefer to use the alternating terminology filtered F-crystals (with 
tensors) instead of the one of Shimura filtered F-crystals. 
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Any Shimura (filtered) cr-crystal over /c is a Shimura (filtered) F-crystal over k; we 
use this second terminology only when k is not specified. 

2.2.11. Definitions. 1) A non-trivial Shimura filtered Lie cj-crystal is a filtered Lie 
cr-crystal (g, (p, F^{g), F^{g)), with g the Lie algebra of a reductive group G over W{k), 
for which there is an injective cocharacter /j, : Gm ^ G^"^ such that: 

- {G^'^, [fj]) is a Shimura group pair over Spec{W{k)); 

- it defines F^(g) and F^(g); in other words, we have g = 0° ® 0^ ® with g^ ^ 0, 
with /3 G GmiW{k)) acting through /i on as the multiplication with i = —1, 1, 
and with F^{g) = g^ and F^{g) = ® g^. 

2) A non-trivial Shimura Lie a-crystal is a Lie cr-crystal [g, <f>) which can be extended 
to a non-trivial Shimura filtered Lie cr-crystal (g, F*^(g), F^(0)). (g, F°(g), ^^(g)) 
or just F^(g) itself is called a lift of (g,(/7); as F^{g) is determined by F^{g), being its 
nilpotent radical, we never refer to (F'^(g), F^{g)) as a lift of (g, (f). 

Writing (^ = aoyu(i),aisa cr-linear automorphism of g, whose class 

[a] e Aut,_iin(0)/G'"'^(W^(/c)) 

(modulo inner automorphisms of g) does not depend (cf. Corollary of 2.2.9 3)) on the 
choice of We call [a] the automorphism class of (g, (f). 

3) A Lie cr-crystal (g, (p), with g the Lie algebra of a reductive group G over W{k) 
and with (p{g) — g, is called a trivial Shimura Lie cr-crystal; in such a case the quadruple 
(g, (f, g, {0}) is referred as a trivial Shimura filtered Lie cr-crystal. When we do not bother 
about trivial or non-trivial, we speak about Shimura (filtered) Lie cr-crystals. 

4) If in 1) to 3), G is an adjoint group then we speak about a Shimura adjoint 
(filtered) Lie cr-crystal. 

2.2.11.1. Remark. We refer to 2.2.11 1) and 2). From the existence of /x we get: 
F^{g) is a parabolic Lie subalgebra of g, having F^{g) as its nilpotent radical. Facts 1 and 
2 of 2.2.9 3) apply entirely, cf. the below general Fact and the fact that F°(g)/pF°(g) is 
uniquely determined by (p, being the kernel of the restriction to g/pg of p(p mod p. So we 
use the same terminology: the G^^(VF(/c))-conjugacy class of -F^(g) is called the filtration 
class of (g, </?) and wc say that [//] (or just n or F^(g)) defines it. 

Fact. We consider two parabolic subgroups Pjj and of a reductive group H over 
a field L. The following four statements are equivalent: 

a) Pjj is a subgroup of P^; 

b) Ue{Pk) C Lie(p2 ); 

c) The unipotent radical N]j of P^ is a subgroup of the unipotent radical Njj of Pjj; 

d) Ue{Njj) C Lie(iV^). 

Proof: We can assume we are over an algebraically closed field. It is known that 
P}j n pjj contains a maximal torus of H (see [Bo2, 14.22 (ii)]). So the fact that a) is 
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equivalent to b) follows from [Bo2, 14.17-18]. Similarly we get that c) is equivalent to d). 
From loc. cit. we also get that a) implies c). We now assume c) holds. From [Bo2, 14.22 
(i)] we get that P}j flP^ is a parabolic subgroup of H. Using [Bo2, 14.17-18] once more, 
we get that a) holds. This ends the proof. 

2.2.12. Definitions. Let (g, ^"(g), be a Shimura filtered Lie u-crystal. 

We use the notations of 2.2.3 3) for (g,*/?). [g,(p, F^{q), F^{g)^ is said to be: 

a) of parabolic type, if p>o C F^{g); 

b) of Borel type, if there is a Borel Lie subalgebra b of contained in F^{q) and 
such that (p{b) C b; 

b') of strong Borel type, if it is of Borel type and if the parabolic Lie subalgebra of q 
corresponding to non-negative slopes of (g, (f) is a Borel Lie subalgebra (so there is only 
one parabolic Lie subalgebra of g contained in and taken by (p into itself); 

c) cyclic diagonalizable (if the permutation tt of ii) below is 1^, then we drop the 
word cyclic), if there is a VF(A;)-basis {ei\i G A} of 0, with A := S{1, dimiY(^k){9)) assumed 
to be non-empty, such that the following three conditions are satisfied 

i) for subsets C C B C A, {ei\i e C} is a W{k)-hasis of F^{g) and {ei\i e .8} is a 
W{k)-ha.sis of F^{g); 

ii) there is a permutation tt of ^4 for which we have (fi{ei) — p^*e^(j), with Si e { — 1, 0, 1} 
equal to 1 if * e C, equal to if i e B\C and equal to — 1 if i e A\B; 

iii) Vz, j e A, either [ei,ej] G W^(/c)efc(i,j), for some k{i,j) G A, or a power of cp acts 
trivially on [e^, Cj]. 

d) of toric type, if the Lie subalgebra of g corresponding to the slope of (g, (f) is 
contained in F^{g). 

2.2.12.1. Remarks. 1) We refer to the context of 2.2.12 a). As p>o C F°(Lie(G')), 
at the level of their unipotent radicals we have F^(Lie(G)) C p>o. We get a filtered 
cr-crystal 

(p>o,Fi(Lie(G)),^). 

A p-divisible group D (resp. Dk) over W{k) (resp. over k) whose associated filtered cr- 
crystal (resp. a-crystal) is (p>o, -F^(Lie(G')), (/?) (resp. is (pyQ^Lp)), is called a p-divisible 
group of {g, (f, F'^{g), F^{g)) (resp. of (g, ip)). is always uniquely determined (cf. [Fo, 
p. 152 and p. 160]). If p > 3, then D itself is uniquely determined (cf. loc. cit. and [Me, 
ch. 4-5], or cf. 2.2.1.1 2); see also [Fo, ch. 4, §5]). For p = 2, D still exists: we can take 
it to be the direct sum of an etale 2-divisible group with a 2-divisible group having all 
slopes in the interval (0, 1) (cf. the fact that F^(Lie(G)) C We{p>o,'fi) for £ > small 
enough; see also 2.3.18.1 C below). 

Similarly, in the context of 2.2.12 b), we get a filtered cr-crystal (b, F^ (Lie{G)) , (f) . So 
the triple (g/b, F^{g)/b, (p) is ap-divisible object of M.J^[-i^o]{W{k)). So p>o is contained 
in b and so in F°(g). 

2) From many points of view, the study of Shimura filtered Lie cr-crystals of parabolic 
or Borel type, gets reduced to the study of suitable filtered cr-crystals. In general, the 
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simplest type of divisible objects of A4J-'[_i^^{W {k)) , are those which are the extension 
of ap-divisible object of Q]{W{k)) (resp. of MJ^[o i]{W{k))) by a p-divisible object 

oiMTio,i]{W{k)) (resp. oi MJ^i-^,o]{W{k))). 

3) A Shimura filtered Lie cr-crystal of parabolic type is of toric type; but the converse 
is not true (for examples see 4.4.13 below). 

4) If k = k, then in 2.2.12 c) it is enough to assume <^(ej) is p^*e7r(i) times an 
invertible element of W{k). The same applies to 2.2.1 d). 

5) Condition iii) of 2.2.12 c) is included in order to keep better track of the Lie 
structure (to be compared with 2.2.1 d)); we rarely make use of it. Warning: in iii) of 
2.2.12 c) it is unreasonable to require [e^, ej] G Zek{ij) instead of [e^, ej] e W{k)ek(^ijy 

2.2.13. Remarks. Any Shimura cr-crystal {M,(p,G) has attached to it (cf. b) of 
2.2.8 1)) a Shimura Lie cr-crystal (Lie(G), (f). It also has attached to it a Shimura adjoint 
Lie cr-crystal (Lie(G*'^), <^) (we always identify Lie(G*'^) with a W{k)-Lie subalgebra 
of Lic(G'^^=^)[^] and so of Ue{G)[^]). Argument: if is a lift of {M,cp,G), then the 
quadruple 

(Lie(G'^'^), (fi, F°(Lic(G"'^)), F\Ue{G'''^))) , 

with F»(Lie(G'^<^)) := Lie(G'^'^) n F^(End(M))[i], i = is a Shimura adjoint filtered 
Lie cr-crystal (we can assume k = k and so we can refer to 2.2.9 8): Lie(G'|'^) is included 
in Lie(GQp) and so is fixed by a; moreover /u(i) normalizes Lic(G'^'^) [^]). Similarly, for 
any Shimura filtered cr-crystal we speak about the Shimura (adjoint) filtered Lie cr-crystal 
attached to it. The same applies to the generalized Shimura context. 

We refer to 2.2.2 4). We assume q is the Lie algebra of an adjoint group G over 
R^. Then we refer to £ as a Shimura adjoint filtered Lie F-crystal over R/pR. The fact 
that this matches with 2.2.11 1) and 4) for R = W{k) can be checked as follows. The 
composite homomorphism 

G ^ Aut{Q) GL{q) 

is a closed embedding (for the passage from B{k) to W{k), cf. [Va2, 3.1.2.1 c)]) and 
under it GB{k) is the connected component of the origin of Aut{Q)B{k)- So the canonical 
split cocharacter of (g, F^{q), F^{g), ip) factors through Aut{Q) (cf. the functorial aspect 
of it and the Lie structure of C) and so through G. We also get: for R — W{k)^ G is 
uniquely determined. 

2.2.13.1. An interpretation. We consider a Shimura adjoint Lie cr-crystal (5, ip). 
Let G be as above. Then the triple (0, p, G) is a quasi p-divisible object with a reduc- 
tive structure over k (starting from the above part referring to Aut{Q)B{k)i this can be 
checked as in Fact of 2.2.9 1'))- Also, if (g, i^°(0), i^^(0)) is a lift of (fl, </?), then the 
quintuple (g, ^'^(g), F^(0), 97, G) is a quasi p-divisible object with a reductive structure 
ofM.F[_i,i](W(A;)). 

2.2.13.2. Terminology. Whenever we want to emphasize k in 2.2.11, we speak 
about a Shimura (adjoint) (filtered) Lie cr-crystal of being over k. If the reductive group 
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G is split, then we speak about split Shimura (adjoint) (filtered) (Lie) cr-crystals. If 
just is split then we speak about split Shimura (adjoint) (filtered) Lie cr-crystals. 
We also speak about Shimura (adjoint) (filtered) Lie isocrystals (over A;), obtained from 
Shimura (adjoint) (filtered) Lie cr-crystals, by making p invertible. For instance, with the 
notations of 2.2.8 1), (Lie(G')[i], ^) is a Shimura Lie isocrystal. 

2.2.13.3. Remark. Let {M,F^,Lp,G) be a Shimura a-crystal. Let P be the 
parabolic subgroup of G having F'^(Lic(G')) as its Lie algebra. Let be its image in 
^ad Ymm. Fact 1 and Fact 2 of 2.2.9 3), as Ps^k) is its own normalizer in GB{k)i we get 
that the lifts of (M, (p, G) are in bijection with the W^(/c)-valued points of the completion 
of G/P in its VF(/c)-valued point defined by the origin of G. Similarly, from 2.2.11.1 we 
get that the lifts of the Shimura (adjoint) Lie cr-crystal attached to (M, F^, (/?, G) arc in 
bijection with the VF(/c)-valued points of the completion of G^'^/P^ in its VF(/c)-valued 
point defined by the origin of G^'^. As P contains Z{G), G/P can be canonically identified 
with G^'^/P^. We get: 

Fact. Any lift of the Shimura (adjoint) Lie a -crystal attached to (M, G) is defined 
uniquely (via the attachment process) by a lift of (M, 99, G). 

2.2.13.4. Variants. Referring to 2.2.8 3a) and 4a), we similarly define the (adjoint) 
filtered [a—b, 6— a]-Lie cr-crystal attached to ap-divisible object with a reductive structure 
of M.J^[a,b]{W{k)) and the (adjoint) b — a-Lie cr-crystal attached to a p-divisible object 
with a reductive structure over k in the range [a, b] . 

2.2.14. Truncations. Let n e N and let {M, F^,(p,G) be a Shimura filtered 
cr-crystal. By its truncation mod we mean the quintuple 

(M/p-M, F'/p^F\ ^, ip^, Gw^ik)), 

where {M/p^M, F^/p'^F^, (fi) is the truncation mod p^ of (M, F^, ip) (here as well as 
below we denote different reductions of p still by p and not by po). As in 2.2.9 6) we 
define the notion of isomorphism between truncations mod p"' of two Shimura filtered 
cr-crystals over k. 

For each a E J such that ta ^ 0, let m{a) E Z he the smallest integer such that 
e T{M); if = let m{a) = 0. Let be the reduction mod of p^^^H^: it 
is an element of T{M/p'^M). The quintuple 

{M/p^M, F^/p^F\p>, ^1, Gw^ik)), K)^^j) 

is called the truncation mod p^ of {M, F^^ip^G, {tc()aej)- Similarly, if Vm is the a~^- 
linear endomorphism of M such that p o Vm = P^m, the quadruple (resp. quintuple) 

iM/p^M,ip,VM,Gw^ik)) 

(resp. {M/p'^M, p, Vm, Gw„{k), {ta)aej)) is called the truncation mod p'^ of (M, G) 
(resp. of (M, <p, G, (ta)ae^))- We refer to {M/p^M, F^/p^F\ <p, <pi, Gw^ik)) as a lift of 
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{M/p'^M, (p, Vmi Gwn{k))\ the same applies to the context with tensors. Above, we stiU 
write Vm for its reductions mod p". 

As in 2.2.8 7) and 2.2.9 6) we define endomorphisms and automorphisms and (in 
the context of tensors 1 ^--automorphisms) of these truncations mod p^. Warning: in 
general, G'vv'„(fc) is not the subgroup of GL{M /p^M) fixing t^, W E J'. So by an inner 
1 ^-automorphism of any of the mentioned truncations mod p^ involving tensors, we mean 
an automorphism defined by an element of G{Wn{k)). 

We have variants of the above definitions, in the principally quasi-polarized context. 
Putting aside the part involving Verschiebung maps and tensors, we have a variant of 
truncations in the Shimura filtered Lie context. In particular, we speak (cf. end of 2.2.13) 
about inner automorphisms of Shimura adjoint (filtered) Lie cr-crystals. 

2.2.14.0. Exercise. Let fj, and be as in 2.2.8 c). Let a be the cr-lincar auto- 
morphism of M such that ip = a o //(^). We still denote by a its reduction mod p. If gi^ 
§2 G G{W{k)) are such that the truncations mod p of {M, giip.G) and (M, g2ip, G) are 
identical, show that g2^9i mod p belongs to the connected, smooth, unipotent subgroup 
Nk of Gk centralizing a{F^/pF^) and M / pM / a{F^ / pF^) (so the Lie algebra of Nk is the 
image of the d- linear endomorphism of Lie(Gfc) defined by p(p). Hint: we can assume 
G = GL{M). 

2.2.14.1. Remark. Using the functorial aspect of the canonical split cocharacters 
of [Wi], 2.2.1.2 as well as such cocharacters make sense in the context of objects of 
M.J^{W{k)). In detail: any such object Oh is the cokernel of an isogeny m : Obi ^ Ob2 
between two p-divisible objects of M.J-'{W{k)) (cf. Fact of 2.2.1.1 6)); using standard 
properties (as in the part of 2.2.1.0 referring to A and B) of abelian categories (cf. 2.2.1.1 
6)) the canonical cocharacter nob of the GL-group of the underlying VF(A;)-module of Ob 
obtained from the canonical split cocharacters of the GL-groups of the underlying W{k)- 
modules of Obi and O&2 by passing to quotients, is independent of the choice of m. 

In particular, working with Ob :— {M/p'^M, F^ /p'^F^ , (p, (pi) we get a canonical 
cocharacter 

I^Ob : Gm ^ GL{M/p^M) 
factoring through Gwn{k) and producing a direct sum decomposition 

M/p'^M = F^/p^F^ e F°, 

with (3 G Qjn{Wn{k)) acting through p,ob trivially on F^ and as the multiplication by 
(3~^ on F^/p'^F^. F^ is the reduction mod p^ of the maximal direct summand of M 
on which the canonical split cocharacter of {M,F^,ip) acts trivially. Usually we use 
the canonical aspect of ^oh in the form: it does not depend on which Shimura filtered 
cr-crystal (M, F'^,(p, G) we use to define Ob. 

2.2.14.2. Fontaine truncations. The above approach to truncations of (M, G) 
modulo powers of p does not generalize to the context of p-divisible objects of M.J^(W {k)) 
or more generally of JviT^ (^X) or of A^.7-'(X), with X as in 2.2.1 c). So here we propose 
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a second approach whose generahzation is entirely trivial. Not to be long, we work 
directly with a p-divisible object {M, {F^{M))i^s{a,b)-) ^-i G) with a reductive structure of 
MT[a,h]{W{k)). As for s e S{a,b), we have 

s—a 

by decreasing induction on s we get that the filtration {F'^{M)/pF^{M))i^s{a,b) of M/pM 
is uniquely determined by (M, (p, G). Based on this, following entirely the proofs of 2.2.9 
3), we also get: 

Fact. Any other filtration {Fl{M))i^s{a,b) of M such that (M, {Fl{M))i^s{a,b). V. G) 
is a p- divisible object with a reductive structure o/ A4.7-'[a (,](^(^))? uniquely deter- 
mined by {M,(p,G) up to conjugation by elements of G{W{k)) which take F'^{M) into 
Y:%lp^F^-^{M),yieS{a,b). 

Obviously, such elements of G{W{k)) normalize (F*(M)/pF^(M))ieS(a,6)- Warn- 
ing: if (M, G) is a generalized Shimura p-divisible object over k, then any element of 
G{W{k)) normalizing {F'{M)/pF^{M)),^s(a,b) is such that, Vi e S{a,b), it takes F\M) 
into X]*LQi>'-F*~-' (M); but this does not hold in the general case. 

Let J-' be the set of all filtrations (F{(M))i£5(a,6) of M as in the Fact. By Fontaine 
truncation mod p'^ of (M, (p, G) we mean the set 

F„((M,v^,G)) 

of isomorphism classes of truncations mod of lifts of (M, G) defined by elements 
of^. Similarly we define F,((M,(^,G',(ta)a6j)) (resp. i^""^=^((M, yp, G, by 
speaking about isomorphism classes (resp. inner isomorphism classes) of truncations 
mod of (arbitrary) lifts of {M,(p,G,{ta)aej)- Here inner isomorphisms refers as: 
isomorphisms between two such lifts defined by elements of G{Wn{k)). 

A last thing: the Fact of 2.2.13.3 can be entirely adapted to the context of lifts of 
(M, (p, G) and of its attached adjoint. 

2.2.14.3. Weak truncations. If {M,ip,G, (ta)aeJ') is a p-divisible object with a 

reductive structure of A4J-'[o^a]{W{k)), with a G N U {0}, by its weak truncation mod p^ 
we mean the quadruple [M/p^M, p, GwrAk)-i if'^)aej)i with t^'s defined as in 2.2.14, and 
with (p still denoting its reduction mod p^ . 

2.2.15. Comment. Though G. Shimura never dealt with the type of crystals we 
have introduced, we still feel that the terminology Shimura crystals used in 2.2-14 is 
appropriate, as G. Shimura was the first one (see the report [Sh]) to consider abelian 
varieties endowed with (algebraic) cycles whose adequate integral crystalline realization 
are providing the very first examples of the type of cr-crystals with extra structure defined 
in 2.2.8 2). Similarly we think the terminology Shimura group or Lie pair is justified. One 
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could argue if defs. 2.2.8 5) and 6) are justified. We think it is a convenient terminology, 
very much related to the one introduced in 2.2.8 1) to 4); the study of such isocrystals, 
to our knowledge, was started (motivated by the context of Shimura varieties of Hodge 
type) implicitly in [Kol] . 

2.2.16. Lemma. We assume k = k. Let (M, F^, ip) he a filtered a-crystal over k, 
with a proper direct summand of M . It is cyclic diagonalizable iff there is a torus T 
of GL{M) such that {M,F^,Lp,T) is a Shimura filtered a-crystal. 

Proof: If {M,F^,(f) is cyclic diagonalizable, then we take T to be the maximal 
torus of GL{M) which normalizes the VF(/c)-submodule of M generated by Ci, Vi e 
5(1, dimp7(fc)(M)), where {ei, edimvK(fc)(M)} is a W{k)-hasis of M as in 2.2.1 d). Lie(T) 
is included in F°(End(M)) and is normalized by (p; so it has a W{k)-hasis formed by 
elements fixed by So the canonical split cocharacter : Gm — ^ GL{M) of {M,F^,(f) 
factors through T. From the Fact of 2.2.9 1), we get: (M, F^, (p, T) is a Shimura filtered 
(j-crystal. 

If there is a torus 7V(fc) of GL[M) such that (M, F^, Tvi/(fc)) is a Shimura filtered 
(T-crystal, then the proof of cyclic diagonalizability of (M, is entirely as of 4.1.2 

below. In other words, if T is the Zp-structure of Tw{k) obtained as in 2.2.9 8), and 
if W{k{v)), with k{v) a finite field, is the smallest Witt subring of W{k) such that the 
cocharacter ii : Gm — ^ 2V(A:) (obtained as in c) of 2.2.8 1)) is obtained from one of 
Tw{k{v)) by pull back, then we can move from "the over k" context to "the over k{v)" 
context: not to introduce extra notations we assume k = k{v). So we can entirely copy 
(so this is not a forwarding but a convenient replacement) the notations of 4.1.1.1-4 which 
pertain just to the quintuple (M, F^, T, A;(?;)) to get as in 4.1.2, that {M,F^,(p) is a 
cyclic diagonalizable filtered a-crystal. The only difference: as we are not necessarily in 
a principal quasi-polarized context, the set /5 (see 4.1.1.4) can have 1 element as well. 
This proves the Lemma. 

2.2.16.1. Remark. In practice we take T to be the smallest torus of GL{M) such 
that Lie(T) is normalized by p and contains //(Lie(Gm)), where // : Gm GL{M) is the 
canonical split of (M, F^,(p). 

For the case p = 2 of 2.2.16.2-3 below see 2.3.18.2. 

2.2.16.2. A Galois interpretation. We assume p>3 and k = k. Let (M, F^, p) 

be a filtered cr-crystal over k. Let 

p:rk^GL{N){Zp) 

be its attached Galois representation, obtained via Fontaine's comparison theory; so N 
is a free Zp-module of rank equal to the rank of M over W{k). We have: 

Corollary. (M, F^,(/?) is cyclic diagonalizable iff p factors through the group of 
Zp-valued points of a torus Ti of GL{N). 

Proof: We can assume F^ is a proper direct summand of M. If (M, F^, p) is cyclic 
diagonalizable, then let T be a maximal torus of GL{M) such that {M,F^,(fi,T) is a 
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Shimura filtered cr-crystal (cf. the proof of 2.2.16). Lie(T) is generated by elements fixed 
by ^p. Any such element can be viewed as an endomorphism of {M,F^,(p) and so (cf. 
the functorial aspect of Fontaine's comparison theory), as an endomorphism of N fixed 
by Im(p). The Lie subalgebra L of End(A^) generated by such endomorphisms is the 
Lie algebra of a maximal torus Ti of GL{N): this can be seen moving from GL{N) to 
GL{N^Zp W{k)) and using the fact that Lie(T) = L®z^ W{k) is generated by projectors 
of M onto VF(/c)-submodules of M of rank one. As T\ is the centralizer of L in GL{N), 
p factors through the Zp- valued points of Ti . 

The converse can be proved in entirely the same manner: we can assume Ti is a 
maximal torus of GL{N). This proves the Corollary. 

2.2.16.2.1. Remark. Referring to the proof of 2.2.16.2, we have a natural 
identification of Tm/(^i^-^ with T: both can be recovered as the invertible elements of 
Lie(T) = L W{k) (viewed as endomorphisms of M or of A'" (g)^^ W{k)). 

2.2.16.3. Corollary. We assume p > 3 and k — k. If we have a proper direct 
sum decomposition {M,F^,{p) — {Mi, F^^ipi) © (M2, Fj^, (/72); then {M,F^,(f) is cyclic 
diagonalizahle iff {Mi,Fl,(fii) and (M2,F2,(/?2) ct'^e cyclic diagonalizahle. 

Proof: This is implied by the Corollary of 2.2.16.2. 

2.2.16.4. Degree of definition. Let (M, F^,!/?) be a cyclic diagonalizahle cr- 
crystal. Let |U : Gm GL{M) be the canonical split cocharacter of it. Let M = F^ (BF^ 
be the direct sum decomposition it produces (so /? e Gm{W{k)) acts through as the 
multiplication with /?~* on F*, z = 0, 1, cf. 2.1). Let h be the projector of M on F^ 
associated to it. Let d e N be the smallest number such that (p^{h) = h. The existence of 
d can be seen moving to k and applying the part of the proof of 2.2.16 referring to k{v): 
from very definitions we have d = [k{v) : ¥p]. We refer to d as the degree of definition 
of (M, F^,(p). Passing to a perfect field containing /c, it remains the same. Let a be the 
cr-linear automorphism of M such that (p = a o n(^) . 

Definition. (M, F^, </?) is called strongly cyclic diagonalizahle, if the Zp-submodule 
of M formed by elements fixed by a, has rank equal to dimvt^(fc)(M). 

It is easy to see that the fact that (M, F^, (/?) is strongly cyclic diagonalizahle implies 
k contains F^d. Moreover, d has the following (geometric) interpretation. 

Fact. We assume k — k. We have: 

a) (M, F^, (f) is the extension from ¥pd to k of a strongly cyclic diagonalizahle filtered 
aw crystal; 

b) if (M, F^,(/?) is the extension from F^m to k of a strongly cyclic diagonalizahle 
filtered a^^rn-crystal {M , F^ (M) , (p) , then d\m. 

Proof: a) is a consequence of the part of 2.2.9 8) referring to the case of a torus 
and of the above interpretations of d in terms of k{v). For b), we first remark that (^"^ 
is a VF(Fpm) -linear endomorphism of M. Let T be as in the proof of 2.2.16 and let L 
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be as in 2.2.16.2.1; so we identify L with the set of elements of Lie(T) fixed by ip. But, 
due to our hypothesis, any e e L belongs to End(M) and is fixed by the i?(Fpm)-valued 
point of GL(M) defined by 0"^. So 0"^ is a 5(Fpm)-valued point of the torus of GL{M) 
whose extension to W{k) is T; so it fixes the image of the canonical split cocharacter of 
(M, F^(M), (fi). We get: ^""(/i) = (^""(/i) = h and so d\m. This ends the proof. 

2.2.16.5. About the (adjoint) Lie case. All the above part of 2.2.16 can be 

adapted to the context of Shimura (adjoint) filtered Lie cr-crystals; the only difference: 
the restriction p > 3 encountered in 2.2.16.2-3 has to be replaced by the restriction p > 5. 
We do not present here the details: we just mention some new important features, in the 
larger context of filtered Lie cr-crystals. 

We start with a filtered Lie cr-crystal (^Q,(p, F^{g), F^{Q)y We assume p > 5 and 
7^ {0} but we do not require k to be algebraically closed. Let p : Tk ^ GL{N){7jp) 
be its attached Galois representation (cf. [Fal, 2.6] applied modulo positive, integral 
powers of p). N[^] (resp. A^) has -via Fontaine's comparison theory- a natural Lie 
algebra structure ii p > 5 (resp. if p > 7). Let On he the Zariski closure in GL{N) of 
the subgroup of GL{N[^]) formed by Lie automorphisms of N[^]. p factors through the 
group of Zp-valued points of Gn- In general the structure of Gn can be very complicated. 
So for simplicity, in all that follows we assume (^Q,(p, F^{q), F^{q)) is a Shimura adjoint 
filtered Lie cr-crystal. We have: 

Fact. In such a case Lie(Gjv)[-] is isomorphic to N[-] and so is a Qp-form of 
d<^w{k) B{k). 

Proof: The first (resp. second) part is a consequence of the fact that any semisimple 
Lie algebra over an algebraically closed field of characteristic has no differentiations 
which are not inner, i.e. which are not defined by its elements (resp. of Fontaine's 
comparison theory). 

It is worth pointing out: [Va2, 4.3.10 b)] can be used to get criteria when the Zariski 
closure in Gn of the connected component of the origin of the generic fibre of Gjv is an 
adjoint group over Zp. However, from the point of view of cyclic diagonalizability this 
is not relevant: if k = k and moreover (g, ^'^(g), F^(g)) is cyclic diagonalizable, we 
consider the Zariski closure Tq in Gn of the connected component of the origin of the 
generic fibre of the intersection of Gn with some maximal torus Ti of GL{N); so Tq is 
(for instance, see [Va2, 4.3.9]) a subtorus of Ti and so of Gn- Here Ti is obtained as 
in the proof of 2.2.16.2 from a suitable maximal torus T of GL{q); so (cf. the proof of 
2.2.16) T is a maximal torus of GL{g) whose Lie algebra is contained in F'^(End(0)) and 
is mapped by </? onto itself. 

We now assume that k is arbitrary (so p >2). Let G be the adjoint group over W{k) 
of whose Lie algebra is g, cf. end of 2.2.13. If (g, ip, F'^{q), F^{q)^ is cyclic diagonalizable, 
we can work as well the previous paragraph in the crystalline context: we consider the 
Zariski closure Tq in G of the connected component of the origin of the generic fibre of 
the intersection of G with T. As above, Tq is a torus of G; as in the proof of 2.2.16 
we get that the canonical split of (g, F^{g), F^{q)^ is a cocharacter of GL(q) factoring 
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through Tq- So, as in 2.2.16.4, if (g, ip) is non-trivial we define the degree of definition, 
to be referred as the ^-degree of definition, of (g, 

Also, the above Fact still holds, provided we just state it rationally from the very- 
beginning, i.e. we work with a Galois Qp-representation pq^ : — > GL{N[-]) (we do 
assume that such a representation does exist: in most cases pertaining to p\6 this is 
obvious; [CF] and [La, th. 3.2] imply that in fact it always exists provided we define it 
using the semistable version of Fontaine's ring of W{k)). 

2.2.17. Definitions. Let (M, cp, G) be a Shimura cr-crystal over k. By a lift of it of 
quasi CM type we mean a direct summand (filtration) of M such that the quadruple 
{M,F^,(f,G) is a Shimura filtered cr-crystal with the property that the intersection of 
F^(Lie{GB{k))) with the Lie subalgebra p=o of Lie{GB{k)) corresponding to the slope 
of (Lie(GB(fc)), (^), contains a Lie subalgebra of a maximal torus of GB{k) which is 
normalized by (p. We also say: (M, F^, (p, G) is a lift of quasi CM type of (M, ip, G). 

By a lift of an abelian variety over k of quasi CM type we mean an abelian 
variety A over W{k) lifting A^ and such that the filtered cr-crystal of A is a lift of quasi 
CM type of the cr-crystal of Ak (here we use the identifications of 2.2.9 9)). Above, the 
abbreviation CM refers to complex multiplication. 

2.2.17.1. Remark. A Shimura cr-crystal can have more than one lift of quasi CM 
type. For instance, this is the case for the cr-crystal of (a product of) supersingular elliptic 
curves over k. Instead of slope | we can work equally fast and well with any other slope 
-, with r G N, r > 2, (a, r) = 1, and with any cj-crystal of rank r and pure slope - and 
which has a lift of quasi CM type: we get an infinite number of lifts of quasi CM type. 
These examples are very simple; but in some sense (see 4.4.13 below) they are typical. 

2.2.18. Proposition. We assume k = k. Let F^ he a lift of quasi CM type of a 
Shimura a-crystal (M, (p, G). Then the filtered a-crystal (M, F^, (p) is cyclic diagonaliz- 
able. 

Proof: Let n : Gm — ^ GL{M) be the canonical split cocharacter of (M, F^, </?). From 
its functoriality we deduce (cf. def. 2.2.8 1)) that // factors through G. We consider (see 
2.2.17) a B{k)-Lie subalgebra LIE of F^ {ljie{G B{k))) normalized by </? and which is the 
Lie algebra of a maximal torus TB{k) of GB{k)- All slopes of (LIE, (p) are 0. So, as A; = ^, 
we get: LIE is generated by elements fixed by p. Again from the functoriality of ^ we 
get: fj, fixes such elements. So the generic fibre of n factors through TB{k)- Let T^^^^^ be 
the smallest subtorus of ^^(fe) such that the generic fibre of ^ factors through it and its 
Lie algebra is normalized by ip. The Zariski closure of ^'^(fe) GL{M) is a torus of G: 
it is generated by subgroups of GL{M), commuting among themselves and obtained 
from the image of ^ via iterates of p. So ^ factors through T^. We get a Shimura filtered 
(T-crystal (M,F^^,ri) (cf. Fact of 2.2.9 1)). Now everything results from 2.2.16. This 
ends the proof. 

2.2.19. Remark. There are plenty of examples of filtered cr-crystals (M, F^,*/?), 
with dimvK(fc)(-^) — 2 dimvi/(fe)(F^), such that the cr-crystal (M, (^) does not have a lift 
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of quasi CM type. The idea of constructing such examples is: it k — k, then a cr-crystal 
(M, (p) which has a hft of quasi CM type is a direct sum of cr-crystals having only one 
slope (cf. 2.2.1.1 4) and 2.2.18). Moreover, the different invariants (like Hodge numbers, 

etc.) of such summands are of particular type, and so very easy computable. So we just 
have to pass to an adequate isogeny. Here is an example involving slopes having 3 as 
their denominators. 

Example 1. Let M be of rank 6 over W{k). Let ip be such that it sends the elements 
of a VF(A;)-basis {ei, eg} of M into the B{k)-hasis {pe2,pes, ei, pes, cq, 64} of -^[^], the 

ordering being preserved. Let M' be the VF(A;)-lattice of M[^] generated by M and by 

^1+^, If :=< 62, 64, 63 + cq >, then the triple (M', F^, p) is a filtered u-crystal; its 

slopes are | and |. From 2.2.1.1 4) and 2.2.18 we deduce C := {M'.Lp) has no lift of 
quasi CM type. Moreover, the cr-crystal €® €.*{!) has a principal quasi-polarization but 
(the argument is the same; see also 2.2.16.3 and its p = 2 version of 2.3.18.2 below) it 
has no lift of quasi CM type. 

Also, it is worth pointing out that the Lie subalgebra of End(M') corresponding to 
the slope (resp. to positive slopes) of (End(M'), Lp) is Lq := End(Mi) ©End(M2) (resp. 
is L>o := Hom(M2,Mi)), where Mi :=< 61,62,63 > and M2 :=< 64,65,65 >. But 
Lq/pLq and Lyo/pLyQ have a non-zero intersection (inside Eiid{M' /pM')); so Lq is not 
the Lie algebra of a Levi subgroup of the parabolic subgroup of GL{M') whose generic 
fibre has Lo[-] © L>o[-] as its Lie algebra. In particular Lq is not the Lie algebra of a 
reductive subgroup of GL{M'). 

Also, we would like to recall (see Example 2 below) that there are filtered cr-crystals 
(M, F^v?), with dimw{k){M) = 2 dimvK(fc)(i^^), such that there is a lattice M' of M[i] 
with the property that the pair (M', (p) is a cr-crystal which can not be extended to a 
filtered cr-crystal. So above, we have to be careful in choosing "adequate isogenies" . 

Example 2. Let M be of rank 4 over W{k). Let (p be such that it sends the elements 
eo, ei, /o and /i of a W{k)-hasis of M , into peo, 61, pfi and respectively /q. Let M' be 
the lattice of generated by 60, 61, and /i. The cr-crystal {M',(p) can not be 

extended to a filtered cr-crystal. 

2.2.19.1. Definition. A Shimura adjoint Lie cr-crystal (0, </?) is said to be of 
reductive type, if VF(0)(g, </?) is the Lie algebra of a reductive subgroup of the adjoint 
group whose Lie algebra is g. 

2.2.19.2. Exercise. Show that the Shimura adjoint Lie cr-crystal attached to a 
Shimura cr-crystal (M, ip, G) having a lift of CM type, is of reductive type. Hint: if 
G = GL{M), then this follows from 2.2.18, 2.2.16 and 2.2.1.1 4); if G is not GL{M), use 
2.2.3 3) and a relative argument of passing things from GL{M) to G. 

2.2.20. Shimura p-divisible groups. Let X be a regular, formally smooth, 
faithfully flat VF(A;)-scheme, where W{k) is a DVR whose completion is W{k). A Shimura 
p-divisible group over X is a pair [D, {ta)a.ej) comprising from a p-divisible group D 
over X and a family of sections {ta)aej of the essential tensor algebra of (8)Z(p) Q, 
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where T is the first crystaUine cohomology Cx'^ -sheaf oi D x D\ satisfying the foUowing 
axiom: 

AX. There is an open, affine covering of X, such that for any member U — Spec(-R) 
of it whose special fibre is non-empty, denoting Mr := H^j^^{Du/U^), the mentioned 
sections produce sections (we keep the same notation) of T{Mji[^]) satisfying: 

1) they are crystaUine sections, i.e. they are annihilated by the natural connection 
on Mr, are in the F°-filtration of T(Mij[^]) defined by the natural F^-filtration F^(Mij) 
of Mr, and are fixed by every linear endomorphism of Mr defined (via Djj) by 
any Frobenius lift ^r of R^; 

ii) the Zariski closure of the subgroup of GL{Mr[^]) fixing ta, Va e J', in GL{Mr) 
is a reductive group Gr over R^; 

iii) {Mr) is a proper direct summand of Mr in each geometric point of the special 
fibre of U. 

2.2.20.1. Remarks. 1) Any p-divisible group whose associated filtered F-crystal 
has a structure of a Shimura filtered cr-crystal (or of a Shimura filtered F-crystal) with 
an emphasized family of tensors, gets naturally the structure of a Shimura p-di visible 
group. 

2) The importance of this notion (of Shimura p-di visible groups) springs from 1.15.1. 
In §1-4 we need it mostly just to simplify the presentation. 

3) As in 2.2.9 6), we speak about isomorphisms and 1 j--isomorphisms between two 
Shimura p-di visible groups over the same base X. 

4) Sometimes we need to speak about principally quasi-polarized Shimura p-divisible 
groups. The extra thing we need for this is: D has a principal quasi-polarization po, 
which as a perfect form on Mr is normalized by Gr, for any U as above. Notation: 
{D, {ta)a£j,PD)- Moreover we allow 2.2.20 ii) to be modified as in 2.2.9 12). 

5) If Xi is a regular, formally smooth, faithfully flat T^(A;)-scheme, then the pull 
back of a Shimura p-divisiblc group over X through a Vr(A;)-morphism Xi — > X, is also 
a Shimura p-divisible group (over Xi). 

6) Instead of crystalline sections we can use, as a variant, etale sections (in the Qp- 
context). But in the case when X is not (the p-adic completion of) a pro-etale scheme 
over a smooth I^(fc)-scheme, it is more convenient to work with crystalline sections: 
see the way [Fal, 7.1] is stated and proved and see the easiness of expressing an integral 
reductiveness condition in 2.2.20 ii). Moreover, in §5 wc define Shimura p-divisible groups 
over larger classes of schemes (including ones of characteristic p) and so often the etale 
Qp-context is not suited at all. 

7) It is convenient to allow the family of tensors (ta)ae>7 to vary under the constraint 
that the reductive groups Gr of 2.2.20 ii) remain the same. In other words, by enlarging 
i7 or by passing to a subset of J' subject to the mentioned constraint we consider that we 
have essentially the same Shimura p-divisible group. This leads to the notion of quasi- 
isomorphism: two Shimura p-divisible groups over X, = {D^ , {tl^)aej^) and = 
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(-D^, {ta)aeJ'^): cire said to be quasi-isomorphic if there is an isomorphism t : D^^D^ 
such that for any U as in 2.2.20, the reductive group over we get via is mapped 
(via the isomorphism of Hl^^s groups induced by tjj) isomorphically into the reductive 
group G|j over R^ we get via E"^. Similarly for the principally quasi-polarized context. 

8) We would like to point out that the terminologies of Shimura p-divisible groups 
and crystals do not quite match: in 2.2.20 we do not require Gr to become quasi-split 
over geometric points of Spec(i?/pi?), while in 2.2.8 the accent does not fall on tensors. 
The reason we adopted these terminologies is of purely practical matters: in the case of 
Shimura p-divisible groups we are (besides problems involving classifications, reductions 
and Newton polygons) very much interested in understanding the tensors and the refined 
structures of the reductive groups (like Gr) involved, while we mainly use Shimura cr- 
crystals as a tool for accomplishing these goals (see 1.15 for a sample). 

The condition iii) of 2.2.20 AX is inserted to match 2.2.9 11). The conventions of 
2.2.9 11) extend naturally to the context of Shimura p-divisible groups. 

9) To simplify the notations, we assume W{k) = W{k). Let V — {D, {ta)aej) be a 
Shimura p-divisible group over X. We have: 

Fact. If p > 3 or if p — 2 and is equipped with a Frobenius lift (resp. if p = 2 
and X^ is not equipped with a Frobenius lift) then for any n & N, T>n := D(L>[p"^]) 
(see 2.2.1.0) is an object of M.T^^{X) with the property that the Lie object EndiVn) 
of AiJ-^_^^{X) (resp. of AiJ-'^^^^^ tens)^-^^j ^ natural Lie subobject Q{'Dn): the 
underlying R-module of the pull back of Q{Vn) to U is Lie{GR) R/p^R. 

Proof: We first show that the induced filtration of Lie(G'ij) ®r R/p'^R is defined by 
direct summands and Lie{Gji) ®rR/p'^R is generated by (-^"(Lic(G'ij)) ®rR/p'^R), 
^Mn{-F-^{Lie{GR))(S)RR/p'^R) andp$MH(Lie(G_R)). This is a local statement and so, by 
completing, we can assume R is noetherian. So (by multiplying by some power of p) we 
can assume ta G T{Mr), \/ E J'. This implies that Lie{GR) is the kernel of the evaluations 
of endomorphisms of Mr at these sections. As EikI^Mr) is a p-adically complete and 
noetherian i?^-module, we get that Lie(Gij) ®)r R/p^R is the image in End(M/j/p"^M/j) 
of the kernel of the reduction mod of these evaluations, with m e N big enough. 

As these last evaluations can be viewed as morphisms between objects of {R) (and 

so, by forgetting the connections, of J^T{R)), the statement follows from the strictness 
part of [Fal, 2.1 iii)] (cf. also 2.2.1.1 6)). 

To end the proof, we just need to add: ii p — 2 and X^ is not equipped with 
a Frobenius lift, then we are dealing with objects of MJ^^_-^ with U as in 2.2.20, 

which are obtained via a natural process from ones of M.T^ ^ {X) , and so they canonically 
get glued together (cf. also 3) of 2.2.4 C). 

We refer to the pair 

(P,,0(P,)) 

(resp. to Q{T>n)) as the crystalline counterpart (resp. as the Lie subobject) of the kernel 
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of the multiplication by of P. Similarly, we use the same language in the principally 
quasi-polarized context. We also say: the pair (D(L>), {ta)aej) is associated to V. 

2.2.21. A result of Faltings: universal deformations. We consider a Shimura 
filtered cr-crystal (M, F^, (p, G, {ta)a€j) with an emphasized family of tensors. Let P be 
the parabolic subgroup of G normalizing F^. Let if be a smooth closed subscheme of G 
such that we get naturally an open embedding H ^ G/ P (for instance, we can take H 
to be a nilpotent subgroup of G). We assume H{W{k)) contains the identity element of 
G{W{k)). Let R and / be as in 2.2.10. 

Let D he a 7?-divisible group over W{k) such that its corresponding filtered cr- 
crystal is (M, F^,(p); for p = 2 we assume it exists. We get a Shimura p-divisible group 

V :— {D, {ta)aej) over Spec{W{k)). There is a uniquely determined Shimura p-divisible 
group Vji — {Dji, {ta:)aej) over Spec(J?) whose associated filtered F-crystal with ten- 
sors is {M, F^ ,{p,G, H, f , {ta)aej) ci.nd whose pull back through the closed embedding 
z : Spec(VF(/c)) Spec(-R) defined by Xj's being made to be 0, is (identifiable with) V 
itself. This is just a restatement of part of [Fa2, th. 10]. In [Fa2, p. 136-7] the unique- 
ness of is stated just in [Fa2, rm i) after th. 10]: however, going through the proof 
of [Fa2, th. 10] we do get the uniqueness part. Also it is worth pointing out that the 
uniqueness part follows as well from previous work: -Di?/pi? is uniquely determined, cf. 
[BM, ch. 4] (or [dJl, th. of intro.]). But the ideal of p{xi, ■■■,Xd) of R has nilpotent di- 
vided powers modulo any positive, integral power of (a^i, As R is complete w.r.t. 
the (a;i, Xd)-topology, starting from £), Dji/pji and {M, F^ , Lp, G, H, f) we construct 
uniquely Da (see [Me, ch. 4-5]). Moreover, [Fa2, rm. iii) after th. 10] can be restated as 
follows. We have (cf. also the comments of 2.2.9 1)) the following universal property. 

UP. For any Shimura p- divisible group Vfi^-^ overSpcc{Ri) = Spec(VF(/c))[[yi, y^]], 
with m E N, whose pull back through the closed embedding z\ : Spec(VF(/c)) — >• Spec(i?i) 
defined by yj's being made to be 0, is (identifiable with) V, there is a unique W{k)- 
morphism zr : Spec(i?i) — > Spec(i?) such that zrozi = z and we have an 1 j-isomorphism 
^R^P r)~^T^ Ri which in z\ achieves (i.e. is compatible with) the mentioned identifications. 

In loc. cit., the above UP is (implicitly) stated in terms of filtered F-crystals with 
tensors. In what follows we refer to the UP above in both contexts: of Shimura p-divisible 
groups or of filtered F-crystals with tensors. To Vr we refer as a (or as the) universal 
Shimura 7?-divisible group (defined by V); for p > 3 it is uniquely determined by the 
quadruple (M, cp, G, {ta)aej) (see 2.3.18 why this is not always so for p = 2). There is 
a natural variant of this UP in a principally quasi-polarized context; in particular, we 
speak about universal principally quasi-polarized Shimura p-divisible groups. 

2.2.21.1. Remark. 2.2.10 and 2.2.21 make sense for the context of not necessarily 
quasi-split Shimura filtered cr-crystals. 

2.2.22. Complements on Shimura (Lie) cr-crystals. Below we deal with four 
such complements. 

1) Extra terminology. A Shimura (resp. Shimura filtered) cr-crystal (M, G) 
(resp. (M, F^, ^p, G)) over k is said to be: 
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- quasi cyclic diagonalizable, if there is a torus T of G such that (M, (/p, T) (resp. 
{M, F^,(f,T)) is a quasi Shimura (resp. quasi Shimura filtered) cr-crystal; 

- cyclic diagonalizable, if there is a lift of it such that (resp. if) (M, F^,^?) is 
cyclic diagonalizable in the sense of 2.2.1 d); 

- strongly cyclic diagonalizable, if there is a torus T of G such that (M, ip, T) (resp. 
(M, F^,(p,T)) is a cyclic diagonalizable Shimura (resp. Shimura filtered) cr-crystal and 
(M,F^,(p) is strongly cyclic diagonalizable (here, for the non-filtered context, F^ is the 
unique direct summand of M such that (M, F^, (p, T) is a Shimura filtered u-crystal, cf. 
Corollary of 2.2.9 3)); 

- potentially cyclic diagonalizable if over k it is cyclic diagonalizable. 
We have: 

Fact. For Shimura (filtered) a-crystals, the cyclic diagonalizahility implies the quasi 
cyclic diagonalizahility. 

Proof: Let (Mq, -Fg^, 990, Ci) be a cyclic diagonalizable Shimura filtered cr-crystal. 
We use the notations of 2.2.9 1). We can assume po is well defined; so Gi contains 
Gq (cf. Fact of 2.2.9 1')). In the first paragraph of the proof of 2.2.16, working with 
an arbitrary k, as the Weyl group of G is finite, the quadruple {M, F^,(fi,T) is a quasi 
Shimura filtered cr-crystal. So by passing to a finite field extension of k, we can assume we 
have a Shimura filtered cr-crystal (Mq, Fq, (po,Ti) with Ti a maximal torus of GL{Mq). 
So the Fact follows from the Fact of 2.2.9 1') applied to the quadruple (Mq, Fq , (/?o, ^2), 
with T2 as the Zariski closure of the connected component of the origin of the intersection 
TiB{k) ^ GiB{k) in Gi (as in 2.2.16.5 we argue T2 is a torus). 

\i k = k, then the converse holds (cf. 2.2.16); this is not necessarily true ii k ^ k 
(simple examples can be obtained by looking at ordinary elliptic curves over algebraic 
extensions of finite fields). 

If G = GL{M), it is easy to see that the above notion of cyclic (resp. strongly cyclic) 
diagonalizable filtered cr-crystal coincides (via 2.2.9 9)) to the previous one of 2.2.1 d) 
(resp. of Def. of 2.2.16.4). If k = k, then the cyclic diagonalizability implies the strongly 
cyclic diagonalizability; this is not necessarily true if k ^ k (cf. the Fact of 2.2.16.4). 

As in 2.2.16.4, we speak about the degree of definition of a potentially cyclic diag- 
onalizable filtered cr-crystal; in particular, we speak about the degree of definition of a 
potentially Shimura cr-crystal (M, (p, T), with T a torus. As any maximal torus of G^^ is 
its own centralizer in G**^, from the Fact of 2.2.9 1') we get: 

Criterion. Referring to {M, F^,ip,G), we assume there is a maximal torus of G'^'^ 
of whose Lie algebra is contained in F°(Lie(G^^)) and is normalized by (p (resp. and is 
W(k)- generated by elements fixed by Lp). Then {M, F^^ip^G) is potentially cyclic diag- 
onalizable (resp. there is a maximal torus T of G such that {M, F^ ,(p,T) is a Shimura 
filtered a -crystal). 
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Following the above pattern, a Shimura filtered Lie cr-crystal over k is called quasi 
(resp. potentially) cyclic diagonalizable, if its extension to ki is cyclic diagonalizable, 
with ki a finite field extension of k (resp. with ki = k). 

Let n eN. The Shimura filtered cr-crystal (M , F^, (p, G) is said to be: 

- cyclic (resp. quasi, potentially or strongly cyclic) diagonalizable of level n, if there 
is a cyclic (resp. quasi, potentially or strongly cyclic) diagonalizable Shimura filtered 
cr-crystal {M, F'^ , gLp,T), with g E G{W{k)) and with T of torus of G, such that the 
truncations mod of (M, F^, 97, G) and of (M, F^,g(p, G) are isomorphic. 

Similarly, we speak about Shimura filtered cr-crystals (M, F^, 99, G, {tct)aej) with an 
emphasized family of tensors which are cyclic (resp. quasi, potentially or strongly cyclic) 
diagonalizable of level n: above we just need to replace isomorphic by 1 ^--isomorphic (see 
2.2.9 6)). 

Exercise. We assume k = k. (M, F^, G) is cyclic diagonalizable of level n iff all 
iterates under a of the canonical split (cocharacter of GvK„(fe)) of its truncation mod 
(see 2.2.14.1) are commuting among themselves. Hint: just interpret 2.2.16 mod (it 
is [SGA3, Vol. II, p. 48] which allows us to lift tori of GviA^(fc) and their cocharacters to 
tori of G and respectively to their cocharacters). 

li G = GL{M), it is easy to see that the truncation mod p^ of (M, F^, (p) is cyclic 
diagonalizable in the sense of 2.2.1 d) iff {M, F^ , ip, G) is cyclic diagonalizable of level 
n. Similarly, a Shimura filtered Lie cr-crystal is said to be cyclic (resp. quasi or po- 
tentially cyclic) diagonalizable of level n if its truncation mod p"' is isomorphic (under 
an isomorphism respecting the Lie structures) to the truncation mod of a Shimura 
filtered Lie cr-crystal which is cyclic (resp. quasi or potentially cyclic) diagonalizable. As 
an application of 2.2.16.5 we have: 

Corollary. We assume k = k. Then {M, F^,(f,G) is cyclic diagonalizable of level 
n iff its attached Shimura adjoint filtered Lie a-crystal £,€ is so. 

Proof: One implication is easy, as in general, the Shimura adjoint filtered Lie cr- 
crystal attached to a strongly cyclic diagonalizable Shimura filtered cr-crystal is cyclic 
diagonalizable (see the passage from 4.1.2 to 4.1.4 below). For the other implication, we 
just need to show (cf. the Exercise) that the canonical split cocharacter of the truncation 
mod of (M, F^, ip, G) is such that its iterates under a are commuting with each other. 
But to check this, it is enough to deal with their images in G^ and so, cf. end of 2.2.13, 
with their images in GL(Lie(G^ (fc)))- -^^^ ^^^^ ih^oX these last images arc commuting 
among themselves, is implied by the fact that is cyclic diagonalizable of level n. This 
ends the proof. 

Also, from Exercise we get: ii k = k, (M, F^, G) is cyclic diagonalizable of level n 

iff (M,Fi,<^,G, {ta)c.ej) is. 

2) Classes and isogeny classes. Let (M, F^, G) be a Shimura filtered a-crystal. 
By the class of (M, G) we mean the set Cl{M, (p, G) of isomorphism classes of Shimura 
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(T-crystals of the form (M, G), with g e G{W{k)). By the isogeny class of (M, (p, G) 
we mean the set Iso(M, G) of isomorphism classes of Shimura cr-crystals obtained from 
the set of Shimura filtered cr-crystals of the form 

{g{M),g{F^),^M9)). 

with g G G{B{k)) and with G{g) as the Zariski closure of GB{k) in GL{g{M)), by for- 
getting the filtrations. Obviously G{g) is a reductive group over W{k) isomorphic to G 
(see also the general result of [Ti2, end of 2.5]). For any representative {g{M), if, G{g)) 
of an isomorphism class of Iso(M, G), we have Iso(^(M), G) = Iso(M, G). If 
Iso(M, G) has only 1 element, we say (M, <f, G) has constant isogeny class. As 
{g{M),g(F^),<f,G{g)) is isomorphic to [M, , g~^(fg, G), and as g~^fg can be put in 
the form giip, with gi G G{W{k)), Cl{M, ip,G) is a disjoint union of different isogeny 
classes. We say Iso(M, ip, G) is an isogeny class of Cl{M, ip, G). 

Similarly, we denote and define the class and the isogeny class of a Shimura (adjoint) 
Lie cr-crystal and, even more generally, of a p-divisible object with a reductive structure 
over k. 

If a property V pertaining to Shimura cr-crystals defining the same class Cl{M, (p, G), 
is enjoyed by any representative of an isomorphism class of an isogeny class of Cl{M, p>, G) 
(resp. of an isomorphism class of Cl{M, (p, G)) once it is enjoyed by a Shimura cr-crystal 
(Ml, (pi,Gi) defining this isogeny class (resp. defining Cl{M, ip, G)) then we refer to it as 
an isogeny invariant (resp. as a class invariant) property. For instance, the automorphism 
class of (Lie(G),<^) is a class invariant. 

All above extend to the context of an emphasized family of tensors {tct)a^j', so 
we speak about Cl{M,ip,G,{ta)oLej) (its elements are isomorphism classes up to Ij- 
isomorphisms) and Iso(M, (/?, G, {ta)a.ej)^ ^tc. 

Definition. A class of Shimura adjoint Lie a-crystals is said to be torsionless, if any 
Shimura adjoint Lie a-crystal defining it has no automorphism of order p. 

For instance, if p does not divide t{G''^'^) then the Shimura adjoint Lie cr-crystal asso- 
ciated to (M, ip, G) has no inner automorphisms of order p. In §13 we will see that there 
are examples (involving Lie types) with k = k, when p\t{G^^) and still CZ(Lie(G*'^), (f) 
is torsionless. 

3) Classification. Any isocrystal over k can be put in a cyclic diagonalizable form, 

cf. Dieudonne's classification of isocrystals over k. So the simplest type of cr-crystals over 
k are those which can be put similarly in a cyclic diagonalizable form. Though def. 2.2.1 
d) has a general form, for simplicity, in what follows we mostly focus our attention on 
filtered cr-crystals (see the conventions of 2.1). However, see L and 3.15.7 A below. 

A. Let n G N and let 1^ '■= S{l,n). Till J below we consider only n-tuples 
(ei, 62, en) with G {0, 1}, Vz G In- We are interested in them (cf. 2.1) only from the 
circular point of view: for us (ei, Cn) is "equally good" as (e^, ej+i, Cn, ei, e^-i), 
where j G S{2,n). By the dual of such an n-tuple (ei,e2, •••,6^) we mean the n-tuple 
(1 - ei, 1 - 62, 1 - en). 
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An n-tuple (ei, e„) is said to be in the standard form if 

n n 

(1) ^e,2-^>5]d,2-% 

for any othern-tuplc of the form ((ii, = (e^, e^, ei, ej_i), for some j G S'(2, n). 
We denote by (ejf, e*) the n-tuple which is in the standard form, and which is obtained 
from the dual of (ei, e^) via a circular rearranging. If (ei, e„) = (e|, e*) then we 
say (ei, e^) is self dual. If (ei, e^) is self dual then n is even and Yliiein ~ f • 

B. In what follows (cf. 2.1) the right lower indices of entries of an n-tuple are 
considered mod n. So ei = e„+i, etc. For any n-tuple (ei, e„) which is in the standard 
form we can construct a circular diagonalizable filtered cr-crystal {M,F^,(p) as follows. 

Construction. M is a free 14^ (fc) -module of rank n, (f{ai) = p'^^ai+i, where {ai\i G 
In} is a W{k)-hasis of M, while is the iy(/c)-submodule of M generated by all a^'s 
with Ci = 1. 

About {M,F^,ip) we say: it is in the standard form associated to (ei, e„) or that 
it has type (ei,...,en); about (ei,...,en) we say: it is a type of {M, F^,(p). From the 
very def. 2.2.1 d) we get: any filtered cr-crystal which is cyclic diagonalizable is a direct 
sum of circular diagonalizable ones; moreover, any filtered cr-crystal which is circular 
diagonalizable has a type. 

We say (ei,...,en) is indecomposable if the extension of (M, to k does not 

have a proper direct summand. Otherwise we say (ei, ...,6^) is decomposable. Warning: 
some of the types can be decomposed; example: the type (1,0, 1,0) "corresponds" (over 
k) to a "direct sum" of two copies of the type (1,0). 

C. Proposition. Any circular diagonalizable filtered a-crystals has a unique type. 

Proof: Let (ei,...,e^) and {di,...,dn) be two n-tuples in the standard form. If 
(ei,...,e„) = (0, ...,0) then the statement is trivial. So we can assume ei = 1. Let 
(Mi,Fj,(^i) and {M2,F2,(p2) be respectively the circular diagonalizable filtered a- 
crystals having these types. We can assume that inequality (1) above holds. We assume 
the existence of an isomorphism 

f:{M,,Fl,^i)^{M2,Fi,ip2). 

We use a VF(/c)-basis {ai,...,an} of Mi as above, as well as a similarly constructed 
II^(/c)-basis of M2. We write /(ai) = Y17=i'^i^i^ with ai G W{k), Vi G /„• 

Let j G In be such that aj is non-zero mod p. In what follows we do not need that 
/ is an isomorphism: we just need that it is a morphism and that such a j does exist. 
By induction on I E In prove that {ei,...,ei) = {dj, ...,dj+i^i); due to (1) and the 
standard forms of (ei,...,e„) and {di, ...,dn), this implies (ei,...,e^) = (di,...,d„). 

As (pi{ai) = pa2 and / is a morphism, we get c^j = 1; so the case / = 1 holds. Let now 
Z > 2. We assume (ei, e/_i) = {dj, ...dj+1-2). This implies /(a/) = XliLi with 
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aj+i-i^i-i non-zero mod p (here cii,;-! G W{k), \/i G In)- So if ei — 1, then dj+i-i must 
be also 1. If e/ = and dj+i-i = 1, then we reach a contradiction with the inequahty 
(1). So we have e/ = dj+i^i. This ends the inductive argument and so the proof. 

From now on till the end of I below we assume k = k; however, part of the arguments 
below (like the one of the below Corollary) just require that k contains a "sufficiently 
big" finite field. 

Corollary. (M, F'^, (p) has a principal quasi-polarization iff (ei, e„) is self dual. 

Proof: Let € := (M^F^^ip). Then is in the standard form associated to 

(e*, ...,e*). So if we have an isomorphism €-^€*{l), then (cf. Proposition) (ei, ...,en) is 
self dual. 

If (ei, Cn) is self dual, then (t and CC*(1) are isomorphic. Let {ai, a^} be a W{k)- 
basis of M as above. Let {a^, a* } be the dual VF(A;)-basis of M*. The underlying W{k)- 
module of €*{1) is M* and the Frobcnius cndomorphism of it takes a* into p^~'^*a*_|.j^. 
Let he Inhe such that (e^, e*) = (1-6/^,1- Ch+i, 1 - e^, 1 - ei, 1 - eh-i). We 
take the smallest such h. We have + Ci+h-i = 1, Vz e N. So Cj = 61+2/1-25 Vz e N. Let 
d = {2h — 2, n). As n is even, so d is. We get = Cj+d, Vz e N. As h was taken to be the 
smallest possible value and as d can not he h — 1, we conclude d = 2h — 2. So 2h — 2\n. 
Let m G N be such that n = m(2h — 2). 

If m is odd, we consider an isomorphism ii^ : that takes ai into ua'l_^n, 

with u G G^(VF(A;)) such that a^{u) = —u. It is easy to see that starting from i(f we 
get a perfect alternating form if) : M ®vK(fc) M W{k){l). 

If m is even then 4|n. Accordingly, for j G {1, 2}, let ej := {vj)ei +Vjei+^, with 
fj G Gm,(VF(A;)) such that cr'^{vj) — Vj, and fif^^ mod p is not fixed by . We get 
a direct sum decomposition (M, -F^, </?) = (Mi, , (ys) © (M2, ^2^, (/?), such that e{ G Mj-. 
The type of (Mj, Fj*^, y?) computed starting from is an ^-tuple which is also self dual. 
So we can apply induction (the case n = 2 is well known). This proves the Corollary. 

D. The uniqueness property. We assume now p > S (see 2.3.18.2 below for 
the case p = 2). Prom very definitions, any cyclic diagonalizable filtered a-crystal is 
a direct sum of circular diagonalizable filtered cr-crystals which have (cf. 2.2.16.3) an 
indecomposable type. Moreover we have: 

Proposition. Such a decomposition is unique up to isomorphisms. 

Proof: We start with a cyclic diagonalizable filtered cr-crystal (M.F^.ip). We can 
assume it has a unique slope a G [0, 1]. Moreover, we can assume a G (0, 1): otherwise 
the uniqueness part is trivial. This implies F^ is a proper summand of M. Let T be a 
torus of GL{M) obtained as in 2.2.16.1. Let p and be as in 2.2.16.2. Let Tq be the 
torus of GL{N) corresponding to T via Fontaine's comparison theory, p factors through 
the Zp- valued points of Tq and in fact, due to the smallness property expressed in 2.2.16.1, 
To is the algebraic envelope of p. So to decompose (M, F^,(/?) into direct summands is 
the same as to decompose A^ into direct summands normalized by Tq. Based on 2.2.16.2, 
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the Proposition is equivalent to: N can be decomposed uniquely (up to isomorphism) 
into a direct sum of indecomposable To-subrepresentations. But this is a consequence of 
the following two well known facts: 

- the representation of TqFj, on N/pN is semisimple; 

- any subrepresentation of the representation of TqFj, on N/pN lifts to a subrepre- 
sentation of the representation of Tq on N defined by a direct summand of N. 

This proves the Proposition. 

As in the above proof, the torus Tq does not depend on which algebraically closed 
field k we use to define it, we get: the notion of indecomposable type is well defined, 
without specifying such a field. 

Let Tn be the set of indecomposable n-tuples (ei, ...,e^) which are in the standard 
form. Let 

The above Proposition says that to any cyclic diagonalizable filtered d-crystal (M, F^,ip), 
with M {0}, we can associate uniquely a formal sum 

where m(r) G N U {0} is the number of distinct factors having type r in a direct sum 
decomposition of {M,F^,cp) in circular diagonalizable filtered u-crystals which have an 
indecomposable type. For all but finite m(T) = 0; moreover, at least 1 number m(T) is 
non-zero. From the Corollary of C we get: 

Corollary. {M,F^,(f) has a principal quasi-polarization iff m{r) = m{r*), Vr e 

T 
-'00 • 

E. Examples. We come back to p > 2. 

a) The quadruples (1, 1, 0, 0) and (1, 0, 1, 0) are producing (under the construction of 
B) non-isomorphic filtered cr-crystals, cf. C. Another way to see this: the Hodge numbers 
of their resulting cr^-crystals are not the same. Also the degree of definition of a cyclic 
diagonalizable filtered cr-crystal having type (1,1,0,0) (resp. (1,0,1,0)) is 4 (resp. 2), 
cf. def. 2.2.16.4. 

b) There are precisely 10 isomorphism classes of cyclic diagonalizable filtered cr- 
crystals (M, F^, 99), with M of rank 6, whose isocrystals are ^-symmetric. Four of them 
do involve the slopes and 1, one involves the slopes ^ and |, while the other five 
are involving just the slope |. Among these 5, only 3 of them have principal quasi- 
polarizations: the types (1, 1, 0, 1, 0, 0) and (1, 1, 0, 0, 1, 0) are dual to each other and so 
are not self dual; so the cyclic diagonalizable filtered cr-crystals having any one of these 
two types do not have principal quasi-polarizations (cf. the Corollary of C or of D). So 
among these 10 classes, only 8 are principally quasi-polarizable. 

c) An n-tuple (ei, Cn) such that (n, Ylii^i^ ^i) = 1 is indecomposable. 
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F. Corollary. We assume p > 3. The degree of definition of a cyclic diagonalizable 
filtered a -crystal is equal to the least common multiple of the ranks of the circular filtered 
a-crystals which are direct summands of it and have an indecomposable type. 

Proof: We just have to show (cf. D) that if (ei, e„) is an indecomposable type, 
then the cyclic diagonalizable filtered cr-crystal {M,F^,(p) constructed in B, has n as 
its degree of definition. To see this, we can assume k = ¥. Obviously, the degree of 
definition d of (M, F^, is a divisor of n. The fact that it is precisely n can be read 
out from 4.1.1.4 below: as (ei, 6^) is indecomposable, the permutation (constructed 
as in 4.1.1.4) is a cycle of some length di, and the VF(Fpd; )-module pF^^ (constructed as 
in 4.1.1.4) has rank 1. So M has rank di. As di\d (see 4.1.1.4), the conclusion follows. 
Warning: 4.1.1.4 can be read independently at any time, by just picking up the definition 
of /i^'s in 4.1.1.1 below. 

G. Let p > 2. We consider an n-tuple (ei,...,en) in the standard form. Let 
(M,F^,(f>) be the circular diagonalizable filtered cr-crystal constructed in B. Prom the 
proof of 2.2.16 and from Corollary of 2.2.9 3), we deduce that the canonical split cochar- 
acter /j, : G^n ~^ GL{M) of it, is such that /3 e G^(VF(A;)) acts through /j, trivially on 
all those a^'s for which Cj = 0. So, from the very def 2.2.16.4, we get: the degree of 
definition of {M,F^,(p) is equal to the smallest number h E In such that = Ci+h, 
yi e In- We have: 

Corollary. We assume p > 3. A type (ei,...,e„) is indecomposable iff the circular 
diagonalizable filtered a -crystal having type (ei, e„), has n as its degree of definition. 

Proof: One implication follows from F. We assume now that the degree of definition 
is n. We can assume ei = 1. We assume we have a direct sum decomposition (M, F^^ip) = 
(Ml, F/, (fii)® (M2, F^, (fi2), with Ml and M2 as proper VF(A;)-submodules of M and with 
{Ml, F^ , (fi) an indecomposable cyclic diagonalizable filtered cr-crystal. Let {di, dm) 
be its type. Its degree of definition is m and divides n. Let dg+mi '■= dg, where / G 
S{1,-^ — 1) and s e S{l,ni). We get an n-tuple {di, ...,dn)- If inequality (1) of A 
holds, then following the first proof of C in the context of the projection of (M, F^,ip) 
on {Ml, Fl,(pi) we get that (ei,...,e^) = (di, d^)- This contradicts the fact that 
the degree of definition of {M,F^,(f) is n. If the inequality (1) does not hold, then 
we can assume Yl7=idi2^~^ > Y^=i^i'^^~^- Using the monomorphism (Mi,Fi,(^i) ^ 
(M, F^,(p), we similarly reach a contradiction. This ends the proof. 

For the case p = 2 of Corollaries of paragraphs F and G see 2.3.18.2. 

H. Combinatorics. There are many problems of combinatorial nature involving 
cyclic diagonalizable filtered cr-crystals. Usually such problems are either very elementary 
or too hard. In what follows, just to point out the flavor of the problems, we mention 
just two such problems of elementary nature. 

From G above we get: the number n\Tn\ can be interpreted as the number of func- 
tions Z/nZ — > (0, 1} which are not periodic. So we have the following recursive formula 
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computing the number of elements of 7^: 

In particular, |7i| = 2, |74| = 3, ITqI = 9 and, for q a prime, \Tq\ = ^''"^ . 

The number of isomorphism classes of filtered cr-crystals {M,F^,(fi), with M of 
rank 2n, which are cyclic diagonalizable and have a principal quasi-polarization, is 2"'. 
We do not explain this fact here; we just mention that this number 2^ can be easily 
obtained by combining [Oo3] and 4.12.4 below (see §9-10 for details). This second problem 
is a particular case (corresponding to Gm = GSp{M,iIjm), for some principal quasi- 
polarization ipM '• M CS)w{k) M — > W{k){l)) of the first of the following two general 
problems (to be analyzed in §9-10). 

Problem 1. Let (M, , ip, Gm) be a Shimura filtered a-crystal. Find the number 
of isomorphism classes of cyclic diagonalizable filtered cr-crystals of the form (M, F^,g(p), 
with g e GM{W{k)). 

Problem 2. Find the set SDD{M, ip, Gm) of degrees of definitions of the cyclic 
diagonalizable filtered d-crystals of the form (M, F^,g(fi), with g e GM{W{k)). 

Example. If Gm = GSp{M, Vm), then SSD{M, Gm) is the set 

m 

{l.c.m.[bai, ...,bam]\m eN, b E {l,2}andai, ...,am £ N, with 2^^ a-,- = dim^(fc)(M)}. 

This is a consequence of the Corollaries of D and F (for p = 2 cf. also 2.3.18.2 below). 

I. Classification and standard invariants. Let m G N and let (/ G N U oo. 
Let s := {di, dm) be an arbitrary m-tuple, not necessarily in the standard form. We 
assume p>3 (see 2.3.18.2 for p — 2). Let (M, F^, (p) and m(r)'s be as in D. We refer to 
m(T)'s as the classification invariants. From them we can obtain many other invariants. 

The number 

FL{M,F\<p):= J2 ™W 

is referred as the factor length of (M, F^,(p). The maximum IL{M, F^, ip) of the numbers 
m(r)'s is referred as the isotype length of {M,F^,ip). The number SKL{M, F^, p>) of 
non-zero m(r)'s, is referred as the skeleton length of (M, F^, p>). The greatest (resp. the 
number of) n G N such that there is r G 7^ with m(r) ^ 0, is referred as the cyclic length 
(resp. the slope denominator length) of (M, F^, (p) and is denoted by GL{M, F^, (p) (resp. 
by SDL{M, F^, (/?)). These five types of length, together with the degree of definition of 
(M,F\(/7) (i.e. the least common multiple of all such n's), are the most useful simple 
types of invariants of (M, F^,(fi). 
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For any n eN and for every tq :— (ei, e^) G 7^, let s(ro) be the number of i E In 
such that Cj+j = dj, for j = l,m. By the Sg-invariant of (M, F^, we mean the number 

s,iM,F\^) :=J2Y1 HrXr). 

n=l rer„ 

When = oo, we drop it as a right lower index of s. 

Many of these invariants have geometric interpretation (see §9-10 for plenty of ex- 
amples). Here we just point out that: if s = (1) then s{A4, F^,(f) = dim^^j-fc) (F^), if 
s — (0) then Si(M, F^, (f) is the p-rank of (M, (/?), and if s = (1, 0) or if s = (0, 1) then 
s(M, F^, ip) computes the a-number of the p-divisible group over k of whose associated 
(7-crystal is (M, ip) . 

J. The adjoint Lie case. Parts A to D above can be adapted to some extend to 
the case of Shimura adjoint filtered Lie cr-crystals which are cyclic diagonalizable. There 
are two main new features. First, we have to consider n-tuples whose entries are elements 
of the set {—1,0, 1}. Second, except for the trivial context (of 2.2.11 3)) we are never in 
a circular context (this can be checked starting from the part of 2.2.16.5 referring to To)- 
So, starting from such an n-tuple, we can imitate the construction of B, to get ap-divisible 
object of A4J^[-i^i]{W (k)); but it is not at all clear how to put some Lie structure on it. 
So in what concerns B to D, it is more appropriate to concentrate on analyzing particular 
cases showing up in geometric situations, rather than trying to present a whole general 
theory. Another approach: we totally forget the adjoint Lie structure and proceed as in 
L below. 

K. Variant mod p"^. Let m G N. All of A to J above makes sense and remains 
true modulo p'^, i.e. for truncations mod p'^ of cyclic diagonalizable filtered u-crystals; 
no modifications of arguments are needed (besides using -see 2.2.1 c)- (po and (pi instead 
of <p). 

L. Extensions. The arguments of A to I and of K above arc such that the motivated 
reader can easily extend them to the context of cyclic diagonalizable p-divisible objects 
of AiJ-'[Q^Tn]{W{k))', the only modifications needed to be performed are as follows: 

i) the role of 2 in A is just of a positive integer greater than m; 

ii) the dual of an n-tuple (ei, ...e„) formed by elements of S{0,m), is defined to be 
the n-tuple (m — ei, m — e„); 

iii) in the Corollaries of C and E above, we have to situate ourselves in the self dual 
context of 2.2.23 d) below; 

iv) in paragraphs D, F and G we need p > m + 2 (this can still be weaken, as their 
references to 2.3.18.2 for p = 2 point out; see 2.3.18.3 below); 

v) in H above, 2'^ has to be replaced by (m -|- 1)". 

Related to iv) wc could add that 2.2.16-19 have analogues in the context of p-divisiblc 
objects A^^[o,m](W^(^)) (for p > m-|- 2 no modifications of arguments are needed, just of 
language). 
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M. The non-filtered context. In the first proof of C, the fact that f{Fl) — F2 
played no role. So starting from this one can check that all invariants of {M,F^,(p) 
defined in I above are in fact invariants of (M, (p) itself (in other words, if k = k and 
if (M, F^, If) and (M, F^, 99) arc both cyclic diagonalizable filtered cr-crystals, then they 
are isomorphic). More generally, we have: 

Corollary. We assume k = k. Any object (N^lpn) of p — M.{W{k)) which is 
obtained from a cyclic diagonalizable object of p — A4J-'{W{k)) by forgetting the filtration, 
is uniquely decomposed (up to isomorphism) as a direct sum of objects of p — A4{W{k)) 
which are obtained from circular diagonalizable objects of p — A4J^{W{k)) by forgetting 
the filtrations and which can not be decomposed further on in non-trivial direct summands 
having this property. 

Proof: We just need to show the uniqueness part. Let 

be two such maximal decompositions; so each [Nf^ipj^j) is obtained from a circular 

i 

diagonalizable object of p — M.J^(W{k)) by forgetting the filtration and can not be 
decomposed into non-trivial direct summands which are obtainable in the same way, 
j = T;2, i e 5(1, n^), with n^ e N. Let rf = (e|(l), ...,ef (a|)) be the type (defined as 
in A and B) of with e N. We can assume all entries of r/'s are non-ncgativc; let a 
(resp. h) be the least common multiple (resp. the greatest) of a-^'s, j = 1, 2, i G S{1, n^). 
The essence of the argument is the proof of G. So let T/(ext) be the a-tuple obtained by 
putting -^-copies of r/ together. We are interested in them from the circular point of 

view and we order them w.r.t. base 6+1 (in a way similar to inequality (1) of A involving 
base 2); let r/^" = (ei, e^) be the greatest a-type among T/(ext)'s w.r.t. this ordering. 
We can assume jo = 1. We proceed by induction on d := dimvK(fe)(-^); so we assume that 
the Corollary holds for d smaller than some r e N. We now prove it for d = r. 

Following the proof of G (and so the first proof of C) we get that r/^ (ext) = rf^ (ext), 
for some ii G 5'(l,n^), and that Nl^ projects surjectively onto A^^^^; here we do need to 
use the fact that a}^^ is the smallest number h E N such that = ei+h, Vz G 5'(l,a) 
(if it would not be, then using similar arguments as the ones of the last paragraph of 
C we reach a contradiction to the "indecomposition" of {Nl^,(pj^i )). This implies: we 

can assume that A/^ = A^^^. By passing to quotients (defined by A/A/^) and using the 
inductive assumption, the Corollary follows. 

Warning: the above proof does not apply to get an analogue of 2.2.16.3 in the context 
of MT{W{k)). 

N. Exercise. Show that the converse of 2.2.19.2 does not hold in general. Hint: 
first use the types (1, 0) and (1, 1, 0, 0) in the same way as in Example 1 of 2.2.19 and 
then use the non-filtered version of the proof of G, to argue that we do not get something 
which is cyclic diagonalizable. 
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4) The deformation dimension. By the deformation dimension of the Shimura 
cr-crystal (M, (p, G) we mean the number 

dd{{M,ip,G)) := dim;^(fe)(Lie(G')/FO(Lie(G'))) = dimwik){F\Ue{G))). 

Here F°(Lie(G')) and F^(Lie(G)) are defined as in 2.2.8 1) starting from any (it does not 
matter which one, cf Fact 1 of 2.2.9 3)) lift of (M, ip, G). 

2.2.22.1. a-invariants. Let n e N. For any n-tuple r = (ei, en) of integers we 
denote by a'^ir) (resp. by a~{T)) the number of j e S{l,n) such that (0, 1) = (e^, ej+i) 
(resp. such that (1,0) = (ej,ej+i)). We refer to it as the a^-invariant (resp. as the 
a~-invariant) of r. The number 

is referred as the a-invariant of r. 

We assume k — k. For any cyclic diagonalizable p-divisible object d of A4J-'{W{k)) 
(and so implicitly for the object of p — M{W{k)) obtained from it by forgetting its 
filtration) we define its a+-invariant (resp. the a~-invariant and the a-invariant) by the 
following two rules (cf CoroUary of M of 2.2.22 3)): 

a) they are additive with respect to direct sum decompositions; 

b) if £ is circular and is not decomposable as a direct sum of two cyclic diagonalizable 
p-divisible objects of AiJ-'{W{k)), then it is the a^-invariant (resp. the a~-invariant 
and the a-invariant) of the type (it is defined as in A and B of 2.2.22 3)) of €. 

Exercise. Show that the a-invariant of a cyclic diagonalizable Shimura cr-crystal 
{M, p, GL{M)) is the same as the a-number of the p-divisible group whose associated 
cr-crystal is (M, p) . 

If k k, by the a+-invariant (or the a~-invariant or the a-invariant) of any po- 
tentially cyclic diagonalizable Shimura (filtered) adjoint Lie cr-crystal we mean the a"*"- 
invariant (or the a~-invariant or the a-invariant) of its extension to k. It is easy to see 
that, under field extensions, all these invariants are the same. 

Example. Let (M, F^, (p) be a cyclic diagonalizable filtered cr-crystal. We use the 
notations of 2.2.1 d), with all ?i(z)'s belonging to {0, 1}. Let bi (resp. 627 ^3 and 64) be 
the number ofi e A such that (n(i), n(7r(i)) is (0, 0) (resp. is (0, 1), (1, 0) and (1, 1)). We 
have: 

i) ai := 62 = bs is the a-invariant of (M, p); 

ii) bi + b4 = dimty(fc)(M) - 2ai; 

iii) the a"'"-invariant (resp. the a~-invariant) a2^ (resp. a2 ) of (End(M),(^) is &1&2 + 
6364 (resp. is 6163 -|- 6264) and so a J = ^2^; 

iv) the a-invariant a2 of (End(M),(/?) is ai dimvt^(fe)(M) — 2af. 
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So fixing the rank of M, 02 is determined by ai. Moreover: knowing 02, we have at 
most two choices for ai . 

2.2.23. Complements on quasi-polarizations. In what foUows we generahze 
the notion of principal quasi-polarization introduced in 2.2.1 c). Let n e N. Let R be 
a regular, formally smooth A;) -algebra. Let be a Frobcnius lift of R^. Let ft := 

{M,{F'{M)),^S{a,b).^) (resp. € := {M, {F'{M)),es{a,b): i^^)^es{a,b))) be a p-divisible 
object (resp. an object) of J^J-'[a,b]{R) , whose underlying module M is a projective 
i?^-module (resp. projective R/p'^R-module). 

A. Definitions, a) C is said to be a symmetric p-divisible object (resp. object) if 
there is a morphism C^^a C — > R^{a + b) (resp. Ci^R/pnjiC R/p'^R{a + b)) defined (at 
the level of underlying modules) by a perfect symmetric form pm '■ M®ra M — > R^ (resp. 
Pm '■ M <S)R/pniiM — > R/p^R). Pm is referred as a symmetric principal quasi-polarization 

of e:. 

b) €. is said to be an alternating p-divisible object (resp. object) if there is a morphism 
^ ®flA C ^ i?^(a + 6) (resp. d ®R/pr^R ^ R/p'^Ria + b)) defined (at the level of 
underlying modules) by a perfect alternating form pm '■ M ®r^ M — > R^ (resp. pm '■ 
M '^r/p'^rM — > R/p^R). Pm is referred as an alternating principal quasi-polarization 
or just as a principal quasi-polarization of C 

c) If M is a projective i?^-module, then any morphism tC®i?A C R^{a + b) defined 
by a symmetric form pM '■ M ®ra M — > R^ which becomes perfect after inverting p, 
is called a symmetric quasi-polarization of C As in b) above, we have a variant where 
symmetric is replaced by alternating. 

d) € is said to be a self dual p-divisible object (resp. object) if there is a morphism 

€ (8)flA it ^ R^{a + b) (resp. (t ®R/pr.R £ R/p'^R{a + b)) defined (at the level of 
underlying modules) by a perfect bilinear form pM '■ M ®r^ M — ^ R^ (resp. pm '■ 
M ®R/pnR M — > R/p^R). Pm is referred as a bilinear principal quasi-polarization of C 
or as a perfect bilinear form of £. 

e) In a) to d) above we have a variant where M.T]^a,b]{R) is replaced by an arbitrary 
Fontaine category of objects. 

B. Examples. We just restrict to situations emerging from the context of a 
Shimura filtered a"-crystal {M, , (p, G) over k. If there is a symmetric perfect form 
Pm '■ M ^w{k) M — i> W{k){l) such that G normalizes pm, then we refer to the quintuple 
{M,F^,(fi,G,pM) as a symmetric principally quasi-polarized Shimura filtered cr-crystal; 
this notion will play an important role in §5-14. 

Let now Tr (resp. KIL) be the natural trace (resp. Killing) form on Lie(G) (resp. 
on Lie(G'^'^)). They are both fixed by (p and by inverting p they become perfect. Let 
gR/\ e G{R^). We consider the Lie p-divisible objects of A^.F[_i^i](-R) 

€ := (Lie(G') ^wik) i?^, ^iiA((^ 1), F°(Lie(G)) ®w{k) R^,F\Ue{G)) ®w{k) i?^) 
and 

C^-i := (Lie(G'^'^) ®wik) R"", 9r- (<^ ® 1), F\Ue{G^^)) ®wik) R"", {Ue{G^^)) ®wik) R"")- 
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We have symmetric quasi-polarizations 
and 

KIL : e^'i ^ i?^(0). 

If Tr (resp. KIL) is a perfect form, then C (resp. C^'^) is a symmetric p-divisible object 
oi MJ^[-i,i]iR) and (T/p'^lT (resp. C^^/^n^ad^ symmetric object of MJ^[-i,i]{R). 

Let now (g, 9?, F°(0), ^-'^(g)) be a Shimura adjoint filtered Lie cr-crystal over k. We 
assume all simple factors of g are either of classical Lie type or of Eq or E7 Lie type. If 
none of these simple factors are of Am or Cm Lie type with p dividing 2(m + 1), or of 
Bm Lie type with p dividing 2(m — 1), or of Dm Lie type with p dividing 2 (2m — 1), or 
of Eq or E7 Lie type with p dividing 6, then the Killing form on q is perfect, cf. [Hu2, 
p. 48-9] for the Eq and £'7 Lie types and cf. [Va2, 5.7.2 and 5.7.2.1] for the classical Lie 
types. Loc. cit. excludes the case p = 3 just for the simple reason that [Va2] was focused 
on p > 5; but the argument for it is entirely the same (cf. also [Va2, 6.6.6]). 

If p > 2 and all simple factors of are of Bm or Cm Lie type with m > 2, or of Dm 
Lie type with m > 4, then the classical trace form on g is perfect. To recall the definition 
of the classical trace form for the mentioned Lie types, we can assume all simple factors of 
Q are of the same Lie type. Then the classical trace form on g is the multiple of the Killing 
form KIL on g by some r e Gm(Q), such that its extension to W{k), when restricted 
to a simple factor JF of (S)wik) ^{k), is the trace form associated to the classical (it is 
uniquely determined up to isomorphism; for its complex version we refer to [He, §8 of ch. 
3]) representation of of dimension d{m) (as p > 2 g is the Lie algebra of any semisimple 
group of whose adjoint is the adjoint group over W{k) -it is uniquely determined, cf. end 
of 2.2.13- having as its Lie algebra); here d{m) is 2m + 1 or 2m depending on the fact 
that g is or is not of Bm Lie type. 

Similarly, if p = 2 and all factors of g are of A2m Lie type, m G N, then the classical 
trace form (it is defined similarly to the above paragraph) on g is perfect. So we get: 

Fact. If p > 3 and g has no simple factor of Apm-i Lie type with m E N, or if 
p — 3 and g has no simple factor of Eq, E^ or of Apm-i Lie type with m E N, or if 
p = 2 and all factors of g are of some Lie type, m eN, then {g, F^{g), F^{g), (p) is 
a symmetric p-divisible object of M.J^[-i^i]{W{k)). 

C. Exercise, a) We assume Spec{R/pR) has the ALP property. Show that any 
bilinear principal quasi-polarization of an object € of MJ^^ ^ (R) [p] whose pull backs via 

any VF(A;)-morphism Spec{W(k)) — > Spec(i?) is symmetric, is in fact symmetric. 

b) We assume p = 2. Show that any symmetric object C of some category 
A4.F[o,i](*)[2] is alternating. 

Hints. Wc can assume we are in the context of a) of 2.2.23 A, with n = 1, (a, b) = 

(0, 1), k = k and R = W{k)[[xi, ...,Xm]]i for some m e NU {0}; moreover M is an R/pR- 
module. From very definitions, if m* = ^iipi^) with e F'^{M), we havepM(TO*, 'm^) = 0, 
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i G {0, 1}. But any m E M can be written as m — aom^ + aim^, with ao, ai G R. So, in 
case b) as pm is symmetric and p = 2, we have 7?m(w, m) = 0. In case a) we can assume 
^ji takes Xi into a;f . Using the fact that pmi'ni^ ■, w*^) = ^nipmi'^^ ■, n^)), by induction on 
q eN we get that pm is symmetric modulo the ideal {xi, Xm)'^ of R/2R. 

2.2.24. Semisimple elements. Let (M, G) he a quasi p-divisible object with a 

reductive structure over a finite field k. Let ki be a finite field extension of k such that 
the extension of (M, G) to /ci is a p-divisible object with a reductive structure over ki. 
Let m G N be such that ki — ¥pm . Then for any n G N, (p^^ is a linear automorphism of 
M[^] and so (as it can be seen by extension to B{ki)) it is identifiable with an element 
hmn £ G{B{k)). Let G G{B{k)) be its semisimple part. The slopes of {M,ip) and 
their multiplicities are computed in the standard way from the p-adic valuations and the 
multiplicities of the eigenvalues of /i^^ (see [Man] ) . 

2.2.24.1. If k is arbitrary, then we can work as well with the semisimple element h{ip) 
oi GL{M){B{k)) which acts on W{a){M[^],ip) as the multiplication with p«dimu.{fc)(M)!_ 

As the slope decompositions of 2.2.3 3) are functorial w.r.t. morphisms between (latticed) 
isocrystals, we get (cf. def. 2.2.8 3a) and 4a)) that h{ip) G G{B{k)). The image of h{ip) 
in G^^{B{k)) is a class invariant (i.e. by replacing by ^y?, with g G G{W{k)), it remains 
the same). We conclude: 

Fact. If the image of h{(fi) in G^'^{B{k)) is trivial, then h{(p) is uniquely determined 
by Cl{M,(p, G). 

Proof: Any element of Z(G^^'')(S(/c)) is defined by an element z G Z{G'^^''){W{k)) 
by making p invertible; as h{(p) and z commute, if z is non-trivial then the eigenvalues 
of h{(p)z acting on M [^] are not all integral powers of p. From this the Fact follows. 

2.3. The standard Hodge situation. The whole of 2.3 is dedicated to the founda- 
tion of integral aspects of integral canonical models of Shimura varieties of Hodge type: a 
language, a context and many general important features are presented. Implicitly, parts 
of what follows represent the generalization of different parts of [Ko2] (especially of ch. 5 
of loc. cit.). However, the things are far more technical then loc. cit., due to the passage 
from tensors of degree 2 (endomorphisms, polarizations, etc.) to tensors of arbitrary de- 
gree; here "tensors" are thought as some realizations of Hodge cycles of abelian varieties. 
Later on (see 2.3.8 2)) it turns out that the context we introduce (see 2.3.4), though in the 
beginning might look unnatural or restricted, it is the most general one could think of in 
terms of Hodge embeddings in a reductive Zp-context. In Grothendieck's and Chevalley's 
spirit of foundations of algebraic geometry, we work in a context about which (at least for 
p > 3), in §6 we are able to show it is "free" of any restriction (assumption) on tensors. 
We rely heavily on [Va2]. In 2.3.1-17 (resp. 2.3.18) we deal with the case p > 3 (resp. 
p = 2). 

2.3.1. The Z(p) setting. Let (W^ip) he a symplectic space over Q and let 

/ : Sh{G, X) ^ Sh(GSp(I^, ijj), S) 
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be an injective map. Let p > 3 be a rational prime. We assume the existence of a 
Z(p) -lattice L(p) of W such that V' induces a perfect form 

and the Zariski closure of G in GSp(L(p), ip) is a reductive group over Z(p) (if needed 
we can multiply i/j by an element of Grrt(Q), cf. [Va2, 4.1.6]). We call such a Z(p)-lattice 
good w.r.t. the map / (cf. [Va2, 5.8.3]). This assumption implies G is unramified over 
Qp. Let f be a prime of E{G,X) dividing p. It is unramified over p, cf. [Mi3, 4.7]. We 
always view C as an 0(„)-algebra (cf. the definition of E{G,X); for instance see [Va2, 
2.6]). Let K := GSp(L(p), V')(^(p) ®Z(j,) Zp) and let H := Kr\G{Qp). K is a hyperspecial 
subgroup of GSp(VF, '0)(Qp) (as i/j : L(p) ®Z(p) -^(p) — ^(p) is a perfect form) and iT is a 
hyperspecial subgroup of G(Qp) (as Gz^^^ is a reductive group and as i? = Gz(p)(Zp)). 
Let 

^ dimogO ^ ^_ 
2 

Let (fa)aeJ" be a family of homogeneous tensors of the essential tensor algebra 
r{W*) of W* © (ly*)* = W*®W, such that G is the subgroup of GSp(W^, ^|J) fixing v^, 
\/a G JT" (cf. [De4, 3.1 c)]). Sometimes it is more convenient to work with an extended 
family 

(so J' C J'') of such tensors, such that G is the subgroup of GL{W) fixing v^, Va e J''. 
Also it is convenient to consider that all elements of Lie(Z(G)) are part of this extended 
family (here we identify canonically End(I4^) with End(VF*)). As G(Q) contains the 
group of scalar automorphisms of W, Va e J' we have G VF*®"" <^q W'^'^", with 

<ieg{va) 



n 



a 



Let G^^^^ be the maximal reductive subgroup of Gzj^) fixing i/j. So 

G^(,) =Sp(L(p),V')nGz(^,, 

as the center of Gq has —Iw as a Q-valued point: this is a consequence of the definition 
of X as a G'(]R)-conjugacy class of homomorphisms Resc/RG^ G^; so the maximal 
compact subgroup of Resc/RG^(M) is connected and, when viewed as a subgroup of 
G(]R), contains —1w(^qR and is contained in G^^^^(M). 

We have a natural short exact sequence G2, ■— > Gz, , Gm and so a 
natural isogeny Gm x G^^ ^ ^^(p) whose kernel is H2- 

To any x & X it corresponds an injective cocharacter : Gc (see [Va2, 

2.2]). We often prefer to view G as a subgroup of GL{W*) or of GSp{W* ,1/^), where tp is 
the perfect form on W* induced naturally by ip, and to emphasize this we denote /ia, by 
fj,*; so n* defines, as in [Va2, 2.2], the Hodge structure on W* corresponding to x E X. 
H* achieves a direct sum decomposition W* ®q C — (B F^, with P e G^(C) acting 
through it on F^ as the multiplication with (3~\ i = 0,1. 
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2.3.2. The moduli setting for the Siegel modular variety. We get an injective 

map 

/ : (G, X, H, v) {GSpiW, S, K, p) 

of Shimura quadruples. Let Ai be the extension to 0(„) of the integral canonical model 
of the Shimura quadruple (GSp(VF, V'), S^K^p). It is known (for instance see [Va2, 
3.2.9 and 4.1]) that M. parameterizes isomorphism classes of principally polarized abelian 
schemes of dimension e over O^^^-schemes having, in a compatible way, level- iV symplectic 
similitude structure for any iV G N relatively prime to p; the choice of a Z-lattice L of 
W such that L ®i Z(p) = L(p) and if^ : L ®z — > Z (makes sense and) is a perfect form 
is implicit here, cf. [Va2, 4.1]. Here, as well as everywhere else, the level structures and 
their compatibilities are as in [Va2, paragraph before 4.1.0]. 

2.3.3. The integral canonical model. Let J\f be the integral canonical model of 
(G, X, H, v) (for p > 5 cf. [Va2, 6.4.1] and the defs. of [Va2, 3.2.6]; for p = 3 cf. §6). As 
A4 has the extension property (see [Va2, 2.3.3 3) and 6)]), we have (cf. also [Va2, 3.2.7 
4)]) a natural 0(„)-morphism 

W -.Af ^ M. 

[Va2, 3.2.12] implies: jV is the normalization of the Zariski closure of ShniG, X) in M.. 
From the proof of [Va2, 3.4.1] we deduce: ij^ is a finite morphism and not just pro-finite. 

The universal principally polarized abelian scheme over Ai gives birth, by pull back, 
to a principally polarized abelian scheme {A, Va) over A/". A is naturally endowed with 
a family {tv^)aej' of Hodge cycles. Argument: due to the existence of level structures, 
this can be read out from an etale Q;-context, with / a prime different from p; in other 
words, all Hodge cycles of the pull back of A to Sh{G, X) are already Hodge cycles of A 
and so [Va2, 4.1.1-2] applies. So the points of A/" with values in fields /C of characteristic 
0, give birth to principally polarized abelian varieties (obtained from { A, VX) by pull 
back), having a family {wa)aej' of Hodge cycles (obtained from {w^)aej' by pull back) 
and compatible level- symplectic similitude structures, for any N eN with {N,p) — 1, 
such that some additional conditions are satisfied (cf. loc. cit.). 

We denote by Hq an arbitrary compact, open subgroup of G(Aj) such that: 

a) the quotient morphism A/" J\f /Hq is a pro-etale cover; 

b) there is a principally polarized abelian scheme {AhoiVah^) ^'^'^'^ -^/Hq, with 
{A, Va) obtained from it by pull back via the pro-etale cover J\f — M/Hq. 

M/Hq is a quasi-projective, smooth 0(„)-scheme, cf. [Va2, 6.4.1]: this is a conse- 
quence of the fact that the morphism ij^ is finite. Warning: we do not assume that the 
family of Hodge cycles {w^)aej' is definable over J\f / Hq (i.e. is obtained by pulling back 
a family of Hodge cycles of Aho)'i also we do not assume Hq x H is included in (some 
specific compact, open subgroup of) GSp{L, ip){L ®z ^) for some Z-lattice L of such 
that we have a perfect form if) : L ®z L — Z (however, in many cases, the proof of [Va2, 
6.7.2] can be used to show that we can assume that such an inclusion does exist). Also 
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for the sake of future study (involving twists), we do not impose any restriction (besides 
b)) on {Ahqj 'Paho^'i particular, even if we have 

(INCL) HoxHG K{N) := {g e GSp{L,'^){L ®j^±)\g = 1^^^^ mod TV}, 

for some N e N \ {1,2}, with {N,p) = 1, we do not assume it is the pull back of the 
universal principal polarized abelian scheme over M./K'p{N) having level- A?^ symplectic 
similitude structure. Here K^{N) C GSp{W,'i(j){A^jr) is a subgroup such that we have a 
natural identification K{N) — K^^N) x K. However, by passing to a normal, open sub- 
group of Hq, {Ahq , "Paho ) becomes isomorphic to such a pull back, under an isomorphism 
which over jV it becomes the one of b) . Warning: despite the notation {Ahq i ^Ahq ) ) ^^is 
pair does not depend only on Hq. 

Let ^0 be an arbitrary compact, open subgroup of G'(Ay). We denote by Cp{Ho) 
(resp. by Cp{Ho,v)) the number of connected components of the generic (resp. special) 
fibre of Af/Ho- From [Va2, 6.4.6 3)] (see also [Va2, 3.2.7 2)]) we get: this number is 
independent of which hyperspecial subgroup H of G{Qp) we are dealing with and so the 
notations arc justified. 

2.3.3.1. The compact type case. If (G^X) is of compact type, then M /Hq is a 
projective, smooth 0(„)-scheme, cf. [Va2, 6.4.1.1 2)] (the proof of loc. cit. applies to the 
case p = 3 as well) . 

2.3.3.2. The abelian and adjoint counterparts. We denote by M'^ (resp. 

by Af^^) the integral canonical model of the adjoint (resp. toric) Shimura quadruple 
((<^ad^ j^ad^ ^ad^ ^ad) (resp. (G^^, X^^, if^^, 1;=^^) ) of {G,X,H,v). In connection to the 
existence of J\f^'^ for p = 3 (resp. of J\f^^ for p > 3) we refer to §6, cf. also [Va2, 6.2.2 
b)] and AE.4.1 (resp. we refer to [Va2, 3.2.8]). Let H^'^ (resp. H^^) be a compact, 
open subgroup of G*'^(A^) (resp. of G*^(Aj)) such that under the natural epimorphism 

G G""^ (resp. G G^^) it contains the image of Hq. Warning: we do not assume 
M^^/Hq'^ is smooth over 0(„ad). On the other hand, M^^/Hq^ is always an etale cover 
of Spec(0(„ab-)), cf. [Va2, 3.2.8]. In the same way we got the existence of we get the 
existence of an 0(^;)-morphism 

From [Va2, 6.4.5 b)] (cf. also [Va2, 6.2.2-3] and AE.4.1) we get that it is a pro-finite, 
pro-etale morphism (for p = 3 cf. also §6). If N"^^ is a pro-etale cover of the smooth 
0(„ad)-scheme M^^/H^^ then the similarly defined 0(^,)-morphism 

is an etale cover of its image. 

2.3.4. Definition. The Z(p)-lattice L(p) of W is said to be crystalline well positioned 
for the map / w.r.t. v, if, besides the property mentioned in 2.3.1 (i.e. it is good w.r.t. 
/), it also satisfies the following property: 
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(*) for any perfect field k of characteristic p and for every z G J\f{W{k)), the triple 
(A, {wa)aejTPA) '■— ^*(^, (^a )aeJ'; T^a) suck that the Zariski closure in GL{M) (with 
M := H^^^{A/W{k)) = H^ji{A/W{k))) of the subgroup of GL{M[^]) fixing the perfect 
alternating form pA '■ M <^w{k) M W{k){l) (induced by the polarization pa) and the 
crystalline (de Rham) component ta of Wa (ta is a homogeneous tensor of T{M[^])), 
VcK & J , is a reductive group G over W{k). 

If L(p) is crystalline well positioned for the map / w.r.t. any prime v of E{G,X) 
dividing p, then we say L(p) is crystalline well positioned for the map /. 

2.3.5. Basic definition. A triple (/, L(p),v) as in 2.3.1, with L(p) a Z(p)-lattice of 
W which is crystalline well positioned for the map / w.r.t. v, is called a standard Hodge 
situation, abbreviated SHS. If moreover there is a Z(p)-subalgebra B of End(L(p)), which 
over VF(F) is a product of matrix VF(F)-algebras, which is self dual w.r.t. •0, and is such 
that the subgroup of GSp(W, ip) fixing its elements has G as its connected component of 
the origin, then the quadruple (/, -^(p), f , B) is called a standard PEL situation (we recall 
that PEL stands for polarization, endomorphisms and level structures). 

2.3.5.1. Exercise. Let {Go,Xq) be an adjoint Shimura pair such that all its 
simple factors are of type for some n G N. Let p > 2 be a prime such that Gq is 
unramified over Qp. Show that there is an injective map /: {G,X) (GSp(VF, i/;), 5"), 
with {G^^^X^'^) = (Gq^Xq), and a Z^p) -lattice L(p) of W good w.r.t. /, such that for 
any prime v of E{G,X) dividing p we get a standard PEL situation {f,L(^p),v,B), for 
a suitable Z(p)-subalgebra B of End(L(p)). Hint: [Va2, 6.5.1] allows us to assume Gq is 
Q-simple and for such [Va2, 6.5.1.1 and Case 2 of 6.6.5.1]; in other words, loc. 
cit. handles the case p>h and so, for p = 3 we just have to literally copy the arguments 
for p > 5. 

2.3.5.2. The factors. Let (/,L(p),i;) be a SHS. Let 

be the direct factor decomposition in simple, adjoint Shimura pairs. Here J-^G^"^) is a 
finite set of indices, indexing the Q-simple factors of G^'^. We have: 

Fact 1. For any j G J^{G^'^) there is an injective map fj : {G^ ,X^) ^ {G,X) such 

that: 

a) G^'^'^^ is the semisimple subgroup ofG naturally isogeneous to Gj (so {G^^'^, X^^'^) = 

{Gf,Xf)); 

b) [f o fj, L(^p),Vj) is a SHS, for any prime of E{G^ ,X^) dividing v. 

Proof: [Va2, 3.2.7 11)] takes right away care of a) and to get b) we just need to 
use simple arguments. Following loc. cit., we can assume Gj is generated by G^'^'^'^ and 
by a maximal torus of G whose Zariski closure in Gz, s is a maximal torus of Gz, s ', so 
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(cf. [Va2, 3.1.6]) the Zariski closure of in Gz^^, is a reductive subgroup Czf^,- Let 
:— H n G-' (Qp). Let J\f^ be the integral canonical model of the Shimura quadruple 
(G^ , H\v^). In the same way we got ij\f, we get naturally a finite 0(„3)-morphism 

The fact that the triple (/o J^, L(p), fj) is a SHS, can be deduced immediately from [Va2, 
3.1.6] via [Va2, 4.3.13] (to be compared with the proof of [Va2, 5.7.1]). To recall the 
details, we refer to 2.3.4, with z factoring through A/"j. Defining Gj in the similar way, 
[Va2, 4.3.13] "takes care" of the maximal subtorus of ■Z^(Gz( )) (^•^- implies that the 

Zariski closure in GL{M) of the connected component of the origin of Z{GjB{k)) is a 
torus), while the fact that {f,L(^p),v) is a SHS "takes care" of the derived part of Czj^j 
(i.e. it implies that the Zariski closure in GL{M) of ^ semisimple group); it is 

[Va2, 3.1.6] which "takes care" of combining the toric part with the derived part. This 
proves Fact 1. 

So from many points of view (for instance, see Fact 2 below), for the study of a SHS 
(/, L(p), v), we can assume G^^ is a simple Q-group; however, for the sake of generality, 
we never assume this a priori. 

Let qoa.d be the order of the center of the simply connected group cover of GfP^. We 
have: 

Fact 2. A connected component Cq o/A/Vi/(f) is « quotient of the product Xj^jr^Qi^d^CQ, 
wUHCq a connected component ofJ\f^^^y through a pro-finite, q^^^^-torsion abelian group. 

Proof: First, it is irrelevant which connected components we choose, cf. [Va2, 3.3.2]. 
Second, we need to apply [Va2, 3.2.16] to the Shimura quadruple 

( n n n ^^^w), 

j£j^{G^'^) jeT(G^'i) ieJ^{G^'^) 

where w is the prime of the composite field of all refiex fields E{G\ X^ys dividing all 
v^ 's. Third, we need to consider a cover {G,X,H,v) {G,X,H,v), such that G^^^ = 
rije^CG-d) % cf. [Va2, 3.2.7 10)]. So, Fact 2 follows by combining [Va2, 6.2.3 and 
6.2.3.1]. 

The mentioned torsion abelian group is trivial if G^^'^ = Xj^j^(G'^d^^^^^'^, cf. [Va2, 
6.2.3]; in fact here the word if can be replaced by iff, as it can be easily deduced from 
[Va2, 3.3.1] and [De2, 2.1.7]. 

2.3.5.3. PEL-envelopes. The PEL-envelope /i : {Gi.Xi) ^ {GSp{W,ij), S) of 
/ was introduced in [Va2, 4.3.12]: Gi is the connected component of the origin of the 
subgroup of GSp{W, •0) centralizing the Lie algebra Bq of endomorphisms of W fixed by 
G, while Xi is uniquely determined by requiring / to factor through /i. Let 

B :=i3QnEnd(L(p)). 
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Let vi be the prime of E{Gi,Xi) divided by v. If the quadruple (/i, L(p), f i, i3) is a 
standard PEL situation, then we refer to it as the PEL-envelope of (/, L(p), v). 

2.3.5.4. Automorphisms. The group of automorphisms of the Shimura triple 
{G,X,H) (or quadruple {G,X,H,v)) is a subgroup A\it{{G, X, H)) of Aut{Gz(^^^){1'{p)), 
cf. [Va2, 3.2.7 9)] and AE.O. We consider the natural homomorphism 

aiG,x,H) : Aut((G,X,if)) ^ Aut{Gtj{Z^p^). 

If G^^ itself is the smallest subtorus of G^^ through whose extension to R the homomor- 
phism Resc/RGm, G^ defining X^^ factors, then a(^G,x,H) is injective and its image 
(identifiable with Aut{{G, X, H))) is a subgroup of finite index of Aut{G^^^){Z(^p^). So, 
(cf. also [Del, 1.6]) we have 

AutiiGSpiW,iP),S,K)) = Aut{GSp^{L^p),^)){Z^^^). 

The subgroup of this last group normalizing / (i.e., under this identification, normalizing 
G and -over R- taking X onto itself) is called the automorphism group of (/, L(p), v) and 
is denoted by Aut(/, L(p), v). 

Let now g G Aut(/, -^(p), v). We denote by ag the 0(„)-automorphism of M. it defines 
naturally (cf. 2.2.1.5.1 and natural extension of scalars). It leaves invariant the closed 
subscheme Shij(G, X) of M.e{g,x) and so it gives birth to an 0(^)-automorphism hg of 
jV; we have: 

ohg = ag o ij^. 

2.3.5.5. Standard covers. Wc consider a reductive subgroup Gi of GL{W) con- 
taining G and such that Gf^^ — G'^'^''. Let Xi be the Gi]R(R)-conjugacy class of any 
element of X. We get a Shimura pair {G\,Xi) (see the axioms of [Va2, 2.3]). We have 
E{G, X) = E{Gu Xi). If Gi ^ G (resp. if Gi 7^ G and Gi is a subgroup of GSp{W, V')), 
then (Gi,Ai) is an enlargement of {G,X) (resp. of {G,X) in {GSp{W,ip), S)) in the 
sense of [Va3, 4.3.1 and 4.3.1.1]. 

In practice Gi is generated by G and by a maximal torus of the centralizer of G in 
GL{W). In such a case Z{Gi) is a torus: it is the group of invertible elements of the 
semisimple, commutative Q-subalgebra Lie(Z(Gi)) of End(VF). So we get: 

Fact 1. The adjoint map ai : (Gi,Ai) (Gf^^Xf^) is a cover (in the sense of 
[Va2, 2.4]). So Xi = (cf. [Mil, 4. 11]). 

We refer to ai as a standard cover defined by /. We can assume Gi is unramified 
over Qp, cf. [Va2, 3.1.4]. If moreover the Zariski closure Giz^^^ of Gi in GL{L(^p)) is a 
reductive group over Z(p), then we refer to standard cover defined by (/, L(p)); 

the Shimura quadruple (Gi, Xi, Hi, v), with Hi := Gi(Qp) fl GL(L(p))(Z(p)), is referred 
as a standard extension of (G, X, H, v) obtained via (/, L(^p-)). 

Fact 2. If the centralizer Cz/^^^ of G^^^^ in GL{L(^p^) is a reductive group overZ^^p^, 
then standard covers defined by {f,L(^p^) do exist. 
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Proof: We consider (see [Har, 5.5.3]) a maximal torus of C'z(p) and we take Gi to 
be generated by its generic fibre and by C^^^. The fact that GiZj^) is a reductive group, 
is imphed by [Va2, 3.1.6]. This ends the proof 

We assume now that ai is a standard cover defined by {f,L(^p)). Let A/i be the 
integral canonical model of {Gi, Xi, Hi,v), cf. [Va2, 6.2.3]. Based on [Va2, 3.2.7 4) and 
3.2.15], we have a natural open closed 0(^,)-embedding ii : J\f ^ Afi- Moreover the 
natural 0(^,)-morphism 

is a pro-etale cover (cf [Mil, 4.13] and [Va2, 6.4.5.1 b)]; for p = 3 cf also §6). From the 
very definition of Xi, we have: 

Fact 3. The monomorphisms Resc/M^^m ^ Gm defined by elements of Xi, factor 
through G-r and so through GSp{W <S)q K, V') • 

2.3.5.6. Remark. Fact 3 allows the interpretation of M\e{g,x) as a moduli scheme 
of principally Z(p)-polarized abclian varieties over i?(G, X)-schcmcs of dimension e, en- 
dowed with a family of Hodge cycles (still indexable by J') and having compatibly 
level- structures (not necessarily symplectic similitude ones), VA^ G N with {N,p) = 1, 
and satisfying some axioms. As this is very much the same as [Va2, 4.1 and 4.1.0] (we 
just need to allow principal Z(p)-polarizations as well as level- AT structures which are not 
necessarily symplectic similitude ones), we will not repeat the details here. 

2.3.5.6.1. Variants. A. We refer to 2.3.5.5. We assume Gi is unramified over Qp 
but the Zariski closure of Gi in GL{L(^p^) is not a reductive group. From [Va2, 3.1.1 and 
3.2.7.1] we deduce the existence of a hyperspecial subgroup Hi of (ji(Qp) containing H 
and which is the group of Zp-valued points of a reductive group Giz^^^ having Gi as its 
generic fibre and having Gz(p) as a closed subgroup. So, we can still speak about ii and 
q_\f^. Based on [Va2, 3.3.1-2], 2.3.5.6 still makes sense in such a situation. 

We consider a Z(p)-lattice -£'i(p) of W such that the Zariski closure of Gi in GL(Li(p-)) 
is G'iZ(p), cf [Ja, 10.4 of Part I] and [Va2, 3.1.2.1 c)]. Wc refer to ai as a standard cover 
defined by (/, -^i(p)). Even better, we consider the standard monomorphism 

sm : S'L(Li(p)) ^ GSp{Lifp-j,'il;i) 
(as in [Va2, 6.6.5 dl)]; to be compared with [Va2, 6.5.1.1 v)]), with ipi a suitable perfect 

2 2 

alternating form on := -t'i(p) ® -^i(p)- Let Wi := ^Zj^j Q- We get naturally an 
injective map 

f:{G,X)^{GSpiWi,i;i),Si) 

(the restriction of / to G^ is the composite of the monomorphism G^ ^ SL{W) with 
the generic fibre of sm) such that Giz^^^ is naturally a subgroup of GL^L^^^). 

B. We have a variant of 2.3.5.5-6 and A, where Gi is generated by G and by the 
center of the centralizer of G in GL(W). What we gain in this case: the torus Z(Gi) is 
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the group of invertible elements of a semisimple, commutative Q-subalgebra of End(VF) 
left invariant by the involution of End(VF) defined hy ip. So we have the following logical 
two extensions of the interpretation of 2.3.5.6. 

(INTRl) If moreover G*^®"" is the derived subgroup of the connected component of the origin 
G' of the centralizer C{Gi) of Z{Gi) in GSpCW^ip), then a similar interpretation 
as in 2.3.5.6 holds for jVi itself: we just need to replace Hodge cycles by 
endomorphisms and to use Serre-Tate's deformation theory (to be compared with 
[Ko2, ch. 5]). Warning: if C{Gi) ^ G', then we still do not need to mention Hodge 
cycle which are not Z(-p-)-endomorphisms, as C{G\) is a subgroup of G\. 

(INTR2) If G^^'^ is not the derived subgroup of C, then denoting by X' the G'(]R)-conjugacy 
class of homomorphisms Resc/RG„j — > G't^ generated by X, we get a PEL type em- 
bedding /' : {G',X') ^ {GSp{W,il;),S). Let v' be the prime of E{G',X') divided 
by V. As Z{Gi) is unramified over Qp (it splits over Q^" as Gi does), G' is as 
well unramified over Qp. If G'l and respectively A/"/ have (by working with v') the 
same meaning for G' as Gi and A/i have for G, we get naturally (see ij^ of 2.3.3) a 
finite 0(^/)-morphism A/i — > J\fl and so to any F-valued point of A/i it is attached 
naturally (cf. (INTRl)) a principally Z(p) -polarized abelian variety over F of dimen- 
sion e, endowed with a family of Z(p-)-endomorphisms (indexed by the elements of 
Lie(Z'(Gi)) n End(L(p))) and having compatibly level- A" structures (not necessarily 
symplectic similitude ones), VA^ G N with {N,p) — 1. 

2.3.5.7. Remark. We refer to the Existence Property of 1.10. From [Va2, 6.5.1.1 
i) and the first part of 6.6.5.1] we deduce that we can moreover assume that the repre- 
sentation of G^^p-j on GL(L(p) ®^(p) ^^(1^)) is a direct sum of irreducible representations 
such that: 

- each simple (irreducible) direct factor of it is a representation associated to a 
minimal weight of a product factor of G'^'j^^ having a simple adjoint, and so its special 

fibre is an irreducible subrepresentation of G^'^^'^ (cf. also [Bol, 6.4 and 7.3]). 

So in such a case Cz^^^,^ is a reductive group, and so Fact 2 applies. Moreover, referring 
to 2.3.5.6.1 B, we have: as the Zariski closure of Z{Gi) in GL{L(^p-j) is a torus of GL{L(j,-^) 
whose Lie algebra B is self dual w.r.t. V) the triple (/', L^p), v', B) is a standard PEL 
situation. 

2.3.5.8. An application: the proof of AE.4.2 a). The case p = 3 is very much 
the same (see §6). So, to be simpler in references, wc assume p > 5. Let (Gi, Ai, i^i, vi) 
be a Shimura quadruple of preabelian type, with vi dividing p. Let Ai (resp. A/'f'^) be its 
integral canonical model (resp. be the integral canonical model of its adjoint), cf. [Va2, 
6.4.2] and AE.4.1. Let Hqi be a subgroup of Gi(A^) such that i?oi x i^i is a subgroup 
of Gi{Kf) smooth for {Gi,Xi). If p does not divide t{G^), the fact that A/i is a pro- 
etale cover of Mi/ Hqi is implied by the Proposition of AE.4. We now assume p\t{G\^) 
and Hqi x Hi is p-smooth for (Gi, Ai). We need to show that A/i is a pro-etale cover 
of Ni/Hqi. As this is a problem of connected components of Niw{¥)i we can assume 
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(cf. Definition 1 of AE.4), that there is a prime / different from p and such that the 
image of Hqi in G\'^{Qi) is contained in a compact, open subgroup Hq^^ having no pro-p 
subgroups. Let -f^oi*^ be a compact, open subgroup of Gi'^(A^'') containing the image of 

Hqi in it; here A^'' denotes the ring of finite adeles whose both p- and Z-components are 
omitted. 

As the natural 0(„j)-morphism Mi — > -N"^^^ ^ is pro-etale (see [Va2, 6.4.5 b)]), and 
as the quotient 0(^,j)-morphism Hi — > Hi/ Hqi factors through the natural morphism 
^i^^io.jH^t with 

rVad . rr/ad ^ trad 

-"01 •— -"01 ^ ^Olh 

we can assume Gi is adjoint. Based on [Va2, 3.4.5.1], it is enough to show that the 
morphism Hi^ H^/Hq^^ is a pro-etale cover; here the role of H\y^ is that of an 
arbitrary compact subgroup of Gf{KY). Based on this and on [Va2, 3.2.16], we can 
assume Gi is Q-simple. So based on 2.3.5.7, not to introduce extra notations, (by moving 
back to a Gi which is not adjoint but has a Q-simple adjoint) we can assume that: 

- wc have a SHS (/, L(p),t;) and we are in the context of a standard cover ai : 
(Gi,Xi) ^ {Gf.Xf) = {G-^,X-^) defined by (/,L(p)); 

- with the notations of 2.3.5.5, we are dealing with a subgroup Hq^ of Gf'^(Ay) which 
has the above shape and properties (so in particular, Hq^ x G^^^^^ (Zp) is p-smooth for 
(G'f,Xfd)). 

A connected component of H^^^^-^/Hqi^ is a quotient of a connected component C° 
of Hiw{¥) through a group of automorphisms GA of Hiw(¥) leaving invariant C° and 
defined by translations by a subgroup of Gi(Ap whose image in Gi^{Qi) is trivial, cf. 
[Mil, 4.13] and [Va2, 3.3.1]. If h e GA fixes y e C°(F), then as in AE.4.1 we get that 
h acts trivially on C^(¥) (we need to work precisely with I). Warning: here we dot 
need to bother about Hodge cycles which are not defined by endomorphisms, i.e. in 
connection to the Z(p)-automorphism a we get (as in AE.4.1) we are bothered just about 
Z(p) -polarizations, level structures (and if one desires, about Z(p) -endomorphisms), cf. 
2.3.6.1 (INTR2). So C° is a pro-etale cover of C°/GA. This ends the proof of AE.4.2 a). 

2.3.5.8.1. Variant. What follows is a natural extension of AE.4. 1.1 and so provides 
a variant of the last paragraph of 2.3.5.8; so we can assume G^'^ is Q-simple. If it is of 
some An Lie type with p\n + 1, then we can proceed as in AE.4. 1.1 to get that we can 
assume that moreover h G (j'(A^). If G'"^*^ is not of A^ Lie type with p\n + 1, then ggad 

(see 2.3.5.2) is relatively prime to p and so for any h G (j"^^(Aj) there is G N, with 
{q,p) = 1, such that belongs to the image of G'^^=^(Ap in ^^'^(Ap. So, as in AE.4.1. 1, 
we can assume that h G G(Ap; we conclude: 

Regardless of how G^'^ is, in the last paragraph of 2.3.5.8, the use of 'Z(p)-" in front 
of polarizations (and isogenies) can he entirely avoided. 
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2.3.6. Examples. We refer to 2.3.1. If the family of tensors {vct)cteJ is Z^^^-well 
positioned w.r.t. ip for the group G, if it is enveloped by L(p) (see [Va2, 4.3.4] for the 
meaning of these), and if it is of degree at most 2{p — 2), then the triple {f,L(^p^,v) 
is a SHS (cf. [Va2, 5.1 and 5.6.5]). More generally, if there is a family of tensors of 
T(L(p) ®Z(p) VF(F)) which is VF(F)-well positioned for Gw{¥) and of degree at most 
2{p - 2), then the triple (/, L^p),v) is a SHS, cf. [Va2, 5.6.9]. 

In particular, if / is a good embedding w.r.t. p (see def. [Va2, 5.8.1]), then there 
is a Z(p)-lattice of W which is crystalline well positioned for the map /. From this the 
Existence Property of 1.10 follows. 

2.3.6.1. The d-invariants. Let W he a finite dimensional vector space over a 
field k. We assume k is either of characteristic or it is perfect of arbitrary positive 
characteristjc. We consider a faithful representation f : G ^ GL{W), with G a reductive 
group over k. We assume it is not an isomorphism. If G contains the 1 dimensional torus 
Ti of scalar automorphisms of W, then we also assume the existence of a non-degenerate 
bilinear form on W or on its dual normalized by G. The existence of the numbers 
introduced by the following definition is a consequence of [De4, 3.1 c)] and of the finite 
dimensionality of W. 

Definition. Let d{f) e N U {0} (resp. do{f) e N U {0}) be the^ smallest number 
such that there is a family of tensors of T{W) of degree at most d(f) (resp. at most 
do{f)) such that the subgroup of GL{W) fixing all its members and, in case G contains 
Ti, normalizing -0, is G (resp. has G as the connected component of its origin). We refer 
to d{f) (resp. to do{f)) as the c?-invariant (resp. as the do-invariant) of /. 

We have d{f) > do{f). By enlarging k, these numbers remain the same. So let di{f) 
(resp. d2{f)) be the d- invariant (resp. the do-invariant) of the natural representation of 
an arbitrary maximal torus of G on W. Let ds{f) (resp. d4(/)) be the d- invariant (resp. 
the (io-invariant) of the natural representation of G^^^ on W. Let d5{f) (resp. deif)) 
be the d-invariant (resp. the do-invariant) of the natural representation of the maximal 
subtorus of Z{G) on W. 

Example. We refer to 2.2.9 5). We assume G does not contain the 1 dimensional 
split torus of scalar automorphisms of M. Then the d-invariant of the representation of 
GB{k) on M[i] is deg(M, </?, G). The proof of this is very much the same as the proof of 
the Fact of 2.2.9 1'). 

If (/, L(p),'i;) is a SHS, we refer to the numbers d(/), do(/), di (/),..., dQ{f), d{fp), 
doifp): ds{fp) and d4(/p) as its d-invariants. Here / is identified with a representation of 
GonW and 

fp ■ Gwp ^ GL{L^p)/pL^p)) 

is the (alternating) faithful representation defined naturally by the closed embedding 
G^Z(p) ^ CfL{L(^p^i). Warning: simple arguments involving representations of tori show 
that we have di{fp) = di{f) for i G {1,2,5,6}; but we have no a priori reason to think 
that in general this automatically holds for i e {0, 3,4} or that d(/) = dp{f). From the 
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second paragraph of 2.3.1, we get: do{f), di{f), d2{f), c^5(/) and del/) are even 

numbers. Any one of the conditions d{f) = or do{f) = are equivalent to / being an 
isomorphism. 

Using the language of [Va2, 4.3.1], we have: if (G, X) is saturated in {GSp{W, ip).,S), 
then do{f) < 4. In general we do not know when (io(/) = 4. If we have a standard PEL 
situation (/, i^(p), v, B), then do{f) e {0, 2} but (see the D case in [Ko2, §5]) it can happen 
that d{f) > 4. 

2.3.7. Convention. Whenever we consider a SHS {f,L(^p^,v), we use freely the 
notations of 2.3.1-3 and of 2.3.5.2. 

2.3.8. Remarks. 1) We do not know when the converse of 2.3.6 is true. That 
is, we do not know for which SHS {f,L^p^,v) there is a family {va)aeJ oi homogeneous 
tensors of the essential tensor algebra of W* ® W, which is Z(p)-well positioned w.r.t. ip 
for G, is enveloped by -£'(p), and is of degree at most 2{p — 2). It is not hard to see, that 
for p = 3 we do need that at least one of the following two conditions is satisfied: 

- doif) is or 2; 

- there is a saturated enlargement (see def. [Va2, 4.3.1]) of {G,X) in 
{GSp{W, ip), S) such that the do-invariant of the representation of Gi on W is 2. 

2) A major result of §6 states that any Z(p)-lattice L(p) of W good w.r.t. / is 
automatically crystalline well positioned for the map /. In particular, we will see in §6 
that in 2.3.5.6.1 A we get a SHS (/, Lifp^.v). 

3) Usually when we mention the polarizations we use the set of indices (i.e. we 
would like to "carry" as few Hodge cycles as possible); when we do not, then we use J^' . 
If this is confusing to the reader, the reader can assume J = J' . 

4) We consider a quadruple (/, L{p)^ v, B) which satisfies all requirements of a stan- 
dard PEL situation, except that (/, L(p), v) is a SHS. Then such a quadruple is a standard 
PEL situation. For the case when Bq := B Q is a simple Q-algebra, cf. [LR] and 
[Ko2, ch. 5] (cf. also [Va2, 5.6.3] and AE.l for very detailed proofs in the spirit of arbi- 
trary SHS's). Warning: in the way we defined a standard PEL situation, Bq := B^z^p-, Q 
is not necessarily a Q-simple algebra and so G^"^ does not necessarily have all its simple 
factors of the same Lie type. However, [Va2, 4.3.11] and its slight correction of AE.l, still 
apply (versus [Va2, 5.6.3]) to such a general Z(p)-algebra B: just the third paragraph of 
[Va2, p. 469] has to be modified (we need to define separately a number n e N as in loc. 
cit. for each simple factor of Bq). 

2.3.8.1. Exercise. Let (G, X, v) be a Shimura quadruple of Hodge type, with v 
dividing p > 3. Assuming 2.3.8 2), show that there is a SHS (/, -^(p), v) for which we do 
have H = Gz^p^{L(^p^ ®^(p) ^p)- Hint: just restate the proof of [Va2, 6.7.2]. 

2.3.9. Theorem. Let {f,L(^p^,v) be a SHS. We consider the context and notations 
of 2.3.4. We have: 

a) G is an inner form of G\Y(^k)j moreover G^^ is a split torus. 
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b) The reductive group G splits over a finite Galois cover Spec(M^(/ci)) o/Spec(M^(/c)) 
of order dividing a fixed power ofqQad. Moreover, the Galois group Gal(/ci//c) is nilpotent 
of index of nilpotency at most two. If for each simple factor {Gj,Xj) of {G^'^,X^'^) of 

type with n E 2N, n > 6, the semisimple subgroups of G^^ naturally isogeneous to a 
simply factor of Gjc, are simply connected, then this Galois group is abelian. 

c) // all factors ofG'^'^ are ofC^ or Lie type for some n eN, and if for any sim,ple 
factor G'q of Gq^ of An Lie type, the semisimple subgroup of G'^^ naturally isogeneous 
to it is a simply connected semisimple group, then G is isomorphic to GvK(fc)? regardless 
of the choice of the W{k)-valued point z of Af. 

d) If G^^^ is a simply connected semisimple group, then the Galois group of h) is 
abelian of exponent 2. 

Proof: For the sake of future references, we index the main paragraphs by capital 
letters. 

A. Let A?" e N with {N,p) = 1. As {A,Va) has level-N symplectic similitude 
structure, so does So the A^-th roots of unity are contained in k. We conclude: 
/c D F = k{y). So also B{k) D B{¥). The Proposition is a consequence of this last 
inclusion and of Fontaine's comparison theory. We present the instructive details. We 
recall that: 

Theorem. Let q be a prime. Any Hodge cycle of an abelian variety over the field of 
fractions FR of a complete DVR of mixed characteristic (0, g) having a perfect residue 
field, is a de Rham cycle, i. e. under the isomorphism of the de Rham conjecture, its de 
Rham component is mapped into the q-component of its etale component. 

The case when the abelian variety is definable over a number field contained in FR, 
this result was known since long time (for instance, see [Bl, (0.3)]). This extra hypothesis 
was removed in [Va2, 5.2.16] (in the part of [Va2, 5.2] preceding [Va2, 5.2.16] an odd 
prime is used; however the proof of loc. cit. applies to all primes). 

B. As G is unramified over Qp, Gb{w) is a split group. So (^^^(A:) is a split group. 
Fontaine's comparison theory implies GB{k) is an inner form of GB{k) (cf. Theorem of 
A). But G splits over a finite etale extension of W{k). So over this extension it becomes 
isomorphic to Gw(k)i cf- the uniqueness of a split reductive group associated to a given 
root datum (see [SGA3, Vol. Ill, p. 313-4]). As G^ ^j^-^iW {k)) is that maximal bounded 
subgroup of G^f^j^^{B{k)) (see [Ti2, 3.2]) which normalizes Lie(G^^^-j), we get: any 
automorphism of GvF(fe) which generically is inner, is inner. We deduce: G is an inner 
form of GyY{k)- So G^^ is a split torus. This takes care of a). 

C. Now we prove simultaneously the other parts. Any element of T{L*^^-^[^]) fixed 
by gives birth (cf. the identification of [Va2, top of p. 473]) through Fontaine's 
comparison theory to an element of T(M[-]) fixed by G (again cf. Theorem of A; as we 
are over W{k) we can use as well Fontaine's comparison theory in a purely crystalline 
context). As B{k) D -B(F), we can use i?(F)-linear combinations of such elements. We 
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denote by 

Fix(G'B(F)) 

the set of tensors of T{L'^^s^ ®^(p) -^(^)) fixed by Gb{f) ■ So any element of Fix{GB{F)) has a 
counterpart in T(M[i]). As Gb(¥) is a split group and all simple Lie factors of Lie(G^(-jp^) 
are classical, split, simple Lie algebras over -B(F), we can often "capture" the fact that 
Gb{f) is split by just using the set Fix(Gs(F))- The most useful elements of Fix.{GB{¥)) 
are its projectors: they single out different subrepresentations of the representation of 
Gb{¥) on T{L*^p-j <E)Z(p) -S(F)) which can "encode" useful information on G^Yf)- 

D. We first assume that: 

(*) for any simple factor AD of G^^^^ "coming" from a simple factor of (G^'^, X^'^) of An 

(n e N, n > 2) or type (n e 2N, n > 6), the semisimple subgroup SSS of G^^f) 
naturally isogeneous to it, is simply connected and the representation of Gb{¥) on 
L*p^ <8)Z(p) B{¥) does contain a subrepresentation Wsss (not necessarily irreducible) 
on which the connected component of the origin of Z{Gb{¥)) acts as multiplication 
with scalars and on which G^^f) ^'^^^ through a quotient of it which is naturally 
isomorphic to 5" 5" 5". 

The image of Gb{f) in GL{Wsss) is a reductive group GSSS which has a quotient 
QG which is either a GL„_|_i-group or is a G5'0(2n)-group. From [De4, 3.1 (a)] we 
deduce that the classical representation of QG (defined as in 2.2.23 B) "shows up" as 
a subrepresentation of GSSS on T{Wsss) factoring through QG. From this, Weyl's 
complete reductibility theorem, the structure of the irreducible representations of a direct 
sum of absolutely simple, split, semisimple Lie algebras over B{¥), and the fact that the 
irreducible subrepresentations of the representation of a simple Lie factor of Lie(G^^p-j) 
on L^p^ ®Z(p) B{¥) are given by minimal weights (see [Sa] or [De2, p. 261]) we deduce: 

Fact. For any simple factor qq of Lie{G^^-p^) , we can single out a subrepresentation 
of the representation o/Lie(G^(.p-j) on T{L*^-^ ®^(p) -^(^)) which is the tensor product TV 
of the classical faithful representation (viewed as a monomorphism) go End(VFo) (over 
B(¥); for its complex version we refer to [He, §<§ of ch. 3]) with other representations 
of the same type of the other simple factors of 'Lie{G^^^^^^) , just by using (a projector of) 
Fix(GB(F)); moreover, the bilinear form (if it is not zero, then it is non- degenerate and 
unique up to a non-zero scalar) bo on Wo annihilated by go ( if 0o is of An Lie type, 
n eN\{1}, then this bilinear form is zero), gives birth to a bilinear form on TV fixed 
by G^Yf) ^'^^ normalized by Gb{¥)- If Qo = Lie(AD), then TV — Wq- 

As G is an inner form of Gw(k)i all simple factors of G^^ are absolutely simple 

factors. From the Fact and Fontaine's comparison theory, we get the existence of an 
absolutely simple factor go of Lie(G^^^^-|), which is an inner form of go and which has a 

faithful representation on Wq := Wo ®b(f) B{k), annihilating a bilinear form bo on Wq. 
bo is a non-degenerate form iff the Lie type of go is not An, with n e N, n > 2. We 
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recall that the dual of a tensor product of representations is the tensor product of the 
dual representations. 

We now treat the case when all factors of G^^ are of some or Cn Lie type 
(n e N). By reasons of dimensions (resp. due to the existence of the alternating non- 
degenerate form bo) in case go is of (resp. of Cn) Lie type, we get: §0 is isomorphic 
to go ®B(F) B{k). We deduce go is a split Lie algebra over B{k). So C^"^^ is a split group. 
So (cf. a)) G is a split group. As GB{k) and GB{k) are both split and inner forms of each 
other, they are isomorphic. We conclude (as in B): G is isomorphic to GvK(fc)- This ends 
the proof of c) under the assumption (*). 

E. Coming back to the general situation (of the assumption (*)), it is enough to 
show: if 60 is a non-degenerate symmetric form (i.e. if go is of or Lie type), then 
go and go ®b{¥) B{k) become isomorphic to each other over a finite, unramified abelian 
extension B{ki) of B{k) of order a divisor of 2^^^°\ where N{Wo) e N depends only on 
m := dimB(F)(VFo). 

To see this, let Gq be a semisimple group over W{k) whose generic fibre is the 
connected component of the origin of 0{Wo,bo) — Aut{WQ,bo). Its existence is implied 
by the fact that G is a reductive group. It is enough to show that Gok splits over a 
finite abelian extension ki of k whose Galois group is a 2-torsion group of whose order is 
bounded in terms of m. Wc consider a VF(A;)-latticc Lq of Wq such that Go is a closed 
subgroup of GL{Lq), cf. [Ja, 10.4 of Part I] and [Va2, 3.1.2.1 c)]. The existence of bo 
implies (very easy exercise; see also the general result in [Ja, 10.9 of Part I]) the existence 
of a non-degenerate, symmetric bilinear form on Lq/pLq fixed by (?ofc- With respect to 
some A;-basis of Lq/pLq, the quadratic form of this new bilinear form, can be written as a 
sum Yl^i (^i^h where Oj's are non-zero elements of k. We get: Gofc splits over the abelian 
extension ki of k obtained by adjoining square roots of not more than [^] elements of k. 
So [ki : /c]|2[^l. This ends the proof of b) and d) under the assumption (*). 

F. To prove b), c) and d) in general we use the standard techniques of [Va2, 6.2.3.1, 
6.2.3, 6.4.2 and 6.4.5.1] (for the case p = 3 cf. §6). In other words, cf. 2.3.6 and loc. cit., 
there is another SHS (/^, L^^^, f^) such that: 

- the adjoint quadruples of Shimura quadruples {G^ , , , v^) and {G,X,H,v) 
are isomorphic; 

- (*) is satisfied for it (for its last part pertaining to subrepresentations cf. also 
[Va2, 6.5.1.1 and 6.6.5]: they rely on [De2, proof of 2.3.10] and for loc. cit. it is obviously 
satisfied) ; 

- there is a natural isogeny G^^^^ — > G^^^. 

For this new SHS we use the standard notations, except that we put an upper right 
index 1 everywhere. As k is an F-algebra, from [Va2, 6.2.3 and 3.2.7 10)] we get: we can 
assume that each connected component of A/^^^^/i^o is an abelian cover of a connected 
component of Mwik)/ Hq. Moreover, we can assume that the degree d{Ho,HQ) of this 
cover divides a fixed power of g^jad (cf. [Va2, 6.2.3.1]) and that all Hodge cycles of 
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are as well Hodge cycles of Arri- So the standard trick of using Segre's embeddings as in 



[Va2, Example 3 of 2.5] (it is fully recalled in 4.9 below; here we need just the rational 
version of 4.9.3-4 below and so from 4.9.2.0 only its C part is needed), allows us to shift 
our attention to the new SHS; by doing this we might need to replace W{k) by W{ki), 
where ki is an abelian extension of k of degree a divisor of d{HQ, Hq). But for the new 
situation we can apply the last paragraph of D and E. So we get b), c) and d), as the 
part of b) involving nilpotency is entirely trivial. This ends the proof of the Theorem. 

2.3.9.1. Remark. We do not know precisely for which SHS (/, -^v(p), v) the reductive 
group G of 2.3.4 is automatically isomorphic to GvK(fc)- The fixed power of g^ad referred 
in 2.3.9 b) is effectively computable, as the degree d{Ho, Hq) is effectively computable 
(over C). 

If C^^^ is a simply connected semisimple group, then the Galois group of 2.3.9 b) 

is the product of at most r{G^'^) copies of Z/2Z. Here r{G^'^) is a sum indexed by the 
simple factors of G'^ of or Dn Lie type (like the term of the sum corresponding to a 
SO{2,m)^'^ factor is [^], etc.). 

2.3.9.2. Convention. From now on, for the sake of simplifying the notations, we 
assume that whenever we consider a point Spec(/c) — A/" or a point Spec{W (k)) J\f, 
the reductive group G we get as in 2.3.4 is (isomorphic to) the split group GvK(fc)- This 
convention is motivated by 2.3.9 and 2.3.9.1. It does not apply to the similar type of 
points of a quotient of (like N /Hq). 

2.3.10. Shimura crystals attached to points of M. Let (/, L(p),?;) be a SHS. 
We use the notations of 2.3.4 (with G = Gw{k))- Let a := a^- Let ip be the Frobenius 
endomorphism of M = Hl^^^{A/W{k)). For future references, we state here explicitly as 
a Corollary, part of 2.3.9 A and C. 

Corollary. We have ^{ta) =ta, Vo; G J' . 

Warning: once we know M is smooth, the Corollary follows as well from the previous 
forms of the Theorem of 2.3.9 A, as one can check using a density argument of O^J^^ -valued 
points of M. 

Moreover, 1^ is a tensor of the F°-filtration of T(M[-]) defined by the Hodge 
filtration of M defined by A. So the triple (M, GvK(fc)) (resp. the quadruple 
{M^F^ ^^p^Gw{k))) is (cf. 2.2.8 1) and 2)) a Shimura (resp. a Shimura filtered) a- 
crystal, called the Shimura (resp. the Shimura filtered) cr-crystal attached to the point 

y : Spec(fc) J\fk{v) defined by z (resp. attached to z). 

We deduce (see c) of 2.2.8 1)) the existence of an injective cocharacter fl : Gm > 
Gw{k) such that we have a direct sum decomposition M = ©F^ with (3 G Gm{W{k)) 
acting through p, on as the multiplication with i = 0, 1. Another proof of the 
existence of such a cocharacter jl can be obtained by entirely following the construction 
of a cocharacter in [Va2, 5.3.1], as 2.3.9.2 tells us that Gw{k) is split. 

Also, either from loc. cit. or from the proof of Fact 2 of 2.2.9 3), we deduce that 
if the cardinality of W{k) as a set is not greater than the one of C, then for any 0(„)- 
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monomorphism W{k) ^ C, /ic is G(C)-conjugate to the cocharacters //*, x e X, of 
2.3.1. 

When we want to emphasize the family of tensors (ta)aej' then we also write 
down (M, (jvK(fc)7 {tce)aej') cind (M, F-*^, (jiy(fc), {ta)aeJ')- We also speak about the 
Shimura (adjoint) Lie cr-crystal attached to y, about the Shimura (adjoint) filtered Lie 
cr-crystal attached to z, about the Shimura (adjoint) (Lie) isocrystal attached to y, and 
about the Shimura (adjoint) filtered (Lie) isocrystal attached to z (cf. 2.2.13 and 2.2.13.2). 

When we want to emphasize the principal polarization pA, we speak about the 
principally quasi-polarized Shimura (resp. Shimura filtered) cr-crystal attached to y (resp. 
to z) and denote it by {M,ip,Gw{k),PA) or by {M,(p,Gw{k),{ta)aej',PA) (resp. by 
{M,F^,(p,Gw{k),PA) or by {M,ip,Gw{k),{ta)c.eJ',PA))- 

We consider now a morphism z : Spec{W{k)) Af/Ho, with k a perfect field. Let 
{A, Pa) '■= z^^Ahoi'^Ahq)- Over a finite, etale extension W{ki) of W{k)^ A^^y^^) gets 
naturally a family {wct)aej' of Hodge cycles (see 2.3.3). As the set of all Hodge cycles 
of ^vK(fei) is invariant under the Galois group GsliyV {ki) /W {k)) = Gal(A;i/A;), we get 
that the principally quasi-polarized filtered cr-crystal {M,F^,(f,pA) attached to {A, pa) 
has a natural structure of a principally quasi-polarized quasi Shimura filtered cr-crystal 
{M, F^,(p,Gw(^k^,PA) which is not necessarily quasi-split. Argument: we take Gw{k) to 
be the Zariski closure in GL{M) of the subgroup of GL{M ®w{k) B{k)) whose extension 
to B{ki) is the subgroup of GL{M ®w{k) B{ki)) fixing the de Rham component of Wa, 
Vet G J'; h) and c) of 2.2.8 1) hold, as they hold after this extension, and moreover a) 
holds (cf. Corollary) after this extension. Warning: we have no reason to consider GvK(fe) 
to be an inner form of G'vi/(fc). However, if it is an inner form and if k is finite, then we 
have (jvK(fe) — Gw{k) (cf- Lang's theorem applied over k). 

This allows us to speak about the not necessarily quasi-split Shimura cr-crystal or 
about the Shimura (adjoint) Lie cr-crystal or isocrystal attached to a point of M /Hq 
with values in a perfect field, and about the not necessarily quasi-split Shimura filtered 
cr-crystal or Shimura (adjoint) filtered Lie cr-crystal or isocrystal attached to a point of 
N / Hq with values in the Witt ring of such a field. Warning: all of them depend on the 
choice of ^Ho- 
2.3.10.1. Comment. Shimura Lie cr-crystals attached to points y : Spec(/c) — > 
N'k{v) piciy a central role in §1-14. We can not refrain from commenting why they have 
not been used before. We think that mainly due to two reasons. The first reason is: in 
the case of special fibres of integral canonical models of Siegel modular varieties, all the 
information provided by the Shimura Lie cr-crystal attached to such a point, can be read 
out directly from the principally quasi-polarized Shimura cr-crystal "producing it" . The 
second reason is: the way of thinking of points of Mk(v) was mainly rational, i.e. was 
involving an analysis of the Shimura isocrystals defined by Shimura cr-crystals attached 
to these points, even though for standard PEL situations (see [Ko2, ch. 5] and 2.3.5) was 
obvious (cf. [Va2, 4.3.11]; see also [LR] and [Ko2]) that "we get" Shimura cr-crystals. 

2.3.10.2. Example. We consider a special point Spec(S(A;)) M (see def. [Va2, 
2.10]); as M has the extension property (see [Va2, 3.2.3 3) and 6)]), we get that it extends 



153 



to a morphism zi : Spec{W (k)) — > J\f. As F is a subfield of k (see 2.3.9 A), and as we 
are dealing with special points, we can assume k = ¥. So, following the proof of 2.2.18 
we get: the Shimura filtered cr-crystal attached to zi is cyclic diagonalizable. 

2.3.11. Some simple properties. Let {f,L(^p),v) be a SHS. All the local defor- 
mation theory presented in [Va2, 5.4] can be applied for it (for J\f), cf. the reductiveness 
property expressed in 2.3.4. In particular, the fact that J\f is the normalization of the 
Zariski closure of ShniG, X) in M., results also from [Va2, 5.4-5] (see [Va2, 5.4.8 and 
5.5]). 

We have variants of [Va2, 5.4]: we work over an arbitrary perfect field k (instead 
of F), or we work with C^^j^-^ (instead of Gw\k))'> ^® work with M /Hq (instead of 
jV, i.e. we work with a finite level symplectic similitude structure, instead of all level- A?^ 
symplectic similitude structures, A G N, {N,p) = 1). This is so due to the fact that [Fa2, 
th. 10] is true for any perfect field. Here we just state one such form of these variants. We 
consider a point z e J^w{k){W{k))- Let (M, F^, GvF(fc); {^ajaeJ^PM) be its attached 
principally quasi-polarized Shimura filtered cr-crystal. We have: 

Theorem. There are formally smooth W{k)-morphisms from the completion G of 
^"wik) ^'^ ^^'^ origin into Nw{k) such that: 

- the origin of G is mapped into z; 

- the principally quasi-polarized filtered F -crystal with tensors over Gk defined nat- 
urally (via pull hack) by {A,Va) o-f^d its natural family of (de Rham components of) 
Hodge cycles, is isomorphic to a principally quasi-polarized Shimura filtered F-crystal of 
the form 

(M, F\ <y?, Gw{k)^ ^w\k)^ fi {'ta)aeJiPM) 

under an isomorphism which in z is the natural identification of (M, F^, (f, G) with itself. 
From [Va2, 5.4.8] we get (as in [Va2, 5.5]): 

Corollary. The finite W{k)-morphism Afw{k) ~^ -^wik) defined by ij^ is a formal 
embedding in each k-valued point of Hw{k)- 

We consider now the locally free -sheaf 

Ch, := R\r{AhJM/Ho) 

of rank 2e. Vahq makes it to be naturally equipped with a perfect alternating form '4>Chq ■ 
Let C be the pull back of Cho to A/". We have: 

c = rUa/M). 

The essential tensor algebra T(£ e{g,x)) of the direct sum of the pull back of C to AfE(G,x) 
and of the dual of it, comes equipped with a family of sections {t'^)aej' defined by the 
de Rham components of the family of Hodge cycles {w^)aej' of A. Let 

Gat 
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be the Zariski closure in GL{C) of the subgroup of GL[Ce{g,x)) fixing these sections. 
Working in the faithfully flat topology, from Theorem we get: 

Fact 1. Qjsf is a reductive subgroup ofGL{C). 

Let now Hi be a normal, open subgroup of Hq such that Q/^ is obtained from a 
subgroup of GL{Chi) by pull back via the quotient morphism J\f — J\f/Hi; here 
is the pull back of jChq via the quotient morphism iio : M /Hi M/Hq. We assume 
that all the sections of T{Ce{g,x)) we have considered are obtained by pull back from 
sections of the pull back of T{Chi) generic fibre of M /Hi (i.e. we assume Hi is 

small enough). As the quotient morphism M /Hi M /Hq is an etale cover and wc can 
assume that the finite group Hq/Hi permutes the (pull back to generic points oi J\f / Hi 
of the) last family of sections, we get (see also 2.3.10): 

Fact 2. Qjsf is obtained by pull back from a reductive subgroup Qm/Hq of GL^Chq)- 

We consider the principally quasi-polarized p-divisible object 

of J^J-^ i^iHwikiv))/ Hq) corresponding to the principally quasi-polarized p-divisible 
group 

of {Aho^'Pah^)- The underlying 0(^f^^^^^^y^iHo)^-sh.e?d of is the p-adic completion 
of Chq , while its connection is the p-adic completion of the Gauss-Manin connection on 
defined by Aho- Prom Fact 2 and 2.2.20.1 9) applied to z*q(£ho) and from Corollary 
of 2.3.10 applied generically (in the context of i*iQ{CHQ), i.e. in the context of jV/i^i), we 
get: the End p-divisible object End{£,Ho) -^-^[Y.! i]{-^w{k{v))/ Hq) has a natural Lie 
p-divisible subobject 

whose underlying Lie (9(jvV(fc(„))/^fo)^"^^®^f p-adic completion of the Lie algebra of 
Gn/Hq- We conclude: 

Fact 3. For any morphism U ^ Af (resp. U M / Hi), with U a regular, formally 
smooth scheme over a faithfully flat 0(^^y algebra which is a DVR having a perfect residue 
field and index of ramification 1, we get naturally a principally quasi-polarized Shimura 
p- divisible group 

over U. 

Here {Du,PDu) is the principally quasi-polarized p-divisible group over U obtained 
by pulling back {VhqiV-Dhq) via the composite morphism U — > M /Hq, while the family 
of crystalline sections {t^)ctej is naturally obtained from the mentioned sections of the 
generic fibre of T{Chi)- The change of the original family of tensors {vc()c(ej (for in- 
stance, if we work with J'' instead of J'), corresponds to a passage to quasi-isomorphic 
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principally quasi-polarized Shimura p-divisible groups, cf. 2.2.20.1 7). We have a logical 
version of Fact 3 in terms of F-crystals: such a version encompasses the part of 2.3.10 
referring to 2.3.4. 

From 2.2.21 and the above first two paragraphs (referring to [Va2, 5.4-5]), we get: 

Fact 4. If the morphism U — > A/'/i^i identifies U with the completion of N'w{k)/ Hi 
in a W{k) -valued point of it, then {Du,{t^)a£j,PDu) ^ universal principally quasi- 
polarized Shimura p- divisible group. 

The pull back of {A, VX) via an automorphism of N defined by the right translation 
with an element of G{K^^), gives birth to a principally polarized abelian scheme over M 
which is naturally Z(p-)-isogeneous to {A^V_a) (see [Va2, p. 454]); strictly speaking, cf. 
loc. cit., for this statement we have to consider principal polarizations up to Gj„(Z(p))- 
multiples. So we have a natural continuous right action of G{A^) on C, viewed as an 
affine scheme over J\f. This implies that C does not depend on the choice of a Z-lattice 
L of W as in 2.3.2. We can assume that under this action the considered global sections 
of Ce{g,x) are permuted. We get (cf. also AE.4.2 a)): 

Fact 5. Let Hq he a compact subgroup ofG{A^) such that either Hq x H is p-smooth 
for {G,X) or p J(t{G^'^) and Hq x H is smooth for {G,X). Let Cfj^ he the quotient of C 
under the action of Hq on it. Then in Fact 2 we can replace Hq by Hq . 

Fact 6. Under right translation by elements o/G(Ap, the Shimura (resp. Shimura 

filtered) a -crystals attached to k-valued (resp. to W{k) -valued) points of M are the same. 
If k = k and if (^) = —1, then the same holds in the principally quasi-polarized context. 

For the principally quasi-polarized context, we just need to add: if (^) = —1, then 

(as p > 3) V/3 G Gm(Zp), either (3 or — /3 is the square of an element of GrnC^p)- So if 
k = k and if (^) = —1, then VctAr G Gm{1jp), a principally quasi-polarized Shimura 
(T-crystal {N,ip]sr,GN,PN) over k is isomorphic to {N,(Pn,Gn,ocnPn) under a scalar 
automorphism of N defined by an element of Gm(Zp). 

Let now Oi be a local, formally etale, faithfully flat 0(^;)-algebra such that the 
representation of Goi on L^^^ Oi is a direct sum of two non-zero subrepresentations. 
This can be codified in terms of projectors which are Oi-linear combinations of Betti 
components of Hodge cycles which are defined by endomorphisms of A. So, if these 
endomorphisms are obtained from endomorphisms of Ahq via pull back, we get: 

Fact 7. The pull back of jChq to Afoi / Hq gets naturally a direct sum decomposition 
into two non-zero summands. 

Fact 7 just points out a first property of the general theory of automorphic vector 
bundles in mixed characteristic, whose elaboration will be started in §5 (cf. end of 1.15). 

2.3.12. Some extra standard notations. We start with a closed point z : 
Spec{W{k)) ^ Af\Y(k)/HQ. Let y : Spec(A;) ^ Afk/Ho be defined by z. We use the 
notations of 2.3.10. So is the Hodge filtration of M defined by A. For simplifying the 
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presentation, we assume that the family of Hodge cycles {wa)aeJ' oi ^^^(fc^) is definable 
over W{k) and that the group Gw{k) of 2.3.10 is in fact (isomorphic to) GvK(fc)- We 
can always achieve this by replacing A; by a finite field extension ki of it. Let Oy be 

the local ring of y. So Oy and Oy are its henselization and respectively its completion. 
Let {Ay,pj^^h) be the principally polarized abelian scheme over Spec(O^) obtained from 
{^HotT^Ahq) by pull back through the natural morphism Spec(O^) — > M/Hq. Let 

Mi := Hl^iAl/O'^l 

and let Fy"^ be its Hodge filtration defined by A^. 

As N is formally smooth over Zj-^^, is an integral domain. Let be the field 
of fractions of O^. Let {w^)aej' be the family of Hodge cycles with which ^jj^h is 

naturally endowed: as we assumed that the family {wa)aeJ' is defined over W{k)^ the 
family {w^)a£j' is defined over O^ and not only over its strict henselization. This is a 
consequence of the following obvious fact: 

Fact. A Hodge cycle of a deformation which is Q in a point is (everywhere) . 

Let be the de Rham component of w^. It is a homogeneous tensor of T{My 

y ' 

2.3.13. Lemma. There is an isomorphism fy : Oy taking Fy^ onto 
F^ <^w(k) Oy, Pa^ into Pa, and into t^. Vet G J' (here we view p^^ and pa as perfect 
forms on My and respectively on M ®w{k) Oy)- 

Proof: Such an isomorphism exists over Oy, cf. Fact 4 of 2.3.11. The obstruction to 
the existence of fy is measured by an element 7 G Hjjr{Oy, -P^h); here P'^ is the parabolic 

subgroup of G'^^.^^| normalizing F^, while the lower right index // refers to the faithfully 

flat topology. So 7 becomes over Oy. As Oy is the henselization of the excellent ring 
Oy, using Artin's approximation theorem we get 7 = 0. This proves the Lemma. 

2.3.13.1. Corollary. There is an etale morphism a : Y = Spec(i?) Afw{k)/Ho 
to which the point y lifts, and there is an isomorphism M^^M ®w{k) R taking F^ onto 

R, PAy into Pa, and into t^, Va G J' (here Mr, F^, {t^)aej', PAy have 
a meaning similar to the one in the case ofOy; for instance, Mr := H^j^{Ay/R), where 
Ay '■= Aho ^M/Hq ^ } the morphism Y — > N'/Hq being naturally induced by a). 

2.3.13.2. Corollary. To check that 2.3.4 (*) holds, we just need to consider z G 
U{W{¥)). 

2.3.14. Warning: Sp or GSp? Once for all we have to decide if we use GSp(W, ij)) 
or Sp(VF, ijj) (and so G'w^(fc) or G^^^^^. The use of Sp(W, V') corresponds to a permanent 
mentioning of polarizations (and so to a very precise presentation but more complicated 
notations). The use of GSp(VF,'0) corresponds to a loose treatment of polarizations (and 
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so to a less precise presentation but simpler notations). We decided to go along with 
Sp(VF,V'): this explains the form of 2.3.15 below. 

The idea behind this comment is: we can work out [Va2, 5.4.4-5] using not only (the 
W^(/!;)-versions of) Sp(W^,V) and C^"' (or of ^O) but also (the W^(A;)-versions of) GSp 

and G. The use of GSp(T'F, iJj) means that the cycle of the polarization is not exactly 
Pa but Pa times some invertible element Up. To exemplify what we mean by this, we 
consider a particular case: denoting by Spec(i?i) the completion of GSp{M,pA) in its 
origin, the natural universal element qr^ G GSp{M^pa){Ri) takes pA into '^pPA-, where 
7p e G„j,(i?i) is congruent to the identity modulo the ideal /i of i?i defining the origin 
of Spec(i?i). If is a Frobenius lift of i?i as in 2.2.10 (so it takes Ii into /^), then 
Up G Gm,(-Ri) and 7p are related through the formula ^ii^{up)^p = Up. It is easy to see 
that there is a unique such Up which mod Ii is the identity. 

In general, this element 7p can be made to be the identity, by considering a square 
root a; of 7p (as p > 2, x e i?i); in our example involving the automorphism g^-i 
of M <^w{k) Ri defined by scalar multiplication with , "brings back" ^pPA into pa- 
So, to keep pa as the cycle of a principal quasi-polarization, we have to replace gn^ by 
gx-^9Ri e Sp{M,pa){Ri). 

In fact, due to the existence of the cocharacter /2 of 2.3.10, in general, we can make 
7p to be the identity element without using that p is odd; for instance in the example 
involving instead of g^-i we can use /i(7p) in order to bring back 'jpPA into pa- 

So indeed the difference in the mentioned two choices is mostly of notations and of 
preciseness. 

2.3.15. Proposition. There is a smooth morphism a :Y = Spec(-R) — > Nw{k)/ Hq 
such that: 

a) The scheme a~^{z) contains a W{k) -valued point zi; 

h) We have an isomorphism Mr^M ^iY{k) R taking onto ®w{k) Rj PAy ^'^^'^ 
Pa, and t^ into ta, Va e J^' (here Mr := H^j^{Ay / R) , with Ay defined as in 2.3.13.1, 
etc.; the logical notations); 

c) There is a Frobenius lift ^r of R^ of the form Zi — > z^, i & I, where the elements 
of the subset {zi\i El} of R are forming a regular system of parameters of zi in Y; 

d) Based on b), the p-divisible object £ of J^J-''^ ^t^{R) associated to the p-divisible 
group of Ay, can be put in the form [M0-[y(^i^^R^^ -^^®v7(A;) R^i fi'y (v^®!); V_ra) , with the 
perfect alternating form Pa on M(S)w{k)R^ corresponding to pAy 7 withS^R^ a connection 
on M ®w{k) R^ annihilating t^, Va e J'', and with gy G G^^^^(i?^) defined by a 
morphism ( still denoted by gy ) 



gy . 1 Lr 



W{k)- 



Moreover, we can assume the special fibre of gy is etale (so \I\ = dimQ{Gq)) and the 
composite of (the p-adic completion of) z\ with gy defines the origin of G^^j^y 
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Proof: Let — Spec(-R°) be the completion of G^^^^ in its origin. As in [Va2, 
5.4.4] (see 2.3.11) we construct a formally smooth morphism 

(5° A J\fw{k)/HQ 

such that z factors through the origin of & and the principally quasi-polarized filtered 
-F-crystal with tensors €P associated to the principally quasi-polarized p-divisible group 
over & obtained naturally from {Vho 7 ^^^h^q ^ P^^^ back through the composite of 
a with the natural morphism Hw{k)/HQ N / Hq) and its natural family of de Rham 
sections (see Fact 3 of 2.3.11 and 2.3.12), is a principally quasi-polarized Shimura filtered 
F-crystal (M, F\ Gw{k)-, /' {^a)a&j' -.Pa) (so 2;*(C°) is naturally identified with 

(M,F^(^,G', (tc.)aejr'))- Here / : W{k)[[xi, ...,x\i\]]^R^ is a W^(A;)-isomorphism. For 
the part referring to formal smoothness, cf. also [Va2, 5.4.7-8]. 

Let n > 2 be an integer and let / be the ideal of BP defining the origin of (so 
BP / 1 = W{k)). Let (cf. Artin's approximation theorem) Y = Spec(i?) be a smooth 
VF( A;) -scheme such that: 

i) there is a smooth morphism a : F — > N'w{k)/HQ such that the point z lifts to a 
point zi : Spec(W'(A;)) Y; 

ii) if Ii is the ideal of R defining zi, the natural morphism Spec(i?//f ) Mw{k)/ Hq 
defined by a is obtained from the natural morphism Spec(/2°//") Afw{k)/Ho defined 
by o via a VF(/c) -isomorphism in : /I'^^R/Ii- 

Replacing if needed Y with Y' — Spec(-R'), where F' — > F is an etale morphism 
such that zi lifts to a W {k)-'vaX^xed. point of F', we can achieve (cf 2.3.13.1) that the 
morphism a endows the abelian scheme Ay with a family of Hodge cycles {w^)a£j' and 
that b) and c) are satisfied (here e i? is such that ^n(/(a^^)) congruent to Zi modulo 
). This takes care of a), b) and c). 

Now the principally quasi-polarized p-divisible object Cjj of MJ^^ (R) associated 
to the principally quasi-polarized p-divisible group of {Ay^PAy) can be put (cf b)) in 
the form {M (g)w{k) , F'^ ^^w (k) , gr {^(S) I) , Pa) , with gy G G^(fc)(i?^) {as 
is fixed by gy and as the tensors t^, a e J"', are fixed -this is a consequence of Corollary 
of 2.3.10 applied generically- by the $ij-linear endomorphism of M iSiw(k) R^ defined by 
Cr) and with V/^a a connection on M <^w{k) R^ annihilating t^, Vcc e J^'. 

Let be as in the proof of 2.3.13. Due the smoothness of P'^ over W{k), any element 
of P^{R/IY) congruent to the identity mod /i, lifts, potentially after a replacement of F 
with an Y' as above, to an element of P'^{R) and so to an element /icorr of P^{R^). From 
property ii), by replacing gy{ip ® 1) by /icorrfi'r (v' ® l)h~J^^ for a suitable such correction 
element /icorrj we get that we can assume (simple argument at the level of tangent spaces) 
that gy is defined by a 14^ (/c) -morphism gy : F^ — > G^^f^y etale mod p and having the 
property that the composite of the p-adic completion of zi with gy defines the origin of 
^w(k)- This takes care of d) and ends the proof. 
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From the proof of 2.3.15, by removing extra regular parameters we get: 

2.3.15.1. Corollary. There is an Stale morphism a :Y = Spec(i?) — > Mw{k)/HQ 
such that: 

a) The scheme a~^{z) contains a W{k)-valued point zi; 

b) We have an isomorphism M^-^M R taking Fj^ onto F^ ®w(k) R, Pa^ into 

Pa, and t^ into t^, Vet e J'' (here := H^j^{Ay/R), with Ay defined as in 2.3.13.1, 
etc.; the logical notations); 

c) There is a Frobenius lift $^ of R^ of the form zi zf , i & I, where the elements 
of the subset {zi\i G /} of R are forming a system of regular parameters of zi inY (so 
\i\ = dimc(X) = dimE^G,x){Sh{G,X))); 

d) Based on b), the p- divisible object of AiJ-^ ^{R) associated to the p- divisible group 
of Ay, can be put in the form [M ®w{k) R^,F^ '^w{k) R^jQyiv ® 1))^^a), with the 
alternating form pa on M <^w{k) R^ corresponds to pa^ , with the connection V-^a on 
^ ®w{k) annihilating ta, Va e J' , and with g-y £ ^w{k)(-^^) defined by a morphism 
(still denoted by g-y) dy '■ ~^ ^w(k)- Moreover, we can assume that: 

- the composite of (the p-adic completion of) zi with g-y defines the origin of G'^^j^y 

- modulo the ideal J '■= p{{zi)-^j)'^ of the completion R of R w.r.t. its ideal {{zi)^^j), 

g-y defines an isomorphism ISO from Spec(-R/J) into the completion N of a commuta- 
tive, unipotent subgroup N of G'^^j^-^ in its origin, taken modulo the ideal defined by 

p times the second power of the ideal sheaf of N defining its origin; N can be any 
such subgroup achieving an open embedding N ^ G-yY{k)/P (so g-y mod p is a for- 
mal closed embedding in the special fibre y\ of zi ) and even more, if a Frobenius lift of 
N = Spec(VF(/c)[[u;i, ...,a;dimc(x)]]) taking toi to Lvf , I — l,dimc(X), is chosen, we can 
also assume that such an isomorphism ISO is compatible with the Frobenius lifts; 

e) The special fibre ofY is connected. 

The c) of 2.3.15 (resp. of 2.3.15.1) is automatically satisfied by passing to a suitable 
open, affine subscheme of Y (resp. of Y); it is included in order to state its following d) 
accurately. 

2.3.16. Corollary. There is an open, dense subscheme Uk of Gt such that: for any 
geometric point Spec(/ci) ^ Uk (with ki = ki D k), there is a point zi G Af / Hq{W (ki)) , 
lifting a ki-valued point of the same connected component of M^/Hq through which the 
point yoif. factors, with ik '■ Spec(fc) — > Spec(A;) as the natural morphism, and having the 
property that the Shimura filtered -crystal attached to it is isomorphic to (M ®vK(fe) 
W{ki),F'^ ®w{k) W{ki),gi{(po<^l),Gw(ki)), where gi e Gw{k){W{ki)) mod p is (i.e. 
defines) the point yi. 

Proof: Working with G^ instead of G, this is a direct consequence of 2.3.15: we 
can take as the image of the special fibre of Y^ through the formally etale morphism 
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gy '■ — > ^w(k) 2.3.15; this can be read out from the existence of TeichmiiUer 

hfts Spec(VF(/ci)) — > Y^. Now, as Uk, we can take (cf. the Subfact of 2.3.11) an open 
subscheme of Gk contained in the image of x through the natural isogeny (see 
2.3.1) GlxGm^ Gk. 

The argument for this (to be compared with 2.3.14) goes as foUows: for any a e 
Gm{W{k)), there is /3 G Gm{W{k)) such that a = a{f3)P~^; accordingly a Shimura cr- 
crystal (A^, (/jtv, Gat) over k is isomorphic to the Shimura cr-crystal (A^, a]^(fiN, Gn), where 
ct^ is the automorphism of N defined by scalar multiplication with a. This proves the 
Corollary. 

2.3.16.1. Comment. Warning: by working with GvK(fc) ^^nd not with G^^j^^ 
we have to give up mentioning the principal quasi-polarizations; so the isomorphism 
of 2.3.16 is just of Shimura filtered a-crystals. For applications to problems involving 
Newton polygons or truncations of Shimura Lie F-crystals this is equally good. If we 
want to keep track of the principal quasi-polarizations, we have to restate 2.3.16, with 
Uk being replaced by [/^ of its proof. 

2.3.17. Proposition. With the notations of 2.3.12, the Shimura filtered a -crystal 
(M, Fl, ip, GiY(^k)) attached to another lift z\ : Spec{W (k)) ^ Mw{k)/Ho of y, satisfies 

with g G Gyi/(k){W{k)) such that mod p it normalizing /pF^ . Conversely, for any such 
g there is a unique lift Zg : Spec{W{k)) ^ J^w(k) of y, whose attached Shimura filtered 
a-crystal is (M, g{F^), Gw(k))- 

Proof: As the parabolic subgroups of Gw{k) normalizing F^ and respectively Fi 
are having the same special fibre, the first statement follows from Fact 2 of 2.2.9 3) 
applied in the context of the canonical split cocharacters (they factor through GvK(fe)) 
of {M,F^,(p) and of {M,Fl,(p). Also we would like to point out, that the approach 
of [Va2, 5.3.1] represents another way to see that these two parabolic subgroups are 
<^H/(fc)(W^(/^))-conjugate. 

The converse is a direct consequence of the smoothness of GvF(fe) cind of of 
the Corollary of 2.3.11 (or of Fact 4 of 2.3.11) and of the local deformation theory of 
abelian varieties (over k) (see also the existence of the isomorphism FILq of 2.4 below). 
This proves the Proposition. 

2.3.17.1. Corollary. Let g G GvK(fe)(W^(^)) be such that mod p it normalizes 
F^/pF^ C M/pM. Then the principally quasi-polarized Shimura filtered a-crystal 
{M, g{F^), (f, G\Y(^k)jPA) is induced from the principally quasi-polarized Shimura filtered 
F-crystal 

(M, F\(fi, Gw{k).Gl,^^yf,pA) 

(of the proof of 2.3.15) through a W {k)-epimorphism BP Wik). 

The 2.2.21 UP suggests (to be compared with 3.12 below) variants of this Corollary, 
where we replace G^/^x by suitable smooth subschemes of GvK(fe) containing the origin. 
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2.3.17.2. Exercise. Show that 2.3.17.1 is a property of (principally quasi-polarized) 
Shimura cr-crystals over a perfect field k of characteristic p > 3. Hint one: just look at 
2.4 below and use 2.2.21 UP. Hint two: if we feel more comfortable with the context of 
principally polarized abelian schemes, first assume k = k and follow the (independent) 
ideas of 4.12.12 and 4.12.12.0 or just 4.12.12.5 below, and then use Galois descent. 

2.3.18. The p = 2 SHS. The case p = 2 presents some particular features and so 
we felt it is appropriate to single it aside. 

A. Working with p = 2, we can keep 2.3.1-2. But for 2.3.3 we have to assume Af 
exists: the proof of [Va2, 3.2.12] still applies (via [Va2, 3.4.1]) to give us that Af is the 
Zariski closure of the normalization of Shfj^G, X) in A4 (cf. 2.2.1.5.1). 2.3.3.1 needs no 
modification. In connection to A/'^'^ (resp. to A/'^'^) of 2.3.3.2 we refer to 4.14.3.2.3 below 
(resp. to [Va2, 3.2.8]). 

We keep 2.3.4-5 but we prefer to abbreviate the things differently: the resulting 
triple (/, L(2)) (resp. quadruple (/, L(^2)i'^i ^)) is referred to as a p = 2 SHS (resp. as a 
p = 2 standard PEL situation). All of 2.3.6.1 makes sense for p = 2. 2.3.5.1 remains true 
for p = 2 as its hint does, while 2.3.5.3 makes sense for p = 2 as well (cf. also B below). 
Related to Fact 1 of 2.3.5.2, we define M-' to be the normalization of the Zariski closure 
of Sh^i {G\X^) in N. The fact that is smooth, \/j e J^iG""^, X^^^), is proved in the 
same manner as for the A and C cases of a p = 2 standard PEL situation (this is reviewed 
in B below): Gi is the centralizer of a torus T of Gz,^) and so we have a relative PEL 

(2) ) 

situation (in the sense of [Va2, 4.3.16]; see also [Va2, 4.3.14]); so one just needs to combine 
[Va2, 4.3.13] (applied in the context of the monomorphisms T ^ G^Z(2) ^ GL{L(^2)))j 
with the Steps B4-10 of B below (i.e. with the fact that (/, L(^2), v) is a, p — 2 SHS and 
with the deformation theory of endomorphisms of abelian schemes) . Related to Fact 2 of 
2.3.5.2 and to the part of 2.3.5.5 pertaining to qj\/^ , we refer to 4.14.3.2.3. 2.3.5.4 needs no 
modifications (as 2.2.1.5.1 handles the case p = 2 as well). Except the mentioned part of 
2.3.5.5, 2.3.5.5-6 and 2.3.5.6.1 A need no extra comment; the fact that 2.3.5.6.1 B holds 
for p — 2 is implied by the Theorem of B below. However, we postpone to §6 and [Va5] 
(resp. to 4.14.3.2) for a p = 2 analogue of 2.3.5.7 (resp. of 2.3.5.8 and of 2.3.5.8.1). 

B. The fact that 2.3.8 4) has a p = 2 analogue is just partially documented in the 
literature; for instance, in [Ko2] (see end of p. 391 of loc. cit.) the so called D case is 
avoided for p = 2. The following Theorem fills out this gap in the literature and so it 
provides (via Lemma 2 of 4.6.4 below) the first new instances of p = 2 SHS's. 

Theorem. We consider a quadruple (/, L(^2), B) which satisfies all properties of a 

p = 2 standard PEL situation, except the fact that (/, L('2),t') is a p — 2 SHS. Then the 
triple (/, -^(2), is a p = 2 SHS, and so the quadruple (/, L(2), i', B) is a p = 2 standard 
PEL situation. 

Proof: If G is a torus, then the Theorem is easy: it is a consequence of [Va2, 4.3.13] 
(cf. also [Va2, 3.2.8 and 3.3.2]). From now on we assume G is not a torus. We itemize 
the ideas by numbers attached to B. 
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Bl. We define N' (resp. M) to be the Zariski closure (resp. the normahzation of the 
Zariski closure) of Shj7(G, X) in M.. Let {A^Vji) be defined as usual. In what follows, 
not to complicate the notations we still denote by B the set of Z(2)-endomorphisms with 
which A is naturally endowed and so, with which any abelian scheme obtained from A by 
pull back is endowed. Let Bi be the centralizer of B in End(L(2)). Let * be the involution 
of B or of Bl defined by •0. Till the end of 2.3.18, we use orderings of the form (^, Va-, ^) 
instead of usual orderings of the form [A^B^Va)- 

B2. Let n e N, n > 4. We consider the group scheme over Z(2) fixing a quadratic 
form QF := X1X2 + ••• + X2n-iX2n in 2n independent variables. It is known (see [Bo2, 
23.6] for the picture over F2) that the group Vn over Z(2) defined as the Zariski closure 
of the connected component of the origin of the generic fibre of T>\ in 7?^, is a split, 
semisimple group of Lie type. So we get a 2n dimensional faithful representation 

it is associated to the minimal weight oji (see [De2] and [Bou2, planche IV]). Its special 
fibre is absolutely irreducible (simple argument at the level of dimensions) and (cf. [Bo2, 
23.6]) it is alternating; so the perfect, symmetric bilinear form BF on '■= Z^^^ fixed 
by (and naturally defined by QF; it is unique up to multiplication with an invertible 
element of Z(p)), when taken mod 2 is alternating. We have: 

Corollary. Let R be a reduced, faithfully fiat Z(^2)-o>lgebra. Let Mn be a free R- 
submodule of L^ ®Z(2) -^[^1 ^/ i^o-i^k 2n and such that we get a perfect bilinear form BF : 
Mr ^rMr^ R (so MrII] = Ln ^z^^) ^[1])- If t^c ZarisM closure Vn{R) ofV 
GL{Mr) is a semisimple group, then BF restricted to Mr/2Mr is alternating. 

Proof: Localizing in the etale topology, we can assume T>n{R) is split and R is local. 

We consider a Borcl subgroup Br of l^nj? and a maximal torus Tr of Br. Applying 
[SGA3, Vol. Ill, 1.5 of p. 329] over -R[^], we get that we can assume Tj^^i^ and Br^i-^ 
extend to a torus and respectively to a Borel subgroup of V^^R). Based on [SGA3, p. 
313-4 and 1.3 of p. 328] we deduce that we can assume V^^R) — V^r. But this implies 
that 21^^^^ Mr = Ln ®Z(2) R, for some q{MR) e Z (this can be checked immediately 
starting from the decompositions of Mr and of L„ ®Z(2) R i^i irreducible T^-modules and 
the fact that pn mod 2 is irreducible). As BF restricted to Mr and to L^ ®Z(2) R are 
perfect, we get q{MR) — and the Corollary follows. 

We also get that the involution of Bi (8>Z(2) has all its simple factors (i.e. the 
involutions restricted to simple factors of Bi ®Z(2) left invariant by * or to products of 
two such simple factors permuted by *) are either of second type or of alternating first 
type. We refer to this property as the ALT property. 

Parts a) and b) of the following Exercise complement parts of [Ko2] (like 7.2-3 of loc. 
cit., etc.). a) can be viewed as a converse of the Corollary (in our geometric context). 

B3. Exercise. Let i? be a local Z(2)-algebra such that B (8)Z(2) -R is a product of 
matrix i?-algebras. Let niR be the maximal ideal of R; we assume R/niR has charac- 
teristic 2. Let ipi : L^2) ®z^2) -^(2) ®Z(2) R ^ R he a perfect alternating form such that 
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B ®Z(2) R is self dual w.r.t. it and the resulting involution of B ®Z(2) R is the same as the 
one defined by ip. We assume the involution of Bi ®Z(2) R/'^R induced by V'l has all its 
factors (in the same sense as above) either of second type or of alternating first type. We 
have: 

a) We assume i? is a reduced, flat Z(2)-algebra. Then, the Zariski closure 

in GL(L(2) ®Z(2) R) of ^^e connected component of the origin of the subgroup of 
GSp{L(^2) ®Z(2) R[^]j i^i) fixing the elements of i3, is reductive. 

b) We assume R is a complete DVR of mixed characteristic (0,2) and with an 
algebraically closed residue field. We also assume the triples (-^(2) ®Z(2) R,'^i,B ®Z(2) R) 
and (-^(2) ®Z(2) R-i'^i^ ®i.(2) R) become isomorphic by inverting 2. Then there is an 
isomorphism of triples 

h (^(2) ®Z(2) R,^l,S®Z(^2) R)^iL{2) ®Z(2) i?, -iA, ®Z(2) ^)- 

c) We assume R is an artinian algebra of perfect residue field. Let / be an ideal of 
R. Then any two representations of B ®Z(2) R isomorphic modulo /, are isomorphic. 

d) Referring to c), if V'l is congruent to i/j modulo /, then there is a reductive 
subgroup of GSp{L(^2) ®Z(2) R^ V'l) fixing each element of B ®Z(2) R of the same 
dimension as G. 

e) We assume all simple factors of G^^ are of some An or C„ Lie type (n e N) . Then 
B is a family of tensors strongly Z(2)-very well positioned w.r.t. ip for G (in the sense of 
[Va2, 4.3.4]). 

Hints and proof of a) in the orthogonal case. For the a) part use the splitness 
property in the context of the classification of the possible Cases (A, C or D) of [Ko2, 
top of p. 375 and p. 395]. The fact that the same classification holds over R, can be 
deduced from the splitness part by using geometric points of Spec(i?[^]). 

Related to the orthogonal case, we can assume we are dealing with an involution 
of a matrix algebra End(Mij) of rank 4n^ over R which is defined (in the usual sense; 
see [KMRT, ch. 1]) by a perfect, symmetric bilinear form (still to be denoted BF) on 
the free i?-module Mr of rank 2n. We can assume R is local and 2-adically complete. 
BF restricted to Mii/2Mji, being alternating, has the same standard diagonal form: its 
blocks are formed by 2 x 2 matrices whose entries are on the diagonal and 1 otherwise. 
But if u, V e Mr/AMr are such that BF{u,v) = 1, BF{u,u) = 2b and B{v,v) = 2a, 
with a, b E R/4R, for any x G R/4R we have BF{u + xv, u + xv) = 2(b -\- x -\- x^a) (here 
we still denote by BF its reduction mod 4). 

We get immediately that by passing to an etale extension of R which mod 2 is defined 
by at most n equations of the form 

X + cx^ + d = 0, 

with c, (i e R/2R, and by completing 2-adically, we can assume BF restricted to 
Mr/AMr has the standard diagonal form. But, as R is 2-adically complete, by in- 
duction we get that we can assume that BF itself has the standard diagonal form. So, 
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as the operation of taking the Zariski closure is weU behaved w.r.t. flat extensions, we 
can assume (by giving up the requirement that R is 2-adically complete) that R is Z(2) 

itself, that Mr = L„ and that we are dealing with BF of B2. But QF{v) := 

V & Ln, is exactly the quadratic form we considered in B2 and so the first paragraph of 

B2 applies. 

b) follows from a): using an arbitrary maximal split torus of and the description 
of possible Cases in [Ko, p. 395], the situation gets reduced to an abstract one, in a 
context where B ®Z(2) -R is a matrix algebra and we are dealing with a direct sum of at 
most two copies of its standard representation, c) is trivial, d) follows from a), by using 
a natural lifting process. For e), just combine a) with the standard reduction steps of 
[Va2, 4.3.7 5')]. 

B4. We start with a morphism y : Spec(F) — > N'wiw)- Let 

{A,pa) ■■^y*i{A,VA)M^^,^)- 

The problem we face is: the formal deformation space DS of the triple (A^pA^B) is 
formally smooth over VF(F) of relative dimension equal to dimc(^) iff G^'^ has all its 
simple factors of some or Lie type; if G''^'^ has factors of some Lie type {n > 
4), then DS^ has a tangent space of dimension greater then dimc(X) (for instance, if 
G^'^ is an absolutely simple Q-group of Lie type then the tangent space of DS^ 
has dimension n + dimc(X); this can be deduced from B2 and from the dimensions of 
hermitian symmetric domains denoted in [He, p. 518] as D III or as C I). To overcome 
this problem, let (as in [Va2, 5.1.2]) 

z : Spec(F) A/W(F) 

be a lift of y, with V a finite, faithfully fiat, DVR extension of 1^(F); it is not a priori a 
closed embedding. Let 

(Av.PAv) — Z*{{A,VA)wi¥)): 

and let {ta)aej' be the family of de Rham components of the family of Hodge cycles with 
which Ay is (as in 2.3.3) naturally endowed. Let Gy be the subgroup of GL{H^j^{Av /V)) 
obtained as the Zariski closure of the subgroup of GL{H^j^{Av /V)[^]) fixing ta, Va e J'. 
Let be the Hodge filtration of H^j^{Av/V) defined by Ay. 

B5. From Fontaine's comparison theory with Q2 coefficients (used as in 2.3.9 and 
in [Va2, 5.2.17.2]), and the determinant condition of [Ko2, p. 389-90], we deduce that 
the extra condition of B3 b) (pertaining to making 2 invertible) is satisfied for R = V 
and for the context CONT of the following two triples: (-^(2) ®Z(2) Vjil^jB ®Z(2) V) and 
{{H^j^{Av /V))* , pay 1 ^ ®i-(2) ^); here we still denote by pAy the perfect alternating form 
on {H^j^{Av /V))* defined naturally by pAy (via Fontaine's comparison theory or via de 
Rham cohomology). Strictly speaking, in order to appeal to B3, we need to choose an 
isomorphism (L(2) ®Z(2) V,B ®Z(2) ^)^{{HIj^{Av /V))* ,B ®Z(^2) ^); in what follows we 
will not mention it. 
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However, in order to apply B3 b) we need to check that, modulo 2, in the context of 
the second triple of CONT, involutions of orthogonal first type do not show up. 

B6. Exclusion of involutions of orthogonal first type. We consider a simple 
factor B2 of Bi <8)Z(2) ^2 left invariant by * and such that the resulting involution of B2[|] 
is of orthogonal first type. As a Z2-algebra, it is a matrix algebra M2n{W{¥2'n^)) of a 2n 
dimensional free W(F2"i)"™odule V2n, with m G N and with n as in B2 (the Brauer group 
of a finite field is trivial). To be consistent with the usual cohomological aspect of this 
paper, it is more convenient to view B and Bi (resp. B2) as being semisimple subalgebras 
of End(L^2)) (resp. of End{L'^^^ ^1(2) ^2))- Let V be the Galois group of V[\] and let 

p:V^GL2n{W{¥2m)) 

be the Galois representation obtained naturally from the Galois representation on the 
dual of the Tate-module of ^v'[i], by "concentrating" only on the part corresponding to 
B2 (viewed in the dual context); the identifications of [Va2, top of p. 473] (performed in 
our present p = 2 context) tell us that this makes sense. 

p is a symmetric representation. Moreover, from ALT we get that p mod 2 is 
alternating. We consider the 2-divisible group Dy of Ay- The Zp-algebra M2n{W{¥2"^)) 
splits over W{¥2"^)- So -Di/[2] W{¥2"^) gets naturally decomposed (using a W{¥2"^)- 
endomorphism which is a projector) as a direct sum Ei ® E2 in such a way that Ei[^] is 
naturally associated to PvF(F2m) mod 2. So Ei comes equipped naturally with a bilinear 
principal VF(F2Tn)-quasi-polarization. Here "bilinear principal" is used as in d) of 2.2.23 
A. Looking at as p mod 2 is alternating, we get that the word "bilinear" can be 

dropped. If one wants to avoid using tensor products of the form -D\/[2] W{¥2'^), 
then one needs to restate everything in terms of symmetric quasi-polarizations (bilinear 
forms) on VF(F2m)^"' viewed as a Z2-module, which are moreover VF(F2m)-bilinear. 

Using the fact that the Dieudonne's functor D on p — FF(Spec(V/2y)) is faithfully 
flat (cf. the complete intersection situation of [BM, 4.3.2]), all these can be transferred 
into the crystalline cohomology (and so homology) context (for the convenience of the 
reader, a proof of this -which can be read at any time- is included in B9 below). In 
particular, we get that the involution of each simple factor of B2 ®W2 V/2V (viewed as a 
factor of the centrahzer of B (g>Z(2) V/2V in End(if]^(yly/V') ®v W'2V^))) is alternating. 
This ends the argument of the exclusion process. 

B7. So the conditions of B3 a) are satisfied for CONT. We deduce: Gy is a 
reductive group over V; as V is complete having F as its residue field, it is split and so 
we (can) identify it with Gy- So, (cf. also the p — 2 analogue of 2.3.13.2) to show that 
(/, L(2), !»)) is a SHS, we just have to show that is formally smooth over 0(„). 

As in [Va2, 5.3.1] we deduce the existence of a cocharacter py : Gm — > Gy giving 
birth to a direct sum decomposition H^j^{Ay /V) = © with P e GrniV) acting 
through py on as the multiplication with (3~\ i = 0, 1. 

For future references, we point out that from B3 b) applied to the two triples of 
CONT we also get: 
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f) They are in fact isomorphic. 

B8. To show that A/" is formally smooth over 0(„) we follow very closely the approach 
of [Va2, 5.2-5]. We recall that some parts of loc. cit. were dealing just with odd primes. 
However, as we are dealing essentially just with Hodge cycles which are coming from 
endomorphisms, we can go around the limitations of loc. cit; here the use of "essentially" 
has to do with the fact that the connected component of the origin of the subgroup Gi 
of GSp{W, ip) fixing the elements of is G. To explain this "roundaboutness" , we need 
quite a lot of preliminaries. 

Let eiV) := [V : W{¥)]. Let Re{V) (resp. Re{y)) be the subring of S(F)[[T]] (with 
T an independent variable) which is formed by formal power series Yl'^=o cinT"' , with 
an e -B(F) such that bn := an[-^]l G W{¥), Vn e NU {0} (resp. such that the sequence 
(&n)neN is formed by elements of W{¥) and converges to 0). For q E N, let I{q) be the 
ideal of Re{V) formed by formal power series with gq = ai = ... — a^-i = 0. Re{V) and 
Re{V) have natural Frobenius lifts ^Re{v) and respectively $^e(\^)" they take T to T^. 

We follow closely [Va2, 5.2.1]. We choose a uniformizer ny of V. Let fe{v) ^ 
VF(F)[[T]] be the Eisenstein polynomial of degree e{V) having ny as a root of it. So 
V = W{¥)[[T]]/{fe{V)). Let Se(v) be the subring of B{¥)[[T]] generated by W(F)[[T]] 

and by , n G N. As fe{v) is an Eisenstein polynomial, 5'e(y) can be defined also as 
the subring of i?(F)[[T]] generated by M^(F)[[T]] and by n G N. Its 2-adic completion 
is Re{V). Warning: we do not have an interpretation for Re{V), similar to the one of 
loc. cit. pertaining to odd primes. 

By mapping T to Tr^/, as F is 2-adically complete, we get a VF(F)-epimorphism 

q{TTv) : Re{V) V. 

We denote by i?n(7ry) the VF^(F)-epimorphism obtained from g(7ry) by tensoring with 
Wn(F). Ker(g„(7ry)) is an ideal of Re{V) /2'^Re{V) endowed with a natural structure of 
divided powers (induced from the natural one of KeT{q{7rv)))', unfortunately we do not 
have nilpotent divided powers. Due to this and the fact that qiny) does not factor through 
a VF(F)-epimorphism from Re{V) to [Va2, 5.2-5] needs substantial "adjustments". We 
need the following obvious statement: 

Fact. \/n G N, Re/2^Re is the inductive limit of its local artinian Wn{¥)-subalgebras 
taken by ^Re{v) ''^od 2" into themselves (and ordered under the relation of inclusion). 

B9. Preliminary assumption. We first assume the triple {Av,PAvt^) iifts to a 
(similar) triple (A^e(v), ^^^.(v^) , i?) over Re{V). Let M := i^]^(A^e(y)/i?e(y)), let Vm 
be the perfect form on M defined by PAji^f^y^ and let Vm be the 2-adic completion of the 
Gauss-Manin connection on M defined by A^gf^yy Let $m be the $j^e(T/) -linear endo- 
morphism of M defined by Aj^^i^yy B®^^^^ Re{V) acts naturally on M. Let F'^(End(M)) 
be the maximal direct summand of End(M) taking the Hodge filtration of M defined by 
-^Re{V) into itself. 
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As Ker(g(7rv')) has a natural divided structure, from the existence of the Dieudonne's 
functor D as a crystal (see [BM]), we get that the quintuple (M, Vm, tpMi -S) is well 
defined without mentioning (i.e. assuming the existence of) {Ajig(^Y),pAj^^^yy, B). As the 
elements of B, viewed as endomorphisms of M are fixed by $m, we get that the involution 
of End(M) defined by i/jm leaves invariant B, producing the same involution of it as *. In 
other words, it is easy to see that two elements of F'^(End(M)) fixed by $m and which 
coincide mod Ker(g(7r\/)), are the same; one just needs to use the fact that 

Ker{q{7rv))nnseAiV){R<V)) = {0}. 

Moreover, the last paragraph of B6 extends automatically to the whole crystalline 
site CRIS(Spec(F/i9"F)/Spec(Z2)), Vn e N. We get that each simple factor of the 
involution of the reduction mod 2 of the centralizer of B in End(M) induced by if^M is 
either of second type or of alternating first type. We present an argument (in the spirit 
of this paper) for this well known fact (stated first in B6). We can assume we are in the 
context of a truncation mod 2 i? of a 2-divisible group over V/2V which has a principal 
quasi-polarization pe '■ E^E*. We have a natural involution 

INV : SP^SP 

on the space SP of lifts of E to (truncations mod 2 of 2-divisible groups) over some 
fixed artinian l^(F)-algebra AL2 lifting ALi := V/2V in such a way that the kernel 
of the M^(F)-epimorphism AL2 -» ALi is annihilated by the maximal ideal of AL2: it 
takes such a lift E into the lift i?*, viewed via pe, as a lift of E. The elements of SP 
fixed by INV are in one-to-one correspondence to pairs {E,p£), with E as mentioned 
before and with p^ : E^E* an isomorphism lifting pe- But any F-linear automorphism 
of order 2 of a non-trivial F-vector space, has non-zero fixed points. Based on this and 
on Grothendieck's deformation theorem of [II, 4.4 c) and e)] (applied repeatedly to a 
projective system {ALn)nen) we get easily that the pair {E,pe) lifts to a pair [Ei.pE^) 
over VF(F)[[T]], with Ei as the truncation mod 2 of a 2-divisiblc group over VF(F)[[T]] 
and with an isomorphism Ei^E\. So first a) and then b) of 2.2.23 C apply entirely 
to D(£'i) and to its bilinear principal quasi-polarization defined naturally by ps^. Using 
the natural W(fc)-monomorphism VF(F)[[T]] ^ ReiV), we get that the bilinear form on 
the extension to ReiV) of the underlying module of ©(iJi) is alternating. 

So from B3 a) we deduce that we have a natural reductive subgroup of GL{M); as 
in [Va2, 5.2.2.1 and 5.2.17] we get that it is isomorphic to G_Re(v)- 

From the Fact of B8 we get that the level-A^ symplcctic similitude structures of 
{AvjPAv)^ with (A^, 2) = 1, lift compatibly to level-A symplectic similitude structures of 

Next we apply [Va2, 5.3.3]. As in loc. cit., to {Ajie{v):PAii^(^v)) symplectic 
similitude structures, it corresponds a morphism 

mReiy) ■ Spec(i?e(F)) M. 
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The affine transformation 

^0 : Re{V) ^w{w) V Re{V) V 

which is y-linear and takes T into Hy^^ + is stiU weU defined. Warning: this is 
not so if we replace Re{y) by Re(y). We consider an 0(„)-monomorphism iy : V ^ 
So, as in [Va2, 5.3.3.1] we construct a VF(F)-monomorphism 

~g : Re{V) ^ C[[T]], 

which, when composed with the C-epimorphism C[[T]] C defined by T goes to 0, 
becomes iy o q^^. Warning: the naive way of defining (here or in loc. cit.) g directly 
by T goes to T + (yry) leads into problems of convergence of formal power series with 
coefficients in C and evaluated at iv{Tvv)- 

As G is the connected component of the origin of Gi and as Re{V) is an integral ring 
of characteristic 0, Vm respects the Gj^e(V)-ci'Ction. We explain what we mean by this. 
The triple {M,ipM,^) is obtained from a triple {Mq,%1)q,B) over W{¥) by extensions of 
scalars. This can be proved in many ways: one way relies on the hint for b) of B3; another 
way can be deduced easily from the approach of BIO below. However, here we adopt a 
slightly different approach: denoting by *| the restriction of the involution of End(M) to 
the centralizer of B in End(M), the triple (M, is obtained from a (similar) triple 

(Mo, *\,B) over W{¥) by extensions of scalars. Argument: the only non-trivial (i.e the D) 
case is a consequence of the proof of a) of B3 {ReiV) is strictly henselian and 2-adically 
complete, cf. B8). So identifying M = Mq ®w(¥) -Re(y), (regardless of the fact that we 
use (Mo, V'o, -B) or (Mo, *|, B)) Vm is of the form d + /3end, with S as the connection on 
M annihilating Mo and with (this is what we mean by Vm respects the Gije(V)-action) 

/3end e Ue{GR^^y))^dT. 

So, as in [Va2, 5.3.3.1] we get that mjie(v) factors through J\f'. There is one detail 
which needs to be pointed out, as G is not always the subgroup of GSp{W, ip) fixing the 
elements of B; so in order to apply loc. cit. we need to add any one of the following two 
things: 

i) [Va2, 5.2.2.1 and 5.2.15] make sense for p = 2 as well (being just rational state- 
ments) and so we can use all dc Rham components of the Hodge cycles with which A is 
naturally endowed, in order to fully use [Va2, 4.1.5] exactly as mentioned in [Va2, 5.3.3.1]; 

ii) Lie(G) is the Lie subalgebra of Lie(GS'p(VF, •0)) annihilating the elements of B 
and so we can still apply [Va2, 4.1.5] without mentioning the extra Hodge cycles of i), 
as loc. cit. relies (as [Fa2, end of rm. iii) after th. 10] does) just on facts involving Lie 
algebras. 

The arguments below show that (the p = 2 analogue of) [Va2, 5.3.4] can be skipped. 

Let {Aq,pao,B) be the triple we get over VF(F) by pulling back {Ajie(v)jPAiie(v)^^) 
via the VF(F)-monomorphism zq : Spec(VF(F)) ^ Spec{Re{V)), defined at the level of 
rings by: T goes to 0. 
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With its construction we are essentially done, as [Fa2, th. 10 and the remarks after] 
treat as well the case p = 2. In other words, as in [Va2, 5.4.5] (see also 2.3.11) we construct 
a versal deformation (Aji^pAj^^B) of the triple {Ao,pAo,B) over R := iy(F)[[xi, ...,a;m,]]5 
with m := dimc(X). We consider the triple {Afi^^^y^,pA^^^^^,B) over Re{V) obtained 
from the triple (^ije(v))PAHe(\') ' VF(F)-morphism 

: Spec(^e(y)) ^ Spec{Re{V)) 

defined by the logical VF(F)-monomorphism Re{V) > Re{V). It is easy to see that it is 
obtained from {A^jPAh, B) by pull back via a I1^(F)-morphism 

^Re(v)) '■ Spec(^e(y)) Spec{R) 

such that Zj^^f^y-j^ o zq at the level of rings is defined naturally by: x^'s go to 0; here we 
denote by zq the natural factorization of zq through *e(y)- To see this, we work in the 
crystalline cohomology context and mimic entirely [Fa2, th. 10 and rm. iii) after it]. 
Though Re{V) is not isomorphic to VF(F)[[T]], it has all ring properties of iy(F)[[T]] 
needed in order to be able to mimic loc. cit.: 

iii) Re{V) is the projective limit of the quotients Re{V)/I{q) (the transition 14^ (F)- 
epimorphisms being the logical ones); 

iv) Wq G N, the quotient I{q)/I{q + 1), as a VF(F)-module, is free of rank one; 

v) takes I{q) into I{q + 1), Vg G N. 

It is the freeness part of iv) which guarantees that wc have no obstructions from the 
fact that Gi is not necessarily connected: as Lie(Gi) = Lie(G), the part of [Fa2, rm. iii) 
after th. 10] involving strictness for filtrations applies entirely in the same manner. 

To conclude that Mw{f) is formally smooth over 1^(F) in y, we just have to remark 
that in the same way we applied [Va2, 4.1.5] in [Va2, 5.4.5], we can apply it in the 
present situation. In other words, the morphism mn : Spec(f2) M. corresponding 
to [An.pAn) and its natural symplectic similitude structures (lifting those of (Ao,pao)): 
factors through A/vK(F) and (as in [Va2, 5.4.7-8]) the resulting VF(F)-morphism is formally 
etale. We just need to add: the morphism Spec(VF(F)) — > M. defined by {Aq^paq) and 
its natural symplectic similitude structures factors through M' as mjje(y) does, and so 
mjf factors through M' and so through N'w{¥)- This proves the Theorem modulo the 
checking that the preliminary assumption of the beginning of this B9 always holds. 

BIO. Argument for the preliminary assumption. It goes in two main steps: 
first we work mod 2 and then we use induction modulo (higher) powers of 2. 

The mod 2 part. First of all we need to show that the triple TTZXi obtained 
from {Av.:PAv:B) by taken it mod 2, lifts to a triple {ARe{v)/2Re{V)■,PAR,^v)/2R.(v)^^) 
over Re{V)/2Re{V). V/2V can be identified with F[[T]]/(T^(^)) and so qiiixv) factors 
through Re{V)/2Re{V); we denote by 

ZV/2V ■ Spec(V/2V) ^ Spec(^e(V)/2^e(V)) 
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this factorization, viewed at the level of schemes. We recall from B9, that the quintuple 
(M, Vm) V'M) ^) is well defined (without any assumption) and that we have naturally 
a reductive subgroup Gjie^v) of GL{M). We have: 

Lemma. The cocharacter jiy lifts to a cocharacter HRe{v) of G^eiv) ■ 

The proof of this is very much the same as of [Va2, 5.3.2]. The only difference: we 
can not be so explicit in writing done some ideals and in fact we have to deal as well with 
iy(F)-monomorphisms (between VF(F)-algebras) and not just with Vr(F)-epimorphisms. 
So, based on the Fact of B8, we consider a sequence 

(^n)n6N, 

with An a W"„(F)-subalgebra of Re{V)/2'^Re{V), such that Vn e N we have: 
PI An is included in An+\ mod 2"; 

P2 under qn{TTv), An is mapped surjectively onto V/2'^V\ 

P3 Gj?e(v)/2"i?e(y) is obtained from a reductive group Ga^ over An by extension of 
scalars and the reduction of mod 2" is naturally identified with the logical 

pull back (see PI) of Ga„- 

By induction on n G N we get (as in loc. cit.) a cocharacter of Ga„ lifting (see 
P2) the reduction of nv mod and such that /Un+i mod 2"^ is obtained by natural pull 
back (see P3) from So to get the Lemma we just need to take iJ.Re{v) such that its 
reduction mod 2" is obtained from fi^ by natural pull back (see P3), Vn G N. 

We consider the direct sum decomposition M = © produced by iJ.Re{v) (so 
P G Gm{Re{V)) acts through iJiRe{V) on F^{M) by multiplication with (3~^). F]^ lifts the 
direct summand of HIj^{Av/V) = M /KeT{q{'Kv)) ■ 

So, without having {Aq^paqiB) we can construct its filtered cr-crystal endowed with a 
family of endomorphisms by just pulling back (M, F^, $m, via zq. So, as in [Va2, 5.4.5] 
(see also 2.2.21 UP) we can construct (without having {Ar,par,^)) a versal, principally 
quasi-polarized filtered F-crystal <Zr over R/2R endowed with a family B of endomor- 
phisms; here R is as in B9. Prom [dJl, th. of intro.j (the form of it we need is reproved 
in 3.14 B6 below) and from Serre-Tate's deformation theory we deduce the existence of 
a unique triple {AR/2R,PAn/2R^^) lifting the special fibre {Av^PAv,^)^ of {Av,PAv,^) 
and whose F-crystal over R is obtained from €r and its family of endomorphisms by 
forgetting the filtration of the underlying i?-module of ^r. 

The extension of (M, F\ $m, Vm, -S) to Re{V) is obtained from {€r,B) by puU 
back via a VF(F)-morphism z^^^^y^ : Spec(i?e(y)) Spec(i?): this is nothing else but the 
corresponding part of B9, performed just in terms of principally quasi-polarized filtered 
F-crystals endowed with endomorphisms and not in terms of principally polarized abelian 
schemes with endomorphisms. 

As V/2V is a complete intersection, again based on [BM, 4.3.2], we get that the pull 
back of {AR/2R,PAji/2R: ^) via the composite of Zv/2V with z^^^y^ mod 2, is nothing else 
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but TRX\. But from the Fact of B8, we get that the resulting F-morphism R/2R — > V/2V 
lifts to an F-morphism R/2R Re{V) /2Re{V). This ends the mod 2 part. 

The inductive part. The second step is to lift, by induction on n G N, the triple 
rnXil) over Re{V)/2Re{V) hfting TTZIx to a triple r7^J(n + l) over Re{V)/2'^+^Re{V) 
lifting naturally (i.e. in a compatible way) the reduction TTZXn+i Tociod 2"^+^ of the triple 

{Av,PAvi^)- We can assume Fj^ mod 2 is the filtration of M/2M defined by the 
lift of Ayi2v to Re{V)/2Re(y) we got (we just have to redo the Lemma once more). 
Accordingly, we want TTZX{n + 1) in such a way that the filtration of M/2""'"^M it 
defines is nothing else but mod 2'^'^^. 

As the ideal ARe{V) of Re{V) has a natural divided power structure, nilpotent 
modulo any ideal 2'^Re{V) with m G N, m > 3, we get that we can assume n = 1. 
We consider two ideals of Re{V) / ARe{V): Ii is the ideal generated by 2, while I2 is 
Ker{q2{7Tv))- Their intersection is nothing else but 2/2 and so its induced divided power 
structure is nilpotent. There is a unique triple 

lifting TTZI{1) and TTZ12 at the same time. So, due to the just mentioned nilpo- 
tent part, there is a unique way of lifting {A^Re{v)/4.Re{V))/2i2^PA^n.^v)/ARe{v))/2i^^^) 
Re{V)/ARe{y) in the way prescribed by mod 4. This takes care of n = 1 and so ends 
the inductive part. 

Conclusion. Due to the mentioned compatibility the triple {Av-iPAvi ^) ^i^s to 
a triple over Spf(Re{V)); as we are in a principally polarized context, we can replace 
(cf. Grothendieck's algebraization theorem) "Spf" by "Spec". So indeed the triple 
(AvjPAvj^) lifts to a triple {Ajie(^v)TPAne(v)^ ^) Spec(i?e(y)). This ends the argu- 
ment for the preliminary assumption and so the proof of the Theorem. 

Bll. Remarks. 1) It is worth pointing out that the above proof does not use 
Fontaine's comparison theory (if in B9 we go ahead with ii) and not with i) and if we 
are not bothered to get f) of B7; warning: B5 can be worked out as well in the de Rham 
context). To be compared with the proof of [Va2, 5.1] which relies on such a theory. 

2) B3 a) points out that the theory of [Va2, 4.3] of 0-well positioned families of 
tensors (with O a DVR) can be "extended" : 

a) we use tensors which are not necessarily linear (like the function QF{v) of the 
proof of it: we have QF{av) = a^v, Va G Mu); 

b) we impose restrictions on tensors modulo the maximal ideal of O. 

However, such theories are not easily adaptable to (i.e. usable in) the crystalline 
context of [Fa2, §4]. 

3) We refer to [Va2, 4.1] for notations. B9 ii) points out that [Va2, 4.1.3-5] have 
versions, where we replace the set J' of loc. cit., with a subset j7o of it such that the 
subgroup of GSpCWjilr) fixing s^, Va G j7o, has G as its connected component of the 
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origin. For these versions, we just need to replace in [Va2, 4.1.3] "becomes a quadruple of 
A{G, X, W, ip)" by "can be extended (by adding tensors indexed by J\Jq) to a quadruple 

of A{G, x^w^ii^y. 

4) Re{V) is the simplest example of the class of GlP-rings (here GD stands for good 
deformation) to be axiomatized in §6 (starting from iii) to v) of B9). 

5) Using [Va2, 5.6.4] we get immediately (cf. also B4) that M = M\ provided G^'^ 
does not have factors of some Lie type (n > 4). However, loc. cit. does not apply to 
the case of such factors. 

C. 2.3.8 3) and conventions 2.3.7 and 2.3.9.2 apply but not 2.3.8 1). However, if wc 
replace 2(p — 2) by max{2, 2(p — 2)} in 2.3.8 1) (in order to accommodate the casep = 2), 
then the p = 2 analogue of (the modified) 2.3.8 1) is the Theorem of B. 2.3.6 makes no 
sense for p = 2. It is premature to state a morally supportive variant of 2.3.8.1; however, 
the proof of [Va2, 6.7.2] can be used with the same purpose for p = 2 as well. Similarly, 
it is premature to deal with the p = 2 analogue of 2.3.8 2). 

D. The parts a) and c) of 2.3.9 remain valid without any modification as (cf. A) 
2.3.5.1 holds for 7? = 2. Moreover, 2.3.9 d) applies as weU provided (*) of 2.3.9 D holds: 
the part of the proof of 2.3.9 referring to [Ja, 10.4 of Part I] applies as well. Briefly, this 
goes as follows. The difference is that, with the notations of the proof of 2.3.9, Gofc is 
the subgroup of GL{Lq/pLq) fixing a non-degenerate quadratic form Qq in m variables 
(argument: this is so over k, cf. [Bo2, 23.6] and its lift version to W{k); but such a 
quadratic form is unique modulo an invertible element and so, using Hilbert's Theorem 
90, we can assume it is defined over k). Now after a finite (computable) number n{m) of 
Galois extensions (the first one of k) of degree 2 we can bring Qq in the standard form 
Xq + xiX2 + ... + X2n-iX2n (rcsp. X1X2 + ... + X2n-iX2n) if m = 2?i + 1 is odd (resp. if 
m = 2?i is even). We postpone to refer to any p = 2 equivalent of 2.3.9 b). 

E. 2.3.10-16 remain valid: this is so due to the fact that [Fa2, th. 10] and the remarks 
following it are still true for p= 2; so [Va2, 5.4] and its variants (see 2.3.11) remain true 
for p = 2. But in connection to 2.3.17 we have to be more careful: for p = 2 the second 
paragraph of the proof of 2.3.17 has to be modified slightly, as a 2-di visible group over 
W{k) is not determined by its associated filtered cr-crystal; however it applies to 2.3.17 
in the same way (see 2.3.18.1 B and C and 2.4.1 below), provided: 

- for the uniqueness part of 2.3.17 we restrict to the case when (M, (p) does not have 
slope 0; 

- for the existence part of the whole of 2.3.17 (inclusive 2.3.17.2) we restrict to the 
case when k has no abelian extensions of degree 2 or to the case when (M, (p) does not 
have slope or does not have slope 1. 

2.3.18.1. A review. Here we recall some known facts on 2-divisible groups D over 
a perfect field k of characteristic 2, for which we could not find a good reference. 

A. We write D as a product 

D = DiX D2 
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such that Di is ordinary, while D2 has aU its slopes in the interval (0,1). Let {M,(p) 
be its cr-crystal and let M = Mi ® M2 be the corresponding direct sum decomposition. 
For simplifying the presentation, we choose a lift of D to a 2-divisible group D{2) over 
W2{k). Let n G N U {0} be such that k'^ is the /c-linear space parameterizing lifts of D 
to W2{k), with D{2) corresponding to the origin. Let Tdef be the vector group scheme 
it defines naturally. Let k"^ be the /c-linear space which parameterizes lifts of the F^- 
filtration of M/2M (defined as the kernel of cp mod 2) to F^-filtrations of M/AM, with 
the F-^ -filtration of M/4M defined by D{2) as the origin; let Tfli be the vector group 
scheme it defines naturally. 

In what follows we assume n > 0: if n = all results below are trivial. There is a 
natural morphism (of schemes): 

mo '■ Tdef Tfli- 

Its existence can be seen easily using crystalline cohomology theory (i.e. using the D 
functor in the context of the universal deformation space of D over VF(/c)[[xi, x^]]; see 
2.2.1.0 and [II, 4.8]); see also 2.4 below for a second approach via PD-huUs and crystals. 
We would like to point out that the role of D{2) is irrelevant here: above, instead of 
A;-vector spaces, we can consider as well affine spaces (in the classical sense of Euclidean 
Geometry); a change of D{2) corresponds to a change of the origins of Tjef and of Tq\. 
We have: 

B. Fact. rriD is a dominant, finite morphism. Generically, the field extension of 
the field of fractions FF ofTfn we get, is the composite of at most n extensions of degree 
2 of FF. 

Proof: We first mention the case when D is an ordinary 2-divisible group over k 
and its lift D{2) to W2{k) is modeled on (i.e. lifts to) its canonical lift. But in such a 
case this Fact can be checked without difficulty, starting from the theory of canonical 
crystalline coordinates. In other words, [Ka3, 4.3.1] and the standard formulas of pulling 
back F-crystals (see [De3, 1.1]; for mod 4 versions of loc. cit. see also [Fal, p. 36-37] and 
the reference to it in 2.2.1 c)) reduces the situation to the case when D is the 2-divisible 
group of an ordinary elliptic curve. For this last case we refer to [Og, 3.14] (from loc. cit. 
we get: mo can be identified with a morphism Spec(/i;[t]) — > Spec(A;[t]) which at the level 
of rings takes t into —t). We conclude: mo is a Galois cover of whose Galois group is 
(Z/2Z)". 

To treat the general case without appealing to heavy computations, we use a spe- 
cialization argument. So let V{k) be the normalization of k[[x]] in the algebraic closure of 
k{{x)). Let Dv{k) be a 2-divisible group over V{k) lifting D and whose generic fibre is or- 
dinary (for instance, cf. 3.1.8.1 below; it can be read at any time). Let Dv{k) (2) be a lift of 
it to W2{V{k)) which also hfts D{2) (cf. [II, 4.4]). Let My^k) ■= H^rys{Dv{k)/W{V{k))). 

As in A, we denote by T^Jf'^ (resp. by T^^^'^^) the n dimensional affine V(/c)-scheme 
whose y(A;)-valued points parameterize lifts of Dv{k) to W2{y{k)) (resp. lifts, of 
the F^-filtration of My(fe)/2My(fc) defined naturally by Dy(^k) to an F^-filtration of 
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My(-jt)/4My(;5)), with L>y(;j)(2) (resp. with the F^-filtration of My (^i^^ / 4,My defined by 
Z)y(fc)(2)) corresponding to its origin. We get (easy argument at the level of F(A;)-valued 
points): m^) is the special fibre of a natural morphism 

(whose generic fibre is constructed as mo is). 

It is easy to see that ttid has finite fibres (see also E below). So mD is a dominant 
morphism. From Zariski's Main Theorem, we get that Tdef is an open subscheme of 
the normalization of Tfli in the field of fractions of Tdef- But can not be an open 
subscheme of an integral, affine /c-scheme S such that 5" \ is non-empty: otherwise 
we would get that the polynomial ring k[xi, Xn] has invertible elements which do not 
belong to k. So is also a finite morphism. As the generic fibre of mD^^i^^ is a Galois 
cover of whose Galois group is (Z/2Z)", the Fact follows. 

C. From B we get that the natural map 

defined by mo is surjective. 

In general, the fibres of moik) arc related to the passage to some particular isogenics 
(involving the 2-torsion). So using (see E below) Fontaine's comparison theory with inte- 
gral coefficients in the context of 2-divisible groups over W{k), such a fibre mD{k)~^{a) 
can have more than 1 element precisely in the case when Mi has both slopes and 1 
with positive multiplicity. So, if {Mi,(f) has only the slope or only the slope 1 or if 
Ml = {0}, then rriDik) is a bijection. 

D. On the other hand, to lift a 2-divisible group D{m) over Wmik) lifting D, with 
m G N, m > 2, to a 2-divisible group over Wjn+q{k), with g G N, we just have to lift the 
F^-filtration of M/2""M defined by D(rn) to an F^-filtration of M/2"+"^M. This is a 
consequence of [Me, ch. 4-5], as the ideal 2'^Wm+q{k) of Wm+q{k) is equipped naturally 
with a nilpotcnt divided power structure (which is not the case for the ideal 2Wm+q{k) 
of Wm+q{k)). Combining this with the Fact of B, we get: 

Corollary. For any direct summand of M such that the triple € := {M,F^,(p) 
is a filtered a-crystal, there is an abelian extension ki of k of Galois group a subgroup of 
Z/2Z"', such that the extension of (t to ki is associated to a 2-divisible group over ki. 

E. We now recall how Fontaine's comparison theory with integral coefficients in 
the context of 2-divisible groups over W{k) applies in C. We follow [Fa2, ch. 4 and 
ch. 6]. Warning: in [Fa2, ch. 1] it is stated that in [Fa2, ch. 2-6] an odd prime is 
used. However, in [Fa2, ch. 8] (especially see the ending paragraph of loc. cit.) it is 
explained why the things are fine for p = 2 as well; so below we do refer to [Fa2, ch. 
4 and ch. 6] even for p = 2. Let B~^{W{k)) be the Fontaine's ring constructed as in 
[Fa2, ch. 4 and ch. 8], using the 2-adic topology (for completing); the reason we do 
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not use the PD topology (for completing) is that we could not convince ourselves that 
we still get a natural Frobenius lift (see also [Fa2, p. 125] where the arguments refer 
only to odd primes). We recall: B'^{W{k)) is an integral, local VF(A;)-algebra, endowed 
with a separated, decreasing filtration (^F'^ {B^ {W (k))) .^^^^^y with a Frobenius lift FR, 

and with a natural Galois action by Fk (cf. also [FI, 1.3]). Moreover we have a natural 
l^(A;)-epimorphism compatible with the natural Galois actions by 



swik)--B+{Wik))-^W{k) , 

where W{k)^ is the 2-adic completion of the normalization of W{k) in B{k). Its kernel 
is F^ {B~^ (W (k))) and so we can identify 

:= F'\B+{W{k)))/F\B+{W{k)) = B+ {W (k)) / F\B+ {W (k)) 
with W(kf. So 

gr^ := F\B+ {W (k)) / F^ {B+ {W (k)) 



is naturally a W{k) -module: it is free of rank one; let tt be a generator of it. Let 
Po e F^{B+{W{k))) be defined as in [Fa2, p. 125] (in [FI, 1.2.3 and 1.3.3] it is denoted 

by t); its image in gr^ is 2u times an invertible element z/Jq of W{k) and, even more, 

^eF\B+{W{k))) 

and 

FR{po) = 2po 

(cf. any one of the last two loc. cit.). 

Let -Do be a 2-divisible group over W{k) lifting D. Let HI^[Dq) be the dual of its 
Tate-module. Let F^ be the F^-filtration of M it defines naturally. Let F° be a direct 
supplement of F^ in M. We have a S+(VF(A;))-monomorphism 

iM{Do) : M B+{W{k)) HUDo) B+{W{k)) 

respecting the tensor product filtrations (the filtration of HI^{Dq) is defined logically by: 

F^{Hj^{Do)) = {0} and F^{Hl^{Do)) = Hl^{Do)), the Galois actions, and the Frobenius; 
all these Frobenius endomorphisms of modules are still denoted by FR. 

Its existence is just a particular case of [Fa2, th. 7] (cf. end of [Fa2, ch. 8]). From 
the way loc. cit is stated, clearly the prime 2 is also treated. However, we need to point 
out that the ring Ry used in loc. cit., as p — 2, is not definable as in [Fa2, ch. 2] (for 
instance, if A; = F, then the ring Ry of loc. cit. is not the ring Re{V) used in 2.3.18 B8 
but the ring Re{V) of the mentioned place). Moreover, our case is very simple: W{k) 
has no ramification and so, as B~^{W{k)) is a VF(/c)-algebra, we can trivially define the 
crystalline cohomology group of Dq relative to B~^{W{k)), using (cf. end of [Fa2, ch. 8]) 
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C-R/5'(Spec(/c)/Spec(M^(/c))). It can be checked that, working with the mentioned site, 
the homology and the cohomology of Q2/Z2 can still be computed similarly to [Fa2, p. 
132-3] (see [BM, ch. 2]). 

The part of [Fa2, th. 7] expressing the fact that the cokernel of iM(-Do) is annihilated 
by the element /3o, in its simpler form, can be restated as (cf. also the strictness part of 
[Fa2, th. 5] and the above part pertaining to i/jg): 

Key Property. The W{k) -linear map 

3m{Do) : F° ®w{k) gr^ © ®w{k) gr"^ ^ ^^lt(^o) gr\ 

induced naturally from zm(-Do) at the level of one gradings, is injective and its cokernel 
is annihilated by 2. 

If now Dq is another 2-divisible group over W{k) lifting D, producing the same F^- 
filtration of M, then via the similarly constructed i?"'"(VF(/c))-monomorphism zm(-Do), 
Hj^iD^) is (cf. the Key Property) a Za-lattice of Hl^{Do)[^] containing 2Hl^{Do) and 
contained in ^Hj^ (-Do) • Using a well known theorem of Tate, we get that Dq is determined 
by such a Z2-lattice, and this takes care (cf. also paragraph D) of the finiteness part of 
the fibres of mo- If Hl^{Do) Hl^iDl), i.e. if Dq 7^ as lifts of D, let 

:=Hl,{Do)nHl,{Dl). 

Let Hq be a direct summand of contained in 2Hl^{E), with E e {Dq^Dq}: we do 
have non-zero such summands; warning: we do not require Hq to be Ffc-invariant. So, 
via jM{E), Hq (8)Zp gr^ is a direct summand of F° ®w{k) gf^ ® ®w{k) gf^- We deduce 
the existence of an element 

a e FF^ := F° F\B+{Wik)) © F^ ®vK(fc) B+{Wik)) 

such that the following three things hold: 

a) FR{a) = 2a; 

b) its image in F° <S>w{k) gi^^ ® ®VK(fc) gi^'^ is non-zero modulo the maximal ideal 
mbig of W{k) ; 

c) its image in i^-*^ (g)^^ gr^ belongs to Hq (g)^^ gr^ and moreover its image in Hq 
gr^ /m\y\^gr^ is non-zero. 

For instance, we can take a := ■iM(£')(|/5o)) where h e Hq generates a direct sum- 
mand of it and moreover | e Hj^{E); as |/?o = b^, we get that a) to c) hold. 

We assume now that (M, (p) does not have integral slopes, i.e. we assume Mi = {0}. 
We want to reach a contradiction. We can assume k = k. We choose a W {k)-ha,sis Bi — 
{ei, ...,edini^(^)(M)} (resp. B2 = {/i, /dimvv.(fe)(M)}) of an arbitrary W'(/c)-submodule 
iV of M (resp. of M) such that (^'(e^) = 2'^*ej, Vi e S{l,dimw{k){M)), with Z e N and 
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with aU UiS belonging to the set S{1,1 — 1) (resp. such that it is formed by elements of 
F° and of F^). Let 5 e N be such that p^M C N. We write 

dimvK(fc)(M) 

1=1 

with ai belonging to F^{B+{W{k)) if fi e and to B+{W{k)) if /, G F\ Let m := 
l{q + 1). We have {I - 1)(q + 1) + g < m. As {^/?"'(/^)|^ G 5(1, dimvK(fc)(M))} is a 
S(fc)-basis of M[i] formed by elements of \ and as FW^{a) = 2"^a G 

2"^M ®w{k) B'^{W{k)), we get that Vz G 5'(1, dimvK(A;)(Af )) such that fi G F\ is 
not an invertible element. So the image of a in FF^ /m\^\^FF^ belongs to the image of 

®Zp fi'?'"'^ into this last W{k) /mbig-module (i.e. A;-vector space). 

Prom this, c) and the structure of {W {k)) / F"^ {B^ {W {k)) (as an extension of 
gr'^ by gr^), we deduce the existence of an element iP G F° such that iM{E){lP) G 

(g)Zp B~^{W{k)) is non-zero modulo the maximal ideal of B'^{W{k)). This implies 
(M, (p) has slopes 0. Contradiction. So Mi is non-zero. 

We assume now that (M, 99) does not have slope 1. So (Mi, (/?) has pure slope 0. Let 
Hq be the direct summand of Hj^{Do) and of H\^{Dq) such that -ffo[^] corresponds (via 
Fontaine's comparison theory) to the filtered isocrystal (Mi[|], 0, (/^i). It is also a direct 
summand oi . So we can choose Hq such that Hq ® Hq is still a direct summand of 
H^. Based on the same arguments as above, we can assume }p G M2. So (M, </?) has the 
slope with multiplicity greater than the rank of Mi. Contradiction. So (M, ip) has the 
slope 1 with positive multiplicity. Using the standard Cartier duality, we get that (M, </?) 
has as well the slope with positive multiplicity. This takes care of the bijectiveness part 
of C. 

2.3.18.1.1. The fibres of tud- We assume now that Dq is the product of the 
canonical lift of Di with an arbitrary lift of -D2- The same arguments of 2.3.18.1 E 
can be used to give that any lift of D as in the mentioned place is a product of a lift of 
Di with D'^ (we can also use the fact that the Galois representation associated to D"^ [2] 
does not fix any non-zero element and that Dq is the extension of a 2-divisible group by 
D^). In general we have: 

Fact. All fibres of m oik) (of 2.3.18.1 B) have exactly 2^^~^^ points, where s{—l) is 
the multiplicity of the slope —1 for (End(M), p). 

Proof: Let Dq and F^ be as in 2.3.18.1 E. Dq is the extension of an etale 2-divisible 
group Dqi by another 2-divisible group D02 over W{k) whose special fibre does not have 
slope 0. D02 is uniquely determined by F^, cf. 2.3.18.1 C. -D02 itself is the extension of 
a 2-divisible group D03 which does not have integral slopes by a 2-divisible group Dq4 of 
multiplicative type. We have a short exact sequence of A;-vector spaces 
(EXT) 

Ext^(Z)oiW2(fe)) -D04W^2(A;)) ^ Ext^(Doiw^2(A;)5 -^02W^2(fe)) ~^ Ext\DoiW^2(A;)) -Do3W^2(A;)) 
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(the surjectivity part is checked by reasons of dimension). iI>0M/2(fc) given by an 

element 7 e Ext^L'oi W2(A;), ^02W2(A;)); its image in Ext^(L'ow2(A;): ^02V72(A;)) is de- 
termined by FV4F1 (again of. 2.3.18.1 C). So (of. also 2.3.18.1 D) the number 
of lifts Do of D giving birth to are in one-to-one correspondence to the num- 
ber of elements in Ext^(iI>oiv72(A;)5 -^04t/K2(A;)) giving birth to the same F^-filtration of 
H^j.yg{Do4^k X Doik/W2{k)). So, as s(— 1) is the product of the ranks of -Dqi and D04, the 
Fact follows from the first paragraph of the proof of 2.3.18.1 B. 

2.3.18.1.2. Exercise. Using 2.3.18.1.1 show that the morphism mo of 2.3.18.1 B 
is a Galois cover. Hint: the situation gets reduced to the ordinary case. 

2.3.18.2. The case p — 2 for some parts of 2.2. We assume k is an algebraically 
closed field of characteristic 2. First we refer to 2.2.16.2. Any cyclic diagonalizable filtered 
cr-crystal {M,F^,(p) is a direct sum of circular diagonalizable filtered u-crystals. From 
2.3.18.1 C and E we deduce that if the Newton polygon of (M, (p) does not have slope 
or 1, then we have attached to it a uniquely determined Galois representation with 
coefficients in Z2; so in such a context the Corollary of 2.2.16.2 still holds, as the part of 
its proof involving endomorphisms still holds. 

Accordingly, as we can always isolate aside the slopes and 1 (as in 2.3.18.1 A), 
2.2.16.3 remains true for p = 2 as well. Similarly, we get that the Proposition of D of 
2.2.22 3) remains true for p = 2. This implies that the whole of D, F, G, H, I, K and M 
of 2.2.22 3) remains true for p = 2. 

2.3.18.3. Remark. Let now p be an arbitrary prime. 2.3.18.1 E can be adapted 
to p-divisible objects of M.J^]^a,p-i+a\(W {k)) as follows. Performing a Tate twist we 
can assume a — Q. [Fal, p. 35-36] explains how to associate Galois representations to 
truncations of such p-divisible objects; using projective limits we can associate a Galois 
representation p to a 7?-divisible object (L of M.T[Q^p-\-\{W{k)). Of course, one needs to see 
when it involves a free Zp-module of the same rank as the underlying module of C We 
will not stop to argue this (it is a consequence of [CF]); we will just mention that in the 
case € is cyclic diagonalizable, it is easy to see based on loc. cit. that indeed N is free and 
has the right rank. Moreover, following the pattern of 2.3.18.1 E it can be checked that, 
if € either does not have direct summands which are p-divisible objects of AlJ^[o,o](W^(^)) 
or does not have direct summands which are p-divisible objects of M.J^]j,-i^p-i^{W {k)), 
then £ is uniquely determined by its associated Galois representation. So referring to iv) 
of L of 2.2.22 3), we can replace p>m-\-2hyp>m + l. 

2.4. Some identifications. What follows is thought as an appendix of §2: we 
detail [Va2, 5.5.1] (slightly reformulated) in the abstract context of Shimura a-crystals; 
moreover the case p = 2 is included as well. Based on the end of 2.2.10 and of 2.2.21, 
there is no need to restate all things below in a principally quasi-polarized context. So, 
based on Fact 4 of 2.3.11 (and its p = 2 version), everything below applies to the context 
of a (p = 2) SHS. 

We start with a Shimura p-divisible group (D, {toi)aej) over W{k)^ with k an arbi- 
trary perfect field. Let (M, F^, G, {ta)aej) be its attached non-necessarily quasi-split 
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Shimura filtered cr-crystal. Let R :— W{k)[[xi, Xm]], with m :— dd{{M, ip, G)). Let 
Vji := {Dji, {tc()aej) be a universal Shimura p-divisible group over Spec(-R) which in the 
l^(A;)-valued point of Spec(i?) defined by making all XiS to be 0, is {D, {ta)aej)- Let 
P (resp. Pm) be the parabolic subgroup of G (resp. of GL{M)) normalizing F^. Let 
Spec(i?i) be the completion of G/P in its VF(A;)-valucd point defined by the origin of G. 
As a VF( A;) -algebra, Ri is isomorphic to R (cf. 2.2.22 4)). 

Let R^^ (resp. Rf^) be the p-adic completion of the PD-huU of the maximal ideal 
of R (resp. of The pull back to Spec{R^^ /pR^^) of the F-crystal with tensors over 
R/pR defined by Vn is trivial, i.e. it can be identified with {M(S)w(k)R^^ j 9?®!? (^a)aej') 
(see [BM]). So, corresponding to the F^-filtration of M ®w{k) R defined by the pull 
back of Vn to Spec(i?^^), we get naturally a VF(A;)-morphism 

FIL : Spec(i?^^) ^ GL(M)/Pm. 

It factors through G/P as it can be checked using VF(/c)-valued points of Spec(i?^^) (see 
Fact 2 of 2.2.9 3)). As R^^/p'^R^^ is an inductive limit of its artinian local Wn{k)- 
subalgebras (this is the same as the Fact of 2.3.18 B), Vn e N, we get that FIL factors 
through Spec(i?i) and so through i?f^. The resulting VF(A;)-morphism 

FILo : Spec(i?^^) ^ Spec(i?f^), 

is an isomorphism if p > 3 or if p = 2 and each W{k)-valued point of Spec(i?f ^) lifts 
imiquely to a M^(/c)- valued point of Spec(i?^^), as it can be checked immediately at the 
level of tangent spaces, starting from the fact that is universal. By the identification 
of [Va2, 5.5.1] we meant such 1/F( A;) -isomorphisms as FILq (with p > 3). 

Any VF(/c)-automorphism gji : Spec(i?) A^Spec(-R) extends to a VF(/c)-automorphism 
of Spec(i?^^). We assume now that there is ^ e G^'^ which mod p normalizes 
F^{Ue{G^'^))/pF^{Ue{G^'^)) and such that: 

- the F°-filtration F^* (^-j of Lie{G'^'^) defined by the pull back through gn of any 

Spec(l^(/c))-section z of Spec(i?) whose attached Shimura adjoint filtered Lie cr-crystal 
is defined by an F°-filtration F° of Lie(G*'^), is nothing else but g~'^{F^). 

Denoting still by g, the l^(fc)-automorphism of Spec(ili) (resp. of Spec(i?f^)) 
defined by inner conjugation by g (resp. defined by inner conjugation by g and passage 
to the p-adic completion of PD-huUs), we get: 

Fact, g o FILq = FILq o g^^ . 

Proof: It is enough to check this equality at the level of W^(A;)-valued points of 
Spec(i?-^^); but for such points, the equality holds, cf. the assumption. 

Corollary. We assume that either p > 3 or p = 2 and each W{k) -valued point of 

Spec(i?f^) lifts uniquely to a W{k) -valued point of Spec{R^^) . Let V be a faithfully fiat 
W{k)-algebra which is a complete DVR of index of ramification at most p — 1. If gR acts 
freely on Spec(i?[^]), then g acts freely on the set of V -valued points o/ Spec(i?i[^]). 
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Proof: We just have to add that any F- valued point of Spec(i?) (resp. of Spec(-Ri)) 
hfts uniquely to a F-valued point of Spec(i?-^^) (resp. of Spec(i?f^)). 

2.4.1. The case p = 2. We assume now p = 2. Let (resp. T^) be the tangent 
space of R/pR (resp. of Ri/pRi), viewed as a dd{{M,(p,G)) dimensional affine space 
over k. Its fc-valucd points are in one-to-one correspondence to lifts of the maximal point 
Spec(/c) Spec(i?) to a VF2(^)-valued point of Spec(J?) (resp. of lifts of F^/2F^ to a 
F^-filtration Fl of M/4M defined as usual by a cocharacter of G\Y^(^k)), with the lift 
provided by all Xj's being (resp. by F^/AF^) corresponding to the origin. FILq gives 
birth naturally to a A;-morphism 

From 2.3.18.1 B we get that is dominant and finite, generically obtained by using a 
composite of extensions of degree 2. 

Let €r be the Shimura filtered F-crystal with tensors over Spec{R/pR) associated 
to Pfl. We have: 

Claim. If k — k, then the induced map at the level of k-valued points m^{k) : 
Tj^f (/c) T^\{k) is surjective and all its fibres have the same number of elements which 
is a non-negative, integral power of 2. 

Proof: This is a consequence of 2.3.18.1.1.2. We now include a more useful second 
proof, based on 2.2.21 UP. It is more convenient to work with W {k)-yalvLed points instead 
of M^2(/c)-valued points (cf 2.3.18.1 D). 

So let Zi : Spec{W (k)) Spec(i?), z = 1, 2, be two diff'crcnt VF(fc)-morphisms giving 
birth to the same filtration Fq :— F}^ — F^^ of M (if such VF(A;)-morphisms do not 
exist we have nothing to prove). From 2.2.21 UP we deduce the existence of a unique 
iy(A;)-isomorphism 2:12 : Spec(i?)A-Spec(i?) such that: 

i) 2:12 o 2:2 = 2:1, and 

ii) zl2i^R) is isomorphic to €r, under an isomorphism ii2 lifting (in 2:2) the canonical 
identification (Mq, F^^,(fi, G, {ta)a€j) = (Mq, F^^,(f, G, {ta)a€j)- 

As €r has no automorphism whose pull back through 2:2 is the identity, the isomor- 
phism zi2 is canonical. So from 2.2.21 UP and from i) and ii) we get: 

a) 2:12 does not fix any W{k)-valued point of Spec(i?); 

b) For any z e Spec{R){W{k)), the F^-filtrations of M defined by z and 2:12 o z are 
the same; 

c) If we have a third point zs (not necessarily different from zi or 2:2) such that 
= Fq, then 212 o 223 = 213 (the convention being that 213 or 223 is the identity 

automorphism of Spec(i?) if respectively 21 = 23 or 22 = 23). 

In other words, if a G T^i{k) is defined by F^_^/4:F^_^, we have an injective map 
(thought as a monodromy map) 

: m%{k)~^{a) ^ AutH^(fc)(Spec(i?)), 
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which takes the element of mD{k)~^{a) defining zs into 2:13. The image of m^^ does not 
depend on zi (cf. a) and b)). So all fibres of m'^{k) have the same number of elements. 
So the Claim follows from the sentence on extensions of degree 2 before it. 

2.4.2. Corollary. 2:12 is an automorphism of order 2. 

Proof: The fact that 2:12 is of finite order is implied by the finiteness of the fibres 
of m^(k) and by its uniqueness. Prom the fact that the special fibre of Dji is a versal 
deformation, [dJl, th. of intro.] (the form of it we need is reproved in 3.14 B6 below) 
implies Z12 mod 2 is the trivial automorphism of Spec{R/2R). So zf2 mod 4 is the trivial 
automorphism of Spec(i?/4i?) and so (being of finite order) is the trivial automorphism 
of Spec(i?). 



182 



§3 The basic results 



Let be a perfect field of characteristic a prime p > 2. Let a be the Frobenius 
automorphism of W{k). Let (M, G) be a Shimura cr-crystal over k (cf. 2.2.8 2)). From 
its very definition, we deduce (see 2.2.8 1) and 2)) the existence of a cocharacter /i : 
G which produces a direct sum decomposition M = (with j3 G G^(VF(/c)) acting 

through ji on as the multiphcation with ^ = 0, 1) such that {M, F^,(p,G) is a 
Shimura filtered a-crystal. We also deduce that F^ and F^ are proper direct summands 
of M. The G'(VF(/c))-conjugacy class [fi] of the cocharacter is uniquely determined by 
(M, (cf. Fact 2) of 2.2.9 3)). We consider a family (ta)ae:7 of tensors of r(M)[^] 

such that (p{ta) = ta, Va G JT", and GB{k) is the subgroup of GL(M[^]) fixing ta, Va G JT". 
If convenient, one can assume that all tensors ta are homogeneous. Let 

0:=Lie(G'). 

Fixing the group G, the family of tensors {ta)aeJ and the G(VF(/c))-conjugacy 
class [/x], any other Shimura a-crystal (M, with ipi fixing ta-, Vet G JT, and 

with defining its filtration class, up to isomorphism (cf. 2.2.9 6)), can be put in 
the form (pi = g<f, with g G G{W{k)). To see this, we consider two Shimura filtered 
(T-crystals (M, F^, (/?, G, {ta)aej) and (M, Fj^, G, (ta)aeJ') having the same filtration 
class. Changing the second one by an isomorphism, we can assume F^ — Fi. But then 
ifi = gif with g G GL{M){W{k)). As and if are both fixing ta-, Va G J", we get that 
actually g eG{W{k)). Let 

dM ■■= dimw{k){M). 

3.0. The starting setting. We consider Shimura tr-crystals [M, ipi, G) and 
Shimura filtered cr-crystals (M, F^,(pi,G), with (pi fixing ta, Vo; G JT", and with [//] defining 
their filtration class. In other words, we consider Shimura u-crystals with an emphasized 
family of tensors whose class is Cl{M, (p, G, {ta)a€j) (cf- 2.2.22 2)) as well as their lifts. 
Occasionally, for the sake of accuracy, we repeat this. We use freely 2.2.3 3). 

In 3.1-13 we assume p > 3; see 3.14 for the modifications needed to be made for 
p = 2. In 3.1-5, 3.7-9 and 3.11 we mostly deal with the generalization of the classical 
Serre-Tate (ordinary) theory to the context of Cl{M, Lp,G, {toi)oiej)'i particular, we 
also deal with problems involving Newton polygons. In 3.6 (resp. 3.12) we mostly deal 
with global (resp. local) deformations in the context of Cl{M, ip, G, {ta)aej)- 3.10 we 
introduce a language and formulas pertaining to Shimura (adjoint) Lie a-crystals. In 3.13 
we mostly deal with truncations mod p in the context of Cl{M, p, G, {tct)aej)- Often, in 
3.1-14 we deal as well with more general contexts then the one of Cl{M, (p, G, {ta)aej)- 



183 



In 3.15 we gather different refinements which can be obtained by combining different 
parts of 3.1-14. 

Warning: from now on, without a special reference, we assume p> 3. 
3.1. The first group of basic results. 

3.1.0. Theorem, a) Among all a-crystals {M,g(p) with g e G{W{k)) (i.e. among 
all Shimura a-crystals {M, (pi, G, {to()aej) whose filtration class is defined by [fj]), the 
ones which have the smallest Newton polygon V (in the sense that all others have a 
Newton polygon strictly above it) are precisely the ones (M^goip) for which there is a 
Shimura filtered a-crystal (M, Fq, gQip, G) such that po := Wq{q, gQip) is contained in the 
parabolic Lie subalgebra -Fq (fl) ^/fl formed by elements which take Fq into itself. 

b) For any Shimura a-crystal (M, (/ov, G) having V as its Newton polygon, there 
is a unique filtration Fq of M , such that (M, Fg , go^p, G) is a Shimura filtered a-crystal 
satisfying (with the notations of a)) po C Fq{q). 

c) Among all a-crystals (M^gip) with g e G{W{k)) (i.e. among all Shimura a- 
crystals (M, (/Ji, G, (ta)aeJ') whose filtration class is defined by [/j]), the ones which have 
the smallest Newton polygon LicciV) (in the sense that all others have a Newton polygon 
strictly above it) of their attached Shimura Lie a-crystals {Q,g(p), are precisely the ones 
having V as their Newton polygon. 

d) There is a Shimura filtered F -crystal Cp = (M, F^, (p, G, /) such that the Shimura 
F -crystal we get (cf. Fact 3 of 2.2.10) over a geometric point over the generic point of 
the scheme over which this is, has V as its Newton polygon. 

3.1.1. Definitions, a) Any Shimura cr-crystal (M, (/?!, G, {ta)aej) of whose filtra- 
tion class is defined by [^] and has V as its Newton polygon, is called a G-ordinary a- 
crystal (or a Shimura-ordinary cr-crystal or, even better, a (G, [/x], [a])-ordinary a-crystal, 
as V depends not only on the faithful representation G ^ GL{M) but also on the filtra- 
tion class defined by [ji] and on the automorphism class [a] of (5, <^i) as defined in 2.2.11 
2)). 

b) The formal isogeny type of a G-ordinary a-crystal (M, g^ip, G) (resp. such a 
G-ordinary a-crystal), is called the G-ordinary type or the Shimura-ordinary type (resp. 
is called a G-ordinary a-crystal) produced by (or attached to) the Shimura a-crystal 
(M, G) we started with. 

c) A Shimura filtered a-crystal (M, F/,<^i,G) such that Wo(0, <^i) is contained in 
the parabolic Lie subalgebra of Q formed by elements taking Fl into itself, is called 
the G-canonical lift (or the Shimura-canonical lift) of (the (G, [/u], [a])-ordinary a-crystal) 
(M, (/?!, G). Occasionally, we refer to Fl itself as the G-canonical lift of (M, G). Pairs of 
the form (D~^(M, Fl, (fi), {ta)aej) ^-re called Shimura-canonical p-divisible groups over 
W{k), while pairs of the form (B~^{M, Fl ,(pi)k, {ta)a€j) are called Shimura-ordinary 
p-divisible groups (over k). 

3.1.1.1. Exercise. If G = GL{M), then the G-ordinary type we get is an ordinary 
type (i.e. its associated Newton polygon has only the slopes and 1). Hint: this should 
be obvious; if it is not, then look at 3.1.8.1 or at 3.2.3 below. 
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Prom 3.1.0 a) and b) and from defs. 2.2.8 7) and 2.2.9 6) we get: 

3.1.1.2. Corollary. Any endomorphism (resp. automorphism or Ij -automorphism) 
of a Shimur a- ordinary a -crystal over k, is as well an endomorphism (resp. automorphism 
or 1 J -automorphism) of its canonical lift. 

3.1.2. Remarks. 1) The terminology G-ordinary cr-crystals and G-canonical lifts 
was suggested to us by F. Oort and R. Pink in June 1995. It is a convenient terminology 
for the abstract context; in geometric situations we will use gradually more and more the 
terminology Shimura-ordinary cr-crystals and Shimura-canonical lifts. 

2) The class of Shimura-ordinary cr-crystals is stable under perfect field extensions 
(of. 3.1.0 b)). So, we speak about a Shimura-ordinary (resp. a Shimura-canonical) p- 
divisible group over k even if by chance in 3.1.1 c) we do not have a quasi-split reductive 
group G. 

3.1.2.1. Convention. Whenever we pass to a perfect field ki containing k, for not 
overloading the notations, we still use the terminology G-ordinary, instead of G\Y(^k^y 
ordinary (cr -crystals). 

3.1.3. Reformulation of 3.1.0 in terms of sets. 3.1.0 asserts the following five 
things: 

a) Among all Newton polygons of cr-crystals (M, g(f) with g e G{W{k)), there is one 
V which is the smallest; let Aq be the set of e G{W{k)) such that the Newton polygon 
of (M, gif) is r. 

b) Among all Newton polygons of Shimura Lie cr-crystals (g, gip) with g G G{W{k)), 
there is one LieG('P) which is the smallest; let Bq be the set of g G G{W{k)) such that 
the Newton polygon of {g,g(p) is LieoiV). 

c) Ag = Bg = Cg, where Cg is the set oi g E G{W{k)) such that {M,g(p) has the 
property that there is a Shimura filtered cr-crystal (M, F^, g(p, G) for which Wo(£|, g^) is 
contained in the parabolic Lie subalgebra of g formed by elements taking Fg into itself 
(i.e. having the property that there is a Shimura filtered cr-crystal (M, F^, gip, G) whose 
attached Shimura filtered Lie cr-crystal (^Q, g(p, Fg{Q), Fg{Q)^ is of parabolic type in the 
sense of def. 2.2.12 a)). 

d) If (7 G Cg, then there is a unique lift Fg of (M, g^p, G) as in c). 

e) Any Shimura cr-crystal can be deformed (using specific Shimura filtered F- 
crystals) so that it is the specialization of a G-ordinary cr^j -crystal over a (suitable) 
perfect field ki containing k. 

3.1.4. Proposition. For any G-ordinary a-crystal {M,ip,G), there is a unique 
cocharacter p, : Grn G producing a direct sum decomposition M = F^ ® F^ (with 

P G Grn{W{k)) acting through jl on F^ as the multiplication with (3~'^ , i = 0,1) such that 
[M, F^ ,(p,G) is a G -canonical lift and all elements o/VFo(S)<^) (resp. ofW^{Q,(p)) take 
F^ (resp. F^) into itself. 
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For a first proof of this Proposition see 3.11.1-2 below. A second proof of it can be 
obtained by just copying the proof of a) of 4.4.1 3) below (where we work in the context 
of Shimura varieties of Hodge type) and so, for making §4 as little dependent on §3 as 
possible, it is reproduced only there. 

3.1.5. Exercise. The cocharacter jl of 3.1.4, when viewed as a cocharacter of 
GL{M), is the canonical split of (M, F^, (p). 

Solution. We can assume k = k. From 3.11.1 a) or c) below we deduce that we can 
assume G is a torus (cf. also Fact of 2.2.22 1)). So Exercise follows from the functoriality 
of canonical splits (to be compared with 2.2.1.2) and from Corollary of 2.2.9 3). 

A second solution can be obtained using the proof of b) of 4.4.1 3) below. Warning: 
3.1.4-5 are not referred before 4.5, so no vicious circle is created (the terminology of 
3.1.6 below is used in 3.11.2 just to introduce some extra terminology in 3.11.3-4 and 
so in 4.3.8.3). Also 3.1.5 can be deduced from 3.1.4, using just the functorial aspect of 
canonical split cocharacters (cf. 3.1.1.2 and the Claim of 2.2.3 3)). 

The uniqueness part of 3.1.4 implies: 

3.1.5.1. Corollary, p, is fixed by any automorphism of (M, 0,0). 

3.1.6. Definition. The cocharacter p, of 3.1.4 is called the canonical split (cochar- 
acter) of (M, 0, G) (or of (M, F\ (p, G), cf. [Wi]). 

3.1.7. Remark. The whole of 3.1.0-6 (as well as the greatest part -i.e. the 
part which does not mention p-divisible groups or Shimura varieties- of this chapter 
§3) remains valid in the context of generalized Shimura p-divisible objects over k. See 
3.15.6 and Appendix for reformulation of some of the results in this extended context; one 
exception: 3.4-5 below are organized in such a way that this generalized context is handled 
simultaneously with the context of (M, G). The extension of 3.2.1.1, 3.2.2, 3.2.3, 3.2.8, 
3.3.1-3 below to generalized Shimura p-divisible objects over k is trivial. But this is not 
quite so for the deformation theory of 3.6: occasionally the deformation theory in the 
generalized Shimura context requires some additional arguments (see 3.6.1.6, 3.6.18.7.1 
c), 3.6.18.7.3 C and 3.15.6 below). 

From 3.1.0 d) and 2.2.9 9) we get (cf. 3.1.1.1): 

3.1.8. Corollary. Any p-divisible group D over a perfect field k of characteristic 
p > 2 is the specialization of an ordinary p-divisible group. 

3.1.8.1. Comment. 3.1.8, for the case when D has a quasi-polarization over a field 
extension of k was first obtained in [NO] . For the case when the a-number of D is at most 
1 (resp. when the Newton polygon of D has only one slope) see [Oo2] (resp. see [dJO, 
5.15]). The last three loc. cit. handle the case p — 2 as well. The general case, including 
the case p = 2, though considered to be well known, it is untraceable in the literature. 
It can be easily deduced from [Fa2, th. 10] through a simple algebraization process (see 
3.6.18.4.1 below for another form of it), based on an elementary analysis of Hasse-Witt 
invariants. This goes as follows. 
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We can assume we are in a context involving Shimura a^-crystals, cf. 2.2.9 9). 
So we use the previous notations of the beginning paragraph of §3, with G = GL{M) 
and k = k, but with p > 2. If p = 2 we need to choose such that (M, 
is associated to a 2-divisible group over W{k). Writing GL{M) = Spec(i?GL) = 
1 ^eiMdAi] [ bet ]' with. DET as the determinant of the matrix of whose 
entries are the variables Xi/s, we choose a Frobenius lift of Rqj^ taking Xij into x^^ if 
i 7^ j, and taking xa — 1 into {xa — 1)^, Vz, j e <S'(1, c^m)- 

We work with the Frobenius endomorphism of M <8)vK(fc) Rql defined by gl{(p (8) 1), 
with gl as the universal element of GL{M){R'^^). Let g e GL{M){W{k)) be such that 
gifi{F^) = pF^. So the multiplicity of the slope (resp. 1) for {M,g(fi) is dim.-^ (^]^-){M / F^) 
(resp. is dim^y(fc) {F^)). But gl mod p specializes to g mod p. So the Hasse-Witt invariant 
of gl((/7 ® 1) over the generic point of the completion of Spec(-RGL) in its origin is as well 
dim.Y/ (^k){M / F^) . So, based on the construction of 2.2.10 (involving a Shimura filtered 
F-crystal (M, F^,(p,GL{M)J)), the conclusion follows from 2.2.21 UP. 

The same proof works to show that any principally quasi-polarized p-divisible group 
over k is the specialization of a principally quasi-polarized, ordinary p-divisible group. 

3.2. The outline of the proof of 3.1.0. As the proof of 3.1.0 involves a couple 
of pages, we start outlying its main features. 

3.2.1. Lemma. // {N,(fi), i = 1,2, are two a-crystals over k such that Vm e N, 
fT — hmf2^, with km GL{N){W {k)) , then they have the same Newton polygon. 
Moreover, \/a e [0,oo) we have Wa{N,(fi) = Wa{N, (^2)- 

Proof: The condition ip^ = hm^'!^, with hm G GL{N){W{k)), imphcs that the 
Hodge numbers of the o""^-crystals (A^, (f^^) and (A, (f^) are the same. But the Newton 
polygon of a cr-crystal is determined by the Hodge numbers of its iterates [Ka2, 1.4.4]. 
This takes care of the first part. 

To see the second part we can assume k = k. Let r e N be such that (fl acts 
diagonally w.r.t. a 5(A;)-basis {e\, e^} of A®^^^) B{k) formed by elements of N\pN, 
i e {1,2}; here n := dimw{k){N). Let ^at G NU {0} be such that, Vi G {1,2}, p'^^N is 
contained in < e|,...,e^ >. We assume that if s G 5'(l,?i), with I < s, then fl{el) — 

p^i e\ and ^\{e\) — p^^e^, with n\ and n\ non-negative integers such that n\ > n*. Let SC 
be the finite set of slopes of (A, (pi) or of (A, (p2)- Let a G SC. Let Wi{a) := Wa{N, (pi). 
We use mathematical induction on the decreasing values of elements of SC to show that 
Wi{a) = W2(a). 

Wc assume that \/(3 G SC, with /? > a, we have Wi{f3) = W2{P). We need to show 
1^1(0;) = W2{a). Let t G S{0, n) be such that {e\, ej} is a i?(/c)-basis of Wi{(3o), with 
(3o as the smallest element of SC fl (a, 00) (t = iff this last intersection is the empty 
set). Let s G S{1, n) be such that {e\, e\} is a i?(/c)-basis of Wi{a), i = 1,2; we have 
s> t. For q& {t + 1, s} we write 



n 




1=1 
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with ci^q e B{k). We apply the hypothesis with m running through aU positive multiples 
of r; so let m = rmo, with mo G N. We get 



n 



(HYP) 




1=1 



So p'^a(Q,g)p"'°("?~"J) e W{k), V/ G S'(l,?2). Taking mo G N big enough (we need 
Too — iM to be greater than the greatest p-adic valuation of all these coefficients ci^q), we 
get: if ci^q ^ 0, then nf > nj. But 



if tt G S{s + l,n). So ci^q = for Z G S{s + l,n). We deduce G W2{a). We conclude 
Wi(q;) C W2{a). By reasons of dimensions we get VFi(q;) = Wi{a). This proves the 
Lemma. 

3.2.1.1. Corollary. If {N, ^pi^GN), i = 1,2, are two Shimura a-crystals such that 
Vm G N, (/^T" = hm^f, with G GN{W{k)), then, Ma G Q, Wa{ljie{GN),^i), does 
not depend on i & {1;2}; so the Newton polygon of {IAq{G n) ■, Vi) , does not depend on 
ZG {1,2}. 

Proof: We just need to apply 3.2.1 to the cr-crystals (Lie(GAr),pv'i); ^ ^ {1; 2}. 

3.2.2. The trivial situation. We come back to the Shimura filtered cr-crystal 
(M, F^, G) considered in the beginning of §3. For the meaning of F^[q) and F^[q) see 
2.2.8 1). The following assertions are (obviously) equivalent: 



If these four assertions are true (for instance, this is so if G is a torus), then for 

any g G G{W{k)), ip o g = gi o ip, with gi G G{W{k)). By induction, Vm G N we have 
[g o {p)"^ = o (^"^, with gm G G{W{k)). So in this case, 3.1.0 is a direct consequence 
of 3.2.1 and 3.2.1.1. 

3.2.2.1. Convention. In all that follows till the end of §3, we assume the assertions 
a) to d) of 3.2.2 are not true; the only exceptions: in 3.11.1 and 3.11.2 A to C we do 
not assume this. So {G, [//]) is a Shimura group pair over Spec{W{k)) (cf. def. 2.2.5). 
However, we point out that all results of 3.6, 3.11 and 3.14 below are valid without this 
assumption (for G a torus, these results are either trivial or are not of any real use). 

3.2.3. A special example. Let P be the parabolic subgroup of G having F^{g) 
as its Lie algebra. As G is quasi-split, it has a Borel subgroup B. We can assume B 
is a subgroup of P (cf. [Bo2, 21.12] applied to GB{k) aiid the Fact of 2.2.3 3)). Let 




r 



r 




G. 
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T be a maximal torus of B. It contains a maximal split torus of G. As any two such 
maximal split tori are G(VF(/c))-conjugate (following the proof of Fact 1 of 2.2.9 3), this 
is a consequence of [Bo2, 15.14]), we can assume ji factors through T; so ji can be also 
viewed as a cocharacter : Gm, — ^ T. 

Let t (resp. b) be the Lie algebra of T (rcsp. oiB). We have inclusions i <Z b d F^{q), 
and F^{q) C b. We get (/?(t) C ^p{h) C Q. As i/pi does not intersect {q) / pF^ {q) , (^(t) 
is a direct summand of Q. 

Let To be a maximal torus of G having ip{£) as its Lie algebra. The existence of Tq 
as a maximal torus of G can be checked as follows. A regular element of t[^] is mapped 
through (f into a regular element of We deduce the existence of a maximal torus 

of GB{k) having <^(t)[^] as its Lie algebra; we define Tq as its Zariski closure in G. If it 
is a torus of G, then its Lie algebra is automatically </5(t), as <^(t) is a direct summand 
of Q. But to verify that indeed Tq is a torus of G we can assume k = k. As /i factors 
through T, it is appropriate to use 2.2.9 8). Writing Lp — ao //(^), a becomes a a-linear 
automorphism of M and so of T[M). We have (/p(t) = a(t). As a{ta) — ta, Wa E J', a 
induces a cr-linear Lie automorphism of g as well, a takes the Lie algebra of a torus of 
GL{M) into the Lie algebra of a torus of GL{M) (easy argument at the level of projectors 
of M onto direct summands of it of rank 1). So (cf. also the part of [Va2, 4.3.9] involving 
tori) To is a torus of G. 

As (/? is a (T-linear automorphism of 0[^], there is a Borel subgroup of Gs^k) having 
v(^)[p] its Lie algebra. Its Zariski closure in G is (cf. the Fact of 2.2.3 3)) a Borel 
subgroup Bq of G. Lie(i?o) contains ip{b). We recall that any two Borel subgroups 
of G are G(VF(/c))-conjugate: this can be deduced from [Bo2, 15.14] (applied to Gk) 
and Fact 1 of 2.2.9 3). So there is an element e G{W{k)) such qqBqQq^ = B. Let 
^1 •= 9oTo9o^ C B. Let ki be an algebraic field extension of k such that Gk splits over ki; 
we usually take ki to be A; or a finite field extension of k. So T and Ti split over W{ki). So 
similarly, we deduce the existence of gi G B{W{ki)) such that giTmr(^k_^-jgi^ = T-\y(^k^y 

Let ipo :— g^Lf and let tq be the formal isogeny type of the cr-crystal (M, (/?o)- We 
consider the following Shimura Ufc^-crystal [M ®w{k) ^{ki)-, <fi, G\Y{ki)) defined by 

<fii ■= 9i{^o <?) !)• 
We have (po{b) C b and <^o(b[^]) = b[^]. Similarly, we have 

(piib ^w{k) W{ki)) c b ®wik) W{ki) 

and 

(piii®w{k) W(ki)) = t0w{k) W{ki). 

3.2.4. Implications. Theorem 3.1.0 is a direct consequence of the results 3.2.5-8 
below and of the specialization theorem: 

- 3.2.6 and 3.2.7 b) imply 3.1.3 b) and that LieG(T) is the Newton polygon of (g, (fo); 



189 



- 3.2.6 implies 3.1.3 a) and e) and that V is the Newton polygon attached to tq; 

- 3.2.5 implies (via the above interpretation of LieG(T)) Bq C Aq', 

- 3.2.7 b) implies Ac C Cg n Be] 

- 3.2.7 c) implies Cq C Aq (so we get Aq — Bq — Cq, i-e. we get 3.1.3 c)); 

- 3.2.8 implies 3.1.3 d). 

In these implications, in order to benefit from the deformation aspect of 3.2.6, we 
used implicitly 3.2.5-7 for other perfect fields containing k. 

3.2.5. Claim. Among all Shimura Lie a -crystals (g, gip) with g G G{W{k)), there is 
no one whose Newton polygon is strictly below the Newton polygon of (g, ^po) . Moreover, 
any a-crystal {M,g{p), with g G G{W{k)), having the property that {q, g^) and (g, v'o) 
have the same Newton polygon, has the formal isogeny type tq. 

3.2.6. Lemma. For any g G G{W{k)) there is a Shimura filtered F-crystal 
(M, F^,g(p, G, /) such that the resulting F-crystal over the algebraic closure of the field 
of fractions of the generic point of the special fibre of the completion of G in its origin, 
has the formal isogeny type tq . 

3.2.7. Proposition, a) po := Wo{g,(po) is contained in F^{g). 

b) The Shimura a-crystals (M, g2<f, G) (with g2 G G{W{k)) ) having tq as the formal 

isogeny type are precisely the ones which, up to isomorphisms defined by elements of 
G{W{k)), can be extended to Shimura filtered a-crystals of the form {M,F^ .fxp^.G), 
with p a W{k)-valued point of the parabolic subgroup Pq of G satisfying Lie{Po) ~ po- 
For any p G Po{W{k)), Wo{q, p(po) is po (and so it is included in F^{q) ), and (g, ipo) and 
iQjPfo) have the same Newton polygon. 

c) Any Shimura filtered a-crystal (M, , (f2, G) with the property that Wo{g, (^2) is 
contained in -^^(s)? such that (M, (^2) has the formal isogeny type tq. 

3.2.8. The uniqueness part. The uniqueness of the filtration mentioned in 3.1.0, 
results from the fact that any two such filtrations are conjugate by an element of G(W(k)) 
(cf. Fact 2 of 2.2.9 3)) and from the fact that two G(i?(/c))-conjugatc parabolic subgroups 
of GB[k)i containing the same parabolic subgroup, are the same (cf. [Bo2, 14.22 (iii)]). 

3.2.9. Warning. We present two proofs of 3.2.5-7. The first one ends in 3.4.14 (via 
3.5); from many points of view it is just the generalization of the last two paragraphs 
of 3.1.8.1. The second one ends in 3.7.1-5 for 3.2.6-7 and (cf. 3.3) in 3.4.13 for 3.2.5; it 
relies on 3.6.0-8. 

3.2.10. An extra set. Let Dq be the set of G G{W{k)) such that 
{FORM) g(po = g3Po(pog^^, 

with Po G Po{W{k)) and with gs G G{W{k)) normalizing F^/pF^. Let C G{W{ki)) 
be defined similarly but with (po replaced by (pi. 
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3.3. About the proof of 3.2.5. The statement of 3.2.5 is such that we can replace 
A; by a finite field extension ki of it. So by a suitable passage from W{k) to W{ki), with 
ki as mentioned, we can assume G is split. As G is split, we can choose T in 3.2.3 to be 
split, and so Tq and Ti are as well split. So we can take gi G B{W{k)) to define (fi as in 
3.2.3. We recall that any Borel subgroup of G is its own normalizer in G. 

The claim 3.2.5 is a direct consequence of the following 4 items. 

3.3.1. There is 6 e B{W(k)) such that (po = b(pi: we can take b = g^^. Even more, 
V6i e B{W{k)) we have (pibi = b[(pi, with b[ e B{W{k)). Argument: as </2o(b[i]) = 

(pi{b[^]) = b[i], bi normalizes b[i] and so bi e B{B{k)) f] G{W{k)) = B(W(k)). So by 
induction on n G N, we get: </?q = b{n)(pi, for some b{n) e B{W{k)). 

3.3.2. We use freely the Fact of 2.2.11.1 and of 2.2.3 3). 5 is a subgroup of Pi, 
where Pi is the parabolic subgroup of G defined by the equality Lie(Pi) = Wo(0,<^i). 
Argument: as b C -F°(g), we have (/7i(b) C b; so (b,<^i) is a cr-crystal having only 
non-negative slopes and so b C VFo(0, 

Moreover, from 3.2.1.1 and 3.3.1 we get Lie(Pi) = po- So Pi = Pq. 

3.3.3. 3.3.1 implies that gi e Dq and that Dq is the right translation of Dq by 

bi^ = gi. Let (72 G G{W{k)). The Newton polygon of {Q,g2^) is strictly below or equal 
to the one of (g, ^po) iff g2 G Dq. Warning: this holds without the assumption G is split. 
The first (resp. second) assertion is proved in 3.4.11 (resp. in 3.4.13). 

3.3.4. If (7 G Dq, then [q, g<fo) (resp. (M, (/(/jq)) has the same Newton polygon as 
idifo) (resp. as (M, (/Jq))- Argument: we can assume that in 3.2.10, g^ is the identity; 
then, as in 3.3.1, we have {po(fo)'^ — Pn-i^i, with Pn-i G PoiWi^)) — Pi{W{k)), 
Vn G N, and so 3.2.1 and 3.2.1.1 apply. Here we can replace <^o and Dq respectively by 
(pi and D^, cf. 3.3.3. 

3.4. Split Shimura Lie cr-crystals. This section and the next one (3.5) are the 
very heart of the proof of 3.1.0. As a secondary goal of it, we introduce some notations 
and language to be consistently used in the rest of this paper and in the subsequent ones. 
Warning: not all cases to be considered below in 3.4-5 can show up in our context of 
Shimura cr-crystals; we have in mind the so called special cases: cases e6) and e7) of 
3.4.3.2, as well as the case d) of 3.4.3.2 with the set A to be introduced in 3.5.1 having 
three elements or having two elements which via outer automorphisms of Qi are not 
identifiable (cf [Sa, p. 458-60] and its obvious passage from R to an arbitrary field of 
characteristic 0; see also [De2, 1.3.9-10] or [Se2, §3]). However, all such cases do show 
up in the generalized Shimura context. So, for the sake of completeness and of future 
references, in 3.4-5 we treat these cases as well, without any extra comment. The only 
two modifications needed to be made in the whole of 3.4-5 in order to accommodate this 
generalized Shimura context: 

- the element h of 3.4.0 has to be modified accordingly; 
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- the gs elements of 3.2.10 (this is in connection to 3.4.11), 3.4.9 and 3.4.13 have 
to be modified accordingly (see the part of 2.2.14.2 referring to a generalized Shimura 
context). 

So, the reader interested just in the context of Shimura p-divisible groups (i.e. in 
what we considered till now in 3.2-3), can entirely ignore these cases. 

We refer to the situation of the beginning of 3.3: G and T are split and gi e G{W{k)). 
We have a direct sum decomposition 

of Lie algebras over B{k). Here 3 is the Lie algebra of the maximal subtorus ZiG)^ of 
Z(G), while 0j is the Lie algebra of a semisimple subgroup Gi of G, such that 

G^"^ = Yl Gf 

(cf. [Til, p. 46] applied over k and logically lifted to W{k)), with Gf^ an absolutely 
simple, split, adjoint group over W (k) , \/i & I . It is defined by a Lie monomorphism 

which becomes an isomorphism by inverting p. iq is not always surjective; as we assumed 
p > 3, the failure of surjectivity can happen only when p = 3 and there are factors Gi 
of Eq Lie type or when p is arbitrary and there are factors Gi of Lie type, with p 
dividing £ + 1. 

Moreover, we have a natural isogeny 

Z{G)'llllG,^G 

which at the level of Lie algebras defines ia- 

3.4.0. Notations, ipi normalizes 3 and permutes the factors 0i[p]' ^ ^ > producing 
a permutation 7 of /. We write 

sejo 

as a product of disjoint cyclic permutations 7^. Warning: trivial permutations are al- 
lowed, i.e. each z e / fixed by 7 defines an element Si e ^To such that 7^. is the trivial 
permutation of / and so of {i}; for such an i, we still say 73. permutes cyclically the 
subset {i} of /. As 3 C -F'^(g), the cr-crystal (3,(/3i) has all slopes 0. We start working 
with just one cycle 70 of 7 (so we consider that e J'o) permuting cyclically a subset Iq 



192 



of /. We can assume that Iq — S{1, n), n e N, and that 70 is the permutation: i ^ i + 1 
(with n + 1 = 1). Let 

00 := 00i- 

We fix an element g2 G G{W{k)); let 

(p2 := g2 o (pi. 

Let /i : M — > M be the endomorphism defined by: h{x) = if x E and h{x) = x 
if X G -F^. We recall that the cocharacter : G (of the beginning of §3) produces 

a direct sum decomposition M = © F^, with (3 e Gm{W{k)) acting through on 
as the multiplication with (3~\ i — 0,1; so 

(HEAR) h e dii(Ue{Gm)) C Lie(T) = t C End(M). 

Let hi be the component of h in Qi (corresponding to the direct sum decomposition 
= 0©i€/0i[^])- If = then C F°(g). If /i^ 7^ then /ij is a semisimple 

element of Qi [i] . When viewed as an endomorphism of Qi[^] (via Zi e Qi is mapped into 

[hi,Zi]), its eigenvalues are precisely —1, and 1. 
We have F^{q) — e q \ [h,x] — x}; so 

F\Qi) := F\Q)nQi = {xeQi\ [hi,x] = x}. 

Similarly, -F°(g) = {s G g | [h, x] — or x] and so 

F^Qi) := F\q) nQi = {xeQi\ [hi, x]=OoTx}. 

Let F^Qo) := 0,^,^ ^^(0.), J = M- We get: 

3.4.1. Lemma. The quadruple (^oj <^j) -^^(So)) -^^(flo)) 0, Shimura filtered Lie 
a-crystal, j = 1, 2. 

Proof: As ;U is a cocharacter over W{k), we have F^ (gi) / pF^ (Qi) = Qi/pQi fl 
F%EndiM))/pF%End{M)), Vs G {0,1}. So (^^^(g,) + ^^(g,) + pg,) is a direct 

summand of g of rank dim^4/(fc)(gi) = dim^(/j-)(gi_|_i); it is included in gi+i [i] and so it 
is gj_|_i (Vi G /o and Vj G {1, 2}). So (go, (fj, F°(go), F^(go)) is a Lie p-divisible object of 
A4J^[-i^i]{W (k)) . It is a Shimura filtered Lie cr-crystal, as the cocharacter of Ylieio ^i'^^ 
obtained by composing /j, with the natural epimorphism G -» Ylieio ^t^^ shows that the 
conditions of 2.2.11 1) are satisfied. This ends the proof. 

3.4.1.1. Remark. We can work equally well 3.4.1 (as well as all that follows) 
with Lie(E,e/o have go C Lie(E,e/„ G.) C Qoi^]) or with Lie((E,e7o ^^)'^) = 

©ie/()Lie(G'f'^) instead of go (cf. 2.2.13); here Ylieio is the semisimple subgroup of G 
generated by all G^'s, i G /q. 
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3.4.1.2. The non-trivial context assumption. We assume F^{go) ^ 0; other- 
wise there is nothing to be done (to be compared with 3.2.2): the Newton polygons of 
(00 5 'Pi) ^iid of (go, ¥'2) have only one slope and so are the same. 

3.4.1.3. A convenient context. Let Go be the subgroup of G generated by the 
torus T and by the semisimple subgroups Gi, i E Iq. So Gq^ = Hie/o same 
way we got ic, we get that go is (identifiable with) a Lie subalgebra of Lie(Go). As the 
cocharacter n of 3.2.3 can be viewed as well as a cocharacter of Gq (still denoted by //), 
we get (cf. also 2.2.9 1) and 1')) that the triple {M, ipi, Go) is a potentially Shimura 
(T-crystal. Moreover, we get a Shimura group pair (Gq, [fx]) over W{k). 

3.4.2. Slopes (w.r.t. Iq). Let S^2 (resp. be the set of slopes of the isocrystal 
(go[^]5</'2) (resp. of the isocrystal (0o[^], V'l))- The sets ^2 and Sji are subsets of the 
real interval [—1, 1]. We have slope type direct sum decompositions 

00 [~] = 9jio^), 

with gj{a) := W{a){gQ[^],(pj), j = 1,2 (cf. 2.2.3 3)). As (pi and (fi2 normalize any one 
of Si[^]: ^ e ^0, we get: 

(3.4.2.1) g.^a)^^gj{a)nQi[U, 

ieio 

\/j e {1, 2} and Va e T-tj. As (fj maps gj{oL) fl bijectively onto gj{oL) fl gj+i[^], we 
have: 

3.4.2.2. Fact. Vj e {1,2}, the dimension of gj{a)nQi[^] does not depend oni E Iq- 

3.4.3. Roots. Let U (resp. bi) be the component of t (resp. of b) in gf, so 

ti := 0i n t[^] (resp. bi := Qi fl b[^])- Let Aj be the base of roots defined by the action 

(via inner conjugation) on of the image T^ad in Gf^ of the maximal torus of Gi 
having U as its Lie algebra, corresponding to the Borel Lie subalgebra bi of Qi. Let $i be 
the set of roots of Qi relative to the torus T^ad- So $i is a finite set of characters of Tjad- 
Then (the set of positive roots) and $^ (the set of negative roots) are defined w.r.t. 
Ai. So Ai c Here i e /. 

3.4.3.0. Weyl's decompositions. We assume here k = k. Let 

3®0t^© giia)cg 

be the Weyl direct sum decomposition of Lie{Z{G)^ x Xi^^jGi) associated to the natural 
action (via inner conjugation) of the image Yliei -^^ad of the maximal torus T of G in 
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G^'^. As v'i(t) = t, (fi permutes the i?(A;)-vector subspaces 5*1 (a) [^] of We get a 

permutation 7$ of the disjoint union Uig/$i. We have 

(1) viigM)) =p''^"^^7w(7*(«))> 

where Si{a) e {—1, 0, 1} is such that the cocharacter fj, : Gm — > T has the property that 
acts on elements of gi{a) as the multiplication with \/l3 G Gm{W{k)). As 7$ 

takes Uigj$^ onto Ui^j^f and Uig/$~ onto Ui^i^~ , and as 5^(0;) < (resp. Si{a) > 0) 
if Q! e $~ (resp. if a G (these two facts are a consequence of end of 3.2.3), we 
deduce that Lie(Pi) C F'^{g). So, forgetting the Lie structure, the pair (Lie(Pi), is a 
cr-crystal. 

3.4.3.1. The number e (w.r.t. Iq). (pi normalizes bi and ti and so it 

permutes the 1-dimensional 5(A;)-vector subspaces of bi[|] normalized by ti[^]; let tti be 
the resulting permutation of Ai. Let e be the order of tti. It is very convenient to work 
simultaneously with the Shimura Lie cr-crystal 

where Qq := 0o © • • • © 0o (e summands) and (p^^'' is the cr-linear automorphism of 0o[^] 
acting like (pj on any direct summand 0j, i G /q, of a go copy of Qq, but sending the Qn 
direct summand of the s-th Qq copy to the Qi direct summand of the (s + l)-th go copy, 
Vs G Z/eZ. The proof of the fact that the pair (gQ,(/?j^'') is a Shimura Lie cr-crystal is 

the same as of 3.4.1. The set of slopes of {Qo^fj^^) is the set of slopes of {Qo,ipj), all 
multiplicities being e-times more, j = 1,2. 

The permutation of Ai defined by ((/?^^'')"^ is the trivial one. 

e can be 1, 2 or 3. It can be 3 only in the case when gi is of Lie type; it can be 
to 2 only when gi is of (^ > 2), Di (£ > 4) or Eq Lie type (and then tti is a usual 
involution of Ai; outside of the D4 Lie type we can replace here "a" by the). All these 
are a consequence of the structure of the group of automorphisms of the Dynkin diagram 

of $1: it is trivial or isomorphic to 5*3 or to Z/2Z. The value of e does not depend on 
the choice of z G /q used to define it (above we chose 1 G /q, i.e. we worked with Ai). 

Let Iq := 5'(l,e?i). We like to think of direct sum ©jg/^g^. Here for s G 

5(1,6 - 1) and i G /q, Q^+sn ■= Qf, similarly U+sn U, \+sn Aj, bi+sn bi and 
/^,+,„:=(v?^^^)^-(/^OG0^+sn[^]. 

3.4.3.2. Simple roots (vi^.r.t. Iq). Let i be the rank of gi. For i G Iq, let 

ai{i), . . . , a£{i) be the simple roots of A^, numbered in such a way that 

- (p^^^ sends the (1 dimensional) i?(/c)-vector subspace of gi[^] corresponding to as{i) 
(i.e. on which T^ad acts via its character defining as(i)), s G S'(l, £), to the (1 dimensional) 
-B(/c)-vector subspace of gi_|_i[^] corresponding to as{i + 1) (with en + 1 — 1), and 

- the numbering for i = 1 is the one from [Bou2, planche I- VI]. 
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The maximal root of Ai (dropping the lateral right index (1) from now on) depends 
on the Lie type of Qi. It is (cf. loc. cit.): 

a) q;i + ct2 + ■ ■ ■ + if 01 is of Lie type {£ > 2); 

b) ai + 2q!2 + ■ ■ ■ + 2a£ if 0i is of Bi Lie type {£ > 1); 

c) 2ai + 2oL2 + h 2q;^_i + an if gi is of Ci Lie type {I > 2); 

d) cti + 2a2 + • • • + 2a£-2 + oli-\ + (Xi if gi is of Lie type [i > 4); 
e6) ai + 2a2 + 2as + 3q;4 + 20:5 + cte if Qi is of Eq Lie type; 

e7) 2ai + 2a2 + Sa^ + Aa^ + Sa^ + 2a% + a-j if gi is of £^7 Lie type. 

01 is one of these Lie types, cf. 2.2.7 and 3.4.L2-3. We usually prefer to consider 
> 1) and A£{£ > 2), i.e. we prefer to consider the Lie type Bi instead of A^; but 
we are not bothered if we are dealing with B2 or with C2. In what follows, depending on 
the Lie type of 0i, we refer to case a), to case b), etc. 

3.4.3.3. Possibilities for hi. Let 

01 = ti e 0^ 

/3G*i 

be the Weyl direct sum decomposition associated to the action of the maximal split torus 
Tiad of Gf^ on 01 defined by inner conjugation. So Tiad acts on 0^ through the character 
defining the root 

In cases b), c) and e7), hi e tif^] is either or is defined as follows: 

- in case b), hi acts as zero on 0q,^, s G S{2,£), and as identity on 00,^; 

- in case c), hi acts as zero on 0o,^, s G i — I), and as identity on 0q,^; 

- in case e7), hi acts as zero on 0^^, s G 5(1, 6), and as identity on g^^. 

In case a), hi G ii[^] is either or there is si G S{1,£) such that it acts as zero on 
0q;^, s G 5(1, i) \ {si}, and as identity on q^s^ (we have £ non-zero possibilities for hi). 

In case d), /ii G ti [^] is either or there is si G {1,£— 1, £} such that it acts as zero 
on 0Q,^, s G S{1,£) \ {si}, and as identity on g^s (we have 3 non-zero possibilities for 
hi). 

In case e6), hi G ti[^] is either or there is si G {1,6} such that it acts as zero on 
0a^, s G S{1, 6) \ {si}, and as identity on 0q,^^ (we have 2 non-zero possibilities for hi). 

3.4.3.4. The e's (w.r.t. Iq). For i G /q, we define: Si = i^ hi = and Si = s if 

hi acts as identity on the rank 1 direct summand of Qi corresponding to the root as{i); 
here s G S{1,£). So, fixing i, Si can take more than 1 non-zero value only if we are in the 
cases a), d) or e6). 

The assumption F-^ (00) 7^ implies that the set 

h := {i G /o I £i ^ 0} 
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is not empty. Let 

h := e /o I £i ^ 0}. 

As Iq C Iq, we have Ii C Ii. 

3.4.4. The smallest slope 5 (w.r.t. Iq). We have: 

Fact. The sets Hi and Ti.2 are subsets of the interval [— / they are symmetric 
w.r.t. its mid-point 0. Moreover, the smallest element ofTli is 

(MIN) S:=--\Ii\<0. 

n 

Proof: The first part is trivial, cf. the definition of /i and 2.2.3 1). For the second 
part, we just have to point out that Q-/3, with P e as the maximal root w.r.t. the 
base Ai, is included in gi{5). 

3.4.5. Faltings— Shimura— Hasse— Witt shifts and maps (w.r.t. Iq). Let 

j e {1,2}. Let : 00 — ^ 00 be the cr- linear map defined by: if a; e 0i, then 

i) ^%x) :=Vj{x) if£i = 0; 

ii) *°(a;) :=pipj{x) if ^ 0. 

Taking everything mod p, we get a-linear maps 

V'i : 0o/p0o 0o/p0o- 

We have = g2'^i and i/j^ = fi'2'0o- 

Denoting ^'+^(0^) := F'(0i) if £i and F'+i(0i) := {0} if = 0, Z G {1,2}, the 
quadruple 

(00, eieioF\Qi), eie/oF2(0i), *°) 

is a p-divisible object of A4J^[o,2]{W{k)); warning: does not preserve the Lie bracket 
of 00, cf. 3.4.1.2. We call it (resp. just the pair (00, ^P^)) the Faltings-Shimura-Hasse- 
Witt shift of (0o,<^j,F°(0o),F^(0o)) (resp. of {Qo,(fij)). We also refer to (0o,*°) as the 
Faltings-Shimura-Hasse-Witt shift of {M,(pj,G) corresponding to Jo, and to '^^ as a 
Faltings-Shimura-Hasse-Witt shift. Similarly, we refer to ipj as the Faltings-Shimura- 
Hasse-Witt map of (00, F''(0o), F^(0o)) or of (00, or as the Faltings-Shimura- 
Hasse-Witt map of (M, G) w.r.t. /q, or just as a Faltings-Shimura-Hasse-Witt map. 

We can assume (in accordance to A of 2.2.22 3)) that £1 ^ 0. Let 

N2 :=£?2((^)n0i. 

For any i E Ii, let pg. be the parabolic Lie subalgebra of 0i containing bi and such that 
its nilpotent radical s^^ is the VF(/c)-submodule of 0i generated by all 0/3's, with P e 
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having +a£^ in its expression. Let q£. be the parabohc Lie subalgebra of Qi, opposite to 
ps^ (w.r.t. tj and Aj) and let tg. be its nilpotent radical. The multiplicity 

ms := dimB(k)9i{S) 
the choice of numberings in 3.4.3.2) n times the rank of 

The multiplicity diuiB^k) S^i^) of the slope 6 for (0O)<^2) is n times the rank of A^2 (cf. 

3.4.2.2). We denote by pei(«), c|g. (z), tg. (z) and respectively Ss^{i) the intersection of 
with v?r'(Pe.[^])' i^eAj;]). v\~\^eAj;]) and respectively with <p{~^ {ssA^]) , i G h. 
So pe,(i) = F^{Qi), yieh; in particular, pe,(l) = pg,. 

3.4.5.1. On multiplicities of 5. The pair (go, ^2) a cr-crystal. We have 
W^iQo, *^) = g2iS) n 00 and ^^-25(00, ^2) = ^2(-5) n go- We get: 

Fact. {g2{-S) Dqi) i^w(k) k C Se:,. 

Proof: We can assume k = k. Let L := ^^2- Let m e N be a multiple of en such 

that 

s := -2m5 e N. 

We consider the Zp-submodule M2{s) of 5^2 (~^) Hgi generated by elements on which L"^ 
acts as scalar multiplication with p^. Its rank is dimvi/(fc)(fi'2(— 5) Hgi). Let N2{s) be the 
VF(/c)-submodule of g2{—S) Hgi generated by M2{s). We can assume L'"(5f2(— 5) Hgi) C 
^2(-5) ngi. 

It is easy to see (based on 3.4.1 and the definition of Sj's) that for any x e Qi 
L'^{x) ^ P^^^Qi'i moreover, if U^{x) e p*£|i, then x mod p belongs to Sg^ (if m is big 
enough we also get that x G g2{—^) H gi). In particular, all Hodge numbers of the 
cr"^-linear endomorphism L"^ of (72 (—^) H 0i are at most s. As the length of (72 (—^) H 
0i/L'^(5f2(— 5) rifli) and of N2{s) / L'^{N2{s)) as VF(/c) -modules are the same, we get that 
all these Hodge numbers must be s and so the Fact follows. 

A. Corollary. We have N2{s) = g2{—S) fl Qi. 

B. As L'^(A^2) C A^2 and the slopes of (A^2,-^"^) are all 0, as in the above proof we 
get L"^[N2) — N2. So, if k = k, N2 is generated by elements fixed by L"^. On the other 
hand, it is well known that N2/PN2 is □^^^-^'^(fli/PSi): where L is the truncation mod p 
of the restriction of L™' to 0i. 

3.4.6. Theorem. If S & 7i2, then the multiplicity of the slope S of the Shimura Lie 
a-crystal (qq, (^2) is less or equal to mg. If it is mg, then \/i e Ii, we have 

(SUB) (( g2{a))ngi)^w{k)kcpe,{i)®w{k)k. 

aeH2n[o,i] 



of the slope 6 for (go, fi) is (cf. 
the intersection 
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3.4.7. Corollary. The fact that this multiplicity is ms or not depends only on the 
expression of g2 mod p. 

Before proving 3.4.6, we first mention some of its immediate impfications. Not to 
complicate the notations by introducing extra indices, in 3.4.8-12 below we allow g2 to 
vary as needed. 

3.4.8. Proposition. The Newton polygon of {qq, (pi) is not strictly above the 
Newton polygon of any other Shimura Lie a-crystal of the form {Qo,g2<fii), with g2 G 
Go{W{k)). 

Proof: We assume 3.4.8 is false; let g2 G Go{W{k)) for which 3.4.8 is not true. As 
5 e Til, from 3.4.4 and 3.4.6 we deduce that the multiplicity of the slope 5 e H2 for 
(00, ^2) is also 1715. 

Let P2 be the parabolic subgroup of Go whose Lie algebra is Wo{Lie{Go), (^2)- P'fi2 
takes Lie(P2) into itself. (SUB) implies that P2k is included in (cf. also the Fact 
of 2.2.11.1); here P° is the parabolic subgroup of Gq having F^{q) n Lie(Go) as its Lie 
algebra. We deduce the existence of an element ^3 e Ker(Go(VF(A;)) — > Go{k)) such that 
P3 := gs^P293 is a subgroup of P° (to be compared with Fact 1 of 2.2.9 3)). As 3.4.8 is 
a statement involving Newton polygons, by replacing (fi by a(fiia~^, with d G P^{W{k)), 
we can assume b fl Lie(G'o) is included in Lie(P3). 

Let LPs := 5'3"V25'3- We can write (^3 = g^cpi, with g^ e Go{W{k)). (scV's) and 
(So, ¥^2) have the same Newton polygon. Let Bq be the Borel subgroup of Go whose Lie 
algebra is b nLie(Go). We have Bq C P°, cf. 3.2.3. Repeating the argument of 3.2.3, we 
deduce the existence of an element g^ e P3{W{k)) such that (p^ = g^ips takes t onto t and 
Lie(Po) into Lie(Po)- For s e N we get (pi = P3,s<P3^ with ^3,^ e P3{W{k)) and ^3,1 = g^; 
also (pi — b{s)(pi, with b{s) e Bo{W{k)) and 6(1) = 515514 (all these are as in 3.3.1 and 
3.3.4; the fact that in 3.4.1.3 we are just in a potentially context does not represent an 
obstruction, as we can see moving to k). This implies Lie(P3) = Lie((5onPi), cf. 3.2.1.1; 
so P3 = Pio := Go n Pi. This implies: {Qo,g2<Pi) has a lift of parabolic type. 

From 3.2.1 and 3.2.1.1 we also get that {qq, (^2) and {qq, Lpi) have the same Newton 
polygon. Contradiction. This ends the proof of the Proposition. 

3.4.9. Corollary. // (72 G Go{W{k)) is such that the Shimura Lie a -crystals 
id0j92'Pi) and {go,(pi) have the same Newton polygon, then {M,g2(pi) and (M, (/?i) have 
the same Newton polygon and g2(fii is of the form gspi(pig^^ , withpi G Pio{W{k)) (Pio is 
as in the proof of 3.4-8) and with g^ G Go{W{k)) such that mod p it normalizes F^/pF^. 

3.4.10. Corollary. // ho G Go{W{k)), then the multiplicity of the slope 6 for 
{do,ho(pi) is less or equal to ms- If we have equality, then (floj^o^'i) o-i^d {Qo,(pi) have 
the same Newton polygon- 

3.4.9-10 are consequences of 3.4.6 and of the proof of 3.4.8. 3.4.11-12 below result 
from 3.4.6-10, by working with all cyclic permutations 7^, s G JTq, at once (i.e. we work 
with the direct sum of u-linear maps ®s€Jo^p where is defined as of 3.4.5 but for 
an arbitrary s G J^o)- 
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3.4.11. Corollary. // g2 G G{W{k)) is such that the Shimura Lie a-crystals 
(S;fi'2Vi) ^'^^ (SjV'i) have the same Newton polygon, then the a-crystals {M,g2(pi) and 
(M, (fii) have the same Newton polygon and g2 G Dq (see 3.2.10). Moreover the fact that 
(q, g2<fii) has the same Newton polygon as {Q,(fii) depends only on the expression 0/^2 
mod p. 

3.4.12. Corollary. The Newton polygon of the Shimura Lie a-crystal (g, </7i) is 
not strictly above the Newton polygon of any other Shimura Lie a-crystal of the form 
id, 92^1), with g2 e G{W{k)). 

3.4.13. Remark. 3.4.11-12 remain true if we replace (fi and Dq by (fo and re- 
spectively by Dq and we do not assume G is split (assumption made at the beginning of 
3.4). This is an easy consequence of 3.3.1, of the translation part of 3.3.3 and of the fact 
that two parabolic subgroups of G which over W{k) are G(VF(^))-conjugate are in fact 
G(VF(/c))-conjugate (this fact results from [Bo2, 20.9] applied over B{k) and Iwasawa's de- 
composition of [Ti2, 3.3.2]). So if (72 G G{W{k)) is such that (72(93® 1) = 93Po{Vo®^)93^ ■, 
with po G Po{W{k)) and gs G G{W{k)) normalizing ®w{k) k, as every parabolic sub- 
group is its own normalizer, we get that we can assume ^3 G G{W{k)); this implies 
Po G G{W{k)) n Po{W{k)) = Po{W{k)). This proves 3.3.3 and ends the proof of 3.2.5. 

3.4.14. Exercise. Using just the ideas and results of 3.1.8.1 and 3.4.6-13 prove the 
whole of 3.1.0 (i.e. end the first proof of 3.2.6-7). 

This Exercise ends (cf. 3.2.4) the first proof of 3.1.0. For a solution of it, which can 
be read out at any time, see 3.7.6. 

3.5. The proof of 3.4.6. With the notations of 3.4.4-5 it is enough to show that 



and, if equality holds, then (SUB) is true, with i = 1. 

For i G /q, let Qi := Qi ^w{k) k- For i G /i, let He. be the projector of Qi of whose 
kernel is p£^ := p£^ <^w{k) k and of whose image is t£^ := t£^ <^w{k) also we define 
Ssi ■= ®wik) k and q^, := q^, 0w{k) k. 

Following the image of 0i under the s-th iterate of 7/^2 , and identifying with Qi<Sikk 
(the homomorphism k ^ k being the Probenius automorphism a) with Qi (this is allowed 
as we are dealing here just with images), we come across A;- vector spaces of the form 



where hi,...,hs G Gf^{k). Here and in what follows the left upper index I = l,s, 
means inner conjugation by hf. it is used for conjugating groups as well as Lie subalgebras 
or elements of gi; except for elements we do not use parentheses, i.e. we write ^^t^^ instead 
of (tei), etc. Also, in what follows, to simplify the presentation, we consider k = k: the 



(0) 




(1) 



n..r^^n..._,(---rn.j'^-r.j...))), 
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statements of 3.4.6 are such that this is aUowed. So the homomorphism Gi{k) — > G'i'^{k) 
is surjective; accordingly, we always assume hi, . . . ,hs G Gi{k). 



3.5.0. Computation of N2 (E)w{k) k. Taking s G N big enough and a multiple of 



the /c-vector space of (1) becomes nothing else but N2 ®w{k) k (cf. 3.4.5.1 B). We 
allow such an s to vary. We first prove (0), i.e. that the dimension of the /c- vector spaces 
of (1) computing dimfc(A^2 ^w{k) k) is less or equal to dimvi/(fc)(ni6/i ^Si)- 

3.5.1. The set A. Let 

A := {ei\i e h}. 

So n^gi^tg. = (laeA'^^a- The set A can have more than 1 element only when gi is in case 
a), d) or e6). In case d) A has at most 3 elements. In case e6) A has at most 2 elements. 
In case a) A can have even more than 3 elements but in this case a), regardless of the 
value 1^1 we have 

with ao (resp. ai) as the smallest (resp. as the greatest) element of A. This is so because 
any positive root containing and in its expression as sums of elements of Ai, 
automatically contains in its expression, for any 02 £ S{aQ,ai) (see [Bou2, planche 

I])- 

3.5.2. Notations. Let Gi := Gi^, Ti := Tij^ and Tiad := Ti^dk (see 3.4.3). We call 
an element w G Gi{k) normalizing Ti, a Weyl element. For any £j G A, let Qe^ (resp. 
-Pg.) be the parabolic subgroup of Gi having qg. (resp. pg.) as its Lie algebra. It contains 
Ti as it can be checked immediately starting from the Fact of 2.2.11.1. 

3.5.3. The first properties. We study closer a A;-linear endomorphism of Qi of 
the form Ha ^H;,, with a,h & A. We have the following main property: 

(2) Im(na^nb) = Im(^na*n6), with geGi{k) and with w a Weyl element. 
We also have the following inversion property: 

(3) n„«'nfe= ^Hfe'^n^^"', 



for any Weyl element w G Gi{k). 

For any g G Gi{k) we have the following elimination property 

(4) ini(n„^'n„)cim(n„). 

Proofs: The elimination property is trivial. The inversion property can be checked 
easily, using Weyl's decomposition of 0i w.r.t. Tiad- The proof of (2) is more involved: 
it needs some preliminaries. 
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Let wq G Gi{k) be a Weyl element that takes $^ into $i (i.e. which takes the Borel 
subgroup of Gi having bi ®w{k) k as its Lie algebra into its opposite w.r.t. Ti). Let 
n^-i^^-j be the projector of 0i of whose kernel is WQ^{pa) and of whose image is WQ^{ta)- 
So we have 

The Bruhat decomposition of Gi (see [Bo2, 14.12]) allows us to write Wq^q = bawqb, 
with Qb E Qb{k), with w e Gi{k) a Weyl element and with ba G B°^^{k). _Lie(S°PP) is 
included in the kernel of H^-i^^-j. As is the scmidirect product of Ti and of its 

unipotent radical, using [Bo2, 14.5 (2)] applied to this unipotent radical (and Ti), we can 
write 

ba = blbl 



where b\ G B"^^{k) normalizes the image of U^-i^^^ and b^ is a /c- valued point of the 

smooth, connected, unipotent subgroup of B^^^ generated by Go subgroups normalized 
by Ti and whose Lie algebra is the opposite of the image of H -i. w.r.t. the action of 

Tiad- Obviously 



(a) (a) 



Also we have 



2 



n -1. =n -1, 



In other words, for any Xa G Wq ^(t^), we have 

(5) ''^''{Xa) ^ Xa+Va, 

where ya G WQ^{pa)- To check this, we can assume (cf. loc. cit.) that 6^ is a /c-valued 
point of a mentioned Ga subgroup as well as Xa G bi ®w(k) k is normalized by Ti. So 
formula (5) is an immediate consequence of the formulas of [BT, 4.2]. Besides loc. cit., 
we just need to remark that this formula (5) is trivial if Gi is of Ai Lie type; the reason 
we have to remark this is: loc. cit. deals only with pairs of roots whose sum is non-zero. 

We conclude 

n -1, = ''^n -1, 

(o) (a) 

To compute the image of Ila^Ilb, we can assume qb is the identity elements. We 
have: 

im(n,^n,) = im(-°n^-.(„)-o-^5n,) =im(-"n^-.(„/-n,) = im(-o^>o-^-on^_,^ 

But this last Im can be rewritten as Im('^°^«"'o ^n^'^^'^Ilb). So we can take w := wqw 
and g := wobl^WQ^. This proves (2). 

3.5.3.1. The proof of inequality (0). We are now ready to prove, in four steps, 
the first statement of 3.4.6 (i.e. to prove 3.5 (0)). We can assume that any two consecutive 
and Sij+i of 3.5 (1) are distinct (cf 3.5.3 (4)). 
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1) If \A\ — 1, we have nothing to prove (i.e. 3.5 (0) is a consequence of the Fact of 
3.4.5.1 and of 3.5.0). 

2) If 1^1 = 2, then in any sequence '^^Hg.^ ... ^^Hs^ "computing" N2 ®w{k) we get 
a subsequence Ilo^IIfe, with A = {a, 6} and g e Gi{k). So, we get that dimviA(fe)(A^2) < 
dimvK(fc)(ta n tb), provided the inequality 

dimfc(na(^r6)) < dimfe(ra n tb) 

is checked. This last inequality can be proved in many ways. Using property (2), we are 
reduced to the case when ^ is a Weyl element and so 

dimfc(na(^fb)) = dimfe(f6) - dimfe(frb n pa) = dimfe(r6) - dimfe(pa) + dimfe(3pb n pa) 

(the second equality due to the fact that is a Weyl element) . This proves the first part 
of the following Claim: 

Claim. The dimension ofHai^tb) is maximal precisely when the dimension of the 
intersection ^pb n pa of parabolic Lie subalgebras of Qi is maximal, i.e. when the inter- 
section ^pb n pa contains a Borel Lie subalgebra ofQi. 

Proof: The Fact of 2.2.11.2 points out that it is irrelevant if we work with inclusions 
between parabolic subgroups of Gi or between inclusions of their Lie algebras: this will 
be used freely in what follows. If the intersection ^pb Hpa contains a Borel Lie subalgebra 
of 01, then this intersection has the same dimension as the intersection pfeflpa. Argument: 
we can assume Lie(Si) pb H pa and so the statement follows from [Bo2, 14.22 (iii)]. 
So if dimjt(^p6 fl pa) < dimjt(p6 H pa), then ^p^ fl pa does not contain the Lie algebra of 
a Borel subgroup of Gi. Based on this, the part of the Claim pertaining to "i.e." can 
be checked easily, case by case, starting from the fact that is a Weyl element and from 
[Bou2, planche I, IV and V]. 

The case A = {1, £ — 1}, with qi of Dg Lie type, is treated for the sake of convenience 
in the fourth paragraph of 4) below. The case e6) is left as an exercise: though in [Bou2, 
planche V] the structure of the Weyl group associated to the Eq Lie type is not given, 
this exercise can be solved in the same manner as the two cases below, by working not 
in terms of vectors e^'s (of loc. cit.) but directly in terms of roots; however see [Bou2, 
p. 219 and Exc. 2) of §4 of ch. VI] (also the case e6) can be checked immediately using 
computers). We are left with the following two cases. 

Case 1: g is of Ai Lie type. So A = {io,ii} with 1 < zq < ii < ^ + 1. Wc can 
assume b = io and a = ii, cf. 3.5.3 (3). For this paragraph we use the notations of [Bou2, 
planche I]: so £j's are not any more some integers in the set S{0,£) but some vectors 
in R^+-^. The roots P e such that Q/3 C tc, with c E A, are of the form — + Sg, 
with i<c<s<£+l. We consider a Weyl element h e Gi{k). By abuse of notation, 
we identify it with an element of the Weyl group of loc. cit.; so we identify it with a 
permutation h of the set S{1,£ + 1) via the formula h{ei) = efi(i)- 

So the intersection ^^ti^ flri^ has as many elements as the number of pairs («, j) such 
that i < io < j and h{i) < ii < h{j). Obviously the number of such pairs is of the form 
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iQ{£ + l — ii), where io G S{1, io) and ii e S{ii, £ + 1), and so it is at most io{£ + l — ii)- 
The equahty holds precisely when h maps the set 5(1, io) into the set S{l,ii) and maps 
a subset of the set S{io + 1,£ + 1) onto the set S{ii + 1,£ + 1). But it is easy to see that 
any such permutation can be written as a product h = /ii/i2, where /i2 (resp. hi) is the 
permutation of £ + 1) leaving invariant each one of the sets zq) and S'(zo + l, -^ + 1) 
(resp. each one of the sets 5'(1, ii) and S{ii + 1,1 + 1)). As any Weyl element defining 
/i2 (resp. hi) normalizes p^^ (resp. p^J, ^pi^^ H p^^ contains the Lie algebra of a Borel 
subgroup of Gi and we are through. 

Case 2: A = {£ — 1,£}, with gi of Lie type. For this paragraph we use the 
notations of [Bou2, planche IV]. We have: 

- the roots of corresponding to the action (via inner conjugation) o/ Tiad on 
tg-i are either of the form —Si + S£, with 1 < i < £, or of the form —{si + Sj), with 
l<i<j <£; 

- the roots o/$^ corresponding to the action (via inner conjugation) o/Tiad on t£ 
are of the form —{si + Sj), with 1 < i < j < £■ 

We assume b = £. Wc consider a Weyl clement h G Gi{k); we identify it with an 
element of the Weyl group Wd^ of loc. cit. If h sends eg into eg, then the intersection 
^tb n Xa has at most elements, with equality iff h leaves invariant the set 

{£i, ...,e£-i}; in such a case h normalizes both pa and p;,. 

If h sends e£ into —e£, then the intersection ^r^nta has s+ ^^~2^'^ elements, where s is 
the number of elements i e S'(l,^ — 1) such that h{ei) G {£i, as s < £ — 2 (cf. the 
structure of as a semidirect product mentioned in loc. cit.), this number is less or 
equal to l^zHMnii^ with equality iS s = £ — 2. If s = £ — 2, let /i2 G Wd^ be the involution 
(££,£^0), where io G S{1,£ — 1) is the unique element such that h{ei^^) G {—£1, — £^_i} 
(so h{ei^^) = — £io)- have: h2 (resp. /i/i^^) normalizes p;, (resp. p^). 

If h sends eg into an element of the set {—£1, — £^_i}, then the intersection '^tbHta 
has s + ^^^2~^ elements, where s is the number of elements of the set {£1, sg-i} mapped 
through h into this set. As s < £ — 2, this number is less or equal to i^zHK^nl) _ jf ^ — £ — 2, 
then h normalizes pa- If h sends e£ into £j, with j G S{1,£ — 1), then the intersection 
'^^6 n to has s + ^^~2^^ elements, where s is the number ofz G S{1,£ — 1) such that 
h{si) G {£1, ...,£j_i,£j+i, ...,£^_i}; as s < £ — 2, this number is less or equal to i^uBK^zl)^ 
with equality iff s = £ — 2. If s = £ — 2, then h normalizes p;,. 

So in all cases ^ph n p^ contains the Lie algebra of a Borel subgroup of Gi and we 
are through. 

This proves the Claim. 

From Claim and the first paragraph of its proof we get: dimfc( ^pb flpa) < dimfc(p5 fl 

Pa)- 

3) If |A| > 3, then using repeatedly properties (2) and (3), we can bring together a 
short sequence of the form Yla^Hb, if 0i is in case a), with a the smallest element of A 
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and with b the greatest element of A, or of the form Ua ^Hb He if 0i is in case d), with 
A = {a, 6, c}. This proves 3.5 (0) if Qi is in case a) (cf. 2)). 

4) We assume we are in case d) with \A\ = 3. 

Let 01 be of Di Lie type {£ > 4). So A = {1,£ — 1,£}. Using property (2), we can 
assume Ha ^lib '^Hg is such that h is a Weyl element. Due to the circular form of the 
expressions of 3.5 (1), we can assume c = 1 and b = £ — 1. But in this case the dimension 
of the image of Ua ^lit is less or equal to 

£-2 = dimfe(fa n ffe n fc). 

To check this, we use the notations of loc. cit. We have: 

- the roots of corresponding to the action (via inner conjugation) o/Tiad on ti 
are of the form — £i ± Sj, with 2 < j < £. 

So if the element h of the Weyl group of loc. cit. sends Si into an element of the set 
{— £i, —£2, • • • 7 —££-1j then we have r^_i fl ^ri = {0} and we are done. If h sends £i 
into an element e^^ G {^i, S2, ■ ■ ■ £i-i, —st}, then ti-i fl '^ti has dimension exactly i — 1. 
If dimfe(r^_i fl '^ti) — £ — 1, then h — /ii/i2 where hi is the transposition (£i,£ig) and 
where h2 := h^^h fixes Si. As /i2 (resp. h\) normalizes ti and pi (resp. r£_i and p^-i) 
the intersection q^_i fl '^qi contains a Borel subalgebra of Qi. 

The arguments of the proof of (2) show that we can assume (7 is a Weyl element as 
well. So we can apply the same arguments as in the proof of Case 2 of the Claim of 2), 
in order to conclude that dimfe(r£ n ^(r^-i n '^ti)) is at most £ — 2. Briefly, this goes 
as follows. We can assume h is the identity element. If g sends Si into {—£1, — e^}, 
then ie n ^(r^-i n ti) = {0}. If g sends £1 into {£1, ...,£^}, then dimfc(r^ n ^(r^_i n ti)) 
is equal to the number of elements of the set {—£2, —££-i,£e} sent by g into the set 
{— £1, —££-1, —Be}. Based on the structure of the Weyl group we get that the 
number of such elements is at most £ — 2. If it is £ — 2, we distinguish two situations. 
If £1 is sent by g into ei, then g normalizes p£. If £1 is sent by g into Sg, with s e 
S{1,£ — 1), we write g as ^1^2, with ^2 as the Weyl element which leaves invariant each 
Ei, i e S{1,£ — 1) \ {so} and which sends eg, into the same element —Esq as g does, gi 
(resp. ^2) normalizes (resp. p^_i npi). 

This ends the proof of 3.5 (0) and so of the first statement of 3.4.6. 

3.5.4. The proof of (SUB). We assume now di-mw{k){N2) = To prove (SUB) 
we first remark: 

Fact. The Lie subalgebra {g2{—3) Hgi) ^w{k) k o/0i is of the form ^ {f^aeA^a) , with 
g e Pej(A;), and so its normalizer in Gi is ^(flaeA ^a) -^ei- 

Proof: We start pointing out: if the Lie subalgebra (5^2 (—<^) H 0i) ®w{k) k of Qi 
is of the form ^ (paeASa) , with g G Gi(fc), and if its normalizer in Gi is ^{f]aeA-^a), 
then automatically g G Pg^(/c). To see this, we first remark that [g2{—S) fl gi) (E)w{k) k 
is included in = F^idi) (cf- the Fact of 3.4.5.1) and so the Lie algebra -^^(01) being 



205 



abelian is included in the normalizer of ((72(— 5) fl Qij k in gi. Using Fact of 

2.2.11.1 and [Bo2, 14.22 (i)] we get that ^{ClaeA^o) contains a Borel subgroup of Pg,; 
using (A;)-conjugates, we can assume this Borel subgroup is also included in flaeA-Pa 
and so [Bo2, 14.22 (iii)] implies Da^APa =^ {(^a^APa)- As any parabolic subgroup of Gi 
is its own normalizer, we conclude: g e Pe^ . So we are left to check: 

Claim. The subspace {g2{^S) DQi) <^w{k) k o/fli is of the form ^{r)a£ASa) o,f^d its 
normalizer in Gi is ^(flaGA -^o)- 

To prove this Claim we need some preliminaries. Let 0q, := 0Q, ®w{k) k. We recall 
the following three well known properties: 

a) [flajfl-a] is al dimensional k-vector subspace o/Lie(T'i) = ti/pti (this is the first 
place where we need p > 2); 

b) If \A\ >2 and if a, P,a + P e then a and j3 generate a root system of rank 2 
of A2 Lie type (the inequality \A\ > 2 implies that all roots of have the same length, 
cf. [Bou2, planche I, IV, and V]); 

c) The differential map of the commutator map : Gi — >• Gi, defined by Ca{g) = 
gag~^a~^ is given by the formula dca = Igi — Ad{a) (for instance, cf. [Bo2, 3.16]). 

If 1^1 > 2, from [BT, 4.2-3] and b) we get (via c)) the following formula 

(6) [Sa,5/3] = 

where a, (3,a + (3 & ^i. It can be as well checked directly, inside the /SL-group of a 3 
dimensional fc- vector space; it is true even iip = 2 (for an arbitrary simple, adjoint group 
over k). Also, regardless of the value of \A\, from [BT, 4.2-3] we get (again via c)) the 
following inclusion 

(7) [0a,0/3] C 

where a, /? e are such that Q! + /37^0;ifQ; + /5^$iU {0} then fla+/3 := {0}. 

We are now ready to prove the Claim. We first consider the case when A = {a} has 
only 1 element. Let 

Al := {a e C ta}. 

In this case, the first part of the Claim is a consequence of the Fact of 3.4.5.1, while for 
the second part we just need to remark: if Xa G ©aeAiSa normalizes Sa, then Va G Ai, 
from the inclusion [q-q,, Xa] C So, we get, cf. a) and (7), that the component of Xa in 
is 0; so Xa = 0. 

If 1^1 > 2, in order to benefit from the previous notations, we prove this Claim work- 
ing with notations involving negative roots: the reductions to Weyl elements performed 
in 3.5.3 allows us to shift from positive to negative roots, as we like. We need to consider 
three cases. 
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Case 1. If \A\ = 2, with A = {a, 6}, we just have to show: 

Subfact. // the image of the endomorphism Ila^Hb, with w G Gi{k) a Weyl ele- 
ment, has dimension A\m.k{Xa Hrb), then rbPl ^ X-a is Gi(k)- conjugate to raPirb, and the 
normalizer of Xa n Xb is Qa^Qb- 

The first part of the Subfact is easy. Argument: Qa and ^Qb must contain a Borel 
subgroup of Gi (cf. Claim of 3.5.3.1 2) and Fact of 2.2.11.1); as any two Borel subgroups 
of Gi are (5i(A;)-conjugate, we can assume this Borel subgroup is B°^^ and so, based on 
[Bo2, 14.22 (iii)], we can assume '^Qb = Qb- For the second part of it, as any parabolic 
subgroup of a reductive group over k is connected, it is enough to show that the Lie 
subalgebra of Qi normalizing Xa n Xb is Lie((5a H Qb). To check this, let 

A2 := {a e ^tlScx C Sa^iSb}. 

Let Xab e ©aeAaSa normalizing fltfe. Let a e A2. Let P e be such that: 

i) 0^ C ta n Xb; 

ii) either /3 + a e $1 or /? = —a. 

The existence of such a root can be read out from [Bou2, planche I, IV and V]. We 
include a discussion case by case, in a way needed to be used in 3.14 C (in connection to 
the p = 2 case). 

If we are in case a) with a < b and a — Yll^^ cxs, where either m < a and q > a 
or m < b and q > b, then we take respectively either /3 = YlT=rn'^''^^ or (3 = 

s=min{m,o} 

If we are in case e6) with 1 = a < 6 = 6 and a — X]s=i ^sCis, where bg G {0, 1, 2, 3} 
and either bi or 65 is 1, then we can assume bi = 1 and so we take (3 — —a\ — — 
(Zls=2 ^sOLs) where: 

- C3 = C4 = C5 = 1 and C2 = if 62 = ^6 = 0; 

- Ci = 1, i = 2,5, if b2 = I and bQ — 0; 

- Ci = bi,i = 2, 5, if ba = 1. 

For an exemplification in 3.14 C below, we also point out that we can also take: 

- Cj = 1, z = 2, 5, if 62 = and 65 = Ij 

- C2 = 1 and C3 = C4 = C5 = 2 if 62 = ^6 = 1 and 63, 64, 65 e {1, 2} are such that 
either only one of them is 1 or all three of them are 1 ; 

~ C2 = C3 = C5 = 2 and C4 = 3, if 65 = 62 = 1 and either 64 = 3 or 64 = 2 and 63 = 65; 

- C2 = 1, C3 = C4 = C5 = 2, if 62 = 2 and b^ = 1. 

If wc are in case d), we need to consider two situations. First we assume A = {1, i — 
1}. If a does not contain a£ in its expression, we take /3 = — Ylt=\ '^s', if a = Ylt=\ 
then we can also take P = —a — an. If a does not contain a^-i in its expression but it 
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does contain cti, then we take (3 = — X]s=i'^s- If « = X]s=so "^s, with sq > 2, or if a 
is the maximal root, then we take (3 = — Yl^s=i '^s- If ct contains ai, ai-i and cii in its 
expression but is not the maximal root, then we take — /? to be this maximal root. If a 
contains ag, ag-i and in its expression, with sq > 2, and does not contain ag^, for 
any si e S{1, sq — 1), then we take P = —a — Yll^i^ '^s- 

We consider now the case A = {£ — 1,£}. We can assume a contains q;^_i in its 
expression. If a does not contain a£ in its expression and it is different from a^-i, then 
we take f3 — —a — a£. If a = ag-i, then we take (3 = — Yl^s=i-2 ^s- If « contains ai in its 
expression, then, not to introduce an sq as above, we can assume a contains as well cti 
in its expression; so the choice of the previous paragraph of (3 in such a situation applies 
as well in the context of ^ = — 1, £}. 

We now come back to Xab- From the inclusion [0^3, Xab\ C n r^, from formulas (6) 
and (7), from property a) and from i) and ii) we get that the component of Xab in 0a is 
0. So Xah = 0. 

Case 2. If \A\ > 3 and 0i is of Ai Lie type, then we have to work with Ha "TE;,, 
with a and b the smallest and respectively the greatest element of A and with w e Gi {k) 
a Weyl element. So this case gets reduced to the case |^| = 2. 

Case 3. If \A\ = 3 and gi is of Di Lie type, then we have to work with Ha '^Hb ^"Hc, 
where A = {a, 6, c} and w,wo e Gi{k) are both Weyl elements (cf. end of 3.5.3.1 4)). 
The same argument at the level of Lie algebras as in Case 1 applies: based on 3.5.3.1 
4), we just need to show that the normalizer of fl t;, fl tc is Qa H H Qc- To get 
this we just need to replace everywhere (in Case 1) fl tb by fl tf, fl tc, ta H by 
to n tfe n tc, Qa n Qb by Qa n Q;, n Qc, Sa U Sb by So U Sfc U Sc and Xab by Xabc- The 
existence of a root P in this case is argued entirely as in the d) case of Case 1. To see 
this, let a e $f be such that Qa G Si Us^_i Use- If ct does not contain ai-i and in 
its expression, we take P = — Yli=i <^«- If = Yli=li with s e S{1,£ — 1), then we take 
P = — Yl^=i ~ Y^i=s '^i- If contains ai, ai-i and ag in its expression, then we take 
P as in Case 1 (for when we are in case d)). If o: contains just ois's in its expression, with 
s e S{so, t), with Sq e 5(1, ^ — 1), then we take P = —a — '^l^ ai- This ends the proof 
of the Claim and so of the Fact. 

3.5.4.1. End of the proof of 3.4.6. We are now ready to prove (SUB). The 
parabolic subgroup of Gi having (©Q,g-^^n[o i]9oic() n 0i) ®VK(fe) ^ ^ its Lie algebra 
normalizes {g2{—S) fl gi) ®vK(fe) k- So the Fact of 3.5.4 implies that it is included in P^j. 
This ends the proof of (SUB) and so of 3.4.6. 

3.5.5. Variants. It is easy to see that 3.4.1-8, 3.4.10, the logical variants of 3.4.9 and 
3.4.11 (involving, cf. the beginning paragraph of 3.4.0, a generalized Shimura context), 
as well as the whole of 3.5 remain true if, instead of g2 G G{W{k)) (resp^ ho G Go{W{k)) 
for 3.4.10) we work with any inner automorphism of Gw{k) (resp. of Go)- Warning: in 
general this is not so if we use an outer automorphism, as such an automorphism can 
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change the automorphism class of {g,(p), "producing" a different G-ordinary type r. In 
particular, based on 3.4.11 and 3.4.13 we get: 

Corollary. Let g E G'^'^iWik)). 

1) // (g, ipo) and (g, gfo) have the same Newton polygon, then at the level of a- 
linear Lie automorphisms of q we have g(fo = gsPA^og^^ , where gs is a W{k)-valued 
point of which mod p defines a k-valued point of the parabolic subgroup ofG^ having 
F°(g)[^]nLie(G^'^) as its Lie algebra, and where is a W{k) -valued point of the parabolic 

subgroup of G^'^ having Lie(Po)[^] n Lie(G*'^) as its Lie algebra. Moreover, {Q,g(po) has 
a lift of parabolic type. 

2) The fact that (g, (/?o) and {Q,g<fo) have the same Newton polygon or not depends 
only on the expression of g mod p. 

3) 1) and 2) remain true if instead of g we work with Lie(G'^'^). Moreover, we have 

variants of these for when we work with go instead of q or with (Bieio^^^iGf^) instead of 
Lie(G^d)_ 

In the above Corollary, the role of (g, (po) is precisely of an arbitrary Shimura Lie 
cr-crystal having a lift of Borel type. 

3.5.6. An expectation. We expect that the following statement is true: 

Expectation. Let H be a split, semisimple group over an arbitrary field k. Let 
Ph{1),..., Pnin) be n parabolic subgroups of it (n G N). Then the dimension of the inter- 
section of the Lie algebras of n parabolic subgroups Pi,..., Pn of H which are respectively 
H{k)- conjugate to Ph{1),---, Pnin), is m,aximal precisely in the case when there is a 
Borel subgroup of H contained in the intersection n^^j^P^. 

The case n = 2 is easy (to be compared with 3.5.3.1 2)). For n > 2 we can prove it 
in many situations but we do not have a proof which works in the general case. 

3.6. The second group of basic results: global deformations and some 
principles for different Fontaine categories. We start constructing global defor- 
mations: 3.6.0-11 form a sequence; they deal with global deformations in the context of 
Shimura a-crystals. However, along this sequence some digressions arc as well included; 
they are 3.6.1.1.1 4) and 5), 3.6.1.1.2, 3.6.1.5-6, 3.6.6.2, 3.6.8.1 till 3.6.8.1.5 inclusive, 
3.6.8.3 and 3.6.8.9; these digressions can be looked at just at the needed moments. As 
mentioned in 1.14.5, the readers should look at 3.6.8 from the general point of view from 
the very beginning. In 3.6.12-14 we deal with the geometric context of a SHS. 3.6.15- 
17 contain complements. 3.6.18-19 deal with different principles of Fontaine categories; 
warning: the global deformations in the generalized Shimura context are constructed 
in 3.15.6 (cf. also the relative moduli principle of 3.6.18.7.3 C). Some conclusions are 
gathered in 3.6.20. 

We preserve the previous notations of 3.0-3. Let G = Spec(i?) and let g2 G G{W{k)). 
Let Cm := dim (GL(M)) = d%j. Let d be the relative dimension of G. We have d e 
5(4, cm), cf. 3.1.2.1. 
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Let Uq — Spec(-Ro) and U2 — Spec(-R2) be open, affine subschemes of G through 
which the origin oq of G factors (we still denote by qq this factorization) and respectively- 
through which g2 factors (for the sake of symmetry, this factorization is denoted by 02), 
and having the following two properties: 

i) There are etale, affine VF(A;)-morphisms Uq ^ Y := Spec(W{k)[zi, . . . , Zd]) and 

U2 ^ Y, such that the VF(A;)-morphisms bo o ao and 62 ° 0-2 are defined at the level of 
rings by: Zi goes to 0, i = 1, d; 

ii) There are etale, affine VF(/c)-morphisms Wq ^ Z :— Spec(W{k)[zi, . . . , z^j^j]) 
and W2 Z, with Wj = Spec(S'j) an open, affine subscheme of GL{M) containing Uj, 
j G {0, 2}, such that dobo = cqozo and ^062 = C20Z2, with io : Uq ^ Wq and i2 U2 ^ W2 
as the natural inclusions and with d : Y ^ Z as the VF(/c)-monomorphism which at the 
level of rings takes Zi into Zi (resp. into 0) if i e 5(1, d) (resp. if z e S{d + 1, cm))- 

3.6.0. Some preliminaries. From now on, till the end of 3.6.8, we assume k is an 
infinite field. For the case of a finite field see 3.6.9 3). 

R/pR is an integral domain (cf. [Ti2, 3.8.1]). So the intersection Uq fl U2 is non- 
empty. Moreover, [Bo2, 18.3] guarantees the existence of a dense set of A;- valued points 
of {Uq n U2)k- We choose a VF(/c)-monomorphism 

h : Spec{W{k)) t/o n t/2 

such that the two VF(/c)-epimorphisms W{k) [zi, . . . , Zd] -» W{k) associated to bo o zo2 o /i 
and 62 o 120 o h (with io2 and 120 as the inclusions of Uo H U2 into Uo and respectively 
into U2) send Zi^ i= l,d, into elements of GmiW{k)). Composing the W^(fc)-morphisms 
Co and C2 with VF(A;)-automorphisms of Z of the form Zi UiZi, with Ui G Gm(VF(/c)), 
i = 1, Cm, we can assume that both these two VF(/c)-epimorphisms send Zi to 1, i = 1, d. 

Let Uq, U2, Wq and be the right translations of Uo, U2,Wo and respectively 
W2 by h~^. So the VF(/c)-monomorphism Spec{W{k)) ^ GL[M) defining 1m factors 
through C/q , C/f , Wq and • Let $ be the Frobenius lift of Y and Z taking Zi — 1 io 
{zi - 1)P, i = T7^. Let ^R^, ^R^, and $5, be the Frobenius lifts of U^^, U^^, W^^ 
and respectively of W2^ such that the two diagrams below: 



z^ 



and 



u- 



w^^ 



J 



w. 



OA 



W^ 
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j G {0,2}, are cartesian; here we denote by rh any isomorphism defined by the right 
translation by h via restrictions, while 6^ , r^, and refer to morphisms defined by 
the p-adic completion of bj, rh, Cj and respectively of The isomorphisms allow us 
to identify = Spec{Rj) and = Spec(S'j), j e {0,2}. Let ti{j) E Sj be such that 
under the identification Wj* = Spec(5'j), the 14^(/c)-morphism cj^of^, at the level of rings, 
takes Zi — 1 into ti{j), Vj e {0, 2} and Wi e S{1, cm)- So 

We also regard ti(j), i G 5(1, d), as an element of Rj. 
3.6.1. Some initial p-divisible objects. Let 

Mr. := (M ^w{k) Rj, ^w{k) Rj, $3 

and 

Ms, := (M 5j^, ^wik) Sf, 

with := rj{hipo ® 1) and $^ := Sj(/i(^o ® !)• Here rj e = G^{R^) (resp. 

G GL{M){S^) = GL{M)^{S(>)) is the universal elements of (resp. of GL{M)^), 
defined by the p-adic completion of the inclusion Uj ^ G (resp. Wj ^ GL{M)). 
Mr. (resp. Ms,) is a p-divisible object of M.T\^Q^i\{Rj) (resp. of AlJF[o^i](S'j)). So for 
any n G N, MrJp^Mr, is an object of AlJF[o i](-Rj) and MsJp^Ms, is an object of 
MT^o,i]{Sj). AbovejG{0,2}. 

3.6.1.1. Their pull backs. For any formally etale, affine l^(/c)-morphism 

Spec((5j ) Spec(i?^), with Qj a VF(/c)-algebra, we denote by 

Mq . := (M ®w{k) Qj,F^ <»w{k) Qj,rj o dj{hifio (g) 1)) 

the pull back of Mr, through dj, for the only Frobenius lift of satisfying 

It is a p-divisible object of M.J^[o,i]{Qj)- We call it the extension of Mr, to Spec{Qj) or 
to (through dj or through the W(A;)-homomorphism i?^ — > defining dj). 

For any n G N, MqJp'^Mq^ is an object of 7\/fJ^[o,i]((5j)- 

In particular, if Spec(i2^) is the completion of in the origin, we denote by 

M^o := (M ®w{k) i?;, i^' ®w{k) Rl ^ •) 

the extension of Mr, through the canonical VF(A;)-monomorphism ir, : Rj ^ Rj, for 
the natural Frobenius lift of Rj induced from ^r, by completion, j G {0,2}. Here 

^ := rj{h(po ® 1), 
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with fj G G{Kj) defined by rj via iR.. Mj^o is a p-divisible object of M.J-'[q^i]{R^). 

Similarly, if ki is a perfect field containing k, we denote by Mfi^^^^ ^ its pull back 
through the canonical affine VF(A;)-morphism Spec(i?jp^^^^p Spec(i?j), the Frobenius 
lift of -RjvK(fci) being the logical one. We also call it the extension of Mr. to W{ki); we 
view Rjy^^(^j^_^^ as a VF(/ci)-algebra. 

In a similar manner we define the pull back of any object (or p-divisible object) of 
AlJFj- j;j(i?3), with Rs a regular, formally smooth VF(/c)-algebra for which a Frobenius 

lift of i?3 is chosen (fixed), through a formally etale, affine VF(/c)-morphism Spec((53 ) 
Spec(i?3), or through the natural affine VF(A;)-morphism Spec{Rsw{ki)) ~^ Spec(i?3), 
with ki as above. 

All the above terminology conforms to 2.2.1.3. 

3.6.1.1.1. Definitions and notations. 1) Let dj : Spec((5^) — > Spec(i?j^) be 

a formally etale, affine VF(A;)-morphism, with Qj a W{k)-algehTa. We recall that (cf. 
beginning of §3) we have a direct sum decomposition M = ® F°. Let 

^{Qjf := rjodj{h(po ® 1) 

be the ^»q^. -linear endomorphism of M ®vK(fc) defined by rj o dj and let 

be the $q^. -linear map defined by the formula 

where m e {F^ +pM) ®vK(fc) Qj'- For n e N we still denote by ^{QjY its reduction mod 

(ze{0,l}). 

2) We say Mq /p^Mq, potentially can be viewed as an object of M.T'^y^iQj) if 
there is a connection 

V : M ®w{k) QjlV^Qj M ®w{k) ^(Q,./p"Q,.)/w„(fc) 
such that we have: 
{E,) Vo^{Qjf{m) 

if m e ®w{k) Qj/p^Qj^ and 



= p^Qjfod^Q.JpoV{m), 

= $(Q,)Ood$Q^>oV(m), 
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if m e ^w(k) Qj/p^Qj- Here d^Q,^/p denotes the differential of the Frobenius Hft 
$Q of Q'j divided by p and then taken mod p"^. About V we say it makes (or allows) 
MqJp^Mq, potentially to be viewed as an object of M.J^^^{Qj)\ often (to be short) we 
also say V is a connection on Mq, /p^Mq, . Warning: the system of equations obtained by 
putting {El) and {E2) together, does not depend on the choice of the direct supplement 
F° of in M; moreover, as we chose ^»(Qj)° and ^{QjY to be Frobenius maps (i.e. 
$Q^.-linear maps) and not Q^-linear maps, we got m & F'^ 'S)w{k) Qj/p^Qj not in 

We say V respects the G-action, if Vz e S'(l,ci), the Qj/p'^Qj-endomorphism of 
M ®w{k) Qj/p^Qj that takes m e M into 

d - ~ 

V(^^)(m) eM®w(k) Qj/p'^Qj, 

is an element of Lie(G) ®wik) Qj/p^Qj- 

We say MqJp^Mq^ potentially is an object of M.J^'^^-^[Qj) if there is precisely one 
connection V on it; about this connection V we say it makes (or allows) MqJp^Mq, 
potentially to be an object of M.J-'^ ^T^{Qj). 

We use the same language for the case of p-divisible objects, i.e. when n = 00. 
Warning: in such a case 

V : M ^wik) ^ M ^wik) ^ii^,wikY 

and we also say that $(Qj)° is V-parallel. 

If in any of the above cases the connection V is integrable, then we drop the word 
potentially. We prove later on (cf. 3.6.18.4.1), that any connection V which makes 
Mq /p^Mq , potentially to be viewed as an object of AiJ-"^ ^-^{Qj), is automatically in- 
tegrable and so the word potentially is just for the time being. 

3) Let Zk be the closed subscheme of U}^, U^, G, W^, and of GL{M), defining 
the origin of the special fibre of Gk- So = Spec(/c). 

4) For an arbitrary regular, formally smooth VF(/c) -algebra -R3 as in the end of 
3.6.1.1, and for any (p-divisible) object of AiJ^^-^iRs)., with o, 6 e Z, a < 6, we use 
the same language as in 2) but always working with connections satisfying the Grifiiths 
transversality condition. The equations needed to be satisfied are similar to the ones of 
(El) and {E2) of 2) (for instance, see [Fal, p. 33]). Warning: in such a generality, the 
word potentially is not for the time being (cf. 3.6.18.5.5 below). 

As a quick exemplification, we refer to the context of ^ of 2.2.1 c) , with M a projective 
i?^-module. We assume F"(M) = M and F''+^(M) = {0}. The set of equations needed 
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to be satisfied in order that a connection V : M ^ M f^^A/^^^-) makes C potentially 
to be viewed as a p-divisible object of MJ-'^-^{R) are 

(Ei) V o (fiirrii) = (fi-i o d^RA^^/p o V{mi), 

with rui e F\M), for i e S{a, b), and 

(GT) V{F\M)) c F'-\M) 

i e S'(2 + a, 6). Taken them mod p", we get the set of equations needed to be satisfied 
in order that a connection V : M/p^M M/p^M ®r/p^r ^R/p"R/Wnik) makes €/p^(t 
potentially to be viewed as an object of MJ-"^ ~^{R). Warning: we always look at (GT) 

as an equation (it can be expressed in terms of some morphisms of J?^-modules being 0). 

5) Let X and Xi be regular, formally smooth VF(/c)-schemes or p-adic formal schemes 
over W{k). We consider a formally etale morphism mx : Xi ^ X and we assume X 
(or X^ in case X is a scheme) is equipped with a Probenius lift ^x- We denote by 
$Xi the Probenius lift of Xi (or of X^, in case Xi is a scheme) defined naturally by 
$x via mx- Let C be an arbitrary (p-divisible) object of AiJ-'{X). As in 4) we speak 
about connections on m'^{^), i-e. about connections on the underlying module of (£) 
which make m*x{€.) potentially to be viewed as a (p-divisible) object of M.J-'^{Xi), or 
about mx{€) potentially to be a (p-divisible) object A^^^(Xi), etc. Warning: we always 
assume that these connections satisfy the Griffiths transversality condition. 

3.6.1.1.2. Digression: the nilpotency mod p. We refer to 3.6.8.1.1 4) with 

n — 1. Let M := M/pM be endowed with the reduction mod p of the filtration of 
M. We assume R = W{k)[[xi, ...,Xm]] is a ring of formal power series. Let Ni be the 
i?/p-R-submodule of M generated by ipi{F^{M)). Let j G S{l^m). We consider the 
A;-endomorphism of M defined by Dj V(^). We have 

(INCL) Dj{ip,{F'{M)) G N,_,, 

cf. (Ei) and (GT). We get 

(NILl) D^{Ni) c ®seSia,i-i)Ns. 

As M = ®i^s{a,b)^i^ ^^SO 

{NIL2) D^- = 0. 

In general we get: if s e N, if ji,.--, js G m) and h,.--, is £ NU{0} are such that 
H + Z2 + ... + > then (cf. (INCL)) 

(iV/L3) D^D^...D^^O. 
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We conclude: 

Corollary. All connections on some object of some Fontaine category of objects not 
involving connections, are nilpotent mod p, regardless of the fact that they are or are not 
integrable. 

3.6.1.1.3. The convenience assumption. Sometimes it is convenient to make the 
assumption that the closed subscheme of Spec{Rj/pRj) defined by ti{j) — 0, i running 
through the elements of an arbitrary subset oi S{l,d), is connected (so in particular, 
is the closed subscheme of Uj^ defined by = 0, Vz e S{l,d)). 

This can always be achieved by removing a closed subscheme of t/° which is not Uj 
itself. This should be done before the choice of h so that we do not lose track of the 
morphisms cq and a2- It can be done as follows: we choose an open, afiine subscheme 
U = Spec{Ru) through which the origin of G factors and an etale morphism bu : U ^ Y, 
such that the closed subscheme Spec{Ri(/ip, (-^Oie/d)) with Id an arbitrary subset 

of S{l,d), is connected and the logical iy(/c)-morphism Spec{Ru/{{zi)i£i)) — > G is the 
origin. We can take now Uq =U and U2 = 92^] as the morphisms 60 and 62 we take bu 
and respectively the composite of the left translation by isomorphism U2—^Uq with 

Warning: unless specifically stated we do not work under above assumption. 

3.6.1.2. Lemma (the uniqueness principle in a convenient Shimura a- 
crystal context). For any formally etale, affine W{k)-morphism Ij : Spec{Q'j) 
Spec{Rj'), with Qj a W{k)-algebra such that all connected components of Spec{Q j / pQ j) 
have a non-empty intersection with i~^{Zk), and for every n G N, Mq_/p^Mq_ poten- 
tially can be viewed in at most one way as an object of A4J-'^ ^-^{Qj) ; similarly, Mq, 
potentially can be viewed in at most one way as a p- divisible object of M.J-'^ ^-^{Qj). 

3.6.1.3. Theorem (the V, the moduli, and the surjectivity principle in a 
convenient Shimura cr-crystal context). 1) For any n e N there is a formally etale, 
affine W {k)-morphism 

Spec(gJJ Spec(i?J), 
j e {0,2}, with Qj,n 0. smooth W{k) -algebra, such that: 
i) qliZk) = Spec{k); 

a) Mq. ^/p^Mq. ^ is an object of A4J-'^ ^{Qj^ri), i-^- there is a unique connection 

Vj : M 0w{k) Qj,n/p''Qj,n M ®w{k) ^(Q,-,„/p"Q,-,„)/W„(fc) 

which makes Mq_. ^/p^Mq- potentially to be viewed as an object of A4 J-"^ -^^^{Qj^n) ; 

is integrable (so the word potentially can be disregarded), nilpotent mod p, and 
respects the G-action; 
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in) for any other formally etale, affine W{k)-morphism Spec((5^) Spec(i?^) (with 
Qj a W{k)-algebra) such that MqJp^Mq, potentially can he viewed as an object 
of M.T^ ■^■^{Qj) and all connected components of Spec{Qj/pQj) have a non-empty 

intersection with ij {Zk), there is a unique morphism Spec(Q^) — > Spec(Q^^^) such 
that £j = ij,n°£j' o,nd the connection (it is unique cf. 3.6.1.2) on M(8)^(/j) Qj/p^Qj 
which makes MqJp^Mq, potentially to he viewed as an ohject of M.J^^ ■^^^{Qj) is the 
pull hack ofVj through mod p^ ; 
iv) the special fibre of Spec{Qj^n) is a geometrically connected k-scheme. 

2) The unique Rj' -morphism (cf. ii) and Hi)) 

q : Spec(Qj„+i) - Spec(Qj J 

such, that ij^n+i — ^j,n ° dnd the pull hack of through the morphism i'j mod p"' is 
V""*"^ modp^ , when taken mod p (i.e. the resulting morphism at the level of special fibres) 
is: etale, quasi-finite, and generically an etale cover of degree p'^^'^\ with d{n) e [0, d^]. 
Similarly, the morphism ij^i mod p has all these properties. 

3) The construction o/Spec((5^,^) commutes with (perfect) base field extensions, i.e. 
if ki is a perfect field containing k, then the p-adic completion of the extension of ij^n to 
W{ki) is the morphism of 1) obtained for the same n & N and for the situation where G 
is replaced by GvK(fci)j Rj replaced by Rj^r(ki) ^'^^ replaced by its extension to 
Wiki). 

4) Let Spec((5j) be the p-adic completion of the N-projective limit of Spec{Qj ,^) 
under the transition morphisms , n e and let 

ij : Spec(Qj) ^ C/° = Spec{Rj) 

be the resulting W {k) -morphism. There is a unique W {k)-morphism : Spec(VF(/c)) —>■ 
Spec{Qj) which composed with Ij is gq. Mq. is a p- divisible object of A4J-'^ ^-^{Qj). The 
k-scheme Spec{Qj/pQj) is geometrically connected. Moreover, Ij has a universal property 
similar to the one described in Hi) of 1): 

£ ■ 

UP. For any formally etale, affine W{k)-morphism Spec{Q'j) Spec(i?^) (with 
Qj a W{k)- algebra) such that Mq^ potentially can be viewed as a p-divisible object of 
J^^^ ijiQj) and all connected components of Spec{Qj/pQj) have a non-empty inter- 

section with l~^{Zj^), there is a unique morphism Spec(Q^) Spec((5j) such that 
ij = ijoif^ and the connection Vj (it is unique cf. 3.6.1.2) on M(8)i4/(fc) which makes 
Mq potentially to be viewed as a p-divisible object of M.J^'^ ^{Q j) , when taken mod p^ , 

is the pull back of V" through the composite of ij^ with the natural W{k)-morphism 
Spec{Qj) — >• Spec{Qj^n)} Vn e N. 
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5) There is a reduced, closed subscheme Bj{k) of Gk, not containing the origin, 



morphism £j has non-empty fibres over (geometric) points of Spec{Rj / pRj) which (when 
viewed as points of Gk) do not factor through Bj{k). For any perfect field ki containing 
k, we get similarly (cf. 3)) a reduced, closed subscheme Bj{ki) of Gk^ having similar 
properties as Bj{k); in fact we can take Bj{ki) :— Bj{k)ki- 

6) Spec{Qj/pQj) is an AG k-scheme. 

The proofs of 3.6.1.2-3 are presented in 3.6.8, after we include some remarks (see 
3.6.1.4-6), some direct applications (see 3.6.2-5), and some extra applications (see 3.6.7) 
which rely on some independent results of 3.6.6. 

3.6.1.4. Remarks. 1) Based on 3.6.18.4.2 below, it can be checked that in many 
situations we can take Qj,n = Rj (so d{n) = 0), Vn G N. All these situations will be 
listed in §7, after we present (in §7) the classification of Shimura group pairs over Zp, 
and introduce (see 3.10) some extra terminology. See also 3.11.4 below. 

2) The W^(fc)-morphism Ij^ri is an etale cover iff Q^,, = R'^ (cf. i) of 3.6.1.3 1)). A 
simple example when £j i is not an etale cover was suggested by A. Ogus. 

We take dM = 2 and G = GL{M). We assume {M, F^, h(fo) is the filtered a- 
crystal of the canonical lift of an ordinary elliptic curve over k. We also assume the 
existence of a W{k)-hasis {x,y} of M such that h(fio takes x and y respectively into x 
and py. We choose a Frobenius lift of G^ such that under the canonical identification 
G = Spec{W(k)[xii,xi2,X2i,X22][^^j7^^^h7^^^]) defined by the above ordered basis of 
M, xi2 goes to Xi2, X21 goes to X21, while xa — 1 goes to {xu — 1)^, z = 1, 2. We can take 
Uo = U2 = G. 

To see that lj^\ is not an etale cover, it is enough to see that any natural pull back of 
MfiJpM^. to a pro-etale cover of G^, with Ga viewed as the subgroup of G acting triv- 
ially on X and on the quotient module M/W {k)x, has no connection on it. This is easy: we 
can assume k = k; identifying = Spec(VF(A;)[t]), with t := X12, the unique connection 
we get on M ®w{k) W{k)[[t]] making the pull back of Mp. through the natural W{k)- 
morphism Spec{W {k)[[t]]) ^ G to be a p-divisible object 'of MJ^^ ^^{Spec{W{k)[[t]])), 
annihilates x and takes y into a{t)xdt, where 



This equation defines an etale scheme over Gak = Spec(/c[t]) which is not an etale cover: 
it is obtained from the etale cover Spec(A;[t, v]/{vP — v — t)) of Gak by removing its closed 
subscheme (is a disjoint union of p — 1 copies of Spec(A;)) defined by t = 0, f 7^ 0. 




00 




The same holds mod p. But a{t) mod p satisfies the equation (in u) 
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In this example, coming back to the general notations, the /c-morphism 



: i-\Spec{R,/pR,[ ]) ^ Spec{R,/pR,[ ]) 

is an N-pro-etale /c-morphism of infinite degree. Here d = 4, = — 1 and /;j_|_2(j) = 
with z e {1,2}. It defines an N-pro-etale cover above the open subscheme of Wj 
defined by ti{j) ^ —1, as it can be easily checked starting from 3.6.18.4 B) below. 

3) The estimate d{n) < (P is not the best possible. For instance if G = GL{M) it 
can be checked (this is explained in 3.11.4 below) that we can replace (P hy For better 
estimates of the real numbers d{n), see 3.11.4. For the time being, we just remark that 
the bound cP is independent on n. We do not know (if or) when d{n) = d{l), \/n G N. 

4) We do not know if (or when) the /c-morphism defined by the special fibre of £j 
is surjective. Similarly about the A;-morphisms defined by the special fibres of £j^n and 

n e N, J e {0,2}. 3.6.18.5.2 below implicitly motivates why it is natural to expect 
(under some conditions) such fc-morphisms to be surjective. 

5) Mq^ ^/p'^Mq^ ^ and (Mq^.^/p'^Mq^,^, Vf modp"), m, n G N, n < m, are 
rigid objects in the sense that they have few endomorphisms. For instance, their en- 
domorphisms (called G-endomorphisms) which as elements of End(M/p"^M) ®vK„(fe) 
Qj,m/p^Qj,m belong to q/p^Q Qj,m/p^Qj,mi ^re often such that these elements 
are the reduction mod p^ of those elements of the Lie algebra of the maximal subtorus of 
Z{G) which are fixed by hipQ. This remains true in many cases for the set of all endomor- 
phisms, the group Z{G) being replaced by the centralizer of G in GL{M). This important 
phenomenon is elaborated in §7, being an essential tool in the strategy of proving part 
of the split criterion of 1.15.4. There are variants of it when we pass to etale, afiine 
Spec((5j,m)-schemes. In these variants extra endomorphisms can show up: like the ones 
springing from direct factors of Lie(G^(-^^p contained in W^(0)(Lie(G^^^^p, /i<^o ® 1); 
here k\ is a finite field extension of k. 

6) iii) and 3.6.1.3 UP can be formulated for arbitrary formally etale i?^-schemes, 
not necessarily affine (cf. also 3.6.18.4.2 below). 

3.6.1.5. a-5-crystals. Let a, 6 G Z, with d <h. Let (M, {F\M))^^gf^^^^^iy(p) be 

a p-divisible object of M.^\a b](^{^))- G be a smooth, closed subgroup of GL(M) 
having connected fibres and such that: 

- Lie(G')[^] is stable under the action of ip; 

- Lie(G) together with the induced filtration (from the natural induced filtration of 
End(M); see 2.1) and Frobenius endomorphism of Lie(G)[^], is a p-divisible subobject 

of the p-divisiblc object (End(M), {F'{M))^^gg^-~^^^, ^) of MJ^{W{k)) (adding the Lie 

structure it is an [d — b,b — a] -filtered Lie cr-crystal in the sense of 2.2.3 2)). 

The quadruple 
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is called a filtered a"-5-crystal (over k); here S stands for subobject and refers to the 
second of the above two conditions. As in 2.2.8 2) or 4) we get (T-<S-crystals. As examples 
we mention the pseudo Shimura cr-crystals (cf. 2.2.9 1')) and the p-divisible objects with 
a reductive structure over k (cf. 2.2.8 4a)). We would like to point out that we did not 
assume the existence of a cocharacter fi : G, normalizing F'^{M), Vz G S{a,b), 

with j3 e Gm{W{k)) acting through it on F'{M) /F'+'^ (M) as the multiphcation with jS'^ 
(to be compared with 2.2.8 3), where this is a consequence of the hypothesis involved). 
When such a cocharacter does exist, we speak about (filtered) cr-5-crystals for which the 
VF-condition holds (the letter W stands to honor [Wi]). It is easy to see that the Facts of 
2.2.9 1) and 1') apply to the present context of (filtered) cr-5-crystals (in connection to 
2.2.9 r) for p < 1 + 6 — a we need to assume that a corresponding Galois representation 
does exist); keeping in mind what S stands for, we felt it is appropriate not to use the 
word "pseudo" in front of the above terminology if the VF-condition does not hold. 

One could allow the fibres of G not to be connected; but this can create problems. 
First, the Lie algebra of a smooth group H over W{k) is determined by its connected 
component of the origin. Second, if the special fibre is not connected, then we can get into 
trouble with problems involving Newton polygons, as for such problems it is important 
only how the p-adic completion of H looks like. On the other hand: in [Fa2, rm. ii) after 
th. 10] the group involved does not necessarily have a connected special fibre. 

3.6.1.6. Remark. It is expected that everything in 3.6.1.3 (when properly formu- 
lated; see the paragraphs below) remains true in the context of cr-5-crystals. 

This is true for {a, b) = (0, 1) as well as for the context of generalized Shimura p- 
divisible objects of J^J-'{W{k)). The proof in the case when (a, b) = (0, 1) is entirely the 
same (cf. also 3.6.8.4 1) and 3) below). 

In the other case we have to interpret 3.6.1.3 as a property of Shimura filtered Lie cr- 
crystals. For instance, in many cases, we can construct a Shimura filtered cr-crystal whose 
Shimura adjoint filtered Lie d-crystal is isomorphic to the one of our Shimura p-divisible 
object of M.J^{W{k)); for details see 4.6.7. The general case for this interpretation is 
explained in 3.6.18.7.3 C and 3.15.6. There is a second approach to this interpretation: 
the duality aspects of 2.2.23 B are the very root of it. In other words, the philosophy (to 
be elaborated in §7) is: 

Ph. A great part of this 3.6 pertaining to p-divisible objects (or just objects) of 
some category A1^[o,i](*) can be extended to symmetric or alternating objects and to p- 
divisible objects which have symmetric or alternating quasi-polarizations, of some category 
M.F[_i,i](*). 

In the above two cases we can introduce as in 2.2.10 and 2.2.10.1 the notion of 
filtered F-<S-crystal and respectively of generalized Shimura (filtered) F-crystal or p- 
divisible object of some category M.T^^ here * stands for regular, formally smooth 
iy(A;)-algebras or (when possible) (p-adic formal) VF(/c) -schemes. 

What we meant above by "properly formulated": following the discussion of 3.6.8.9 
below, we might have to work with a different Frobenius endomorphism of the module 
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underlying the p-divisible objects involved (i.e. we do not use a natural equivalent Cj e 
G{*^) of Tj of 3.6.1 but some other element ij e very carefully chosen; warning: 

we do have in mind the requirement that Cj mod p is ej mod p). 

3.6.2. First consequences. We now look at some immediate implications of 
3.6.1.2-3. It is known (see 2.2.1.1 2); here -as well as in all subsequent places relying 
on it- is the second place where we need p > 3) that the category -M^^ i]{Qj,n) is 
antiequivalent (via the functor) to p — FF(Spec((5j^^)), j G {0, 2}. So corresponding 
to Mq. ^/p^Mq. ^ and V^, we get a finite, fiat, commutative group scheme 

over Spec((5j of rank p^'^M _ ^j^^g uniqueness of V^, (£^)*(il>j^„) can be naturally 

identified with Dj^n+i\p% Vn e N, j G {0, 2}. So the objects Mq./p^Mq. together with 
the connection on M Qj/p^Qj obtained from Vj^n by extension of scalars, n e N, 

when put together (i.e. when we consider the limit of the N-projective system they define 
naturally) "give birth" under the mentioned antiequivalence to a p-divisible group Dj 
over Spec(Qj): we have Dj[p^] = -Dj,nspec(Q )• Let Vj be the connection on M^w(^k) Qj 
which makes Mq. to be a p-divisible object of A4J-'^ ^{Qj). As the connections Vj , 
n eN, respect the G-action, Vj respects as well the G-action; so Vj{ta) = 0, V G JT". We 
conclude: 

Corollary. The pair 

D{j) := {Dj,{t^)^ej) 
is a Shimura p-divisible group over Qj . 

3.6.2.0. A fact. Let Ij be as in 3.6.1.3 4). From the UP of 3.6.1.3 4) we get: 

(^Q,,V,) = D((£f)*(i^,)). 

3.6.2.1. Some properties. For simplifying the notations wc assume now, till the 
end of 3.6.5, that k = k. We also assume (resp. g2h~^) mod p does not define a 
point of Bo{k) (resp. of B2{k)). So we have the following properties (the first three, i.e. 
a) to c), are a consequence of the shape of the Frobenius lift of i?^ of 3.6.0). 

a) a*{D{j)) is the Shimura p-divisible group (D-i(M, F^, Vo), {ta)o^ej))J G {0,2}. 

b) The pull back of -D(O) through any VF(A;)-morphism Spec(VF(/c)) Spec((5o) 
which composed with £o is the VF(/e)-morphism Spec(VF(/c)) Uq defining h~^, is the 
Shimura p-divisible group (D~^(M, F^, (po), (ta)aej'))- 

c) The pull back of D{2) through any l^(fc)-morphism Spec{W{k)) — > Spec(Q2) 
which composed with £2 is the VF(A;)-morphism Spec(VF(/c)) — > U2 defining g2h~^, is the 
Shimura p-divisible group (D"^(M, F^^ra-yfo), {ta)aej))- 

d) We denote by 

Oo :=W{k)[[wu...,Wd]] 
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the VF(/c)-algebra of the completion of G (or of Uq or U2) in oq. It is the same as the 
VF(/c)-algebra of the completion of Spec((5j) in a-', j e {0, 2}; so we have Oq = Rq — i?2- 
The pull backs of -D(O) and D{2) to Spec(Oo) are denoted by Dq and respectively by D^- 
The p-divisible objects with tensors of M.T^ ^{Oq) they define are both Shimura filtered 

F-crystals: (M, F Wo, G*, /o, (^a)a6:r) and respectively (M, F\ /it/Jo, /2, (ta)ae>7)- 
Warning: the Frobenius lift of Oq corresponding to Dq (i.e. defined by /o) is differ- 
ent from the Frobenius lift of Oq corresponding to D2 (i.e. defined by /2). 

But these two Shimura filtered F-crystals are induced one from each other, cf. [Fa2, 
i) and iii) after th. 10] (the mentioned two Frobenius lifts of Oq are as needed for 
applying loc. cit., cf. the way we defined ^r. in 3.6.0). This means that there are 
(/c)-homomorphisms 

such that the Shimura filtered F-crystal with tensors associated to the pull back of D° 
through the morphism of schemes associated to Uj , is 1 j-isomorphic (in the same sense as 
in 2.2.9 6)) to {M,F^,h(po,G, f2-j, {ta)aej), under an isomorphism lifting the identity 
automorphism of the Shimura p-divisible group of a), Vj e {0,2}. 

3.6.2.2. Terminology. We call this last fact, that Dq and are induced one 
from each other, the very weak gluing principle. It is trivial to check, using 2.2.21, that 
we can actually choose Uj, j G {0, 2}, to be isomorphisms of VF(A;)-algebras, and we call 
this fact the weak gluing principle. 

3.6.3. Pull backs to Witt rings. We consider (cf. 3.6.2) the following Lie 
p-divisible object of M.T'^_-^ i\{Qj)'- 

End{MQ.) := (End(M) ® Qj,rjo£j{hipQ ® 1), F°(End(M)) ® Qj, {End{M)) ^ Q j , Vj) 

(all tensors products are over W{k)). Here, as in 2.2.10, we still denote by Vj the natural 
connection on End(M) ®w{k) Qj- 

Similarly, we define Qq. by working with g instead of End(M). For any n G N, 
End{MQ./p'^Qj) := End{MQ^)/p^End{MQ.) is a Lie object of AlJ^[Yi,i](Qj), having 
(as V j respects the G-action and Vjlj G G{Qj)) QQjp^QQj as a Lie subobject, j G {0, 2}. 
As in Fact 3 of 2.2.10 (see also the general principle of 2.2.20 5)), we get: 

Fact. For any W{k) -morphism z : Spec{W{k^)) — > Spec(Qj), with k^ a perfect 
field containing k, the pull hack of {A4Q.j'Vj,{ta)a€j) through z is a Shimura filtered 
-crystal with an emphasized family of tensors 

(M ®w{k) Wik^), F^ ®w{k) Wik^), if], Gw{k^), {ta)aej), 

where (p^ — gjipo for some element gj G G(W{k^)). 

So we can speak about the Shimura filtered Lie cTfci -crystal attached to it: its under- 
lying W{k^)-inodvle is Lie(GH-(fei)) = ®w{k) W{k^) C End(M ®w{k) W{k^)). 
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3.6.4. Generic pull backs. Considering an arbitrary point : Spec(M^(A;j)) — > 
Spec((5j), with kj a perfect field containing k, such that the induced point Spec(/cj) —>■ 
Spec{Qj/pQj) sits over the generic point of Spec{Qj/pQj), we get (cf. 3.6.3) a Shimura 
filtered crfe^. -crystal 

(tj := {M(^wik) W{kj),F^ (^w{k) W{kj),ifi',Gwikj)), 

with (p' = g^(po for some element e G{W{kj)). The Shimura filtered Lie Ufc^. -crystal 

Lie{€j) := (g ®wik) W (kj) , (p^ , F^" (g) (g)^(fc) W{kj),F\g) ®w{k) W{kj)) 

has a Newton polygon which does not depend on j e {0,2} (cf. 3.6.2 d)) and is below 
the Newton polygon of (fl, <^o) (as Co specializes to (M, F^jt^o), cf. 3.6.2 b)). Moreover 
^2 specializes to (M, F-^,^2¥'o) and so Lie{€2) specializes to (0,5'2¥'o) (cf. 3.6.2 c)). 

3.6.5. Remarks. 1) We could have worked to achieve the connection of the 

Shimura cr-crystal (M, (72 Vo? G) to a Shimura a-crystal expected to be G-ordinary work- 
ing with just one deformation, cf. 3.6.7 below. We preferred to work with two global 
deformations (over Qq and Q2) as we hope that this method will be useful in other con- 
texts: we have in mind applications to the construction of integral models of Shimura 
varieties of special type by using moduli schemes of p-divisible groups when possible and 
when not of generalized Shimura p-divisible objects, as well as applications to p-adic 
uniformizations of Shimura varieties, cf. also 3.6.19 below. 

2) Theoretically it can happen that mod p belongs to Bo{k) or that g2h~^ mod 
p belongs to -62 (/c) (cf. the constructions of 3.6.8.2 below). Then we can not go ahead 
with 3.6.2-4. So we have to proceed more carefully, cf. 3.6.7 below. 

3) We denote the p-di visible group Dj as well as the Shimura p-di visible group D{j) 
over Spec(Qj) introduced in 3.6.2 by 

V{U^,^R.,M,F\hifo,G), 

in order to emphasize the data needed to construct them. 

3.6.6. Lemma. We consider the set C of k-valued points of G obtained from the 
set Dq of 3.2.10 by reduction mod p. We have: it is dense in Gk. 

Proof: Let H be the Zariski closure of Cin Gk- Writing g = pini, with pi normal- 
izing F^ and with ni e KeT{G{W{k)) — > G{k)), we get that C is the image at the level 
of A;-valued points of a A;-morphism 

of varieties: we take H :— Pofc Xk Pk x Uk, with as the parabolic subgroup of Gfc 
normalizing F^/pF^ and with Uk as the affine /c-variety defined naturally by the /c-vector 
space underlying q/pq + F^{q); the morphism uih is easily describable starting from 
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3.2.10 (FORM) by working mod p. As H{k) is Zariski dense in H (see [Bo2, 18.3]) we 
get that niH is a dominant A;-morphism. 

For a Galois extension ki of k, we denote by Ci C G{ki) and Hi ■— > G^^ the analogues 
of jC and H obtained by working over W{ki) instead of W{k). Ci is stable under the 
natural action of the Galois group Gal{ki/k) on G{ki) and moreover £ is a subset of 
the subset of Ci formed by elements fixed by it. In fact the similarly constructed di- 
morphism niHi is nothing else but the extension of mn to ki (see the end of the previous 
paragraph). So if Hi — Gk^ then H = Gk- So we can assume k = k {in fact for most 
of below arguments it is enough to assume G is split). This allows us to replace (in the 
definition of C and H) (po by (pi (cf. 3.2.3, 3.3.1-2 and the translation part of 3.3.3). 

We use the notations of 3.4.0-3. H is Z(Gfe)-invariant and Z{Gk) C H. It is enough 
to work with a subset /q of / corresponding to a cycle 70 of 7; we just need to show that 
H contains the subgroup of G generated by G^, i G /q. 

For i E Iq, let A^^^ be the integral, connected, smooth, unipotent, abelian subgroup 
of Gi having ^^(fli) as its Lie algebra and let N~ be the integral, connected, smooth, 
unipotent, abelian subgroup of Gi which is the opposite of w.r.t. the action of Tj 
(via inner conjugation) on Gi. So we have 



Lie(iV-) = gii-a). 

3i(a)cLie(iV+) 



We consider the following two cases: 

1) Iq = 1, and 

2) |/o| >2. 

We first treat the case 1). So Iq — Ii = Iq = {1} = {i}. Let exp be the expo- 
nential map which takes x G pLie{N~) into the VF(/c)-valued point of G defined by the 
automorphism 1m + x oi M. Let Po{i) '■— Gi Pi Pq. Working with an arbitrary element 
Po e Po{i){W{k)) and with 

g G exp(pLie(iV^)), 

we deduce (as (pi{pLie{N~)) = Lie(A~), cf. 3.4.3.2 and the fact that Iq has only 1 
element) that H contains the product of Po{i)k and of iV~^; from [Bo2, 14.14] we get 
that H contains Gi^. 

The case 2) is very much the same. For i G Iq, we define Gi :— Gi', where i' G Iq is 
such that n = \Io\ divides i — i'; similarly we use the same approach mod n for different 
other groups or Lie algebras or sets of roots indexed by i G /q (so $^ = etc.). 
Warning: sometimes, in what follows we specifically state that i G /q, i.e. sometimes the 
correct set of indices is Iq and not Iq; when this is not stated explicitly, then i G /q. 
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Let 

'■= ^a,a{i)- 
Si(a)!Z:Lie(iV-)®Lie(PoW) 

Here Ga,a{i) is the Go subgroup of Gi having gi{a) as its Lie algebra, Po{i) := Gi fl Pq, 
while the sum sign ^ refers to the fact that we take the subgroup of Gi generated by 
these Ga subgroups. Mi is a connected, unipotent, smooth subgroup of Gi. 

We choose g = Ylieio S'*' ^^^^ 9i ^ Gi{W{k)) of the form gi — ViWi, where 



and 

Vz e /q. We also choose 



Vi e exp(pLie(iVj )) 

Wi e Mi{W{k)), 



Po=Yl Po^ 

ie/o 

with Pq e PQ{i){W{k)). For g e G{W{k)) normalizing /pF^, we denote 

^r{g) := <pi~g<p-' e GiWik)). 

We have e G {1,2}, cf. 3.4.3.1 and the beginning paragraph of 3.4. To study h defined 
by the equality hipi = gpQ'^ig~^, we consider two subcases. 

We first assume |/o| = 1; so Iq =2. We consider the Zp-structure Gz^ of G 

constructed as in 2.2.9 8) starting from (M, F^, G). Using it, it makes sense to speak 
about cr acting on VF(A;)-valued or /c-valued points of G. We take V2, W2 and Pq to be 
1m- We get h = viWipQ(pi{wi^)(pi{vi^). So h mod p is 

wipla{w^^)si, 

where tui, pQ and si are the reduction mod p of respectively wi, Po <^(v^^). The role 
of si is that of an arbitrary element of a{N^){k). 

We write si = misn, with rhi e Mi{k) C cr(A^]~)(A;) and with sn G a{N^){k). 
We have a(tD^"'^)mi = mi(j(iDf with sn G A'']" fl cr(A'']~)(A;); this is an immediate 

consequence of the formula of [BT, 4.2 (1)]. Using [SGA3, Vol. Ill, 4.1.2 of p. 172], we 
can write 

plffii = miipj'\ 

with mil G Mi{k) and with pQ^ G Po(l)(A:), provided we choose pQ to be a /c-valued 
point of a small enough open subscheme of -Po(l)fe containing its origin. We can always 
choose rhi such that Wirhn is the identity element. Denoting sm := suSn, we get that 
h mod p can be written as 

-1,1 /--Ix- 
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PI^, a{{Ui^) and sm are running independently through the /c- valued points of an open 
subscheme of -Po(Ofc containing the origin, of a{Mi)i^ and respectively of a{N^)k. So, 
from [Bo2, 14.14] we get that C contains the A;- valued points of an open, dense subscheme 
of Gi; so H contains Gi. 

From now on we assume |/o| > 2. Let 

hi := ViWip'o<fi{w^_}^)<fi{v~}^). 

It is enough to show that the Zariski closure Zh{Io) in Ilie/o ^i'^k fc-valued 
points of riie/o ^i'^k defined naturally by reductions mod p of /I's, is Hie/o ^i^k itself. 
Let hi be the image of hi in Gf^^^. If e = 1, the image of h in Gf^^^ is hi. If e = 2 and if 
Pq,..., Pq are all 1m, for i E Iq, the image of h in Gf'^{k) is nothing else but the image of 
ViWiVi+nWi+nPl~^'^^i{w:[_^Jipi{v~^J(fii{w~^)(fii{w~^) in Gf{k) and so is of the form 

(EXPR) hfhi+nhl 

where h}, hf G Gf^{k) depend only on Wi and on (pi(w^^^)(pi{v^^^) (i.e. only on "ingre- 
dients" contributing to the expression of hi). 

Let Ni be the integral, connected, smooth, unipotent subgroup of Gi having 
(fi{pLie{N^^)) as its Lie algebra. The role of v'i(fjl\) is that of an arbitrary element hi 
of N,{W{k)). 

Let be the integral, connected, smooth, unipotent subgroup of G whose Lie 
algebra is (pi(Lie{Mi_i)). Let 

Nl ■.= MinN^, 

and let 

The groups iV^, N^, and N2 are unipotent subgroups of Gj. Nf is a normal 
subgroup of iV°. Moreover, Nf is the semidirect product of and of iV/. The role of 
^i{w^\) is that of an arbitrary element of N^{W{k)). So we can write 

with hi e Ni{W{k)), s e {1,2}. We get hi = ViWipihjh^hi. 
Using again [SGA3, Vol. Ill, 4.1.2 of p. 172] we can write 

hi = ViWih\plh]hi, 

with h} e Nl{W{k)) and p^ e Po(z)(VF(A;)), provided we choose Pq to be a VF(A;)-valued 
point of an open subscheme of -Po(0 containing the origin and small enough. Loc. cit. 
can be applied as the product Po{i)Nl is an open subscheme of the parabolic subgroup 
of Gi generated by Po{i) and Nl. Fixing some i & Iq, h], pQ, h^ and hi are allowed to 
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run independently through open, dense subschemes through which the origin of G factors 
of subgroups of Gi of whose Lie algebras are forming a direct sum decomposition of 0^; 
we refer to this property as IND. 

We write Wi = wfwj, with e Nl{W{k)) and with wf a W{k)-valued point 
of the connected, smooth subgroup of Mi of whose Lie algebra is the direct summand 
of Lie(A^/) in Lie(Mj) normalized by T. We refer to wj as the component of Wi in 
Nl{W{k)). Similarly, below we refer to the component of any VF(/c)-valued point of Mn 
in Mi2{W{k))] here Mn is an arbitrary connected, smooth subgroup of Mj which is the 
semidirect product of two connected subgroups of it normalized by T, one of them being 
Mi2- Warning: such components are always written down on the right side of products 
of two elements. Redenoting pi '■= p^, we get 

ht = Viwlwlnlp.'nlhi. 

Key point. The 1 dimensional B{k)-vector spaces gi{(y)[^], i £ Iq, which are not 
included in Lie(Pi)[^] = Lie(Po)[|] (see. 3.3.2 for this identification), are permuted by ipi 
in such a way that in any resulting cycle there is such a B{k) -vector space contained in 
Lie(A^j~)[^], for some i e /i. 

The key point is a consequence of 3.4.3.0 (1) and of the signs of Sj(Q!)'s as explained 
in 3.4.3.0 (based on the end of 3.2.3). So we have: 

Claim. Vi e Iq, hi modp runs independently through the k -valued points of an open, 
dense subscheme ofGi^. 

To prove the Claim, we fix arbitrarily some z G Iq; for simplifying the presentation, 
we assume it is the biggest element of Iq. As Vi is congruent to the identity mod p, hi 
can be defined as well as the image of v~^hi in Gf^{k). We choose Wi to be an arbitrary 
point of an open, dense subscheme of Mi containing the origin and small enough. We 
now choose gi-i and pg (i-^- we choose nj, pQ, n1 and hi, cf. IND) such that v^^hi is 
an arbitrary element of an open, dense subscheme of Gi containing the origin. So the 
Claim holds for hi mod p. We can choose (more precisely h]) to depend only on the 

component w] of tUj. Next, we choose inductively on s e S{2, Iq — 1}) elements gi-s cind 

Pq'^^~^ such that f is an arbitrary element of an open, dense subscheme of 

Gi+i-s through which the origin factors. Moreover, we can assume gi-2 depends only on 
the component w}^ G N^^ {W (k)) of wj, where A^/^ is the connected, smooth subgroup 
of Nl whose Lie algebra is (/?i(Lie(iV/_j)) fl Lie(iVj^), etc. This takes care of the Claim 
except for 1. The above key point implies: v^^hi is as well an arbitrary element of an 
open, dense subscheme of Gi containing the origin. In other words, a similar choice of 
gi (i.e. of Wi and Vi) and of Pq is possible, which does not depend on the initial choice of 

1 2 Iq 12 Iq 1 

Wi (i.e. the last component w^ -of - we define inductively is 1m)- So we 

can choose as the "new" Wi, the initial element Wi we started with. So the Claim holds 
as well for 1; this proves the Claim. 
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From the Claim and (EXPR) we get: Zh{Io) is Ilie/o ^i'^k- '^^^^ ^^'^^ proof of 
the Lemma. 

3.6.6.0. Exercise. If g2 G Dq and gs G G{W{k)) mod p is the identity element, 
then {M,gzg2<Po) has tq as its formal isogeny type and {Q,g3g2<Po) has the same Newton 
polygon as {Q,(po). Hint: use the ideas of the proof of 3.6.6 and of b) of 4.4.1 2) below; 
by induction on m G N show that we can assume g^ mod is the identity element and 
so, choosing m big enough, 3.3.4 and [Ka2, 1.4.4] apply. 

This Exercise is referred in what follows just to point out some alternatives or possible 
shortcuts in 3.6.6.1 2), 4.6.6 and Appendix, and so it is not used before Appendix. See 
3.6.17 for a solution of it (deviating to some extent from its hint). 

3.6.6.1. Remarks. 1) Another proof of 3.6.6 (and actually of the stronger fact 
that jC D Ui{k), with Ui an open subscheme of Gk containing its origin; warning: the 
above proof of 3.6.6 also obtains this stronger fact) can be obtained using 3.4.8, 3.4.11 
and 3.6.10 below. 

2) A fast proof of 3.1.3 a) and b) together with the inclusion Aq C Bq can be 
obtained by putting together 3.6.6, 3.3.4, 3.4.11 and 3.6.10 below; also: the use of 3.4.11 
can be substituted by 3.6.6.0. 

3.6.6.2. Some extensions of 3.6.6. 3.6.6 can be entirely adapted (cf. its proof) 
to the generalized Shimura context. One just needs to show that the case e = 3 can be 
treated entirely similar. For e = 3, the subcase |/o| > 2 of the Case 2) of 3.6.6 needs 
no modifications: one just needs to take Pq"*"^,..., to be as well identity elements; 

the subcase |/o| = 1 and /q = 3 can be treated entirely similar to the first subcase 

of the Case 2) of 3.6.6. The exponential map as used in 3.6.6, still makes sense in the 
generalized Shimura context: it can be used with the same purpose (as we can see mod 
p^); this is still part of the first place where we need p>3. 

3.6.7. One global deformation. Section 3.6 started with the desire of connecting 
the (arbitrary) Shimura filtered cr-crystal {M, , g2(po.,G) with the (extension to k of 
the) Shimura filtered d-crystal (M, F^,(pQ, G) or with another Shimura filtered ^-crystal 
which is -supposed to be- a G-ordinary ^-crystal. This is achieved as follows. 

Let U = Spec(i?i) be an open, affine subscheme of (?, with W(VF(/c)) containing 1m- 
We assume there is an etale M^(/c)-morphism bu :U ^ Y, with the origin of G factoring 
through the closed subscheme of U obtained as the inverse image through bu of the closed 
subscheme of Y defined hy Zi = 0, i = l,d. If needed, we replace ZY by a suitable open, 
affine subscheme of it, so that the condition ii) of the beginning of 3.6 is satisfied for bu. 
Let be the Frobenius lift of obtained through bjj from the Frobenius lift of Y 
which (at rings' level) takes Zi to zf, i = l,d. 

Let Di :— V{U, M, F^, g2'^o, G) be the p-divisible group over the p-adic comple- 
tion Spec((5i) of an N-pro-etale, affine scheme over W, obtained as in 3.6.1.3, cf. 3.6.5 3). 
Sometimes, not to complicate the notation, we also refer to Di as a Shimura p-divisible 
group, the Shimura structure being the natural one. From 3.6.1.3 5) and 3.6.6 we deduce 
(as in 3.6.3-4 and 2.3.16) that: 
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3.6.7.1. Corollary. The Shimura ak^-crystal <Li associated to the pull hack of Di to 
the spectrum of the algebraic closure ki of the field of fractions of Qi/pQ\, specializes to 
(M, ^2¥'0) G) and to a Shimura a-crystal of the form (M W{k), g3{(fio <S> 1), Gw(k))} 
with gs e G{W{k)) which mod p belongs to the set J0,{k) defined as the set L of 3.6.6 but 
working over W{k) instead of over W{k). 

3.6.8. The proofs of 3.6.1.2-3. From many points of view this 3.6.8 is the very 
heart of the whole of 3.6; so, though it uses very concrete situations, the reader should 
always keep in mind that it captures the very essence of most of what follows after it in 
3.6.9-20. We work with just one index j: 0. We have the following 14 steps, supported 
by the Lemma 3.6.8.2. 

1) The complete local case. We recall is induced from ^Rq. There is a 
unique connection V^o on M <^w(k) -^o which makes M^o potentially to be viewed as a 
p-divisible object of M.J^^ ^{Rq):, it is integrable and nilpotent mod p. For these facts 
cf. [Fa2, th. 10] (and its proof for the uniqueness part): the part of the paragraph before 
3.6.1 involving Frobenius lifts allows us to apply loc. cit. 

2) The G-action. Vso respects the G-action, i.e. it is of the form Sq + 3, with 

-"-0 

/3 e Rq {q ^w{k) ^Ro/wik)) 

(cf. [Fa2, rm. ii) after th. 10]). Here and in what follows, for any formally etale 
-Ro-algebra Rq, is the (truncation modulo some positive, integral power of p of the) 
connection on M ®vK(fc) Ro annihilating M. 

3) The general form of connections. Let S{M) :— 5(1, c^m)- Let S{G) := 
S{l,d). We choose a M^(A;)-basis {e^|^ e S{M)} of M. Let {eis\i,s e S{M)} be the 
canonical W{k)-hasis of End(M) w.r.t. this chosen W{k)-hasis of M; so Cisieg) = e^. For 
the sake of generality, for the time being, we make this choice arbitrarily. Later on we 
specialize to a proper choice (see 3.6.8.5) suitable for computations. ^R^/wik) is a free 
i?o-niodule having {dti{0)\l G S{G)} as a basis. 

Let ^0 : Spec((5o ) ^ Spec(-Ro) be a formally etale, affine VF(/c)-morphism, with Qq 
a VF(A;)-algebra. An arbitrary connection V on M <Siw{k) Qo can be written in the form 

(0) V = 5o+ Xisieis®dti{Q), 

{i,s,l)eS{M)xS{M)xS{G) 

with Xisi e Q^, y{i,s,l) e S{M) x S{M) x S{G). Similarly, if n G N, and if V is 
a connection on M ®vK(fc) Qo/p^Qo, then we have the same expression for it but with 

Xisi e Qo/p"Qo- 

4) The equations. We start treating the case n — 1. The condition that a 
connection V on M ^w{k) Qo/pQo rnakes Mq^/pMq^ potentially to be viewed as an 
object of MT'^ ^{Qq), is expressed (cf. 3.6.1.1.1 2)) by the following equations 

(1) V o $(Qo)'(m) = P^iQof o d^Qjp o V(m) = 0, 
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if m e F° 0w{k} Qo/pQo, and 

(2) V o $(Qo)'(m) = $(Qo)° o d^^Jp o V(m), 

if m e <^w{k) Qo/pQo- 

5) A new way of looking at these equations. The above equations are replaced, 
using the chosen form (0) of V (with Xisi G Qo/pQo), by equations involving Xisi, (z, s, /) G 
S{M) X S{M) X S{G), and the Frobenius transforms of some lifts of them to Qo taken 
mod p (i.e. and their p-powers). These equations have coefficients in Rq/pRq and so 
they define an affine scheme of finite type over <S° := Spec{Ro/pRo)- is a moduli 
scheme of connections. Let 

be the A;-morphism we get. 

The nice thing is that these equations involving Xj^/'s take the form 

(3) Xisl — Lisl{Xiii, Xll2-i ^dMdMd) ^" "^'s'' 

where the form Lisi is homogeneous and linear in each variable and has coefficients in 
Ro/pRo and where aisi G Rq/pRq. We have such an equation for each triple {i,s,l) G 
S{M) X S{M) X S{G). This nice shape (3) of the equations involving Xjsi's is obtained 
as follows. Let i G S{M). Choosing a VF(A;)-basis {ei , e^ijjj^^^^(^„-)} of F", u = 0,l, 
we can write 

1 dimiv(fc)(F") 

(DIV) ei = J2 E a.iuMRorie-), 

u=0 q=l 

with all aq(w)'s as elements of Rq (we recall: Mji^ is a f)-divisible object of M.J^[o^i}{Ro)). 
Summing up as suggested by (DIV) the equations obtained by plugging e^'s and e^'s in 
(1) and respectively in (2) of 4), we get the mentioned shape for the equations involving 
Xish [s, I) G S{M) X S{G), in the left hand side of (3). By doing this for any i G S{M), 
we obtain "all" equations in the variables Xisi (i.e. any other equation produced by (1) 
and (2) is a linear combination of the ones of (3)). 

6) The uniqueness argument. The existence of another (i.e. different) connec- 
tion on M ^w{k) Qo/pQo niaking Mq^/pMq^ potentially to be viewed as an object of 

•^•^[0 1] (^o) corresponds to a non-trivial solution (with values in Qo/pQo) of the system 
of equations 

(4) Xisl — -t'isi(^lll) ^112) ^djwdMd)' 

(z,s,0 G S{M)xS{M)xS{G). Let Jbetheidealof i?o/pi?o generated by tz(0), I G S{G). 
The coefficients of the linear forms Lisi are elements of XP~^. This is so due to the fact 
that ^R,{ti{0))^ti{0)P. 
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To prove 3.6.1.2 for n = 1, we can assume Qo is a complete, local ring with the 
maximal ideal generated by I and residue field k. By induction on q & N, we get 
that any solution of the above system (4) of equations, belongs to T^^-'^+^'^Qo/pQo- So 
we get that any such solution must be the trivial one, given by Xisi = 0, \/{i,s,l) e 
S{M) X S{M) X S{G). This proves 3.6.1.2, for n = 1. 

7) The "non-empty" etale part. From the shape of the equations of (3) we get 
/S° — {0}- On the other hand, the criterion of formal smoothness is satisfied for i{0). 

Argument: we need to show that for any Rq/ pRQ-dlgehra R{0) and for every ideal /(O) 
of it such that I{Of = {0}, any solution (y^^^, ...,ya^dMd) i^) li^s to 

a solution of (3) in -R(O); but if (ym, ■■■jyd.MdMd) is an arbitrary ci|^ci-tuple formed by 
elements of R{0) and lifting (y^n, ...,2/^^^^^), then 

(-t'lll (2/111, ydMdMd) + ^111' ^dMdMd{yiii, ydMdMd) + O'dMdMd) 

is a solution of (3) in R{0) lifting -^yd^dMd)- 

So is etale over 5°. Let <Sq be the maximal open closed subscheme of with 
the property that any connected component of it has a non-empty intersection with the 
closed subscheme £{0)~^{Zk) of S^. From 6) we get that £{0)~^{Zk) is either empty 
or Spec(/c). So Sq is a connected, affine A;-scheme. There are to ways to see that it is 
non-empty. For the first way we just need to point out: from 1) we deduce the existence 
of a natural formally etale i^o/p-Ro-morphism 

m|] : Spec{R^o/pRo) ^ 

factoring through Sq. For the second way, avoiding the use of 1), see 8) below. 

Lifting now Sq to a smooth, affine W{k) -scheme (this is standard), we get a formally 
etale, affine VF(/c)-morphism £0,1 '■ Spec((5o 1) Spec(-Ro)5 with (5o,i a smooth W{k)- 
algebra such that Spec((5o,i/pQo,i) ~ '^O' which lifts the fc-morphism Sq — > S^ defined 
naturally by the A;-morphism £(0) of 5). From its construction and from 6) we deduce 
that ii) and iii) of 3.6.1.3 1) are satisfied for n = 1 (the fact that the connection Vq 
on M ^w(k) Qo,i/pQo,i we get is integrable, nilpotent mod p and respects the G-action 
results from the existence of uiq, cf. 1)). 

Next we present the second way to see that Sq is non-empty. 

8) The "non-empty" etale part: a new approach. Mn^^ is the pull back of 
through the natural inclusion Iq : Uq ^ Wq respecting the Frobenius lifts. So to 

prove that Sq is non-empty, we can work with Mg^ instead of Mfi^, i.e. we can assume 
G = GL{M) and Rq = Sq. So d = But in this case in 5) we have (P = d\j equations 
in d? variables. So the fact that Sq is non-empty is handled by the below Lemma (applied 
-cf. the etaleness part of 7)- to the reduction of (3) of 5) modulo X); we return to the 
proofs of 3.6.1.2-3 in 3.6.8.2, after a short intermezzo exploiting it to a greater extend. 

3.6.8.1. Fundamental Lemma. Let m,l and let ki be a field of characteristic 
p > 0. We consider an affine ki-scheme yQ defined via a system of m equations inm + s 
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variables xi, ...,Xm+sj s e NU {0}, of the form 

(5) Xi = Li{xi,...,Xm+sy +c{i), 

i = l,m, where Li is a homogeneous polynomial of degree 1 with coefficients in ki and 
c{i) G ki, Wi G 5(1, m). Then is a non-empty, smooth ki-scheme of pure dimension 
s. 

If s = then 3^o is etale over ki and the number of elements of the set 3^o(^i) is 
finite and equal top^"^^ , with mi G S'(0, m). Moreover, mi depends only on the coefficients 
of the homogeneous linear forms Li, i G S{l^m), and not on the free coefficients c{i), 
i G S{l,m). We also have: mi is less or equal to the rank rL of the m x m matrix Al 
obtained using the coefficients of Li as its rows, i G 5(1,771). 

Proof: It is trivial to check (as in 7)) the criterion of formal smoothness for the 
A;i-morphism ~^ Spec(/ci). As is of finite type over ki we deduce iVo is smooth over 
ki. ^y^/ki is a free -sheaf of rank s: dxm+i,---, dxm+s is a basis of it; so yo is of pure 
dimension s. For the other things we can assume s = 0; so 3^o is etale over ki. For the 
part involving 3^o(^i)) we can assume ki is algebraically closed. 

We use mathematical induction. The case 7n = 1 is obvious. Let now m > 2. We 
introduce a new variable xq, so that the equations become homogeneous: 

(6) XiXQ = Li{xi, XmT^ + c{i)xQ . 

These equations are defining a closed subscheme 3^ of P^. By repeatedly using the 
projective dimension theorem (cf [Ha, p. 48]), we get it is non-empty. If it has no 
point in the hypersurface of defined by xq — 0, then we are done: yo = y and 
|3^o(^i)| = P"*') cf the intersection theory. If y has a point with xq = 0, then we get 
that the homogeneous polynomials Li of degree 1, i = 1,7m, are linearly dependent, i.e. 
there are constants a{i) G ki, not all 0, such that Yl^i '^{i)I^i = 0- So also 

m 

5]a(i)^Lf =0. 

We can assume 0(771) is different from and so we can assume it is 1. 

So the initial system of (non-homogeneous) equations is equivalent to the system of 
equations, where we preserve the first m — 1 equations, while we replace the last equation 
(obtained for i — m) hy the linear equation 

m — 1 m — 1 

Xm+ ^ a-iiy Xi = c{m) + ^ c{i)a{iY . 
1=1 i=i 

This last equation allows us to eliminate Xm- We come across a system of 777 — 1 equations 
in 777 — 1 variables of the same type as the original one. Moreover, the coefficients of the 
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new homogeneous linear forms in the variables xi, X2,---, Xm-i depend on Lj, i E S{1, m), 
but do not depend on c(i), i E S{l,m). So we can proceed by induction. The last part 
about the estimate of mi is obvious: as above, we can eliminate m — TL variables at once. 
This proves the Lemma. 

3.6.8.1.0. More on mi. mi can be smaller than tl- In fact easy examples show 

that, if tl < rn, then mi can take any value of the set S{0,rL). Here, we just mention 

one example to illustrate this phenomenon. We take m = 2 and we consider the system 

II II 
defined by the following two equations xi = x\ —x\ and X2 = x\ — . So = 1. But 

mi = as the only solution of this system of equations is the pair {xi,X2) = (0, 0). 

On the other hand, if — m (i.e. ii Al is an invertible matrix) then the system (5) 
of equations for s = is equivalent to a system of equations of the form 



i = 1, m, with Li as non- homogeneous linear forms; so in this case ^ = and mi = m. 

3.6.8.1.1. Corollary. Let m G N and let (E, r) be a pair comprising from, a field 
E and an automorphism r of it. Let Li{xi, ...,Xm) be linear forms in m variables with 
coefficients in E, i — l,m. We consider the difference system DS of equations 



i = l,m. We have: DS is non-empty, i.e. it has a solution in the difference closure of 



Proof: We recall that the difference closure is a pair {Ei, ti), with Ei a field contain- 
ing E and with ti an automorphism of it extending r, such that each difference variety 
over {E,t) (see [Hr, §5] for a definition) has a point in (i?i,ri) and there is no subpair 
{E2, T2) of it, with El 7^ E2, having all these properties. Its existence and uniqueness up 
to isomorphism can be proved in the same way as in the case of the algebraic closure of 
a field. 

We can assume (i?, r) is equal to its difference closure. The emerging philosophy of E. 
Hrushovski and A. Macintyre (see [Hr]) allows us to assume (via ultraproducts of fields) 
that E — ¥ and that r is an integral, non-zero power q of its Frobenius automorphism 
having Fp as its fixed field. As the subfield of F generated by the coefficients of L^'s is 
finite, we can assume q> 0. So the Corollary follows from 3.6.8.1. 

3.6.8.1.2. Corollary. Letm,nEN. Let R{0) be an¥p-algebra. Let Li{xi,X2, ■■■■,Xm) 
be homogeneous linear forms in m variables with coefficients in i?(0), i = l,m. We have: 

a) (the abstract surjectivity principle) For any m -tuple (c(l), c(m)) of ele- 
ments of R{1), with i?(l) an¥p-algebra containing R{0), the system of equations 



(7) 



Vi = Li{yu...,ym), 



(8) 



Vi = Li{T{yi), ...,T{ym)), 



{E,r). 



(9) 



T / P P 
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i = 1, m, defines an etale, affine Spec{R{l))- scheme Spec(-R(2)). The resulting morphism 
m(2) : Spec(-R(2)) — > Spec(i?(l)) is surjective. 

Moreover, there is an open, dense subscheme U{0) o/Spec(i?(0)) such that, regardless 
of the choice of the m-tuple (c(l), c(m)), m(2) defines an etale cover above U{1) := 

Spec(i?(l)) Xspec(it(0)) U{0). 

b) (the abstract constructibility property) Let R{oo) be the N-inductive limit 
of¥p-algebras R{q), q E N, q > 2, with R{q) as the R{q — 1)- algebra defined by a system of 
equations of the form of (9) but with c{i) replaced by some c{i)q G R{q—1), i = l,m. Then 
the image of any connected (resp. irreducible) component of Spec{R{oo)) in Spcc(7?(l)) is 
a constructible, dense subset of a connected (resp. irreducible) component o/ Spec(i?(l)). 
Moreover the image of any open closed subscheme of Spec(i?(oo)) in Spec(i?(l)) is an 
open subscheme. 

b') (the AG property) If R{0) is of finite type over k, then Spec(i?(oo)) is an AG 

k-scheme and so has the ALP property. 

c) // -R(O) is a strictly henselian local ring, then the additive map 

C{n) : i?(0)"^ ^ i?(0)^ 

defined by 

£,(^Tl)(^Xi, Xffi^ '.— (^Xi Li(^X^ 7---1 ) ) •^rn -^m (-^i j •••7 )) 

is surjective. Moreover, all its fibres have the same number of elements equal to p'^'^i^ 
for some mi G S (0, m) . 

Proof: We first prove a). As the number of the coefficients of the forms Li,..., L^ 
is finite, we can assume -R(O) is a finitely generated Fp-algebra. In particular -R(O) is a 
noetherian ring. As in 7) we get that the system (9) of equations (of 3.6.8.1.2) defines an 
etale, aflfine morphism m(2) : Spec(i?(2)) Spec(i?(l)). 3.6.8.1 implies it is surjective. 
For the last part, we can assume -R(O) is an integral domain. So we just have to show 
that U{2) := Spec(i?(2)) Xspec(i?) U{0) is finite over ^7(1), with U{0) a non-empty, open, 
affine subscheme of Spec(i?(0)) which depends only on the forms L^, i = l,m. We can 
also assume that the p^-th roots of the coefficients of the linear forms Li are in i?(0). So 
we can write Lj(a;^", xf^ ) = Li{xi, Xm)^ , with Lj as homogeneous linear forms. 

We follow the proof of 3.6.8.1. We proceed by induction on m G N. The case m = 1 
is obvious. Let now m > 2. If the linear forms Lj are linearly dependent over the field 
of fractions K{0) of -R(O), by localizing -R(O) w.r.t. some non-zero element of it, we can 
eliminate one variable as in the proof of 3.6.8.1; so the induction applies. If the linear 
forms Li are linearly independent over K[0), then they are linearly independent, over 
any point of a non-empty, open, affine subscheme U{0) of Spec(i?(0)). So the systems of 
equations defining U{2) over U{1) can be put in a similar form to 3.6.8.1.0 (7) and so 
U{2) is a finite C/(l)-scheme; we get: ^7(2) is an etale cover of U{1). This proves the a) 
part. 
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b) and b') are a consequence of a) using standard noetherian induction on the topo- 
logical space underlying the spectrum of the F^-subalgebra of -R(O) generated by the 
coefficients of Li,..., L^. 

c) is a direct consequence of 3.6.8.1 and of the etale property expressed in a). This 
ends the proof of the Corollary. 

3.6.8.1.3. Definitions. We assume i?(0) is reduced. The maximal open subscheme 
U{0) of Spcc(i?(0)) having the property of 3.6.8.1.2 a) is called the Artin-Schreier open 
subscheme defined by the linear homogeneous forms Li,..., L^. Using the reductions 
of Li,..., Lm modulo the ideal of i?(0) defining the complement Spec(i?(0)) \ U{Q) with 
its reduced scheme structure, we get similarly an Artin-Schreier open subscheme U{1) 
of Spec(i?(0)) \ U{Q): it is dense. In this way, by induction, we get a stratification of 
Spec(-R(0)) in reduced, locally closed subschemes; as the F^-subalgebra of -R(O) generated 
by the coefficients of the forms Li,..., is noetherian, this stratification has a finite 
number of strata U{q), q — l,nL, where e N depends on Lj's. We call it the Artin- 
Schreier stratification of Spec(i?(0)) defined by the linear forms Li,..., L^. 

Let now c(l),..., c(m) e R{0) be arbitrary elements. We take -R(l) to be the -R(O)- 
algebra defined by the system (9) of equations; it is reduced as -R(O) is. We similarly define 
the refined Artin-Schreier stratification of Spec(i?(0)) defined by the linear homogeneous 
forms Li,..., Lm- The only difference: instead of C/(0), we take its open closed subscheme 
U (0)' such that the number of geometric points of Spec(i?(l)) above any geometric point 
y oiU (0)' is maximal (i.e. does not depend on y and is strictly greater than the number 
of geometric points of Spec(i?(l)) above geometric points of Spec(i?(0)) \ C/(0)'). So, as 
i?(l) is an etale i?(0)-algebra, it is the stratification indexed by the number of geometric 
points of Spec(-R(l)) we get above geometric points of Spec(-R(0)) (see also [EGA IV, 
15.5.9]). Its strata are similarly indexed: U{q)', q — l,n'j^, with e N. We have 
riL' > riL- 

The nice think about above two stratifications of Spec(i?(0)) is: their strata are 
naturally indexed. 

3.6.8.1.4. Lemma (the first form of the purity principle). All Artin-Schreier 
stratifications and all refined Artin-Schreier stratifications satisfy the purity condition. 

Proof: We can assume -R(O) is a finitely generated, reduced Fp-algebra. The follow- 
ing well known result allows us to assume R{0) is as well integral and normal. 

Exercise. Let 5' be an affine, reduced scheme. An open subscheme U of it is affine iff 
the normalization of t/red in a finite, normal extension of the ring of fractions of S is. 
Hint: We need to show U is affine if C/" is. This is a consequence of Chevalley's theorem 
(see [Ha, Exc. 4.2 of p. 222]). Loc. cit. is stated with lots of unneeded hypotheses. Using 
the fact that the morphism t/" — > t/ is surjective, we get that U is quasi-compact. So 
using [EGA IV, §8] we can assume S is finitely generated over a field; so loc. cit. applies 
(cf. also [Ma, 31. H]). 

Using induction, we can assume q = 0. Let K{0) be the field of fractions of R{0). 
Let i?(0)" be the normalization of R{0) in the ring of fractions K{1) of -R(l). Spec(i?(l)) 
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is an open, affine subscheme of Spec(-R(0)"^). So its complement C(l) is either empty or 
of pure codimension 1 (easy consequence of [Ma, th. 38, p. 124]). The same holds for its 
image in Spec(i?(0)) which is Spec(i?(0)) \ U{0). As R{0) is integral, U{0) = U{Oy. This 
ends the proof. 

3.6.8.1.5. Remark. 3.6.8.1 and 3.6.8.1.1-4 remain valid if L^'s are not necessarily 
(homogeneous) linear forms (in m variables) but sums of monomials which are some p- 
powers (not necessarily equal) of just one of the variables involved. The reason is: we 
can introduce new variables and equations of the form i/i — x^, so that the new system 
of equations is of the same form as the one of 3.6.8.1.2 a), with n = 1 and (potentially) 
with an increased number of variables. 

We come back to the proof of 3.6.1.2-3. 

3.6.8.2. Lemma (the explicit form of the surjectivity principle). There is 
a reduced, closed subscheme Bo{k) of Gk not containing the origin, depending only on 

the linear forms Lisi and not on the coefficients Uisi, {i,sj) G S{M) x S{M) x S{G), 
and such that the fibres o/£o,i above points of Spec{Ro / pRo) not belonging to Bo{k), are 
non-empty. 

Proof: All schemes to be introduced below are reduced. There is a closed subscheme 
7^(0) of Spec{Ro/pRo), different from Spec{Ro / pRo) , and such that denoting by T(0) its 
open complement, the morphism io^\{T{0)) T{0) is an etale cover. By elementary 
matrix operations we see that 7^(0) depends only on the linear forms Lisi and not on the 
coefficients aisi (cf. 3.6.8.1.2 a) and its proof). We start constructing Bo{k). 

In what follows J^{i) are finite set of indices, i = Q,d — 1. All irreducible components 
of 7^(0) not passing through the origin of Gk will be locally closed subschemes Su{0)^ u e 
J^{0), of BQ{k). For any irreducible component of 7^(0) passing through the origin of Gk, 
we have to repeat the argument. Let be the union of all such irreducible components, 
viewed as a connected, closed subscheme of Spec{Ro/pRo). There is (cf. 3.6.8.1.2 a)) an 
open, dense subscheme T(l) of C^, again depending only on the reduction of L^g/'s modulo 
the ideal of Ro/pRo defining and not on the reduction modulo it of the coefficients 
aish ihsj) e S{M) X S{M) X S{G), such that the /c-morphism £oj(T(l)) T{1) is 
an etale cover. Let 7?.(1) be the subscheme of defined by the complement of T(l) in 
C^. The irreducible components of TZ{1) not passing through the origin of Gk, will be 
subschemes Su{l), u G J'(l), of Bo{k). We keep going with those irreducible components 
of 7?.(1) passing through the origin of Gk- 

By induction on i e S{0, d — 1) we construct {d is the dimension of Gk)'- 

a) a connected, closed subscheme C'^'^^ of Spec(i?o/p-Ro) of dimension at most d—i—1, 
and which is either empty or contains the origin (so is either empty or is Zk); 

b) a maximal open, dense subscheme T(z) of C*, with C° := Spec(i?o/p-Ro)) such 
that the /c-morphism £Q\{T{i)) — > T{i) is an etale cover; 

c) closed subschemes Su{i) of Spec{Ro / pRo) , u G J{i); they are the irreducible 
components not containing the origin of the closed subscheme of Spec(i?o/p-Ro) defined 
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as the complement 7?.(z) of T{i) in C*. 

The formula which allows us to apply the inductive argument is: C*"*"^ is the union of 
the irreducible components of 'R-{i) containing the origin. So, from constructions, 7l{d—l) 
is either empty or has dimension 0. 

Bo{k) is defined as the Zariski closure in Gk of the (finite) union of these subschemes 
Su{i), u e J^{i), with i running from to d — 1. It does not contain the origin of Gk- 

From its construction we deduce that it does not depend on the coefficients aisi, 
(z, s, /) G S{M) X S{M) X S{G), and that for any perfect field ki containing k we have 
^o(^i) = Bo{k)ki- Moreover, we obviously have: 

Fact. The disjoint union U^^^^j^q ^yf{i) is a stratification of the complement of Bk in 
Spec(i?o/p-Ro)- Here T{d) is either empty or is Z^, depending on the fact that there is 
or there is not ani e 5(0,^ — 1) such that Z^, is a closed subscheme of T{i) . The Zariski 
closure of any non-empty T(z) contains Zj.. 

From the Fact and b) the Lemma follows. 

9) End of the proof for the case n = 1. From the fact that the coefficients 
of Lisi are in I we deduce that the closed subscheme ^(Zfe) of Sq is Spec(A;). This 
implies iv) of 3.6.1.3 1). Related to the part of 3.6.1.3 2) referring to £o,i) we just need to 

show that the fibres of £0,1 over geometric points have at most p points. This can be 
checked as follows. The equations of (3) of 5), are obtained working with the W{k)-hasis 
{eis\i,s e S (M)} of End{M) . Using a second M^(A;)-basis of End(M) such that a subbasis 
of it is a VF(A;)-basis of g, as we are dealing with connections respecting the G-action, 
our variables x-iji s cirG cts well solution of a system of dj^d — d^-linear equations with 
coefficients in Rq/pRq whose rank is precisely d\^d — d'^ in each point of Spec(i?o/P-Ro)- 
As in the proof of 3.1.8.1, we can eliminate dj^d — d^-variables at once: so Sq is a 
connected component of an Spec(i?o/p-Ro)-scheme obtained using a system of equations 
with (coefficients in Rq/pRq and with) the property that a subsystem of it is entirely 
similar to (3) of 5) but involving just d^ variables; so 3.6.8.1 applies to give us the desired 
bound on the number of points of geometric fibres of £o,i- This ends the proof of 3.6.1.3 
1) and 2) involving n = 1. 

10) The inductive statement. By induction on n G N we prove 3.6.1.2 and 3.6.1.3 
1). We assume we managed to construct Qo,m, for any m e N smaller than n + 1. We 
now construct Qo.n+i and show that 3.6.1.2 holds for n + 1. 

11) The general form of a lift. Let £q : Spec((5o) ~* Spec((5o n) be a formally 
etale, affine VF(/c)-morphism, with Qq a VF(/c)-algebra. The general form of a connection 
on M <8)vi^(fe) Qo/p^~^^Qo lifting the scalar extension of Vg , is of the form 

(10) V = V^+ J2 p''xisieis(^dti{0), 

{i,s,l)eS{M)xS{M)xS{G) 

with all Xisi^s belonging to Qo /pQo; here we still denote by Vq a fixed lift of the mentioned 
scalar extension to a connection on M ®w{k) Qo/p^~^^Qo respecting the G-action. 
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12) The key point. The condition that this connection V is a connection on 
Mq^/p^^^Mq^ is expressed by a system of equations involving Xjs/'s, which is of the 
same type as the system (3) of 5). The key point is: 

Fact. We get the same linear forms Liai, y{i,s,l) e S{M) x S{M) x S{G)! 

However, the new feature is that the free coefficients aisi of 5) are replaced by new 
coefficients aisi{n) e Qo,n/pQo,n- The fastest way to see this Fact and the new feature, 
is to use the same trick as in 8) (for G = GL{M) they are obvious). 

As the coefficients aisi have played no role in the steps 5) to 9), we can repeat the 
arguments of 5) to 9). So we get a moduli scheme (S""*"^ of connections, which is an 
etale scheme over Sq := Spec((5o,n/pQo,n)- We define Sq~^^ in the similar manner: it is 
the maximal open closed subscheme of S"'~^^ such that each connected component of it 
intersects the pull back of through the natural /c-morphism 5"^+^ —>■ Spec(i?o/p-Ro)- 

This repetition takes care of 3.6.1.2 and of 3.6.1.3 1) for n + 1 (again iv) is implied 
by i), while 1) implies -as in 7)- that Vq"*"^ is integrable, nilpotent mod p, and respects 
the G-action). 

13) Some conclusions. 3.6.1.3 4) results from 3.6.1.3 1). 3.6.1.3 3) is obvious. 
The fact that the morphism £q mod p is: 

- etale, results from the same argument used in 7) (cf. also 3.6.8.1.2 a)); 

- of finite type results from the construction of Spec(Qo,n+i/p<5o,n+i) (it is a closed 
subscheme of a scheme of finite type over Sq); 

- quasi-finite, with geometric fibres of cardinality at most , results from the fact 
that Vq^^ respects the G-action (and so we actually have only cP variables) and from 
the intersection theory (cf. 9)). 

This takes care of 3.6.1.3 2). 

14) End of the proof. 3.6.1.3 5) and 6) are a consequence of the proof of 3.6.8.2 
and of Fact of 12) (cf. 3.6.8.1.2 a) and b')). More precisely, for any n G N we construct 
an open subscheme 5f of Sq, such that, under the VF(/c)-morphism Iq, Si~^^ projects 
surjectively onto Si, as well as Sl, under the M^(/i;)-morphism £o,i, projects surjectively 
onto the open subscheme of Spec(-Ro/P-Ro) defined by the complement of BQ{k). 

Sf is formed by removing from Sq the closed subscheme formed by the union of 
all irreducible components of '^Q^n{C}) not containing the closed subscheme '^o^{2k) = 

Spec (A;), for running through all irreducible components of the scheme TZ{i) defined 

in 3.6.8.2, with i as its turn running through the set S{0,d— 1). 

We check now that ^S""*"^ projects surjectively onto <Sf (the argument for the fact 
that sl projects surjectively onto the open subscheme of Spec{Ro/pRo) defined by the 
complement of Bo{k) is entirely the same). First, any integral subscheme of Si~^^ contain- 
ing (resp. not containing) £o^n+i{Zk) — Spec(A;) is mapped through £q into an integral 
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subscheme of containing (resp. not containing) lQ^[Zk) — Spec(/c). So we do get a 
natural etale A;-morphism 

To check it is surjective, it is enough to show that any ^-valued point yn of hfts to a 
^-valued point of ^S""*"^. 

Let in e S{^^d) be such that the image of j/„ in Spec(i?o/P-Ro) is a point of T(z„) 
(see the notations of 3.6.8.2). As is an etale fc-morphism (and so its image is open), 
as (^o,m)~^(^(^n)) T^iin)^ with m G {n, n + 1}, is an etale cover (cf. 3.6.8.2 b) and 
3.6.8.1.2 a)), and as S^^^ is a non-empty /c-scheme (we have ^o.n+il-^'fc) = Spec(fc) C 
5"''"^), we get that yn lifts to a ^-valued point of S'^^^ . 

This ends the proof of 3.6.1.2-3. 

3.6.8.3. A digression. What follows is a digression meant just for specialists; it is 
neither quoted nor used anywhere else, besides the isolated remark 3.6.8.4 4). 

A natural question arises: how to compute the connections V" and so, how to 
construct the VF(A;)-morphisms £^ (write down the equations defining Qj,n)? This is not 
very difficult (cf. 3.6.8 5); see also 3.6.8.5 and 3.6.18.4 below). Here, as a digression, 
we show how using Shimura varieties of type {n G N) we can construct a formally 
etale, affine M^(A;)-morphism Spec((5^^i) — > Spec(i?j^) which factors through ij^i. We can 
assume k is the algebraic closure of a countably generated field over F^; so in particular 
we have k = k. We work again with only one index j: 0. 

1) Mr^ is the pull back of Ms^ through the inclusion Iq : Uq ^ Wq. So we can 
work with Ms^ instead of Mji^, i.e. we can assume from now on that G = GL{M) and 
that Rq = Sq. 

2) Substituting M with M := M © W{k) and the direct sum decomposition M = 

© F° with M = © where F° := F° © Vr(/c), we replace the Shimura cr-crystal 
(M, hipoj GL{M)) with the Shimura cr-crystal (M, (p, GL{M)) (with acting as hipo on 
M and as a on the W{k) summand of M). This is achieved in the following 4 items. 

a) We choose arbitrarily a VF(/c)-basis {vi, ...,1)^^^} of M; it gives birth to a W{k)- 
basis {vi,...,VdM+i} of M, where Vd^+i is 1 of the summand W{k) of M. 

b) We view GL{M) as a subgroup of GL{M) (with 6m e GL{M){W{k)) acting as 
6m on the summand M of M and as the identity on the other summand W{k) of M). 

c) We choose to be an open, affine subscheme of GL{M) of the form Sq x G'^^'^ x 
Qrn (the Ga factors correspond to elements of GL{M){W{k))^ viewed as matrices, having 
1 on the diagonal and anywhere else, except at the intersection of an ii-th row with 
an ?'2-th column, where ii and 12 are distinct elements of the set {1,2, ...,dM + 1} such 
that the intersection {ii, ^2} H {cIm + 1} is non-empty; the Gm factor is the subgroup of 
GL{M) normalizing the summand W{k) of M and fixing M). In order that such a choice 
of Sq to be possible, we might have to replace 5*0 by a suitable open, affine subscheme of 
it (cf. [SGA3, Vol. Ill, 4.1.2 of p. 172]; so Sq x (Gf'^ x is embedded in GL{M) using 
products of elements, ordered adequately). 
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d) We choose a Frobenius lift of the p-adic completion of of the form $5^ x $1 
(corresponding to the above product decomposition of ^o); with $1 as the Frobenius lift 
of the p-adic completion of G^*^^ x = Spec(W(k)[xi, a;2d„+i] [- — - — ]) which takes 

Xs to xP, Vs e S{1, 2cZm), and X2dM+i - 1 to (0:2^^+1 - 1)^- 

3) The same argument which allowed us to assume G is GL{M), allows us to replace 
GL{M) with GL{M), if p\dM- So we can assume p does not divide c^m- 

4) We remark that there is a SHS {f,L(^p'^,v) defined by an injective map / : 
{Go, X) ^ (GSp(VF, V'), S) (here we put exceptionally a lower right index 0, i.e. we write 
Gq, 2eo = dimQ(VF) and jTg', not to create confusion with the meaning of G = GL{M), 
Cm = dimvt^(fc)(G) = dim^^^^) (GL(M)) and J'') such that we have a natural monomor- 
phism 

G = GL{M) ^ Gow{k)^ 

resulting into a natural identification Gq^^^^^ = SL{M) (so the confusion between G and 
Gow{k) would have not been too serious), and having the property that the Shimura 
Lie pairs attached to the Shimura group pairs {G, [//]) and (Gi, [/i^]), are isomorphic 
(cf. def. 2.2.5 3) and 4)). Here Gi is the subgroup of GovK(fc) generated by Gq^^^^ 
and by the image of any cocharacter /i* : — * Gow'(fc)7 whose extension, under an 
0(„)-monomorphism W{k) ^ C, is Go(C)-conjugate to the cocharacters //*, x ^ X. 

So Gq^ must be SU{po,qo)R, with po := dim|y(fc)(F^) and go dimt^(fc)(F°) = 
dim^(/j)(M/F^). We can take Gq®^ to be an arbitrary Q-form of Gq^ which splits over 
Qp (to be compared with Example 4 of 4.6 below). [Va2, 6.4.2] guarantees the existence 
of a SHS as above if p > 5; the existence of such a SHS for p = 3 is not a problem: we 
can assume we have a standard PEL situation (/, L(p), t;, i5), cf. 2.3.5.1. For instance, 
if Po = 1 and qq = 2, we can work with a Picard surface Sh(Go,^) (cf. [Go]) having 
a refiex field E{Gq, X) in which p is totally split. The general case is just an obvious 
extension of the case po = 1, go = 2 (we have pogo 7^ due to 3.2.2.1). In what follows, 
as p does not divide dM, we assume (/, L(p), v) is obtained as in [Va2, 6.5.1.1]. 

We have a natural etale isogeny Gi — > G = GL{M) (as p does not divide dj^)- It 
allows us to identify the completion of Gi in its origin with the completion Spec(Oo) of 
G in its origin. So fli := Lie(Gi) = Q. 

5) We now assume the existence of ^ G Mw {k) / Hq{W (k)) (cf. the standard notations 
2.3.1-3 for the SHS introduced in 4)), such that its attached Shimura filtered a-crystal 
(M2, FJ^, Govv'(fc)i (^a)Qf6 j";^) (cf. 2.3.10 and the assumption k = k) has the prop- 
erty that the Shimura filtered Lie cr-crystal {gi, ipz, F^{qi), F^{qi)^ , which is naturally 
a Lie p-divisible subobject of its attached Shimura filtered cr-crystal (as Qi is naturally 
a Lie subalgebra of Lie(GovK(fc}))7 is isomorphic to the Shimura filtered Lie u-crystal 
(End(M), h(fQ, FO(End(M)), F^(End(M))). 

6) From the assumed existence of z, we get that Qn^ = End(M)5(, is (p-adically) 
algebraizable. To explain what we mean by this, we start with a formally smooth W{k)- 
morphism : Spec(Oo) — > J\fw{k)/HQ lifting z and such that the pull back (through 
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its composite with the natural morphism mnat '■ ^w{k)/ Hq — > M/Hq) of the p-divisible 
group Vjjg of Aho and of de Rham components of the family of Hodge cycles Ahq is 
naturally endowed with) , has associated to it a Shimura filtered F-crystal 

over Oo/pOo (with / : Oo^W{k)[[zi, ...^Ze^^]] the VF(/c) -isomorphism naturally induced 
by the l^(A;)-morphism cq of ii) before 3.6.0). The existence of m^, is just [Va2, 5.4] (cf. 
the first two paragraphs of 2.3.11). Using Artin's approximation theorem (as in the proof 
of 2.3.15), we get: 

7) a smooth morphism Spec(5'i) ^ J^w{k)/Ho and a formally etale, aflfine morphism 
Spec(5f) := Spec(5o) Xq Gi such that the :?>divisible object of MT^^{Si) 
associated to (mnat ° '^i)~^{T^Ho) can be put in the form 

= {M, ®w{k) S^, Fl ®w{k) , hi{ipz ® 1), V^), 

with hi e GovF(fc)('S'i^) which mod p is defined by (. (we view Spec(/S'o) XqGi as an open 
subscheme of Gi and so as a locally closed subscheme of Gow{k))'i if P^i '■ Spcc(S'f ) — > 
Spec(S'o^) is the p-adic completion of the composite of i with the projection 
Spec(S'o), then we choose the Probenius lift $5^ oi Si such that the diagram 

Spec(5o^) 
Spec(<So^) 

is cartesian. Warning: the fact that we chose to be obtained via £ and pri, means 
that we know that hi only mod p is defined by £; 

8) a point Spec{W {k)) Spec(S'i) such that li o do — z and £ o is the origin of 
W^gGi; 

9) modulo a power I^^ (n G N\{1}) of the ideal I^q oi Si defining do, is isomorphic 
to € modulo the n-th power of the ideal of Oq defining the origin of Spec(Oo)- 

7) to 9) are just a variant of 2.3.15: the fact that we are not mentioning the polar- 
izations, allows us (see also 2.3.14) to work such a variant in the context of GovK(fc) itself 
and not only of Gq^^^-j; by removing extra variables (in the same way we got 2.3.15.1 
from 2.3.15), we can assume hi mod p is defined by £. 

10) So the Lie p-divisible subobject of the Lie p-divisible object End{€ej^) of 
MJ^^i ^{Si), whose underlying S'f-module is g (8)vK(fc) -S'f , is 

0Si := (s ®w{k) S^, hi{ip, ® 1), F\q) ®w{k) S^, F\q) ®w{k) S^, V,). 
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Spec(5f) 
Spec(5f) 



11) So the pull back of End{Mso) /pEnd{Mso) = QSo/pQSo through pri, can be 
viewed as a Lie object (identifiable with Qsi/PQSi) of -M^^i This implies the 
existence of an etale A;-morphism Spec{Si/pSi) — > Sq which composed with £0,1 (see 3.6.8 
5) for notations) is the A;-morphism Spec{Si/pSi) — > Spec{So/pSo) defined by taking pri 
mod p. 

In other words, we can regain the connection of Mg-^/pMs-^ from the one of Mz®w{k) 
Si and from the one of End{M s ^) / pEnd{M s^) ■ In fact, from the proof of [Va2, 6.5.1.1], 
as GoZp is a split group, we get that (cf. also 2.3.16.1 for the passage from the Lie algebras 
context of 5) to the level of GL-groups) we can assume there is a monomorphism 

i, : {M,F\h<fiQ) {M„F^,<fi,) 

between p-divisible objects of MT[o^i]{W{k)), with iz{M) as a direct summand of 
normalized by Gow(fe) ^^d such that the image of Go^r(k) GL{ig{M)) is GL{ig{M)) 
itself. 

12) If there is no 2; e Ho{W{k)) as in 5), we have to choose 

zoeMwik)/Ho{W{k)) 

such that its attached Shimura filtered cr-crystal (M^^, F^^^, cpz^, G'ovi/(fc)) has the property 
that its corresponding Shimura Lie cr-crystal (g, f^^^, F°^(0), F^^(0)) is isomorphic to a 
Shimura filtered Lie cr-crystal 

(End(M), g^cfo, F°(End(M)), F^{End{M))), 

with gs G GL{M){W{k)) a W{k)-valued point of a "small" open subscheme U3 of Uor\U2 
containing h (cf. 2.3.16). Let C/3 be the right translate of Us by h~^. 

Going once more through the arguments of 5) to 11) but performed just mod p, 
we can use this part involving a "near by" point zq, to get that the spectrum Z of the 
normalization of the 5'o/pS'o-subalgebra of Rq/pRq (we recall that Rq = Sq) generated 
by the coefficients of (3 of 3.6.8 1) taken mod p, is generically etale over Spec(5'o/p5'o). 

As some trouble might result if is not connected or if (theoretically) it is of 
dimension greater than cm, this statement on Z can be seen in two ways. Either by 
recalling that the system (4) of equations of 3.6.8 6) gives birth to an etale scheme over 
Spec{So/pSo) (so somehow we go back to the general ideas) or by using the Kodaira- 
Spencer map (here is the place where we need U3 to be "small": we can assume that 
this map defined using the coefficients of the mentioned /3 still has a image of the right 
rank in (73 mod p) and an argument of gluing (performed around a suitable point of U^k) 
entirely similar to the one of 3.6.2.1 d) but performed mod p. The need of working mod 
p is implied by the fact that we do not know a priori that the spectrum of the (So-algebra 
generated by the coefficients of (3, is smooth over W{k) in a (suitable) VF(fc)-valued point 
of it lifting gs] on the other hand we can assume that gs mod p lifts to a smooth point 
of Z. So the lifting property of 3.6.18.5.2 below used in a relative context (see 3.6.18.7 
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below) implies that the gluing argument of 3.6.2.1 d) can be performed (i.e. taken) mod 
p as well. 

We do not detail fully this second way here, as actually a point z as in 5) always 
exists: as k = k, 3.6.15 A below applies, as we can assume J\f has the completion 
property (cf. 4.12.12.0 below). We just point out that it is based on the fact that 
we can "regain" Spec{So/ pSg), from the (coefficients w.r.t. some /c-basis of M/pM of 
the) Frobenius endomorphism of the S'o/p^'o-module underlying Mso/pMso- The above 
mentioned gluing argument performed mod p, is the only way we can presently think of 
showing that Z is an etale Spec(i?o/p-Ro)-scheme, without using the general theory (of 
equations) of 3.6.8 but just using the fact (here is the place where zq -and so gs- plays a 
role) that it has a suitable section (cf. 5) to 11) performed mod p) in the etale topology. 

3.6.8.4. Remarks. 1) The special form of the Frobenius endomorphism of M0\y^f;) 
Ro played no role in the proofs of 3.6.1.2-3. This allows us to use the method employed 
in 3.6.8 in (all) other situations (for instance in 3.6.18.4 below). 

2) In the proof of the surjectivity principle (for instance, of 3.6.8.2), the special shape 
of Uo played no role. So it can be used in all other situations. 

3) The Frobenius lift of Rq did play a role in the above proofs of 3.6.1.2-3; it is 
not entirely essential: if we are dealing with an arbitrary Frobenius lift of Rq, (DIV) of 
3.6.8 5) still applies to give us systems of equations of the same shape as of (3) of 3.6.8 
5). However, for the case of a general type of a Frobenius lift of Rq, 3.6.1.3 i) and all 
the other parts of 3.6.1.3 depending on it have to be reformulated (so 3.6.1.2 has to be 
reformulated as well), see 3.6.18.8.3 below. 

4) Let (/, -^(p), v) be a SHS defined by an injcctivc map / : {Gq, X) ^ (GSp(VF, ip), S); 
in order to refer to 3.6.8.3, we use Go instead of G. If we already know that the Shimura 
filtered u-crystal (M, F^, h(fo, G) is isomorphic to the Shimura filtered u-crystal attached 
to a point z : Spec(VF(/c)) J\fw{k)/ Hq, then 3.6.8.3 is significantly simplified: the re- 
placement of G by GL{M) (see 3.6.8.3 1) to 3)) is not needed. This implies that (for 
3.6.8.3) we do not need the property ii) of the beginning of 3.6, as well as in 3.6.0 we do 
not need the "comphcation" with Wq, W2, W^, W^, $53, $§3, etc. 

5) We do not know if (or when) we have Spec((5o,n/pQo,n) = We do expect this 
equality (at least in the majority of cases). 

3.6.8.5. The closed subscheme i3o(/c). It is very much desirable to have a good 
description of the closed subscheme Bo{k) of G^ introduced in 3.6.8.2. In what follows 
we explain a simpler approach for determining its intersection with Uq. 

It is enough to determine Bo(k) (cf. 3.6.8.2); so we can assume k = k. We choose 
the H^(A;)-basis {ei\i e S{M)} of M in such a way that: 

There is a permutation tt of the set S{M) with the property that h(fo{ei) mod p is 
either or is e^(j) mod p. 

The existence of such a VF(/c)-basis is guaranteed by [Mu, cor. p. 143], applied to 
the cr-linear map M/pM M/pM defined by hipo mod p, and by the standard Jordan 
form of a nilpotent cr-linear endomorphism (this is the same as in the /c-linear context). 
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1) Rewriting the equations of 3.6.8 5) skillfully, for the above chosen M^(/c)-basis of 
M, we come across equations of the form 

(11) ti{Oy~^X^^i = Lisi{xiii,Xi2l, ...,XdMdMl) +bisl, 

V(z, s, I) e S{M) X S{M) X S{G) such that h(po{es) is zero mod p and h(po{ei) is non-zero 
mod p, and of the form 



(12) L^,i{x III, Xd^dA 



\/{i,s,l) e S{M) X S{M) X 5'(G) such that h(po{es) is non-zero mod p or /i(/7o(es) and 
h(pQ{ei) are both mod p. Here Lisi is a homogeneous linear form and bisi € Rq/pRq, 
V(i,s,/) G ^(M) X S{M) X 5(G'). 

These equations are obtained by first plugging in the equations (1) and (2) of 3.6.8 
4) and then identifying the coefficients of tq o lQ{ei)dti{0), {i, s, I) e S{M) x S{M) x S{G) 
(we recaU that $(Qo)° = ro o io{h(po ® 1), cf. 3.6.1.1.1). 

2) Denoting 

Uisl ■= tiiO)xisi, 

V(z,s,0 e S{M) x S{M) X S'(G'), this system of equations (defined by (11) and (12)) 
when restricted to i?o/p-Ro[ jjd-^-j-^] is equivalent to a system of equations of the form 

(13) Visi = Lisiiviii, ...,ydMdMi) +tii^)bi8i, 

if {i, s) G S{M) X S{M) is such that hipoi^s) mod p is and hipo{ei) is non-zero mod p, 
and of the form 

(14) Lisi{yiu, -.ydMdMi) = U{0)bisi, 

if (z,s) G S{M) X S{M) is such that h(po{es) mod p is non-zero or h(po{es) and h(po{ei) 
are both mod p; here Z runs through the elements of S{G). 

This new system of equations is simpler than the one in 3.6.8 5). It can be used 
to get a very good description of the intersection of TZ{0) (of the proof of 3.6.8.2) with 
Spec {Ro/pRo [ ^^^^^^ ] ) . 

3) Similarly, for any subset S{t) of S{G), reducing the system of equations of 2) to 
Ro/{p, {ti{0))i^s{t))[Ti ' rm]' ^® S®^ ^ system of equations similar to the one in 

1 Ues(G)\s(t) ' 

2), involving yisi, {i,sj) G S{M) x S{M) x {S{G) \ S{t)). It is easier to determine the 
intersection of Bo{k) with Spec(i?o/(p, {U{(^))ieS{t))[Ti tt^t]) using it instead of 

another one, similar to the one of 3.6.8 5). This motivates why we get simplifications if 
we work under the convenience assumption of 3.6.1.1.3. 

4) Let now G be a smooth subgroup of G having connected fibres and such that the 
Lie algebra of its generic fibre is normalized by hipQ. The whole of 3.6.1.3 can be redone 
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in this context (cf. 3.6.1.6), with the group G replaced by G. Warning: not to complicate 
the story, below we use the same notations, with G being replaced everywhere by G. 

3.6.8.6. The matrix form of the equations of 3.6.8. For future references, and 

for small applications in 3.6.8.7 and 3.6.18.7 below, we include here as well the matrix 
form of the equations of 3.6.8 5). We consider a VF(A;)-basis {ei, e^^} of M as in 3.6.8 
2), such that {ei, ...,e^irnw^i^^{F^)} is a W{k)-hs&is of F^. 

For I e S{G), let Xi be the square matrix whose entries are Xisi^s. Let Eq be the 
square matrix with entries in Ro/pRo of the i?o/P-Ro-endomorphism of M ®wik) Ro/pRo 
that takes mod p into $((5o)^(ei) mod p if i E S{1, dim^y(fc)(F^)) and into $((5o)*^(ei) 
mod p if i E S{1 + dimw(^i^^{F^), (Im), computed w.r.t. the -Ro/P-Ro-basis of M (8>vK(fe) 
Ro/pRo defined naturally by the chosen W{k)-hasis {ei, ...^ed^} of M. Let Mhip^ be 
the square matrix of the A;-endomorphism of M/pM that takes mod p into h(fQ{^ei) 

mod p if i E S'(l, dim|y(fc)(-^^)) and into h(fo{ei) mod p if i G S{1 + dim|^(fc)(F-'^), c^m)? 
computed similarly. We view M^^^ as having entries in Rg/pRg. Let 

7r(F0) : Md^{Ro/pRo) ^ Md^{Ro/pRo) 

be the i?o/p-Ro-hnear projector which takes a matrix A e MdM{Ro/pRo) having entries 
i'^ij)i,jeS{i,dM) matrix whose entries iaij)i,jeS(i,dM) defined by the rule: 

is ttij if i > dimvt^(fe)(F^) and j < dimvi/(fc)(F^) and is otherwise. 

We write 

d 

d{EG) = Y,Cldti{% 
1=1 

with Q's as square matrices with entries in Rq/pRq and with the d-operator acting on a 
matrix via its action on the entries. So now, the equations of 3.6.8 5) can be rewritten 
in the matrix form as follows 

(MF) Ci + XiEg = EG7TiF'')itii0r-'xl'^), 

V/ G S{G). Warning: for this simplified matrix form (MF), we do need that ^Soitii^)) ~ 
ti{0)P, V/ G S{G). As Mi^Q is a p-divisible object. Eg and Mhi^^^ are invertible matrices. 
So (MF) can be put as well in the following convenient matrix form 

(CMF) CiE^' + Xi = EG7riF°){tii0r-'xlP^)E^\ 

yi G S{G). 

3.6.8.6.1. Relative forms of the equations of 3.6.8. Let Dg := EgM^^^. As 
the direct sum decomposition M = ® F° is defined by the cocharacter ji of G, we 
have 

Dg G G{Ro/pRq) 
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and 

7r(F°)(g/p0 ®fc Ro/pRo) C g/pg 0k Ro/pRo- 

For this last inclusion we use the standard identification of Md^iRo) with End(M ^^^/(fc) 
-Ro) defined naturally by the chosen VF(/c)-basis of M . So CiM^^^ — dDo and CiEq^ — 
(IDgDq^ belong to g/pg 0k Ro/pRo- We have: 

Fact. IfXi e Q/pQ0kRo/pRo, then EGTT{F''){ti{QY-^x]^^)EQ^ G g/pg^k Ro/pRo- 

Proof: As we are dealing with W{k)-hases of M and not with i?Q -bases of M(8)vK(fe) 
Rq, the statement of the Fact has a linear aspect. So we can assume k = k and that 
{ei, ...^Cdj^f} is in fact a Zp-basis of a Zp-modulc M^^ of M constructing as in 2.2.9 8) 

but for (M, F\ hifio, G). In such a case e g/pg 0k Ro/pRo and M/k^^ e G{W{k)). 
The Fact follows. 

So, in our context of connections respecting the G-action, we can view (CMF) as 
1 5(^)1 equalities between elements of g/pg 0k Ro/pRo or as an equality between two 
elements of g/pg 0k ^Ro/pRo/k- 

Similarly, when passing from things mod to things mod p""*"^, we come across a 
system of equations SE^ which can be put in a similar to (MF) or to (CMF) matrix form; 
the only difference: C/ gets replaced by some other matrix C;(n), / e S{G). Moreover, 
in our context of connections respecting the G-action, we have Ci{n)M^^^^^ Ci{n)EQ^ G 
g/pg 0k Ro/pRo- So we can view as well SE^ as |'S'(G)| equalities between elements of 
g/pg 0k Ro/pRo- 

3.6.8.6.2. Digression. If we choose a different Frobenius lift of Rq which mod p^ 
takes all ideals (tz(0))'s into themselves, then following the pattern of 3.6.8 5), we get a 
system of equations which can be put similarly in the matrix form: the only difference 
we have is that the matrix which is t;(0)P~^ times the identity matrix /^m -^djul-^o) 
is replaced by another scalar multiple of Idf,i ■ More generally, if we consider an arbitrary 

Frobenius lift of Rq, then V/ e S{G), the matrix ti{0)P~^xl^^ has to be substituted by a 
linear combination 

(COMB) Yl 

where all bw's are elements of Rq/pRq. 

3.6.8.7. The abelian situation. We assume now that we are in the context of 
3.6.8.5 4), with G an abelian group. We speak about the abelian situation. The nice 
thing in this case is: 

Fact. V(z, s, /) G S{M) xS{M) x S{G), the coefficients of Lisi are elements ofW{k). 

Proof: This is a consequence of the fact that G is abelian and that the connections 
Vj we get respect the G-action. In other words, referring to (MF) above with Eq (resp. 
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Dg) being denoted by Eq (resp. by Dq), we have: Dq commutes with Xi, \/l G S{G); 
so (MF) can be rewritten as 

D^'Ci + XiMh^^ = Mh^^TT{F^){ti{^Y-^xY^), 

VZ e S{G). The Fact follows. 

From Fact and 3.6.8.5 2) we get: in the abelian situation the open subscheme T(0) 
of Spec(i?o/p-Ro) introduced in the proof of 3.6.8.2, contains Spec(i?o/p-Ro[TT 77^])- 

The argument can be repeated for the closed subscheme Spec(i?o/(p, (^i(0))i€S(t)); with 
S{t) an arbitrary subset of S{G), to get the following result: 

3.6.8.8. Proposition. Under the convenience assumption, in the abelian situation, 
the W{k)-morphisms ij^n when taken mod p, n & N, are defining Stale covers of (i.e. 
above) the locally closed subschemes of SpGc{Rj / pRj) defined by making some of the 
variables ti{j) to be while inverting all others. In particular, we can take Bj{k) to be 
the empty scheme. 

3.6.8.9. The constancy property. We call the fact that when we pass in the proof 
of 3.6.1.2-3 from things mod p to things mod p'^, we get the same homogeneous forms 
(see 3.6.8 (3) and (4), 3.6.8.5 (11), (12), (13) and (14), and 3.6.8 12)), as the constancy 
property. A system of equations with coeflBcients in an Fp-algebra and which can be put 
in the same shape as of (3) is said to be of first type. The system of equations defined by 
(11) and (12) is said to be of additive second type. The system of equations defined by 
(13) and (14) is said to be of adjusted additive second type. For extra terminology see 
3.6.18.4.6. 

As (implicitly) mentioned in 3.6.8.4 1) and 3), this constancy property remains true 
in the context of a (truncation of a) p-divisible object of M.J^[o^i]{R), with R a regular, 
formally smooth VF(A;)-algebra whose p-adic completion is equipped with a Frobenius lift 
^R. We can replace everywhere M.J^[o^i] by M.T[c,c+i]i c So, the natural question 
arises: 

Q. What about (truncations of) p-divisible objects o/ A4.F[o,6](-R), with a,b E 'Z, 
b > a + 2, which are not p-divisible objects of A4J^[(.,c+i]{R) for some c e S{a, b) ? 

Let <t = {Mii,{F'^{Mii))i^s{a,b)i^MR), with Mr a projective i?^-module, be such 
a p-divisible object. Due to the fact that the connections have to satisfy the Griffiths 
transversality condition, the counting argument (of equations and variables) performed 
before 3.6.8.1, gives us in this context (of €), more equations than variables. Assuming 
that ^R/pR/k is a free i?/pi?-module of rank rR E N and that Mr is as well free, to 
get a connection on €/p<t is the same thing as to solve (in R/pR) a (suitable) system of 
equations of the following form: 

(15) Xi -\- Ci = Lj(a;^, x^). 
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for i G 5(1, m), and 

(16) Ci = Li{x^,...,xP^), 

for i e S{m + 1,171 + 8); based on 3.6.1.1.1 4), the argument for this is entirely the same 
as the one of 3.6.8 5) relying on its (DIV). Here Ci G R/pR and Lj is a homogeneous 
linear form with coefficients in R/pR, Mi G 5'(1, m + s), while m, s G N U {0}. We have: 

- m + s is tr times the rank of End(Mit); 

-misrn times the rank of the F~^-filtration of End(Mfl) defined by {F^{Mji))i^s{a,b)- 

Our assumption of the question (pertaining to c G Z) implies s > 0. In general, if 
s > we say that a system of equations of the same type as (15) and (16) with coefficients 
in an Fp-algebra, is of third type (in m variables and s extra equations). 

In our situation (of (t) ms > and so it easy to see that there are systems of equations 
of the above type which do not have any solution or which do not define an etale scheme 
over Spec{R/pR). However the constancy property remains: 

The constancy property. Let n G N. To lift a connection on €/p'^€. to a connec- 
tion on C/p'^'^^C, is the same thing as to solve (in R/pR) a similar system of equations as 
of the one of (15) and (16) above hut where Ci is replaced by Ci{n) G R/pR, Vz G S{l,m+s) 
(this holds even if € is a p- divisible object of M.J^\^c,c+i\{R) for some c G S{a,b): in such 
a case s = 0). 

This is still a very useful fact: see 3.6.18.5.5, 3.6.18.8 and 3.6.18.8.1 b) below. Also 
the following two approaches can produce lots of results. 

Al. (15) defines (cf. 3.6.8.1.2 a)) an etale, affine Spec(i2/pi2)-scheme Spec(i?i). So 
to have (16) satisfied as well we just need to consider the closed subscheme Spec(i?2) of 
Spec(i?i) of solutions of (16); we are interested only in its maximal open closed subscheme 
which is etale over Spec{R/pR). We refer to Spec(i?i) as the etale part of the system of 
equations defined by (15) and (16). 

A2. For many W{k)-algehras R (like the local strictly henselian ones), the above 
system of equations defined by (15) and (16), when viewed as being in the m + s variables 
xi,..., Xm, Cm+iv7 Cm+si has a solutiou in R/pR, regardless of the values of the coeffi- 
cients ci,.... Cm or of the forms Lj's. Using this, one could get nice criteria of when 3.6.8 
above can be worked out for such a (truncation of a) p-divisible object after suitable 
modifications (corresponding to the new values of Cm+i,---, Cm+s) of ^Mh- We hope to 
come back to these ideas in a future paper: the reason we do not persuade them here is 
related to the fact that we have not being able to fully understand how these "suitable 
modifications" could be performed. Here we just mention two things: 

a) these "suitable modifications" should be performed only from lifting things mod 
p"' to things mod p'^'^^, n G N, so that the shapes of the forms Lj's do not get changed; 
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b) to perform them for lifting things in the context of a), everything comes down to 
solving some linear partial differential systems of equations of the form 



(LPDSEQ) -^=ajf^ + bj, 

Vj e S{l,rR), with /o and all a/s and bj^s in End(Mfl/pMii) and with wi,..., G R/pR 
such that {dwi, ...,dwrji} is an R/pR-hasis of ^R/pR/k'i here 6j's are related to elements 
Cm+i,---, Cjn+s of R obtained as above (i.e. such that they are part of a solution of suitable 
systems of equations similar to the one defined by (15) and (16)). 

Unfortunately, even if RjpR = k[[wi, ...,Wrii]] such a system (LPDSEQ) does not 
necessarily have a solution. 

Coming back to systems of equations of third type, we have the following Corollary 
of 3.6.8.1. 

3.6.8.9.0. Corollary. The number of solutions of a system of equations of third 
type in m equations and s extra variables with coefficients in an algebraically closed field 
ki of characteristic p, is either or of the form p^^ , where mi G S'(0, rn). 

Proof: We use the notations of (15) and (16) above, with the role of i? being replaced 
by the one of ki. If L^_|_i,..., L^+s Si.re all 0, then the Corollary is obvious (based on 
3.6.8.1). If one of these s linear forms is non-zero and m > 2, then taking the p-th. root 
of it, as in 3.6.8.1 we can eliminate one variable and the sum m + s drops by 1 at least; 
warning: s itself does not necessarily drop by 1. Using induction on m + s, we are reduced 
to the case m — 1, which is trivial, or to the case s = 0, which is handled by 3.6.8.1. 

Warning: under specialization, the number of solutions of a system of equations of 
third type can increase. 

3.6.8.9.1. Comment. It is worth commenting why for some time (see [Val3]) we 
thought that we can work out 3.6.1.3 using (mod p) just etale, affine morphisms instead 
of N-pro-etale, affine morphisms. Referring to 3.6.1.3, once we obtained we thought 
that the free coefficients aisi{n) of 3.6.8 12) we obtain inductively for n G N, do not 
depend on n. But most common this is not so. 

However, in many cases, proceeding as follows, we can avoid the passage (mod p) to 
N-pro-etale morphisms. Warning: what follows has to be interpreted up to a passage to 
an etale Spec((5j>)-scheme, for some n G N; so Spec((5j,m), with m > n, are replaced 
accordingly by resulting pull backs. We have to make a decision: 

Decision. Either we work with "wild" connections (their behavior modulo high pow- 
ers of the prime p can not be controlled, i.e. can not be prescribed a priori) but with a 
very nice (for instance, like in 3.6.1) Probenius endomorphism of M <^\Y(^k) Rjj c-i^d so 
later on we hope to get (sort of) a completion property (see 3.6.15 A) and (of) a slice 
principle (see §7), or we work with very nice connections and with a very "wild" Probenius 
endomorphism of M ®w{k) Rj- 
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We explain this. We have the following obvious property: 

Fact. The homogeneous linear forms Lisi of 3.6.8 (3) depend only on the expressions 
of ^{RjY and (^{RjY mod p and of the expression of ^r- mod p^ . 

But the coefficients aisi{n) depend on the expressions of these three maps modulo 
higher powers of p. But we can try to modify and with something 

which is mod p (so we do not change the forms Lj^/, and so we do not affect the etale 
property expressed in 3.6.1 through rj mod p being a universal element), in order to make 
disiin) = 0, V(i, s, /) G S{M) X S{M) x S{G) and Vn G N, n > m for some given m G N: 
first we can try to modify $((5j\i)° and ^{Qj^i)^ modulo p'^ to get all ais;(l)'s to be 
and then, looking at what results, we can try to modify it mod p^ by something which 
is mod to get all ais/(2)'s to be 0, etc. Warning: we want all these modifications 
not to change $((5j,i)'^ and $((5j,i)^ modulo the ideal defining the lift (it is unique) to 
Spec((5j^i) of the origin gq of Spec(-Rj). 

Why should this be possible? Answer: there are four reasons. First, V(/, n) G 
S{G) X N, we can assume the endomorphism of M0-\y(^k--j Qj,n/pQj,n defined by the square 
matrix whose coefficients are aisi{n), i,s E S{M), is an element of q ®iy(fc) Qj,n/pQj,n 
(see the part of 3.6.8.6.1 referring to 3.6.8.6 (CMF)). Second, any time we have to pass 
from things mod p"^ to things mod p^^^, we lift the connection (we got mod p^) (as in 
3.6.8 11)), not blindly but in such a way that the resulting coefficients aisi{n) are linear 
combinations (with fixed coefficients of Rj/pRj) of p-power elements of Qj,n/pQj,n', after 
this careful lift we start to modify $((5j,n)*) ^ = 0; 1; by trying to achieve all aiji{n)''s to 
be 0. Third (resp. fourth), we have Raynaud's (resp. Grothendieck's) theorem of [BBM, 
3.1.1] (resp. of [II, 4.4]). 

So the situation (after suitable modifications) should get stabilized: we expect (at 
least if k is of some special type, i.e. "almost" algebraically closed in some sense which 
we can not specify too much: just that it is related to the defs. of 3.6.18.4.6 F below) 
the existence of m G N such that (after suitable modifications) we can take Qj^n — Qj,m 
Vn G N, n > m. From many points of view, it is preferable to have (if possible) aisi{n) = 0, 
Vn G N, n > m; so the problem of such a stabilization is a very important one. If such 
a stabilization is possible, then we do not have to pass (mod p) to N-pro-etale covers: 
this is so due to the fact that Qj,n/pQj,n, n > m, is a connected component of the etale 
scheme over Spec((5j, m/pQj,m) defined by the system (4) of equations of 3.6.8. This 
gives a very nice expression (fully controllable) of the resulting connections but the 
control on $(Qj^„)° and ^{Qj^n)^ is much less; for instance, we can not regain the (sort 
of) completion property or (of) the slice principle. 

Once we gained the completion property and the slice principle, the second approach 
(trying to avoid the use of N-pro-etale morphisms) , looks, from many points of view, more 
convenient. In all concrete cases we analyzed (for instance, this is automatically so if we 
are in a context involving polarized abelian varieties, or which can be reduced to such 
a context: see 4.12.12 and 4.12.12.0) the situation (after suitable modifications) gets 
stabilized. Warning: neither Grothendieck's nor Raynaud's theorems mentioned above 
are enough to imply such a stabilization, even for situations where we can assume that 
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all tensors {ta)aej cire related to (i.e. are defined by) endomorphisms of M. We will 
come back to this in §10. 

3.6.9. Remarks. 1) We could have worked 3.6.1 with Uq and U2 as open sub- 
schemes of G^^'^. This is the most common case needed for applications. For example, a 
cr-crystal {M,tg2^o)-, with t G Z{G){W{k)) and g2 G G{W{k)), is very much the same as 
the cr-crystal (M, g2fo)', so we often (for instance when k — k and p does not divide the 
order of the center of G'^"^'^) can consider only elements §2 G G'^'^'^ {W (k)) . 

2) The assumption ii) of the beginning of 3.6 is not really needed: it has been 
inserted just to be able to be faster in 3.6.8 8) and 12) and so to give an alternative way 
in 3.6.8 7) which is not based on 3.6.8 1). Obviously, the property ii) of the beginning 
of 3.6, is implied by the property i) of the mentioned place, provided we replace Uq and 
U2 by suitable open, affine subschemes of them. This makes life easier (cf. 3.6.9.1 and 
3.6.10 below); in particular 3.6.11 below can be expressed in a simpler form, without 
mentioning U or b. 

3) Looking back to 3.6.1-8 we see that the only two places we used the fact that k 
is an infinite field are: 

- 3.6.0, where we needed the existence of an element h e (Uq fl U2){k), which as a 
point oi Uq (resp. of U2) is different from the point obtained by taking the special fibre 
of ao (resp. of 5f2); 

- 3.6.6, where we needed C to be infinite. 

So if we are not bothered about gluing things ("over W{k)") (cf. 3.6.5), we can work 
with only one deformation, cf. 3.6.7. So, in this context of just one deformation, the 
whole of 3.6.1 makes sense and remains true even in the case when A; is a finite field. 

3.6.9.1. Potential-deformation sheets. Let be a perfect field of characteristic 
p > 2. A locally closed, affine subscheme C/ of a reductive group G over W{k) (resp. an 
affine scheme U over W{k)), with U{W{k)) containing the identity element of G{W{k)) 
(resp. such that a 2 e U{W{k)) is fixed), is said to be a potential-deformation reductive 
sheet (resp. just sheet), if there is an etale morphism (resp. a formally etale morphism) 

bu : U ^ Spec{W{k)[xi, Xd(u)]), 

for some d{U) G N, such that the identity element of G{W{k)) (resp. z) factors through 
the closed subscheme of U defined hy Xi = 0, i E S{1, d{U)). If moreover, we have: 

- the closed subscheme of U defined by the identity element of G{W{k)) (resp. 
defined by z) is the closed subscheme of U defined hy Xi = 0, i = 1, d, and 

- the closed subscheme of Uk defined by a;j = 0, with i running through an arbitrary 
subset of S{l,d{U)), is connected, 

then we speak about a convenient potential-deformation reductive sheet (resp. just sheet). 

Very often we denote a potential-deformation reductive sheet (resp. just sheet) by a 
pair (Uj bu) (resp. by a triple (t/, bu,z)). For any potential-deformation sheet we denote 
by $i7 the Frobenius lift of which takes Xi into x^, \/i G S{1, d(U)). 
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This definition of a (convenient) potential-deformation (reductive) sheet is suggested 
by 3.6.9 2) and the convenience assumption 3.6.1.1.3. 

3.6.10. Corollary. For any gs e G{W{k)) and for every open, ajjine subscheme 
Us = Spec(i?3) of G which is a potential- deformation reductive sheet, there is a uniquely 
determined N-pro-etale, affine morphism 

e4:U4 = Spec(i?4) ^ Us 

such that: 

- there is a closed subscheme of Gk not containing the origin ofGk, with the property 
that the fibres of £4 above points of the special fibre of U3 not belonging to it, are non- 
empty; 

- the special fibre of t/4 is a geometrically connected, AG k-scheme; 

- £'^^{Z]f) = Spec(A;) and so the origin of G, when viewed as a W{k)-valued point of 
Us, can be lifted uniquely to a point 04 e UA{W{k)) = U^{W{k)); 

- there is a p- divisible group ViUs.^u-A^ M,F^ , gs^o,G) over U^, whose associated 
p-divisible object of M.J-'^ ^-^{U/^) (the Frohenius on U^ being the one induced from a fixed 
Frobenius lift $[73 of U^ as in 3.6.9.1), is isomorphic to 

(Mji,, V4) = (M ®wik) R2, ®w{k) Rt h4{93<fo 1), V4), 

with h4 e G{R^) as the universal element of G defined by U^ and with V4 a connection 
on M ®w{k) R4 respecting the G -action; 

- we have the following universal property: 

UP. For any formally etale, affine morphism £4^ : U4 = Spec(i?4) —>■ Us, such that the 
closed subscheme £4^(2^) has a non-empty intersection with all connected compo- 
nents of the special fibre of U4 and for which we get a p-divisible group P4 over 
U^ , defining (by forgetting the connection of ^{V^)) a p-divisible object Np^^ of 

A^jFjo^i] (-R4) isomorphic to M^^, there is a unique morphism £ : Spec(i?4) — > 

Spec(i?^) such that £2 = £^o£ andV^ is isomorphic to £*{V{Us,^u-,^ M, F^, gs^fio.G)) 
under an isomorphism IS such that, by forgetting the connections, ©(/S*) is the men- 
tioned isomorphism Nb . 

Here Mr^ is defined as in 3.6.1.1: it allows us to get M^^ and M^^ as in 3.6.1.1. 

3.6.11. Corollary. Let H be a smooth subgroup of G having a connected special 
fibre. Let := dimyi/(/;)(if). Let Uj^ — Spec(-R5) be an open, affine subscheme of H 
for which there is an open subscheme U of G containing U ^ such that there are etale 
morphisms b and c making the diagram 

Us ^ U 

b c 

Spec{W{k)[z^,...,Ze^]) Spec(W^(A;)[^i,...,2;d]) 
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to be cartesian (with ifj as the natural inclusion, with a as the natural closed embedding 
defined by: zi goes to zi, for i e S'(l, e^^), and to otherwise) and the origin ao factors 
through the closed subscheme ofUfj defined by Zi = 0, i = l,efj. Let the Frobenius lift 
$i?g of be defined by: Zi (viewed via c as an element of R^) goes to z^ , i = l,e^. 

Then for any g e G{W{k)), there is an N-pro-etale, affine morphism 

£q:Uq^ Spec(i?6) ^ Ujj, 

with the special fibre ofU^ a geometrically connected, AG k-scheme and with iQ^{Zk) = 
Spec(/c) (so there is a unique ae e Uq lifting the factorization of ao through Ufj), such 
that: 

- there is a p- divisible group overUQ whose associated p- divisible object of AiJ-^ ^{Rq) 
is isomorphic to 

{Mr^ , Ve) = (M ^w{k) R^F^ ®w{k) Re, Hg^o ^ 1), Ve), 

with Hq as the universal element of H defined by the p-adic completion of £e; Ve respects 
the G-action; 

- we have a universal property similar to the one described at the end of 3.6.10; 

- there is a closed subscheme of Bk not containing the origin of Hk and such that 
the fibres of £q above points of the special fibre ofUjj not belonging to it, are non-empty. 

The results 3.6.10-11 are a direct consequence of 3.6.1.3 and its proof and of 3.6.9 2) 
and 3). Wc just need to mention two things (for instance in connection to 3.6.10). First, 
£ is uniquely determined by requiring D(r'4) to be isomorphic to £*(M4, V4). Second, 
R4/PR4 has a finite p-basis, as Rs/pRs does have, and so the passage from filtered F- 
crystals to p-divisible groups is achieved via the fully faithfulness property of [BM, 4.1.1] 
and via Grothendieck-Messing theory of [Me, ch. 4-5] (cf. also 3.6.2.0); the usage of this 
last theory is part of the second place where we need p > 2. 

3.6.11.1. Notations. We denote by V{Ufj,^R,^,M,F^,g(po,G) the p-divisible 
group over Uq mentioned in 3.6.11. For n G N, we denote by C/e.n — Spec((56^) the 
scheme constructed as in 3.6.1.3 1), starting from the data of the sextuple 

{Ufj,^R„M,F\~g^o,G). 

We use morphisms 4,n : Spec{Q^.^) Spec(J2^), and £q : Spec(Q^^„_^i) Spec{Q^^^), 
having the same significance as in 3.6.1.3. We can take as Uq the limit of the N-projective 
system £g, n G N, and as £q we can take the resulting VF(A;)-morphism Uq — > Ujj. Let 
Qq be the Vr(A;)-algebra such that Uq = Spec{QQ). 

3.6.12. Remark. We refer to 3.6.11. We can replace "G-action" by ^^-action, 
where is the smallest smooth, connected subgroup of G containing H and the image 
of n and whose Lie algebra is taken by pg(pQ into itself, cf. [Fa2, rm. ii) after th. 10] and 
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Fact of 2.2.9 1). Moreover, it is enough to assume Ufj is a, locally closed subscheme of G 
through which qq factors, having a geometrically connected special fibre and smooth over 
W{k), without assuming that it is the open subscheme of a smooth subgroup H of G'^^'^. 
However, in practice H is either a subgroup containing G'^'^'^ or is an abelian subgroup of 
G isomorphic to Ga" ; in this last situation we can take Ufj — H. 

3.6.13. The standard deformation setting in the context of a SHS. As 

explained in 1.14.2, the reading of 3.6.13-14 should proceed only after the reading of 3.9 
and 3.11-12. We start moving towards geometric contexts. 

Let (/, L(p), v) be a SHS defined by an injective map / : (G, X) ■— > (GSp(VF, iP)tS). 
We use the standard notation of 2.3.1-3 but with G replaced everywhere by G. Let k be 
a perfect field of characteristic p and let 

z:SpeciWik))^Afwik)/Ho. 

Let (M, F^, (/(/jq, G", i/'m) be its attached principally quasi-polarized (not necessarily 
quasi-split) quasi Shimura filtered cr-crystal (cf. 2.3.10). Here G' is a form (not a priori 
inner) of Gw{k)- For simplifying the presentation we assume G' = Gw{k)'i so we do not 
have to mention any more "not necessarily quasi-split" . Let G be the subgroup of G' such 
that under the last identification it is G^j-^-j (see 2.3.1 for the meaning of ^). Here 
g G G{W{k))] strictly speaking (fo is obtained from gipo, as in 3.2.3 (i.e. the Shimura ad- 
joint filtered Lie cr-crystal attached to (M, F^, (/?o, G^(jt)) is of Borel type). We use some 
of the previous notations of this 3.6, adjusted as need (the adjustments are mentioned 
at the right time). In particular we have a direct sum decomposition M = ® and 
ao denotes the origin of G; in the case of this direct sum decomposition, the wording 
"adjusted as needed" refers to the fact that we are not bothered that it is associated to 
a cocharacter n of Gw(k) and not of G itself. 

Let Us = Spec(i?3) be an open, affine subscheme of G = G\Y{k) which is a 
potential-deformation reductive sheet. Let {Mfi^^V^) = (M <^w(k) R^^F^ ®w{k) 
R4jh4^{g(^o 1), V4) be the p-divisible object of AiJ-"^ -^^^{R4) mentioned in 3.6.10 for 

gs — g & G{W{k)). We use the notations of 3.6.10; strictly speaking (M, F^, g(pQ, G, i/jm) 
is not a principally quasi-polarized Shimura filtered cr-crystal but it is "close enough" (cf. 
2.2.9 1) and 1'): we are in a pseudo context) to justify this usage (cf. 3.6.1.6 or 3.6.11). 

Let := Spec{W{k)) ^ XMw(k)/Ho ■^Hq- For similar reasons, we also assume the 
subgroup Hq of G(Ap is "small enough (w.r.t. 2;)" so that the family of Hodge cycles 
{wa)^^ji with which the abelian variety Xw{k) Spec(VF(fc)) over W{k) is naturally 
endowed (through any lift Spec(VF(A;)) ■^w{k) of 2), is defined over W{k) and so it 
gives birth to a family {ta)^^ji of de Rham components of the F°-filtration of T{M) 
and implicitly of the F°-filtration of T(M ®iy(A;) -^4)- To be more concrete, we assume 
Hq = Hi, where Hi is as in 2.3.11. This assumption is not really needed (cf. 3.6.14.2 
below); however, it allows us to avoid using the word "quasi". 

We have: V4(ta) = (as V4 respects the G-action) and h4{g(^o ® i){ta) = t^, 
Vq! e J'' . The fact that G fixes ijjM, implies that ipM defines a principal quasi-polarization 



253 



o{Mr^. Let 

Mr, := (Mfl„V4,V^M)- 
It is a principally quasi-polarized p-divisible object of A4J-'^ ^{R^). Sometimes we prefer 
to regard it as being with tensors (they are t^, a e J'). 

We denote by mnat the natural morphism {J\fw{k)/ Hq)^ — > M /Hq. 

SAl. Let G = Spec(i?3) = Spec(i?4) be the completion of G in its origin (or the 
completion of U4 in 04). From [Va2, 5.4.4] (see 2.3.11 or the proof of 2.3.15) we deduce 
the existence of a VF(/c) -morphism : G — > Hw{k)/HQ such that the completion of 
a4 is mapped into z and the two principally quasi-polarized Shimura p-divisible groups 
over G obtained by pulling back the ones over Mw{k)/ Hq (see Fact 3 of 2.3.11) and over 
Spec(i?4 ) (see 3.6.10) are isomorphic, through an isomorphism lifting the identity in (the 
completion of) 04. Warning: we assume mod p factors through the henselization of 
the localization of Spec(i?4/pi?4) in the /c-valued point defined by a4. 

3.6.14. Theorem (the deformation principle: the expanded form). There 

is an integral, affine scheme Vq = Spec(5'G), which is the p-adic completion of an 
N-pro-etale scheme over a smooth W{k)-scheme, and there are W{k)-morphisms a : 
Spec{W{k)) ^Vcb-.Va^ {Uw {k) / Hq)'' and c-.Vq^ such that: 

a) a4 = CO a and the p-adic completion of z is bo a; 

b) h is obtained by taking the p-adic completion of the composite of an N-pro-etale 
morphism with a smooth morphism while c is the p-adic completion of an N-pro- 
etale morphism; 

c) The special fibre ofVc is geometrically connected and the image of c mod p contains 
an open, dense subscheme of the special fibre ofU^; 

d) If = {N,Fg^,^N,V n,^n) is the principally quasi-polarized p- divisible object 
of J^J-'^ ^{Sg) defined by the principally quasi-polarized p- divisible group of the princi- 
pally polarized abelian scheme Vq bo ^JVw(k)/Ho {•^Ho^'Paho) '^'^^'^ ^g, then there is an 
isomorphism of Ns^ into Msq (the pull back of Mr, through the W{k)-morphism c) 
taking the de Rham component (of the Hodge cycle of Vq bo ^N/Hq ■A.Ho', it is 
viewed as a tensor of N[^] and is obtained similarly to 2.3.12-13) into t^, \/a e J^' (here 
bo := mnat o b). 

Let H be the unipotent radical of the parabolic subgroup of G^^^^ normalizing the 

direct summand F° of M. Let U^j = Spec(i?5) be an open, affine subscheme of H such 
that the conditions of 3.6.11 are satisfied. Wc use the notations of 3.6.11 and 3.6.11.1, 
with g = g. So = dimc(X). Similarly to Mr, above, we define a principally quasi- 
polarized p-divisible object (sometimes viewed of being with tensors) of M.J-'^ ^^{Rq) 

Mr, := (Mjig,V6,V^M). 

SA2. As in SAl we now assume that the similarly defined VF( A;) -morphism from 
the completion of Ujj in the origin into N'w{k)/ Hq, when taken mod p, factors through 
the henselization of the localization of ?)\)qc{Qq/pQq) in its /c-valued point defined by a^. 
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We refer to this assumption (as well as of the one of SAl) as the starting assumption. 

3.6.14.1. Theorem (the deformation principle). There is an integral, afftne 
scheme Vfj — Spec{Sjj), which is the p-adic completion of an N-pro-etale scheme over a 
smooth W{k)-scheme, and there are W{k)-morphisms a : Spec{W{k)) ^ Vfj, b : Vjj — > 
{■^fw{k)/Ho)^ and c : Vfj — > Uq such that: 

a) = CO a and the p-adic completion of z is bo a; 

b) b and c are p-adic completions of N-pro-etale morphisms; 

c) The special fibre ofVfj is geometrically connected and the image of c mod p contains 
an open, dense subscheme of the special fibre ofU^; 

d) If Nsfj = (N, Fg_^,^]sf,'V NjiI^n) is the principally quasi-polarized p- divisible object 
of M-T^ yi^{S jj) defined by the principally quasi-polarized p- divisible group of the princi- 
pally polarized abelian scheme Vfj^o XAfw(k)/Hu (-^Ho^'Paho) ^^^''^ ihen there is an 

isomorphism of Ns^^ into Ms^^ (the pull back of Mji^ through the W{k)-morphism c) 

s - s - 

taking the de Rham component ta" (of the Hodge cycle Wa" of Vjj bo ^N/Ho ^h,,/ 

is viewed as a tensor of and is obtained as in 2.3.12-13) into t^, \/a e J'' (here 

bo := mnat o b). 

Proof: The proof of 3.6.14 is entirely similar to the proof of 3.6.14.1, just the 
presentation in the case of 3.6.14.1 is slightly more complicated. So we prove here only 
3.6.14.1. We do not hesitate (though this makes the proof longer) to take the necessary 
time to explain in detail what the systems of equations of first type as defined in 3.6.8.9 
(can) bring new (besides 3.6.1.3) to the deformation theory of Shimura p-divisible groups. 
Also, as mentioned in 1.14.2, we do not hesitate to refer to parts of 3.9 and 3.11-12. We 
can assume dimc(^) > 0: if G is a torus the above Theorems are trivial. 

A. Let Yi = Spec(5'^) be a smooth, affine M^(fc)-schcme, with a geometrically con- 
nected special fibre, and such that there is a point ai G Yi(W{k)) = Y{'{W{k)) and there 
are VF( A;) -morphisms 6i : — > Mw{k)/HQ and ci : ~^ U^j satisfying the properties: 

A) gq = ci o ai and z = bi o ai; 

B) ci mod p and bi are both etale morphisms; 

51 

C) Denoting {Ay^ , PAy^ ) '■= K («^//o > 'Pahq ) ' family of Hodge cycles {wa")aeJ' 
(with which it is naturally endowed) defined over Yi (and not only over an etale cover 
of Yi) and there is an isomorphism 

d^■.N■.= H}j,{AyJS}^) 4^^M ^^^^^ 
taking the Hodge filtration of defined by Ay^ into ®vK(fe) PAy^ i^^to '0M) 

S- S- 

and the de Rham component t^" of Wa" into t^, Vet G J'; 

C) There is a Frobenius lift of S'j^^ taking Zi into z^ , i G S{l,efj), where the elements 
of the set {^i, Ze^} are forming a system of regular parameters of ai in Yi, such 
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that the resulting Frobenius endomorphism of M ®w(k) (cf. the identification 

di of C)) is gvAaVo ® 1)> where qy^ e G'^(^)(5']^^) mod p is defined by ci; 

D) Denoting by 1^ the ideal of defining the point ai, the principally quasi-polarized 

p-divisible group we get over Spec(5'^^//2) together with its crystalline tensors is 
1 J- '-isomorphic (in the same sense as of 2.2.9 6)) to the principally quasi-polarized p- 
divisible group over Spec(i?5//o) = Spec{Q6/ IqQq) together with its tensors, where 
Jo is the ideal oi Ufj defining aQ. (Here ci allows us to identify Spec(5'^^//|) = 

Spec(i?5//o')-) 

The existence of such a scheme Yi and of VF(A;)-morphisms ai, bi and ci with the 
above properties is just 2.3.15.1. 

B. Over 

Yie := Yi Xw{k) Spec{Q6) 

we have two principally quasi-polarized p-divisible groups (I^i,Px)i) and {V2,Vv2)j ob- 
tained by pulling back through the natural projections from this product into its two 
factors, the principally quasi-polarized p-divisible group of {Ay^ , PAy^^ ) and respectively 
the principally quasi-polarized p-divisible group 

{V{Ujj, ^R„M, F\g^o, G), V'm) 

over Spec(Q6) (cf. 3.6.11.1); they can be viewed naturally as principally quasi-polarized 
Shimura p-divisible groups over Yig. For any n e N, let li6,n be the moduli yie-scheme 
parameterizing isomorphisms between the two principally quasi-polarized, finite, flat, 
commutative group schemes over Yiq defined by the kernels of the multiplication with p"' 
on them. It is an affine scheme of finite type over Yiq. We get an N-projective system 
defined by the natural ("restriction") VF(/c)-morphisms 

'■ ^16,n-|-l ^16, n • 

Let li6,oo be its projective limit. Property D) implies: there is a natural VF(A;)-morphism 

hz : Z := Si^ec{W{k)[xi, Xe^]/ {xi, Xe^^f) Yie.oo 

inducing VF(/c) -isomorphisms Z^Spec{S^^ / 1'^) and Z^Spec{QQ/ IqQq); we can as- 
sume that under the first such VF(A;)-isomorphism Zi mod is mapped into Xi mod 
{xi, ...,Xe^)^, i = l,e^- Here x^'s are independent variables. 

C. Let be the completion of H (or of Ujj) in its origin. From [Fa2, th. 10 and 
the remarks after] (cf. D) and the proof of 2.3.15) we deduce the existence of a unique 
U ^-morphism 

m^: = Spec(S'^) Yie.oo; 

yi6,oo is naturally a Spec((56)-scheme and so a C/^-scheme. We have a natural factoriza- 
tion fz of hz through rrifj. The key point is: 
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E) We can assume the morphism rrifj mod p factors through the YiQ-scheme Yi Xy^g 
^i6,oo;> where the Y\Q-scheme Y\ is defined by £q of the following fibre product: 



Cl 



Spec(Q6) 



Y{^ 



Cl 



D. E) is a consequence (in fact a restatement) of SA2. We stop to digress why 
the statement of the starting assumption is not automatically satisfied. We first remark 
that the composite of fz with the morphism — > Fi is a canonical closed embedding 
az Z ^ Yi (cf. D) and B). The completion of Yi w.r.t. the ideal defining this 
embedding, can be identified with (cf. B)). Let c? and be the natural W{k)- 
morphisms (obtained through this identification) from to Spec((56) and respectively 
to Y/". Let m e N, m > 2. Let Iq := /o5|. Referring to [Fa2, th. 10], when we have to 

pass from things modulo /g" to things modulo Z^"*"^, we do not know a priori that the 
/c-morphism mod p is not changed. To argue this, let P be the parabolic subgroup of 
G normalizing F^; so Lie(P) = F"(Lic(G)). The obstruction of lifting things modulo Iq* 
to things modulo I^'^^, is given by some element 

7m e j9Lie(G) (^wik) lE'/io^^ 

(cf. C) and D) for m = 2). We can modify (as in loc. cit.) by something which is 
mod p so that we have 7^ £ F°(Lie(G)) ®w{k) Iq^/Iq^^^- But this element corresponds 
(as in loc. cit.) to a replacement of a Frobenius endomorphism $^ of M <S>w{k) 
(defined for instance via Vi) by another one (1 — 7m^)$^(l — ^rn)~^ isomorphic to it. The 
new obstruction we get is given by some new element 

7m+i e Lie(G) (^wik) 

But 7m+i is not a priori divisible by p (however: if jrn is divisible by p^, then 7m+i is 
divisible by p). So the induction does not apply. That is why we need SA2. 

E. Let now n G N. The principally quasi-polarized, finite, flat, commutative group 
scheme we naturally have over Spec((56n+i) (^^^ 3.6.2) is defined over the spectrum 
of a Qe^^+i-subalgebra Qe.n+i of Qq^_^i of finite type. So Yiq^^+i is obtained from a 
scheme yi6,n+i,ai of finite type over Yi x^y(fc) Spec((56,n+i) by pull back through the 
natural 14^(A;)-morphism Spec((56) Spec((56,n+i)- From [BLR, th. 12 of p. 83] we 
deduce that the resulting VF(A;)-morphism — > yi6,n+i,ai factors through a smooth, 
affine Spec((56,n+i)-scheme WiQ^n+i (the fact that W{k) is an excellent DVR and U3 
is a potential deformation reductive sheet implies that all hypotheses of loc. cit. are 
satisfied) . 
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There is an affine Fi6,n-scheme ^i6,n which (via the natural projection Spec(Fi6,n) 
Spec((56)) is smooth over Spec((56): for instance we can take 2^i6,n to be the pull back 
to Spec((56) of the Spec((56,n+i)"Scheme 

■^16,71 •= Spec((56 Xspec(Q6,n+i) ^16,n+i; 

as ZIq ^ mod is the same as VFi6,n+i ^oaod we have a natural l^(/c)-morphism 

Zi6,n ^ ^i6,n (cf. 2.2.1.1 2) and Fact'2 of 2.2.1.0). 

From this and D), using a slice, we get an affine VF(A;)-morphism 

t{n) : Spec(T„) ^ Yi6,n 

such that, when composed with the projections of yi6,n on Yi and respectively on 
Spec(Q6)) it gives birth to a formally etale, affine morphism q{n) and respectively to 
an etale, affine morphism s{n) (the fact that q{n) mod p is formally etale can be also 
checked using arguments on Kodaira-Spencer maps). Moreover we can assume that the 
induced (by hz) M^(/c) -morphism Z — > Yi6,n factors through t{n), producing an affine 
W{k) -morphism 

hn-.Z^ Spec(Tn), 

and that (cf. E)) t{n) mod p factors through Yi Xy^g Yiq^^; so the special fibre of the 
14^(/s)-morphism — > li6,n defined by factors through the special fibre of t{n). 
Also we can assume Spec(T„/pT„) is a geometrically connected A;-scheme of finite type. 

By induction on n € N we check that we can choose the things in such a way that 
there is an etale morphism 

tn : Spec(Tn+i) Spec(T„) 

for which we have: 

F) s{n + 1) = s{n) o tn, tn+i o hn+i = hn and P o t{n + 1) = t{n) o tn modp'^'^^. 

F. Proof of F): the ordinary case. The proof of F) is related to the following 
statement: for suitable m e N U {0}, we can not have two formally etale morphisms from 
Spec(T^_i_^) into which are different mod p^ but identical mod p, whose images mod 
p contain an open subset of the special fibre of and are such that the pull backs 
of and of its principal quasi-polarization through them are the same (i.e. are 

isomorphic). We refer to this statement as the statement (n,m). 

The idea is: it is enough to check a statement {n, m) at G'vy(fc)-ordinary points of 
(due to the fact that Spec(T„/pT^) is connected), by using (good) GvK(fc)-i^ultiplicative 
coordinates; here Gvi/(fc) -ordinary points of are in the sense of 3.9.3.1 below. As the 
theory of such coordinates is developed just in 4.1-4 and 4.7 below, we have to work 
around. Such a theory of ordinary points and canonical coordinates is already available 
(cf. [De3] and [Nol]) for the particular case in which the Shimura-ordinary type associated 
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to N (see 4.1) is an ordinary type. So we first prove -based on [Ka3, ch. 2]- statement 
(n, n) and F) for the particular case in which we assume the existence of a dense set of 
ordinary points of A4(f)- 

We can assume s(n + 1) = s{n) o tn and t^+i o ^n+i = hn- For the congruence 
mod of t"" o t{n + 1) and t{n) o it is enough to check that q{n + 1) is congruent to 
g(n) o tn mod . So we start checking that q{n) o is congruent to q{n + 1) modulo 
pm-in) sufficiently large m(n) e N. From [Ka3, p. 151] we deduce that, at the ring 

levels, q{n) o tn is congruent to q{n + 1) modulo the [^^^]-power of any maximal ideal 
of Tn corresponding to an ordinary point Spcc(T„)(A:) (with the notations of loc. cit., 
if X G A(/c)[p"], then p'^^x = 0). But the ordinary points of Spec(T^/pT^) are dense 
(cf. our density assumption and the fact that ordinary points can be recognized working 
mod p). So we can take m(n) = [^^^]- This takes care of the statement (n, n). After a 
relabeling (like becomes T„), we get F). This ends the proof of F) in the mentioned 
particular (ordinary) case. 

G. We come back to the general case and assume (for the time being) that property 
F) holds. Let Spec(Too) be the limit of the N-projective system defined by tn, n & N. 
From F), we deduce the existence of a VF(/c)-morphism 

Spec(T^) ^ yi6,oo 

such that hz factors through it. Moreover, Spec(T(^) together with the VF(A;)-morphism 
Spec(VF(/c)) Spec(Tj^) defined via hz and the logical VF(/c)-morphisms Spec(Tj^) 
Uq and Spec(T(^) — > {N'w{k)/Ho)^ , satisfies all requirements of 3.6.14.1, except of c). 
So to get 3.6.14.1 c), we have to work in a more refined way: we have to show that 
Spcc(Too/i?T'oo) can be obtained from Spec(Ti/pTi) using systems of equations "closed 
in spirit" to those of first type, in the same manner as in the proof of the last part of 
3.6.8.1.2 a); on the way of achieving this we also prove F) in the general case. The needed 
refinement is present in H to K below. 

H. Proof of F): the general case. We work in the general case. We reached 
the situation: over Spec(Ti) there are two principally quasi-polarized Shimura p-divisible 
groups such that their kernels under the multiplication by p are isomorphic; as Spec(Ti) 
is a regular, formally smooth W{k)-sch.eme it makes sense to speak about an isomorphism 
preserving the tensors: by this we mean a filtered isomorphism between filtered, projective 
T/^-modules underlying the filtered F-crystals of these two p-divisible groups, preserving 
the quasi-polarizations and (in the sense of 1 j-/ -isomorphisms) the tensors, and which mod 
p results in an isomorphism Ii between truncations mod p of principally quasi-polarized 
p-divisible objects of M.J^^i-^{Ti). We have: 

G) There is a formally etale, p-adically complete, affine Spec{Ti)- scheme Z^o through 
which the W{k)-morphism hi factors, such that over the special fibre Yoo of Z^o, the 
two principally quasi-polarized p- divisible groups we got naturally over Spcc(Ti/pTi), 
are isomorphic, under an isomorphism which, when viewed (by forgetting the filtra- 
tions) as an isomorphism between p- divisible objects of ^-^{Zqo), lifts the exten- 
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sion of Ii to Zoo, preserves the tensors and in the Z-valued point defined by the 
factorization of hi, is the one defined naturally via hz- 

This is a consequence of F). As we proved property F) only in the ordinary case, 
we need to point out that G) is also a consequence of SA2. To see this we just need to 
remark that SA2 implies directly: 

Fact. Let n e N. The integral closed subscheme of the Spec{Ti/pTi) -scheme pa- 
rameterizing isomorphisms between the kernels of the multiplication by p^ of the two 
principally quasi-polarized p-divisible groups we got over Spec{Ti / pTi) , through which 
the composite morphism of rfiH mod p and of the natural k-morphism Yiq^ooj. — * ^ifi i/,- 
factors naturally, is generically finite over Spec(Ti/pTi) and so etale over Spec{Ti/pTi) 
in its k-valued point obtained from the one of H'^, via this factorization. 

It is worth pointing out that the generically finiteness part of this Fact results also 
from the following obvious Subfact (which is a particular case of b) of 2.2.4 B): 

Subfact. Let ki C /c2 be two algebraically closed fields containing k. We consider 
isomorphisms overW{k2) between truncations mod of two Shimura p-divisible groups 
b{\) = andD{2) = {D{2), {t{2)a)aej) over Wiki), preserving the 

tensors, in the sense that they lift to 1 j/ -isomorphisms (as in 2.2.9 6)) between D{1) and 
D{2). Then the number of such isomorphisms is finite and all of them are defined over 
W{ki). 

We come back to the proof of F). We now show that G) implies F). From the 
Fact we deduce that we can assume Z^o is the jj-adic completion of an afline, N-pro- 
etale Spec (Ti) -scheme. We write Z^o = Spec(T'oo). Prom G) we deduce the existence 
of a natural morphism : Z^ok ^i6,oo- We consider the underlying Too-modulc 
Moo of the F-crystal over Z^ok associated to the p-divisible group over Z^ok (defined 
by the pull back of any of the two p-divisible groups over Spec(Ti/pTi)). The two F^- 
filtrations Fl{Moo) and F2^(Moo) of M^o defined respectively via Vi and V2, might not 
be the same. We consider the principally polarized abelian scheme PPA over Z^o we 
get from (Ayj^^PAyj^) ^^'^ natural pull backs. The "replacement" of Fl{Mao) by F2^(Moo)) 
corresponds to a "replacement" of PPA by another principally polarized abelian scheme 
PPA' over Z^o, which still lifts the special fibre of PPA, cf. Serre-Tate's deformation 
theory (this is part of the second place where we need p> 2). The pull backs (via hi) of 
PPA and PPA' to Spec(W^(A;)) are the same. 

Claim. Passing to an etale cover of Z^o through which hi still factors, PPA' be- 
comes isomorphic (under an isomorphism which in hi is the identity) to the pull back 
of {Aho 1 'PAhq ) through a uniquely determined 0(„) -morphism mf ^ : Zqo M j Hq lifting 
the k{v)-morphism Z^ok — J^k(v)/Ho naturally defined by 

The existence of with Z^o being replaced by its completion in its A;- valued 
point naturally defined by the factorization of hi, is a consequence of 2.2.21 UP (cf. 
Fact 4 of 2.3.11). By passing to an etale cover of Z^o defined by replacing Hq by a 
compact, open, normal subgroup of it such that (Ahqj'Pahq) ^^e natural pull back 
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of the universal principally polarized abelian scheme over Ai/K^{N) (for notations cf. 
2.3.3), the existence of mf^ becomes a statement in the faithfully flat topology and so 
it is a consequence of variants of the deformation theory of [Va2, 5.4.4-6] mentioned in 
2.3.11. By combining the last two sentences, the Claim follows. 

We conclude: mf^ defines naturally a VF(A;)-morphism 

fil ~ 

m : Zoo ^16, oo 

through which hz factors and whose special fibre is As Zqo is the p-adic completion 
of an afline, N-pro-etale Spec(Ti)-scheme, we have a version of m^^ mod p""''^ in which 
^16, oo is replaced by Yi6,n and Z^o is replaced by an etale Spec(Ti)-scheme (again cf. 
2.2.1.1 2) and Fact 2 of 2.2.1.0). This ends the proof of F) in the general case. 

I. To explain in detail this property G), wc need some notations. Let $2 be the 
Frobenius endomorphism of M (>?>vK(fc) induced from the Frobenius endomorphism of 
M 

®w{k) Qe and let $1 be the Frobenius endomorphism of M ^w(k) Ti defined via C) 
and the pull back of the natural p-divisible group on Yi through g(l). For computing $1 
and we choose (for instance) the Frobenius lift of to be the one induced from 
the one of Qq. Let Spcc(T]^) be the hcnselization of the localization of Spec(Ti) w.r.t. 
the /c- valued point defined naturally by hi. 

We can assume the isomorphism Xi (see H) is defined by lM®vK(fc)Ti/pTi ■ Property 
G) is equivalent to: there is hoo G G{T^^) such that mod p is the identity and over T^^ 
we have: 

(17) /iooo(^i«)l) = (^2«)l)o/^oo• 
Working as in 3.6.1.3, modulo powers of p, starting from equation (17) we construct an 
N-pro-etale scheme over Spec(Ti/pTi) as follows. We start working mod . So we are 
trying to find an element hi G G(Ti) which mod p is the identity and for which we have: 

(18) $2 o hi{m/p) = h\o ^i{m/p) mod p^, 
for m e F^, and 

(19) $2 o hi{m) = hi o $i(m) mod p'^, 

II m fc FO. The above congruencies are between elements of M ®w{k) Ti- 

For solving the system of equations defined by (18) and (19), only the expression of 
h\ mod p^ is important. Moreover as we already know the existence of Xi, we can assume 
hi mod p^ defines an element of P{Ti/pTi). So let 7^^ G Lie(P) ®w{k) Ti/pTi be such 

that hi mod is iM^y^^^-^T^/p^T^ +PTh^ (warning: here p7^^ G pUe{P) (S)w(k) Ti/pTi = 
Lie{P)^iv (^k^pTi / p'^Ti) . We choose arbitrarily a VF(/c)-basis {ei, edimvK(fe)(P)} of Lie(P) 
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and a VF(/c)-basis {ni,...,ne-} of Lie (i/). We can assume {ei,...,ee-} is a M^(/c)-basis 
of Fi(Lie(G)). We write 

dimvi/(fe)(P) 

with Xi as variables (thought as elements of Ti/pTi). Moreover we can write hi mod 
as follows 

i=i 

with j/j as extra variables (thought as elements of Ti/pTi) and with lM<g,y^r(^k)Tl/p^Tl + 
p%^ e P{Ti/p^Ti) which mod p'^ is '^m^w^Ti/v^t^ + PTh^- The above equations (18) 
and (19) get translated in a system of equations involving x^'s and y^'s. It defines an 
affine Spec(Ti/pTi)-scheme Spec(T{). Usually it is not reduced; below we are interested 
just in the reduced scheme it defines. 

J. 3.9.3.1 allows us to speak about GvK(fc)-oi^dinary points of Spec(Ti/pTi); their 
definition does not depend on which of the two p-divisible groups over Spec(Ti) (i.e. on 
which of the morphisms g(l) and s(l)) we use to define them (cf. the existence of t(l)). 
From 3.12.1 (applied either in the context of 2.3.11 or in the abstract context of the pull 
back of {V{Ufj, ^r^, M, .gipQ, G), ^lI^m) to H^) we get that they are dense. We have: 

H) Spec(T^') has finite fibres over G-^i^ky ordinary points o/ Spcc(Ti/pTi) with values in 
k, having the same number of points which is a non-negative, integral power of p. 

We get this by looking at the system of equations SEi^it in XiS and j/^ 's we got in 
the following standard manner: 

- the right (resp. left) hand sides of (18) and (19) when combined, can be viewed 
as a product higi (resp. /i2fi'i) mod p^ , where gi is the -linear endomorphism of 
M ®w(k) Ti defined by the formula $i = gifi{^), with /x is as in 3.6.13, and where 

/i2 G G{Ti) is congruent to the identity mod p; 

- considering a sum lM<»w(k)TC + ^i(2)ei) + p(E5=i l/i(2)«'i) which 
mod p"^ is h2. 

So, by computing Xi(2)'s and yj(2)'s (in terms of Frobenius transforms of Xi's and 
l/j's) and by identifying the coefficients of Cj's and n/s, SEinn is obtained by combining 
the equations of (20) and (21) below 

(20) = ^ii^lfj + V •••'^dimw.(fc)(P)'^l' 

i e 5(1, dimvK(fe)(-P))) and 

(21) Li{xl_.^;^, •••,a;dimw.(fc)(P)'^i' •••'2/e^) = 0, 
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i G 5'(dimvK(fe) (-P) + 1, dim^y(fe)(G)); warning: it is not of third type. Here Lj is a non- 
homogeneous hnear form with coefficients in Ti/pTi, i e dimiy(/j)(G')). A system of 
equations with coefficients in an Fp-algebra having the same form as (20) and (21), is 
called of fourth type. 

The first Cfj equations of (20) allow us to eliminate the variables So, over 

the perfection Spec(Ti/pTi)P^''* (of Spec(Ti/pTi)), the last dim^y(fc)(P) — Cfj equations 
of (20) together with the p-th roots of the equations of (21), define a system of equations 
SE in dim^(jt)(G') — variables, which is very close in spirit to one of first type. 

In fact, in any G^^^^-j-ordinary point of Spec(Ti/pTi) with values in k (it defines 
uniquely a fc- valued point of Spec(Ti/pTi)P'^''*), SE becomes a system of equations with 
coefficients in k which is reduced-equivalent to one of first type. Here reduced-equivalent 
means that the reduced schemes of their affine ^-schemes of solutions arc the same 
(i.e. are isomorphic). To see this let (M ®w{k) W{k), g{yG){'Po ® 1),G^(^-)) be the 
Shimura ^-crystal of the pull back of V2 through a G^(^)-ordinary point yc '■ Spec(/c) 
Spec(Ti/pTi). We consider the $T^-Teichmullcr lift zq ■ Spcc(VF(A;)) Spec(T/^) of yo- 
The proof of 3.11.1 c) below shows that there is hs G G{W{k)) congruent to the identity 
mod p and such that ^32;^($i (8) 1) = Zq{^2 <8) l)/i3- As the replacement of ZQ(hi) by 
ZQ{hi)hs corresponds to a change of the extension to W(k) of the chosen W{k)-hasis of 
Lie(P) and of Lie(if), we can assume we are dealing with W{k)-hases of -PvK(fc) 
iiy^Q^^^ such that the VF(^)-submodules they generate are permuted by pg{yG){'^o ® 1) as 
in 3.4.3.0. So we get that yQ^SE) is equivalent to a system of equations (in w^'s) with 
coefficients in k of the form 

p 

i = Sjj -\- 1, dimvK(/fc)(-P) + e/^; we have: = iff z > H-dimvK(/fc)(-P)- Here tt is a suitable 
permutation of the set S'(l, dim^(fc)(P) + e^). Obviously, it is reduced-equivalent to one 
of first type. So the part of H) pertaining to a power of p (resp. to the same number of 
points) follows from 3.1.8.1 (resp. from 3.11.1 c)). 

K. G) guarantees that Spec(T{) is not an empty scheme and that hi mod p fac- 
tors through the normalization Spec(T°') of the integral, closed subscheme of Spec(T{) 
through which the special fibre of Zoo factors naturally. So Spec(T{") is a geometri- 
cally connected Spec (Ti/pTi) -scheme. Moreover, it is an etale cover over an open, dense 
subscheme Ui of the G'vv'(fc) -ordinary locus £1 of Spec(Ti/pTi). 

The same argument as the one used in the proof 3.6.8.1.2 a) applies to give us that 
we can choose Ui to de pend only on the coefficients of the homogeneous parts of the forms 
Li,i = 1, dim^(/j)(G). We state this explicitly as a Lemma; its notations are independent 
of the previous ones and its proof (just an application of 3.6.8.9.0 and 3.6.8.1.2 a)) is left 
as an exercise. 

Lemma. Let m,n with m < n. We consider a system of equations of fourth 

type 
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z = 1, m and 

= L,K,. ..,<), 

i = m + l,n, with coefficients in an integral ¥p-algebra R. We assume that its affine 
Spec (R)- scheme of solutions has finite non-empty fibres. 

Then there is an open, dense subscheme U ofSpec{R) such that for any affine, dom- 
inant, integral Spec{R) -scheme Spec(i?i) and for every n-tuple (ci, ...,Cn) of elements of 
Ri such that the affine Spec{Ri) -scheme Spec(-R2) of solutions of the system of equations 
obtained by replacing above the linear form Li by Li + Ci, Vi G n), has generically a 
finite number of points, Spec(-R2) Xspec(Ji) U is a finite scheme over Spec(i?i) Xsp(,(.{R) U . 

So we can repeat the arguments, for things modulo p"^ (n G N, n > 1). We obtain 
new systems of equations, involving similar linear forms Li{n); moreover the homogeneous 
part of Li{n) is the same as of Li, \fi e S{1, dimvi/(A:) (C)) and Vn G N \ {!}. 

So, entirely similar to 3.6.8.1.2 a), we deduce that we can assume Yqo is an affine 
Spec(Ti/pTi)-scheme which is a non-trivial N-pro-etale cover above Ui. In other words, 
coming back to the paragraph G, we can assume the morphism Spec (Too /pToo) 
Spec{QQ/pQQ) has an image which contains an open subscheme of Spec{Qe/pQQ). This 
takes care of 3.6.14.1 c), ending the proof of 3.6.14.1. 

3.6.14.2. Exercise. Show that 3.6.14 and 3.6.14.1 remain true, as mentioned in 
3.6.13, without the assumptions made in 3.6.13. Hint: the only difference is that we have 
to work with different de Rham tensors, which become linear combination of de Rham 
components of Hodge cycles, after passage to an etale morphism. 

3.6.14.3. Exercise. Restate 3.6.14.1 and 3.6.14.1 in terms of a A;-valued point y of 
Mw{k)/ Hq, instead of a VF(A;)-valued point z of Mw{k)/ Hq. 

3.6.14.4. Variants. We do not know when the starting assumptions SAl-2 are 
satisfied. Instead of open subschemes of G = G^^^-^ or of H, we can work with etale 
schemes over them; so the chances of being able to verify such starting assumptions, in 
new contexts which can be still of great use, are much higher. When there are no hopes 
to get any useful starting condition, in 3.6.14 d) and 3.6.14.1 d) we have to work with 
truncations mod p^ of p-divisible objects involved (n G N); in such a situation we do 
not need to pass to N-pro-etale morphisms. There are three variants of working with 
truncations mod p^: below wc detail them in the context of 3.6.14.1 (so that we can 
use the notations of the proof of 3.6.14.1). Warning: for below variants, no starting 
assumption is needed. 

In the first variant we entirely ignore the extra Shimura structure and keep track 
just of principally quasi-polarized, finite, flat, commutative group schemes; it stops at 
the existence of the iy(A;)-morphism t{n) of 3.6.14.1 E. 

In the second variant we essentially ignore the tensors but we keep track of the 
extra Shimura (Lie) structures. Let li6,n = Spec(-Ri6,n) be the integral, closed, affine 
subscheme of yi6,n through which the composite ofrrtfj with the natural VF(/c)-morphism 
^16, oo Yi6,n factors. YiQ^n might not be formally smooth over W{k). However, it is 
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faithfully flat over Zp and so we can still speak about Hj := Hl^^^iVjy^^ /^le n) so 
about the -Ri6,n-submodule Qj of 'Eind^H^ / Hj) obtained naturally by pulling back the 
Lie submodule of the kernel of the multiplication by p"^ of Pi, j = 1, 2. We have a natural 
identification of Hi mod with H^ mod and so of their End's; these identifications 
preserve the filtrations. We consider the maximal closed subscheme ZiQ^n of Yi&,nWn{k) 
with the property that under this identification of End's, 0i mod is 02 mod p"; as 02 
and End(if2^)/p"End(if2^) are free ^le.n/p^^ie. 

^-modules, its construction is obvious. 
Using n times [BLR, th. 12 of p. 83] we deduce, cf. the existence of mfj, that we can 
assume t{n) factors through Yi6,n in such a way that mod it factors through ZiQ^n'- 
first time, we achieve this factorization mod p, then mod p^, etc. (as in 3.6.14.1 E we 
can "put" everything in a finite type context). We conclude (cf. 2.2.20.1 9)): 

Fact. We can assume that over Spec(Tji), the crystalline counterparts of the kernel 
of the multiplication by p^ of (VijV-Di) o,nd of {V21VV2) become isomorphic. 

In the third variant we fully keep track of the tensors: it is easy to state the above 
second variant in a way that keeps full track of the tensors, provided we either assume 
ta e T{M), \fa e J, or we treat the tensors as in 2.2.14 (we just have to define ^i6,n in 
a way that keeps track of these tensors as well). 

3.6.14.4.1. It seems to us possible to prove directly, using (at least in the case 
(G, X) is of compact type) just the techniques of 3.6.14, the following expected result. 

Expectation. We assume k = k. Let n E N. There is a W{k)-valued point of 

Mw{k)/ Hq whose special fibre factors through the same connected component of Mk as y, 
such that the crystalline counterpart (see 2.2.20.1 9)) of the kernel of the multiplication 
by p^ of the Shimura p- divisible group we get over W{k) through it, is isomorphic to the 
crystalline counterpart of the same type of kernel of the Shimura p-divisible group we get 
through an arbitrary W{k) -valued point of Spec{QQ). 

3.6.15. The completion property. For the sake of presenting most of the twelve 
fundamental principles (of 1.2.3) in a reasonable compact form, we now include the 
following expected result. We continue to refer to the context of 3.6.13 and to assume 
k = k. Let y : Spec(/c) Hw{k)/ Hq be defined by z. 

A. Expectation (the completion property). Giving g\ e ^^^^^{W {k)) , there 
is a point zi : Spec(VF(A;)) Mwik^/Ho lifting a k-valued point of the same con- 
nected component of Afk/Ho through which y factors and such that its attached prin- 
cipally quasi-polarized Shimura filtered a-crystal (^Mi, F^, (pi,G\Y(^if^, {tia)aej' ji^Mi) is 
1 J' -isomorphic to {M, , giipo, Gwik)Atc)aeJ' ^ i'M) ■ 

This Expectation is proved in §11; see also 4.12 below. The initial motivation for 
this expectation is based on 3.6.14.4.1 and on the following Fundamental Lemma. 

B. Fundamental Lemma. Let {M,(f,G) (resp. {M,(f,G,pM)) be an arbitrary 
a-S-crystal over k (resp. an arbitrary a-S-crystal over k endowed with a perfect bilinear 
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form pm '■ {M,(p) ®w{k) {M.ip) — >• W{k){n{ip)) normalized by G and for which the W- 
condition holds; here n{(p) G Z). Then there is n such that for any hn G G{W{k)) 
congruent to the identity mod p"^ (resp. congruent to the identity mod p"^ and central- 
izing pm), {M,hn^,G) (resp. {M,hn(p,G,pM)) is isomorphic to {M,Lp,G) (resp. to 
{M, hnf^, G,pm)) under an isomorphism defined by an element of G{W{k)) . 

Proof: We can assume v := dim^^fc) (Lie(GB(fc))) is at least 1. We first deal with the 
context without pm- Let sl{(p) E NU {0} be the smallest number such that p^^^^^ip takes 
Lie(G) onto itself. Using Dieudonne's classification of isocrystals over k for the isocrystal 
(Lie(GB(fe)), if), we consider a B(A;)-basis 

B = {ei, ...,ey} 

of Lie{GB{k)) formed by elements of Lie(G) such that there is a permutation ttl of S{1, v) 
with the property that it can be decomposed into a product of disjoint cycles Ci,..., Cg, 
with s e N, each such cycle Cj^ = (ai, Oq), with £ S{1, s), having the property that 
V'lea,) = ea,+, if j e S{l,q-1) and <^(e„J = p-«"i'-'««))e„, , with 

n((ai, aq)) G Z 

relatively prime to g G N. Let m e N be such that p'^Lie(G) is included in the W{k)-span 
E of B. We take n e N such that 

{EST) n > 2m+ 1 + sl((/p). 

We want to show that there is h E G{W{k)) congruent to the identity mod 
pm+i+SL{^p) g^j^^ such that hhn^ = ^h. By induction on t G N we show that there is 
h G G{W{k)) congruent to the identity mod and such that hhn(ph~^(p~^ G 

G{W{k)) is congruent to the identity mod p'^+*. It is enough to deal with the case t=l. 
We use what we call the stairs method (modeled on < ei, e^, >). 

We take h = h}h?, where 

{PROD) h':= II {iM + xip^^ei), 

ieS{i,v) 

with tti G N depending only on the cycle C of ttl to which I belongs and with xi G W{k)., 
and where h? G GL{M){W{k)) is congruent to the identity mod p^+'^+^Lif) ^ always 
take ui as the maximal possible value allowed by hn in the sense that , up to elements of 
GL{M){W{k)) congruent to the identity mod p'^+^+^^iv) ^ can be similarly written down 
as such a product h^ — h\h'^. In particular, we always have ui > n — m > m + 1 + SL{ip) 
and so the order in which products of the above form (PROD) are taken is irrelevant mod 
p2{n-m) mod p"^+i+«i'(v')j ^j^is also guarantees that hn, up to elements congruent to 

the identity mod p^+i+SLi-^) ^ ^an be similarly written down as such a product. Warning: 
is not in general an element of G{W{k)); however, mod p^+^+SLif) [g g^j^(j 
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as G is smooth, we can always choose h? such that h e G{W{k)). The expression of 
hhnfh~^<f~-^ e G{W{k)) mod p^'^^ does not depend on h"^. 

Moreover, if h' = nies(i v)i^ + x'ip'^'ei), with all a;|'s in W{k), then hh' is congruent 

mod p^+i+SiCv') to UieS{i,v)[^ + i^i + ^z)p"'ez]. We call this property as ADD. 

We need to show that we can choose xi's such that hhnfh~^ip~^ G G{W{k)) is 
congruent to the identity mod This boils down to: if hn is not congruent to the 

identity mod p^^^ , then we can choose a;/'s such that writing hhn'^h~^(p~^ e G{W{k)) 
as a product as in (PROD), we can replace ui by ui + 1, V/ G S'(l, w ). Concentrating on 
a fixed cycle C '■— Ci^ of ttl, we need to show the existence of solutions of a system of 
equations over k of the following circular form 

(22) bjXa^ =djxP._^+Cj, 

j e S{1, q) (here g + 1 = 1), where Cj, dj e k, and with: 
-bj = l for all j e S{1, q), if n{C) > 0, and with 

- bj = 1 for all j E S{l,q — 1) and with 6q = and all d/s equal to 1, if n{C) < 0. 

The above system of equations is viewed over k and its shape can be obtained as 
usual, by working mod p in the context of the VF(fc)-submodule of E generated by all 
these p'^'-eis. In other words, based on ADD, the variable Xa^ is defined as: 

- Xa^ mod p, if n(C) > 0; 

- Xaj mod p for j ^ q and as mod p for j = q, where j/a^ ^ VF(/c) is defined by 
the identity Xag = P~^^^^yag (i-e. we take a^a^ to be divisible by p""*^*^)), if n{C) < 0. 

So, we just need to show that such a system of equations does have a solution: in 
case n{C) > 0, 3.6.8.1 (with s — and / = 1) applies directly (as k = k), while in case 
n{C) < we can just apply the fact that k is perfect; if n{C) > it is easy to see, without 
appealing to 3.6.8.1, that (22) does have solutions in k. This ends the proof in the context 
without pm- 

We now deal with the context involving pM- We can assume G does not fix pM- Let 
T be a 1 dimensional torus of Z{G) which does not fix pM and which has a split Zp- 

structure Tz^ such that the elements of Tx^{1ip) = GmC^p) are naturally isomorphisms 
of (M, (/7,G); this is nothing else but end of 2.2.9 12) adapted to (M, G,pm)- Let r/ 
be the rank of the maximal finite, fiat group subscheme of T fixing pM- Let 

m(r/) e N 

be the smallest number such that any element of GmC^p) congruent to 1 mod p'^^'^f^ is 
the r/-th power of an clement of G^(Zp). Wc get: 

Fact. Va G Gm,(Zp) congruent to the identity modulo p'^^'^f\ {M,ip,G,pM) and 
{M,(p,G,apM) are isomorphic under an isomorphism defined by an element ofT{Zp). 
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So the Lemma in the context involving pu foUows from this Fact and from its part 
in the context without pm' we just need to take n e N such that 

(ESTP) n>max{2m+l + SL{(p),m{rf)}. 

3.6.16. Definitions and remarks. 1) We say Af has the completion property, if 
3.6.15 A holds. 

2) The smallest possible value of the number n of 3.6.15 B, is called the isomorphism 
deviation of (M, G) and is denoted by isom — rf(M, G). 

3) To our knowledge, 3.6.15 B was not known previously even for the classical 
situation when G = GSp{M,pm) and (M, </?) is an object of p — M.[q^i\{W {k)), with M 
of rank big enough (like greater than 7). 

3.6.16.1. Terminology. All connections used in 3.6.1-16 as well as in 2.2-3 are 

called (in the honor of their source [Fa2, th. 10 and the remarks after]) Faltings connec- 
tions. 

3.6.17. Solution of 3.6.6.0. We proceed by induction. We can assume g2 e 

PQ{W{k)) and k = k. So we can replace (/?o by (fi (we recall that Pq = Pi, cf. 3.3.2). But 
[M, , g2<fi) is itself cyclic diagonalizable: based on 3.3.4 and 2.2.3 3), the elements of 
q[^] fixed by g2'^i take F^[^] into itself and form a reductive Qp-Lie subalgebra of g[^] of 
the same rank as dip]- So 2.2.18 applies and so (cf. its proof or cf. the Fact of 2.2.22 1)) 
there is a torus of Pq whose Lie algebra is normalized by g2<Po- Using Zp-structures as in 
2.2.9 8), wc get that we can assume it is a maximal torus. Arguments as in the proof of 
Fact 1 of 2.2.9 3), show that, up to isomorphisms defined by elements of PQ{W{k)), we 
can assume it is T itself. So g2 G Po{W{k)) normalizes T and so g2'fi has all properties 
of <fi we needed to get 3.4.3.0. Not to introduce extra notations, we can assume g2 = 1m- 

Let gs G G{W{k)) be congruent to the identity mod p"\ m G N. So gs mod p'^+^ 
can be written down as 1m +p^x, with x = xi + X2, where xi G po and X2 belongs to the 
Lie algebra p<o of g corresponding to negative slopes of {g,(pi). We take h G G{W{k)) 
such that mod p'^+'^ is 

si dimvv(fc)(p<o) 

8=1 8=Sl + l 

where Cq G po, y^'s are elements of W{k), Si :— ^^^^ dim^y(fc)(Mi) and {ei,...,es^} 

(resp. {csi+i, ...,edimH.(fe)(p<o)}) is a W{k)-hasis of Uiei (^^^p. of Uiei ^i) formed 
by elements normalized by T (cf. the proof of 3.6.6 for notations). 

Let Bo be an arbitrary VF(A;)-basis of po- Let Bi be the W{k)-hasis of Lie(G) ob- 
tained by putting Bq and {ei, edimxv(fe)(p<o)} together. As in the proof of 3.6.15 B, the 
congruence hgsipih~^ — 1m = mod p'^+^ gets translated in a system of equations SE 
with coefficients in k in the d variables obtained by taking the reduction mod p of all j/^'s 



268 



and of the coefficients Zg^s, s G 5'(dim;y(;j-)(p<o) + l,d), of cq w.r.t. Bq; the equations 
of SE are obtained by identifying with the coefficients of hgs(pih~^ — 1m mod 
w.r.t. reduction mod p^+^ of Bi. SE is a direct sum of two subsystems SEi (involving 
just the variables Zg^s) and SE2 (involving just the variables ^s's). SEi is a system of 
equations of first type in dimvi/(fc)(po) variables. Moreover, as A; = A;, SE2 is a disjoint 
union of systems of equations of exactly the same type as the ones obtained in the proof 
of 3.6.15 B, corresponding to n{C) < (cf. the Weyl decomposition of 3.4.3.0). So as in 
the mentioned proof, SEi and 5' £'2 have solutions in k. So using induction, up to inner 
isomorphisms, we can assume = 1m- This solves 3.6.6.0. 

3.6.18. General principles for connections in Fontaine categories. Let 

m G N U {0}. The notations to be used in 3.6.18-20 are entirely independent from the 
previous notations of §3, except that k and a will have the same meaning. We keep 
assuming p > 3, though all arguments below, except very few exceptions, work for p — 2 
as well; these exceptions are listed in 3.14. In this section 

R:=W{k)[[zi,...,Zm]] 

is the ring of formal power series in m variables with coefficients in W{k). Let be an 
arbitrary Frobenius lift of R. 

Any object of a category M.J^[a,b]iR) lifts to a p-divisible object (see Fact of 2.2.1.1 
6) and 2.2.1 f)). So we prefer to look at such objects as being obtained from truncations 
(mod p", for some n G N U {0}) of p-divisible objects, by a repeated finite process of 
extensions (via short exact sequences). 

We start with a p-divisible object 

€ := (M <»w{k) R, <^wik) R, 

of AlJFjo^i](-R). Here M is a free VF(/c)-module of finite rank, is a direct summand of 
M, while $ is a linear endomorphism of M ®vi/(fc) -R producing an isomorphism (still 
denoted by ^») of i?-modules 

$ : (M + ^F^) <»R ^^R^M (»w{k) R- 

A natural question arises: 

Q Is there a p-divisible group over i?, whose corresponding p-divisible object of 
•^•^[0 when viewed just as a p-divisible object of M!F[q^i\{R), is d 

If its answer is yes, wc say €. is induced from a p-divisible group. Similarly wc speak 
about £ being induced (cf. also 2.2.1.3) from a p-divisible object of M.T^ ^{Ri) via a 
VF(A;)-homomorphism i?i R, where Ri is a regular, formally smooth VF(/c)-algebra. 

3.6.18.0. Types of Frobenius lifts of R. [Fa2, th. 10] can be restated: the 
answer to Q is yes provided $_r is of the form ^R{zi) = z^, i = l,m. This assumption 
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(on the special shape of ^r) has been made in [Fa2, ch. 7] (quoting) "for technical 
reasons" . 

Let S{m) := 5(1, m) and let S{M) := S{l,dimw{k){M)). Any Frobenius lift of 
R is uniquely determined by equations 

(23) ^R{Zi) = +pPi{zi,...,Zm) + pLi{zi, Zm) + Pli, 

where Pi = X^^2 Q^i^ with Qu a homogeneous polynomial of degree i > 2 in m variables, 
where Li is a linear homogeneous polynomial and 7^ G W{k), \fi G S{m). It is easy to 
see that by replacing Zi by Zi +pdi, with di G W{k) conveniently chosen, Wi G S{m), we 
can assume ji — 0, Wi E S{m): by induction on / G N we can check that we can assume 
p^ divides ^7^; this is the general argument showing the existence of (the well known) 
Teichmiiller lifts. We assume this from now on. 

We can write the Frobenius endomorphism $ of M <Siw{k) R in the form 

^^gR{(p®l), 

where qr G GL{M){R) modulo the ideal {zi, ...,Zm) of R is the identity element 1m of 
G{W{k)) and where </? is the cr-linear endomorphism of M obtained from $ by taking 
Zi = 0, Vz G S{m). So what we are trying to do (for answering Q), is nothing else but 
to deform over R the p-divisible group '■— D~^(M, F^, </?) over W{k), in the way 

"prescribed" by €. The use of D~-^ is part of the second place (see 3.6.2) where we need 
p>2. 

We write 

m 

Li(^Zi, Zjn) = ^^ClijZj, 
J = l 

with ttij G W{k), G S{m). We obtain a matrix A{^r) G Mm{W{k)), having a^- as 
its entries. Let 

A{^r) g Mm{k) 

be the matrix obtained by taking A{^r) mod p. We call A{^r) (resp. A{^r)) the linear 
part (resp. the /c-linear part) of ^r w.r.t. zi, z^- To study how A{^r) changes under 
a VF(/c)-automorphism of R which modulo its ideal {zi,...,Zm) is the identity, we can 
restrict to linear VF(/c)-automorphisms, i.e. to VF(A;)-automorphisms of R taking Zi to 
Yl^=i ^ij^ji with hij G W{k) defining an invertible matrix B G GL^(VF(A;)) (argument: 
a VF(/c)-automorphism of R which is the identity modulo (^1, ...,2^)^, does not changes 
A{(^r)). Under such a linear VF( A;) -automorphism the matrix A{^r) is replaced by 
(7{B)A{(^r)B-'^; so A($fl) is replaced by 

mA{^R)B-\ 

with B G GLm{k) equal to B mod p (see end of 2.1 for the meaning of B^^^). 
In what follows it is important only how A{^r) looks like. 
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3.6.18.0.1. Terminology. If = 4 (resp. if ^R{zi) = {zi + If - 1), 

Vz e S{m), we speak about an additive (resp. multiplicative) type Frobenius lift of R. 
If A{^ji) (resp. A{^ji)) is an invertible (resp. a nilpotent) matrix, we speak about an 
essentially multiplicative (resp. additive) type Frobenius lift of R. We also say that 
is of (essentially) multiplicative (or additive) type. 

3.6.18.0. 1.1. The global context. Here, as a digression, we globalize the above 
terminology. We consider now an arbitrary regular, formally smooth VF(A;)-scheme X 
equipped with a Frobenius lift where k is an arbitrary perfect field. We consider 
a closed embedding y : Spec(A;i) ^ X, with ki an algebraic field extension of k. We 
say ^ij^ is a multiplicative (or additive, or essentially multiplicative or additive) type 
Frobenius lift of X in y, if the Frobenius lift of (the l^(^)-algebra of global sections of) 
the completion of X in y induced naturally by is of the corresponding type. 

3.6.18.1. Notations. Let /(O) := dimw(k)iM/F^) and /(I) := dimw(k){F^)- We 
denote by s{i) the multiplicity of the slope i for (M, (^), i G {0, 1}. So s(0)s(l) is the 
multiplicity of the slope —1 of the Lie a-crystal (End(M), </?). Let r be the number of 
non-zero eigenvalues (counted with their multiplicities) in k of A($ij); we refer to it as 
the rank of ^r. 

3.6.18.1.1. Remarks. It is easy to see that r is well defined regardless of all 
choices (cf. also 3.6.18.4 B) below). In particular the notion of essentially additive type 
Frobenius lift of R (case r = 0) is well defined. We can have r = without A{^ji) being 
0. So, if m > 2, we have plenty of essentially additive type Frobenius lifts of R which are 
not of additive type. 

On the other, if A; = it can be easily checked that, up to a suitable change of 
variables, the notions of multiplicative type and of essentially multiplicative type coincide. 
We sketch the argument for this well known fact. If $(2;^) = (2:^-1-1)^ — 1, i = l,m, and 
if $1 is an essentially multiplicative type Frobenius lift of R taking [zi, Zm) into itself, 
then by induction on g e N we show that (up to a change of variables) we can assume 
^{zi) — ^i{zi) e p{zi, ...,Zmf~^^, Vi G S{l,m). For q = I this is a consequence of the 
fact that for any A e GL^{W{k)), there is S e GLm{W{k)) such that a{B)B-'^ = A. 
Assuming that the statement is true for g — 1, to prove it for g, we show by induction on 
/ e M that we can assume ^{zi)—^i{zi) G p''~^^{zi, Zmf+pizi, Zmf~^^, Vi G 5(1, m): 
if ^{zi)-^i{zi) =p^Pi{zi, ...,Zm) modulo ^'+^(^1, z^f +p{zi, ...,Zmf+'^, with Pi's as 
homogeneous forms of degree g, then replacing Zi by Zi —p^~^Pi{zi, Zm) we get that we 
can assume that Pj's are all 0. As Rm is {p,zi, 2TO)-adically complete, the conclusion 
follows. 

But this is not so ii k ^ k; example: if A; = Fp then ^R{zi) = {zi -|- 1)^ — 1 -|- p^Zi is 
not of multiplicative type, as its linear part w.r.t. 2:1, 2;^ is not conjugate over Zp to 
the identity matrix of MmC^p)- 

3.6.18.1.2. Exercise. We assume r = 0. Show that there is a sequence of ideals 
(/n)n6Nu{o} of R such that Iq = R, flneN-^n — pR^ In-i/In IS isomorphic to k as an 
-R-module and d^j^^/p{In) C In+i^'^j^t^-^i Vn G N. Hint: we can assume A{(^Bi) is 
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nilpotent and lower triangular; so G [p, Zi+i, z^) + {zjs)j,seS{i,t))^R/w(k)^ 

Vz e S{l,m) (so we can take Ii = (p, 2;f,2;2, ...,2;^), /2 = {p, zj, z^, Z1Z2, Z3, Z4, ....,2^),..., 

m = (P) + (^1, •••,2;^)^, Im+l = (P) + {Z2, Zm)"^ + (zf) + Zi{z2, Zm), etc). 

3.6.18.2. The generic situation. This is obtained by requiring: 

a) (M, to have all slopes and 1 and (M, F^, ip) to be diagonalizable; 

b) $fl(^,) = {z^ + 1)P -l,Wte Sim); 

c) k = k. 

We have: 

Fact. For any n e there are precisely 

^nm/(0)/(l) 

connections on C/p"'(t, regardless of the shape of qr. They are all integrahle and nilpotent 
mod p. 

Proof: The first part is just a very particular case of 3.6.18.4 B) below (which 
is proved independently of this proof). However, we felt it is appropriate to in- 
clude a separate proof of it, to make the connection to previous work (in particu- 
lar, see [De3]) and to prepare the reader for the general case. We consider a W{k)- 
basis B = {ei, edim^(^)(M)} of M such that ip{ei) = p^'Ci, with Si E {0,1}, 
Vz e 5(1, dimpy,;fc-)(M)). Let /° (resp. /^) be the set of those z's such that = 
(resp. Si = 1); so /(O) = |/°| and /(I) = |/^|. We can assume that gn fixes all e^'s with 
i E and that, Vz e we have 

gniei) - ei = ^ cnj^^j, 
j€i° 

with all aij's in R. The argument for this is entirely the same as the inductive argument 
of 3.6.18.1.1. 

But any connection Vn on M i^wik) R/p^R which makes €/p'^€ potentially to be 
viewed as an object of A4J^[o^i]{R) annihilates all e^'s with i E and, Vz E it takes Cj 
into 

m 

{NAB LA) a.jiCjdzi, 

1=1 jeio 

with ttiji E R/p^R such that mod we have 

(24) aiji = ^R{aiji){zi + 1)^^"^ + 

V(j, I) E Iq X 5'(1, m). Here hijis are elements of R such that we have equalities 

m 

(25) y^^bjjidzi = dajj, 

1=1 
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"^{ijj) G /i X Iq. Starting from the shape of V we get that, V/ e S{l,m) and \/fr G R, 
we have: 

(NO) V{-^r{frei) = Omodp 

if z e Jo and 

{Nl) V{—fP-\frei) = Omodp 

OZi 

if i G Ii. So Vn is nilpotent mod p (wc could just quote 3.6.1.1 2) but (Nl) is slightly 
more precise than loc. cit.). To check that Vn is integrable, we just need to show that 
the differential form 

(DF) w:= ^ ttijieijdzi 

{i,j,l)£liXloxS{l,m) 

is closed, where {eij\i,j G 5'(1, dim^(fc)(M))} is the VF(A;)-basis of End(M) defined 
naturally (as in 3.6.8 3)) by B. But from (24) we get that 

{EQ) dw= ^R{daiji)eij{zi + l)P-^dzi = ^R^/p{dw). 

{i,j,l)€liXloxS{l,m) 

So the differential 2-form dw is zero mod p. Plugging this in the right hand side of (EQ) 
we get that dw is zero mod p^, etc. Using mathematical induction we get dw = 0. 

As ^R{aiji) mod p is a^^i mod p and as 2;^ + 1 is invertible in R, the number of such 
connections Vi is p'^^W^W (cf. (24)). But using the constancy property (see 3.6.8.9), 
3.6.8.1.2 a) and c) and induction on n G N, the Fact gets reduced to the case n = 1. This 
proves the Fact. 

3.6.18.2.1. Two philosophies. The reason we call this the generic situation is 
related to [De3, 1.4.7]. There are two philosophies at play: 

- any p-divisible group over k is the specialization of an ordinary p-divisible group 
(cf. 3.1.8 and 3.1.8.1); 

- whatever we can prove for the standard situation and docs not involve the precise 
non-negative, integral power of p of the number of solutions we get for different systems 
of equations (in the other cases we get smaller powers of p), can be proved in the general 
case (in particular we always get solutions). 

As samples for this second philosophy see 3.6.18.4 below. This second philosophy 
works also in the more general context where the category AiJ-'[o^i]{R) is replaced by 
another one A4J-'[a,b]{R)j with a, 6 G Z, a < 6 (so we keep 3.6.18.2 b) and c), while 
3.6.18.2 a) is modified accordingly; see 3.6.18.5.5 below). 
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3.6.18.2.2. Remark. Let Cq be an object of AlJF[o^i](-R) which is the extension of 
an object of MJ^[i^i]{R) by an object of A4J^[ofi]{R). Then the same arguments of the 
proof of 3.6.18.2 apply to get that any connection on Cq is integrable. 

3.6.18.3. Example. It is easy to see that the question Q does not always have a 
positive answer. Here is a simple example for which the answer to Q is no. Let R = 

with — l) — {t — We take M to be a free Zp-module of dimension 2. Let {x, y} 
be a Zp-basis of M such that {y} is a Zp-basis of F^. Let = x and $(y) = py + ptx. 
There is no connection V on M R ior which $ is V-parallel. Argument: such a 
connection must annihilate x and takes y into axdt (to be compared with 3.6.1.4 2)), 
where a & R, when taken modp, must satisfy the equation u^{t — 1)^~^ = tt+ 1 in tt with 
coefficients in R/pR; as the equation = v + 1 has no solution in Fp, no such a exists. 
On the other hand, it can be checked by directly computing a (for instance, cf. the proof 
of 3.6.18.2; see also 3.6.18.4 below) that, if we move from Zp to VF(F) (i.e. if we replace 
Fp by its algebraic closure), {M W{^)M\^ ®ip ^{^)M\^ $ O 1) is induced from a 
7?-divisible group over 14^(F)[[t]]. So the "obstruction" in the existence of V is: the field 
Fp is not "big enough" . 

3.6.18.3.1. Lemma. If there is an integrable connection V on M ®w{k) R which 
makes C to he viewed as a p-divisible object of A4J^^ ■^^^{R) , then C is induced from a 
p- divisible group. 

Proof: The connection V is also nilpotent mod p, cf. [Fal, p. 34] or 3.6.1.1.2. So 
it allows us to change the Frobenius lift of R to one of additive type, cf. [De3, (1.1.2.1)]. 
Now everything results from 2.2.21 UP. 

3.6.18.4. Theorem (the universal local V principle for M.!F[q^i\). We assume 
k = k. We have: 

A) There are connections on €. 

B) Let n G N. The number of connections on C/p^C is pnrs{o)s{i) . ^^^^ number is 
smaller or equal to p'^'^-fi'^^fW . Each such connection lifts to precisely p'^^^^^^^^^ connec- 
tions on C/p'^'^^C 

Proof: A) follows from B); in fact its proof is contained in the proof of 3.6.1.3, cf. 
3.6.8.4 1) to 3) and the constancy property of 3.6.8.9. For future references the proof of 
B) is divided into parts, indexed by numbers attached to the right of the letter P. 

PI. The inequality part of B) is obvious. From 3.6.8.1.2 c) and the constancy 
property of 3.6.8.9 we deduce that for the counting part of B) it is enough to show that 
the number of connections on €/p€ is precisely As k = k, from 3.6.18.0 we 

deduce that we can assume the matrix A{^ji) is upper triangular. To construct (get) a 
connection on <t/p€ is the same thing (see 3.6.8 (3)) as getting a solution in R/pR of a 
system of equations of the form 
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I) e S{M)xS{M)xS{m), where Li ji are linear homogeneous forms in m dimvi/(fe)(-^)^ 
variables and where Ciji G R/pR, V(i, j, /) e S{M) x S{M) x S{m). 

P2. This system of equations defines an etale, affine scheme over Spec{R/pR), cf. 
3.6.8.1.2 a). We consider the ideal / := {zi,...,Zm) of R/pR. As R/pR is a strictly 
henselian ring, it is enough to look at this system of equations modulo /. Due to the 
upper triangular form of this system of equations modulo / can be "separated": 

Fact. In the expression of L^ji modulo I only those variables Xiji' show up for which 
V < I. 

So this allows us to assume m = 1: first we solve the subsystem of equations we get 
in variables x^ji's; we use any solution of it to get a new system of equations in variables 
Xij2S (in other words, x^i's become constants for this new system of equations involving 
just Xij2s); etc. (the induction applies; warning: all these are modulo /). From now on, 
as m = 1, we drop the index I. So modulo / we get a system S of dim^(/j)(M)^ equations 
in dimvK(fc)(-^)^ variables with coefficients in k. 

P3. If A($i^) G /c is 0, then the system S is of the form Xij = dij, {i,j) e S{M) x 
S{M), with dij G k. Obviously it has a unique solution. So we can assume P := A{^ji) G 
k is non-zero (in fact we can assume /3 = 1). 

Modulo /, qr contributes only to the coefficients dij (obtained by taking Cij modulo 
/). So 3.6.8.1.2 c) implies we can assume qr is the identity element of GL{M){R). 

P4. We present first the particular case when {M,F^,ip) is cyclic diagonalizable. 
We consider a W{k)-hasis {ei\i G S{M)} of M. We can assume there is a subset S{F^) 
of S{M) such that {ei\i G S{F^)} is a W{k)-hasis of and there is a permutation tt of 
S{M) such that ^(ci) =pe^(j), ifi G S{F^), and (^(ej) = e^(i), ifz ^ S{F^) (cf. 2.2.1 d)); 
let d{n) G N be the order of tt. We always take tt such that: if f^{ei) = p^Ci for any i 
belonging to a f-cycle of tt, with w G N and u G {0, v}, then this cycle has just 1 element 
(i.e. V — 1). The system S is of the form 

(26) a;^(j)^(j) + dij = (3oLijX^p 

i,j G S{M), where ccy is 1 or depending on the fact that (^, j) is or is not in {S{M) \ 
sIf^)) X S{F^) and where d,j G k (cf. (Ei) and {E2) of 3.6.1.1.1 2)). So if 7r(z) 7^ i or 
if 7r(j) ^ j, or if n{i) = i and 7r(i) = j but (ij) i {S{M) \ S{F^)) x S{F^), then in 
the sequence of elements aij, Q;^(j)^(j),..., Q;^d(7r)-i(-j)^d(vr)-i(-j-), at least one is 0; so such 
an Xij is uniquely determined. For any pair {i,j), with 7r{i) = i and 7r(j) = j and with 
i ^ S{F^) and j G S{F^), we have precisely p (independent) choices for Xij. The number 
of such pairs is s(0)s(l). This handles the particular case. 

P5. We come back to the general case. We write 

(M, (/?) = (Ml, (/?) © (Mo, if) ® (Moi, (/?) 

such that all slopes of (Mi, 99), (Mq, (/?) and (Mqi, 99) are 1, and respectively belong to the 
interval (0, 1) (cf. the existence of the filtration F^ of M). Let B[(p) G Mf^i^^^^^^j^^{k) be 
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the matrix formed naturally (i.e. it acts naturally on M/pM) by a solution of the system 
<S. From the shape of (Ei) and {E2) of 3.6.1.1.1 2) we get that B{(p) annihilates the 
image of (p{M) in M/pM. This implies that B{(p) annihilates Mo/pMo © M(o,i)/pM(o,i): 
if yi G Af(o,i) is non-zero mod p, then in the sequence of elements i/u G -A^(o,i) \P-^(o,i)7 
M e N, w 7^ 1, defined inductively by the rule ^{Uu) = p'^^Hu-i, with Su G {0, 1}, there is 
a first element such that £„g = 0; as in the particular case we (inductively) get that 
B{ip) annihilates the reductions mod p of j/uo-ir--? Vi- 

So we just need to look at the action of -B((^) on the image in Mi/pMi of elements 
e e Ml satisfying ip{e) = pe. Writing V(^)(e) mod / as eo+ei+eoi, with cq G Mq/pMq, 
ei G Mi/pMi and cqi G Moi/pMoi, we get (cf. (£;2) of 3.6.1.1.1 2)) that cq + ei + cqi = 
(3(p{eo + ei + eoi). So ei and eoi are both 0. So B{y:>){e) belongs to Mq/pMq and so 
B{ip) belongs to a s(0)s(l) dimensional /c-vector subspace of End{M/pM). The same 
argument of 3.6.8 9) (based on 3.6.8.1 and pertaining to number of points) shows that 
we have at most possibilities for B{ip). From this we deduce (via 3.6.18.2) that 

there are precisely possibilities for B{ip) and so solutions of S. 

P6. Another way (shorter and faster) to get this last sentence goes as follows. We 
can assume ^r{zi) = zf + pzi (so (3 = 1); so working modulo (^i) instead of modulo 
{p, Zi), we get similarly a matrix B{(p) G M(ii^^^^^(^M){W{k)) lifting B{ip) and such that, 
when viewed as an endomorphism of M, we have (cf. (Ei) and {E2) of 3.6.1.1.1 2) and 
the fact that gn is the identity element of G{R)) 

(27) p<p{B{^)) = B{^y, 

it is 3.6.8.1.2 c) and the constancy part of 3.6.8.9 which allow us to consider such a lift 
B{(f). (27) says that B{ip) is an element of End(M) fixed by p(f. But the Zp-submodule 
SL-i (resp. the VF(/c)-submodule) of End(M) generated by such elements is of rank 
s(0)s(l) (resp. is a direct summand of rank s(0)s(l)). 

P7. One can combine the above two ways: without using any lifting argument (of 
B{ip) to S((/?)), we get (cf. (ENDFR) of 2.2.4 B): B{ip) is fixed by the reduction mod p 
of the (j-linear endomorphism ptp of End(M) and so it belongs to SL-i mod p. 

This ends the proof of B) and so of the Theorem. 

P8. Exercise. Starting from 3.6.18.1.2, give a second proof of B). 

3.6.18.4.1. Theorem (the integrability principle for A^jFjg i](i?)). All con- 
nections V proved to exist in 3.6.18.4 are integrahle and nilpotent mod p. 

Proof: Let R^^ := VF(A;)[2i, ...,2^]. Here the upper right index "al" stands for alge- 
braization. The fact that a connection is integrable is expressed through some algebraic 
equations. In our case it is enough to check (regardless of which n G N U {00} we work 
with) that these equations are satisfied modulo the ideal '■= (p, zi, z^Y of R, for 
any r G N. But these equations modulo Jr depend only on the expressions of $ and 
$jj modulo Jr+2- This allows us to algebraize the things. From the Chinese Remainder 
Theorem we deduce the existence: 
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- of a Frobenius lift ^r^i of R which modulo its ideal Jr+2 •= (Pi -^i^ •••i -^m)^^^ is the 
same as $h modulo Jr+2 and which modulo its ideal I^"*"^, with Ii := (p, zi — 1, 2^ — 1), 
is isomorphic to the one coming from a generic situation as in 3.6.18.2; 

- of an element ^^ai e GL(M)(i?^') such that modulo Jr\-2 it is qr modulo Jr+2, 
and modulo /[+^ is an element gi G GL{M){Wn{k)) C GL{M){R''^ / II-^"^) for which the 
Frobenius endomorphism of M®vK(fc) -R^V-^i^^ defined by gi((p^ 1) is isomorphic to one 
coming from a generic situation. 

We assume n G N. Let Vn be a connection on M (E)w{k) R/p^R which makes €/p^€ 
potentially to be viewed as an object of M.J-'[o^i]{R). As in 3.6.1.3 (and its proof) we 
construct for the 7?-divisible object 

:= (M^wik) ®w{k) i?"\^iiai(^® 1)) 

of M.J^[o^i]{R'^^) a moduli affine Spec(i?^^^)-scheme 

M^(e') = Spec(i?„) 

of connections which make the extension of (t^^/p'^(t^^ to * potentially to be viewed as 
an object of A4J-'^^{*); the Frobenius lift of R^^ is $^ai and * stands for a p-adically 
complete, formally etale -R'^^-algebra. Mod p it defines an etale, affine scheme 7l{n) := 
Spec{Rn/pRn) over TZ{0) := Spec{R^^ / pR^^) . Moreover the fibres of lZ{n) over fc-valued 
points of 7^(0) have a number of points less or equal to the number rii of A;-valued points 
of the fibre J-'i above the /c-valued point of 7^(0) defined by = 1, z G S{m), cf. 3.6.18.4 
B). So the etale, affine fc-morphism : TZ{n) 7^(0) is an etale cover above the maximal 
open subscheme of 7^(0) with the property that the fibres of above geometric points 
of it have precisely ni points. We conclude: 

Fact 1. Any connected component of'R{n) contains points of Ti. 

From this and from 3.6.18.2 we get: 

Fact 2. Mn{C^^) is a moduli scheme of integrable connections, nilpotent mod p. 
The last thing we need is: 

Fact 3. Vn modulo the ideal (p, zi, ZmY of R/p^R, is equal to a connection 
obtained from the universal one on M ®w{k) Rn/p^Rn.} through a formally etale, affine 
W{k)-morphism Spec(i?/j9"i?) ^ Mn(e^). 

The easiest way to argue Fact 3 is to remark that Spec(i?n/(Jr' + P^R^^)Rn) is the 
moduli scheme of maps (thought as "pseudo-connections") 

(PSCONN) Vr,n ■■ M ®w{k) R'^^/Jf + P^R^^ M ®w{k) FREEr,n, 

with FREEr,n as the free R^^/J^^ + module having dzi,..., dzm as a basis, sat- 

isfying the equations obtained from the equations satisfied by the universal connection 
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on M ®vK(fe) Rn/p'^Rn by taking them modulo the ideal Jf + of R^"". This is 

a consequence of the fact that property (DIV) of 3.6.8 5) still holds modulo the ideal 

+ P^R^^ of 

Prom Facts 2 and 3 wc get (we recall that r e N was arbitrary): Vn is intcgrable 
and nilpotent mod p. As n G M is arbitrary the same holds for the case of p-divisible 
objects (i.e. for n = oo). This ends the proof of the Theorem. 

3.6.18.4.1.1. Corollary. Let n G N. We consider a connection V on C For 
I G S{l,m), we consider the W{k)-linear endomorphism Di :— V(^) of M ®-^{k) R. 
We have: 

a) DiDs = DsDi, Vs, / G S{1, m); 

b) Df^~^ mod p is 0, VZ G 3(1, m). 

Proof: a) is just a restatement of 3.6.18.4.1. We now argue b). From the proof of 
3.6.18.4.1 we get that we can assume we are in the context of a generic situation. So 
everything results from (NO) and (Nl) of the proof of 3.6.18.4.2. 

b) represents a slight improvement to 3.6.1.1.2 (NIL2). 

3.6.18.4.2. Corollary (the moduli principle). For any regular, formally smooth 
W{k)-scheme or p-adic formal scheme S over Spec{W{k)) equipped with a Frobenius 
lift and having a connected special fibre, every object (resp. every p-divisible object) 
of Jv[T<^Q i^(^S) defines a moduli p-adic formal scheme M(€) over S of connections (on 
the underlying sheaves of modules of the pull back of € to formally etale, p-adic formal 
schemes over S) which make the extension of € to such a p-adic formal scheme Si to be 
viewed as an object (resp. as a p-divisible object) of MJ^^ ^-^{Si) . We have: 

a) Vm G N, the S}/^^(j^y scheme M(€)vr^(fc) is etale and affine (resp. is N-pro-etale 
and affine); 

b) Locally in the Zariski topology of S^, the special fibre of M{(t}w^(^k) is obtained 
through a finite sequence (resp. infinite sequence indexed by elements ofN) of systems of 
equations of first type and defined using linear homogeneous forms having coefficients in 
(the ring of global sections of) Ski 

c) The fibres of M(C)k over points with values in fields of Sk are non-empty. In 
the case of an object of A4T[o^i]{S), these fibres are Stale schemes over fields defined by 
algebras of dimension (as vector spaces over these fields) a non-negative, integral power 
of p. 

Proof: c) follows from b), cf. 3.6.8.1 (applied with s = and / = 1). Due to the 
universal property (implicit in the reference of M{(t) as a moduli p-adic formal scheme), 
we can work locally in the Zariski topology of Sk. So we can assume that S = Spec(-R) 
is an affine scheme, that R = R^, that ^Sk/k is a free Cg^^-sheaf of finite rank, and that 
the underlying i?-module M of € has the DC property, i.e. it is isomorphic to a direct 
sum 

j^iR/p'Rr', 
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with g e N and G N U {0}, i = 1, g, cf. [Fal, 2.1 ii)] (resp. and that M is free). It is 
the connectedness of Sk which allows us to consider such a g e N if C is an object. 

Working with "potentially to be viewed" instead of "to be viewed" , a) and b) are a 
consequence of 3.6.8.4 1) to 3) and of 3.6.8.1.2 a), cf. also the below extra features for the 
context of objects. But (the proof of) 3.6.18.4.1 allows us to drop the word "potentially". 

When we pass from p-divisible objects to objects, there are three extra features 
(differences) showing up, which are worth being pointed out in detail. In what follows we 
assume C = (M, F^(M), (^o, Vi) is an object. It can happen that there are two distinct 
elements i,j e S{l,q) such that mj and rrij are both non-zero. In such a situation, 
End(M) is not a free R/p^R-modvle for some I e 5'(0, q) and so it is much more convenient 
(in some sense compulsory) to work inductively on I G S{l,q) with End(M)/p'End(M) 
instead of M/p'-M. This is the first significant difference in comparison with the proof of 
3.6.1.3 and so the first extra feature. 

We can assume F^{M) has also the DC property (see proof of 2.2.1.1 6]). We 
consider a set B := (ei, e^}, with r := rrii, of elements of M such that M is the 

direct sum of its cyclic ^-submodules generated by them (the proof of 2.2.1.1 6) implies 
that the annihilator of any element of B is generated by a power of p). We can assume 
F^{M) is generated by the elements of a subset of B. We refer to such a set B as an 
i?-basis of €. Let S := {/i, /„} be the set of elements of End(M) such that: 

- End(M) is the direct sum of its cyclic ^-submodules generated by them; 

- it is naturally defined by elements of B, i.e. for each s G S{l,u) there are Si, 
S2 e S{1, r) such that /^(ej) = if i 7^ si and /u(esi) = p'^^^^Csa, with n{u) e S{0, q). 

Also we can assume there are elements zi,..., of R such that {d^i, dz^j} is an 
i?-basis of the p-adic completion of ^^^/^(fc)- '^^^ existence of a connection V on M 
making £ to be viewed as an object M.Sj^ (S) can be codified (i.e. restated) in finding 
solutions of V equations involving elements of End(M). So writing 

V r 

(28) V = So+J2J2xjj>fjdzj>, 

with 5o an arbitrary but fixed connection on M, we need to find solutions of a system of 
equations SE in the rv variables Xjj'^s. When viewed mod p it is of first type (this, as in 
3.6.8 5), is a consequence of the fact that M is i?-generated by (f{M) and by Lpi{F^{M))), 
and so 3.6.8.1.2 a) applies as in the proof of 3.6.1.3 (for instance, see 3.6.8 7)). Working by 
induction on / G 5'(1, q) modulo and following 3.6.8 10) to 12), we get a) and the part 
of b) which does not refer to linear homogeneous forms. For the integrability part, we 
need to remark that based on 3.6.18.2.2 and the above part of the proof we can perform 
entirely the algebraization process of the proof of 3.6.18.4.1 in the context of arbitrary 
objects of MJ^[o,i]{R) (see also 3.6.18.5.2 below for a second possibility of arguing this, 
via 3.6.18.4.1 and the Fact of 2.2.1.1 6)). 
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We now point out the second significant difi'erence in comparison with the proof of 
3.6.1.3 and so the second extra feature. By passing from things modp' to things modp'"''-'^, 
we get a system of equations in at most the same number of variables (the precise number 
of variables is v times the rank of p'End(M)/p'+"'^End(M) as an i?/pi?-modulc), and so 
potentially of a completely different form of what we got working mod p\ I E S{1, q— 1). 
But the situation is the same: we still get systems of equations of first type. 

Also it is worth pointing out that the R/pR-module p^Eu.d{M) / p^~^^Eu.d{M) is nat- 
urally a submodule of End(M)/pEnd(M), and so the new systems of equations of first 
type are related to specific subobjects of End{€) /pEnd{(t) — End{€/p€); so the "com- 
pletely different forms" are not "too far" from the initial form of SE. This is the third 
new feature. It can be reformulated as: the linear homogeneous forms of these sys- 
tems of equations depend only on End{(t/pC) and on its (warning: non-necessarily Lie) 
subobjects. 

Conclusion: (we can assume) these systems of equations of first type have coefficients 
in R/pR. This proves a) and b) and ends the proof. 

Examples. As examples of such moduli p-adic formal schemes (resp. of special fibres 
of them) for connections, we have the p-adic completions (viewed as formal schemes) of 
the M^(/e)-schemes Spec{Q^ J (resp. the /c-schemes 5"), n e N, of 3.6.1.3 (resp. of 3.6.8). 

As in Fact 2 of the proof of 3.6.18.4.1 we get: 

3.6.18.4.3. Corollary (the touching property). We assume we are in the 
context of 3.6.184.2, with €. an object of MJ^[q^i]{S). Let p'^ , with m e N U {0}, he 
the muximal number of points Spec(/ci) M{€)k lifting the same ki-valued point of 
Sk, with ki an algebraically closed field containing k. Then any connected component of 
M{€.)k intersects all fibres of M{€)k over geometric points of Sk which are defined by 
etale algebras of dimension, as vector spaces over residue fields of Sk, equal to p^ . 

3.6.18.4.4. Remarks. 1) 3.6.18.4 remains true for the case when R/pR is a local 
henselian ring and is a regular, formally smooth VF(/c)-algebra, having k = k os its 
residue field. 

2) From now on, in connection to the categories AlJ^[o,i](*), we do not use (cf. the 
proof of 3.6.18.4.2) anymore the word potentially (see 3.6.1.1.1). 

3) The moduli schemes of 3.6.18.4.2 do depend on the choice of $5 (for instance, cf. 
3.6.18.4 B)). 

From 3.6.18.4.2 b) and 3.6.8.1.2 b), as we are in a regular context, we get: 

3.6.18.4.5. Corollary (the surjectivity principle). Under the assumptions of 
3.6. 18. 4-. 2, any connected component of M{C)k, with € a p- divisible object, maps into an 
open, dense subscheme of Sk. 

3.6.18.4.6. Extra terminology. What follows in this section is an abstract al- 
gebraic digression supplementing the first paragraphs of 3.6.8.9. In that paragraphs, we 
defined abstractly systems of equations of first and third type, as well as, in connection to 
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3.6.8.5, we defined systems of equations of (adjusted) additive second type, while working 
with an additive type Frobenius hft of a regular, formally smooth W{k)-algehTa R. 

Similarly, if the Frobenius lift involved is of multiplicative (resp. essentially multi- 
plicative or additive) type (in some maximal point of Spec(i?), see 3.6.18.0.1.1), wc define 
systems of equations of multiplicative (resp. essentially multiplicative or additive) sec- 
ond type; in 3.6.18.4 P4 (see (26) of it) we came across such systems of equations but we 
preferred to view them as of first type. The main difference from what we got in 3.6.8.5 
1) is: the coefficients of ic^^^'s we get are not any more some p — 1 powers of non-invertible 
elements (see 3.6.8.5 (11)) but they are of a more general nature; in particular they can 
be invertible. Also in 3.6.14.1 J we introduced systems of equations of fourth type; in 
what follows they are not used. 

We index different parts using capital letters. 

A. Let R be an arbitrary Fp-algebra. Let n e N. A system of equations of the form 

(*) — Li{Xi, X2, x^) + Ci, 

i = l,n, where Li is a linear homogeneous form with coefficients in R and Ci G -R, 
Vi e S{l,n), is said to be of first type with coefficients in R (cf. the terminology of 
3.6.8.9); we also call it a quasi Artin-Schreier system of equations in n variables with 
coefficients in R. It defines naturally an etale, affine Spec(^)-scheme (cf. 3.6.8.1.2 a)). If 
this system of equations defines a finite, etale morphism (at the level of schemes), then 
we omit the word quasi. The n x n matrix obtained naturally (as in 3.6.8.1) from the 
coefficients of the linear forms L,, i — l,n, is called the matrix of the system (*) of 
equations. 

We came across such quasi Artin-Schreier systems of equations in the proofs of 
3.6.1.3 and 3.6.18.4.2. For future references, we define as well (abstractly) systems of 
equations of second type: a system of equations of the form 

(29) QiX^ ^ Li{xi,X2, ...,Xn) + Ci, 

i = l,m, and 

(30) = Li{xi,X2, ...,Xn) + Ci, 

i = m+l,n, where m G S{l,n), and where Lj's and c^'s are as above, is said to be of 
second type with coefficients in R, if at least one of the elements ai,..., am of R is non- 
zero. However, as we do not use them again in the rest of this paper or in §5-14, we do not 
stop to define abstractly systems of equations of (adjusted) additive (or multiplicative, 
etc.) second type. 

B. Artin-Schreier fundamental groups. An etale cover qi : Spec(^i) — > 
Spec(-R) is called crystalline elementary n-admissible if it is defined by an open closed 
subscheme of an etale cover of Spec(^) obtained using an Artin-Schreier system of equa- 
tions in at most n variables; here the "at most" part is motivated by the second extra 
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feature of the proof of 3.6.18.4.2. We say qi is crystalline n-admissible if it is obtained 
through (i.e. it is a composite of) a finite sequence of consecutive crystalline elementary 
n-admissible etale covers. 

We assume Spec(^) is connected. For all that follows, we fix a geometric point of 
Spec(^) in the usual way related to fundamental groups; not to complicate the notations 
and as below it is convenient to look at fundamental groups as groups of automorphism 
of Galois pro-etale covers, we never mention it explicitly. The automorphism group of 
the Galois pro-etale cover of Spec(^) generated by connected components of crystalline 
n-admissible etale covers of Spec(^), is called the level n Artin-Schreier fundamental 
group of R or of Spec(^) and it is denoted by n^'^(^). We have natural epimorphisms 

Variant: above we consider only finite sequences of length at most m, where m e N is 
fixed; we obtain pro- finite Galois groups Il^^{R) and natural epimorphisms 

with ni,mi G N, ni > n and nii > m. We denote by n^'^(^) the projective limit 
of n^'^(^). It is a quotient of the first fundamental group of Spec(^). We call it the 
Artin-Schreier fundamental group of R or of Spec(^). We have: 

C. Lemma (the fundamental lemma of the TTi-theory in positive charac- 
teristic). Ifki is afield (not necessarily perfect) containing ¥p, thenll^{ki) is exactly 
the Galois group of ki. 

Proof: Let ^2 be a finite Galois extension of ki. Let no := [/c2 : ^i] and let 
E = {ei,...,e„„} be an arbitrary /ci-basis of k2. An arbitrary element x G /c2 can be 
written uniquely as a sum x = Yll^Li^i^ii with Xi G /ci, i — l,no. We consider the 
equation 

(31) x^ = X. 

It gets translated into an Artin-Schreier system of equations of the form 
(**) Xi = Li{xl,...,xl^), 



i = l,no, with Li as linear homogeneous forms. The square matrix Ae formed by the 
coefficients of these linear forms is invcrtible (this can be seen by extension to ki^^^). So 
3.6.8.1.2 a) applies. So /c2 splits over the Galois extension ks of ki generated by fields of 
whose spectra are connected components of the etale fci-scheme defined naturally by this 
Artin-Schrcicr system of equations (argument: the number of solutions of the equation 
x'P = x in k2 <E)ki ks is -cf. 3.4.8.1.0- on one hand and on the other hand it is p to the 
power the number of connected components of Spec(/c2 ®ki ks)). This ends the proof. 
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D. The global context. In the above Lemma the condition ki is a field can be 
weaken: we just need that any projective A;i-module of finite rank is free. In particular 
it holds for local rings, for PID's and for polynomial rings over k. Warning: we do not 

need to assume we are in some normal context; if s is a non-zero solution of (31) in any 
Fp-algebra, then is a projector and so it still "isolates" some connected components. 
So to understand the first fundamental groups of arbitrary connected Fp-schemes we just 
need to understand how to "glue" Artin-Schreier systems of equations. This goes as 
follows. 

The proof of C above suggests looking only at Artin-Schreier systems of equations 
which arc defined by homogeneous linear forms whose coefficients are producing an in- 
vertible matrix. Referring to the proof of C, the change of the /ci-basis E, results in a 
replacement of Ae by BAe{B^p^)~^ , with B G GL„(j(/ci) (warning: this is different from 
3.6.18.0). In general, two invertible matrices Ai and A2 of rank n with coefficients in R, 
are called F-equivalent (over R), if there is an invertible matrix B with coefficients in R 
such that A2 = BAi{B^P^)~^ . So the determinants of Ai and A2 differ by a p — 1 power 
of an invertible element of R. 

Definition. Let Xp be arbitrary separated, connected Fp-scheme. A Galois-Artin- 
Schreier (or an Artin-Schreier homogeneous invertible) system of equations in n variables 
over Xp is defined by: 

- an open cover OC of Xp by affine schemes Xp = Spec(i?'), i E I, 

- an invertible n x n matrix A* with coefficients in R^, \/i E X, 

- an invertible n x n matrix Bij with coefficients in R^^ , e I, where fl X^ = 
Spec(i?^^), 

such that the following two things hold 

a) Vi, j e J, over n we have BijAjiB^f)-^ = A^, and 

b) Vz, j, / G J, over X^ n X^ n Xj we have BijBji = Bu. 

The equivalence of two such Galois-Artin-Schreier systems of equations in n vari- 
ables over Xp is defined in the standard manner (of passing to refinements of OC, etc.). 
Following the pattern of (**) above, we can use them to define an etale cover of Xp of de- 
gree p": above X* it is the etale cover defined by the Artin-Schreier system of equations 
in n variables x\,.., x\ whose linear forms are homogeneous and whose matrix is Ai itself, 
\/i G X; the identities a) and b) allow us to glue logically such etale covers (i.e. Bij are 
the matrices of the linear combination transitions from x*'s to x^'s, s = 1, n, Vi, j G X: if 
is the column vector having x^'s as its entries, s = 1, n, then we have = BijX^). 

Following the pattern of B), we use such etale covers to define a pro-finite Galois 
group n^^^^(Xp), with m G N having the same role as above, as well as their N-projective 
limit n^^'^(Xp). We refer to n^'^'^(Xp) as the level n Galois-Artin-Schreier fundamen- 
tal group of Xp. Moreover, by identifying an n x n matrix with entries {o,ij)ijeS{i,n) 
with an-|-l x n -\- 1 matrix whose entries (feij)i,jes(i,n+i) are defined by hij — aij and 
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l>n+i,i = = if 1 < i, J < n, and by bn+i,n+i — 1, we get a natural epimorphism 

Il^ff{Xp) U^^^{Xp), and so we define the N-projective fimit 

of these groups H^"^^ (Xp), n eN. Following the proof of C, we get: 

Lemma (the fundamental lemma of the TTi-theory in positive characteris- 
tic: the global form). The fundamental group of Xp isIl'^^{Xp). 

If Xp is moreover integral, regular and noetherian, the above Lemma represents (in 
our opinion) a practical way of computing the fundamental group of Xp. As a particular 
case of this Lemma we get the following criterion: 

Corollary (a criterion of simply connectivity) . The fundamental group of Xp 
is trivial iff Vn G N, any Galois-Artin-Schreier system of equations in n variables over 
Xp is equivalent to the trivial one, defined by n x n matrices which are all identity. 

E. Remarks. 1) The proof of C above implies Gal{k2/ki) is naturally a quotient 
of Il^^i{ki). It is very much desirable to replace here the lower right index no, 1 with 
another one n, 1, with n as small as possible. We do not know how to get in general 
better upper bounds for such an n. If uq > 2, by using 3.6.8.1.5 and the fact that 1, x, 
x^,..., ° are linearly dependent over /ci, for any a; G ^2, we can take n = no — 1; in 
this way we can obtain a second proof of C (but not of D). 

2) Let / G N. Using 's instead of x^^s in (*), we define similarly level (n^m^l) 
Artin-Schreier fundamental groups li-^m if ^ = 1, we always drop mentioning it as 
an index. Obviously (see 3.6.8.1.5) we have a natural epimorphism: 

Similarly, in the context of D above, we define the level (n, m, I) Galois-Artin-Schreier 
fundamental group 11^^^^ (Xp) of Xp (so we have to speak about the F'-equivalence 
relation between invertible matrices with coefficients in a given Fp-algebra, etc.). 

3) There are n{n + 1) coefficients involved in the definition of a quasi Artin-Schreier 
system of equations in n variables; they are entirely independent. One can learn a lot by 
looking at quasi Artin-Schreier systems of equations in a small number of variables, like 
2 or 3. For n = 2 we have 6 coefiicients, while for n = 3 we have 12. 

4) If a quasi Artin-Schreier system of equations with coefficients in R defines a 
Galois cover of an open, dense subscheme of Spec(^), then the etale scheme over Spec(i?) 
naturally associated to it is an open subscheme of a Galois cover of Spec(^). This is an 
immediate consequence of 3.6.8.1.2 a). 

5) The Lemma of D (as well as the "p" part of 3.6.18.7.2 below) can be reformulated 
in terms of truncations mod p of unit F-crystals. However, B (and so implicitly F below) 
goes beyond the reach of the language of such truncations: there are plenty of Artin- 
Schreier systems of equations whose matrices are not invertible. Here are two quick 
examples (with k as usual). 
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Example 1. Let R — k[ti,t2]/{tit2)"', with n G N \ {1}; we take the system of 
equations (in zi and Z2) defined hj zi + ci = t\t2z\ + tiZ2 and Z2 + C2 = t2z{ + -zf- 

Example 2. Let U :— k[xi^X2iX^^X/^\/ {xix^ — X2X4); we take the system of equa- 
tions zi = x\z^ + X2Z2 and Z2 = x^z^ + X4Z2 and we consider the maximal affine, open 
subscheme Spec(^) of Spec([/) above which this system of equations defines an etale 
cover q : Spec(^i) Spec(^), cf. 3.6.8.1.3-4. We have: 

1) The complement of Spec(^) in Spec(?7) is irreducible and is not given by one 
single equation. 

2) The etale cover q is of degree p and is not definable by an Artin-Schreier system 
of equations in 1 variable. 

1) is left as an exercise (cf. [Ha, Exc. 6.5 of p. 147]). To argue 2), we assume q is 
given by the equation y = ay^ + b, with a, b & R. a is invertible in R and so, based on 1) 
and on the fact that U is normal, it is an invertible element of U. As any such element 
is an element of /c, by passing to A;, we can assume a — 1. So g is a Galois extension; but 
it is easy to see that this is not so. Contradiction. So 2) follows. 

Example 2 motivates why in all that follows we do not mention at all such trunca- 
tions. However, the terminology of crystalline (elementary) n-admissible etale covers used 
in B is motivated by the way we came across 3.6.8.1 and by such a possible reformulation. 

F. Definitions. Let n^^(i?) (resp. n4+i(i?)) be the trivial group (resp. the 
fundamental group of Spec(^)). The Artin-Schreier dimension of R, denoted d-^^{R), 
is the smallest number q G {0} U N U {00} U {00 -|- 1} such that H^'^(^) is the whole 
fundamental group of Spec(^). 

Let g G N U {00}. If the group Uf^{R) is trivial we say Spec(i?) is weakly g-simply 
connected. If moreover n^"^'^(Spec(i?)) itself is trivial, then we drop the word weakly. 
Similarly, referring to D with Xp non-affine, if U'^^^ (Xk) is trivial we say Xp is g-simply 
connected. 

G. Homework. Compute the level n Artin-Schreier fundamental groups and the 
Artin-Schreier dimensions of algebraic field extensions of ¥p. 

H. Artin-Schreier systems of equations in mixed characteristic. We do not 

stop to present here a full theory: we are just interested to point out the main idea. Let 
O be a DVR of mixed characteristic (0,p) and let ki be its residue field. Let Rq be an 
integral, regular, faithfully flat, formally smooth 0-algebra. We assume that the smallest 
open subscheme of Spec(i?o) containing Spec(i?o ®o ^1) is Spec(i?o) itself. We situate 
ourselves in the context of A above, with Ci G Rq and with Li having coefficients in 
Ro, Vi G S{l,n). We assume the matrix of the coefficients of Lj's is invertible. Then, 
as usual, we get an etale cover of Spec(i?o) (this is a consequence of the assumption on 
Spec(i?o), via the classical purity theorem of [SCAl, p. 275]). Imitating B we define 
the level n Artin-Schreier fundamental group Il^^{Ro) of Rq, as well as their projective 
limit, the Artin-Schreier fundamental group n^^(i?o) of Rq. Variant: we can define 
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the level (n, m, /) Artin-Schreier fundamental group ^n miiRo) of Ro. We do believe 
that, in this way, one can learn a lot about Galois groups of number fields; this is our 
first (see [ValO] for the second) approach towards the understanding of finite quotients 
of such Galois groups. 

I. Artin— Schreier systems of equations in unequal positive characteristic. 

The last sentence of H above suggests treating the situation where we deal with a system 
(*) of equations as in A and whose matrix is invertible but over affine schemes which are 
of characteristic a prime I ^ p. The first thing to be done is to get criteria (using the 
classical purity theorem) when such systems of equations (defining finite, fiat schemes) 
do define etale covers. 

We hope to come back in a future paper with the main (expected or known to be 
true) properties of these Artin-Schreier fundamental groups and dimensions. Wc end by 
mentioning that we do believe that there is a deep connection between I, [Bu2] and the 
theory of ordinary reductions of a proper, smooth scheme over a number field. 

We come back to the starting context of 3.6.18. 

3.6.18.5. Theorem (the inducing property). The answer to the question Q is 
yes if any one of the following conditions is satisfied: 

a) k — k; 

h) is of essentially additive type; 

c) the Newton polygon of (M, tp) does not have either the slope or the slope 1. 

Proof: If a) holds, this is a consequence of 3.6.18.3.1 and 3.6.18.4.1. If b) or c) 
holds, then based on 3.6.18.4 B), there is a unique connection on the extension of C to 
W{k). Using Galois descent, due to its uniqueness it is obtained from a connection V on 
C by extension of scalars. So the Theorem follows from 3.6.18.3.1 and 3.6.18.4.1. 

3.6.18.5.1. Corollary. We assume <1>_r is of essentially additive type. Then we 
have an equivalence of categories between p — AiJ-[Q^\]{R) and p — M.J-''^ ^^{R), and we 
have an antiequivalence (via the D~-^ functor) of categories between these two categories 
andp- DG{Spec{R)). 

Proof: For the equivalence part, from 3.6.18.4 (we have r = 0) we deduce that there 

is a unique way to associate to a p-divisible object € of A^J^[o,i](-R) a p-divisible object 
(C, V) of A4J-'^ ^{R). So we just need to check that this association is well behaved w.r.t. 
morphisms between p-divisible objects. 

Everything boils down to (keeping the previous notations): if / G F'^ (End{M))^iY(^k^ 
R is fixed by then it is annihilated by the (unique) connection V on M ®vi/(fc) R for 
which $ is V-parallel. Let V(/) = /i £ End{M) iSiw{k) ^R/w{k)- It satisfies the equation 

(32) /l = P$ O d^R./p{fl) = $ O d^R^fl). 

We claim: fi = 0. It is enough to show that fi mod p is 0. Choosing an arbitrary 
VF(A;)-basis B of End(M), by identifying the i?/pi?-coefficients of both sides of (32) w.r.t. 
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it and the i?-basis dzi,..., dzm of ^R/w{k): we get a system of equations SE of first type 
in mdimiy(fc)(M)^ variables and with coefficients in R/pR. As in the proofs of 3.6.1.2 
and of 3.6.18.4 B), due to the fact that is of essentiaUy additive type, we get: SE has 
a unique solution; so /i mod 7? is 0. 

The ant iequi valence part is implied by the equivalence part and by 3.6.18.5 b): we 
can change the Frobenius lift (cf. [De3, (1.1.2.1)]) to one of additive type ^R{zi) = zf; 
so Grothendieck-Messing-Berthelot's theory (see [Me, ch. 4-5] and [BM, ch. 4]) and [Fa2, 
th. 10] apply. In other words: 

a) each p-divisible object of AiJ^^ {R) is associated to a (uniquely) p-divisible group 
over R (cf. 2.2.21 UP); 

b) this association is functorial and fully faithful (cf. [BM, ch. 4] and [Me, ch. 4-5]). 

This ends the proof. 

3.6.18.5.2. Corollary (the liftability property). We assume that k = k or that 
^R is of essentially additive type. Let n E N. Let € be an object 0/ A^.Fjo,!] (-R) such 
that we have an epimorphism e : Ci ^ with £1 as the truncation mod p^ of some 
p-divisible object of AiJ-[Q^\]{R) (resp. let (L be a p-divisible object of AiJ-[Q^\\{R)). Then 
any connection V on C (resp. on (L/p^C) can be lifted to a connection on €1 (resp. on 

If $i? is of essentially additive type, then such a lift is unique. If k = k and we are 
in the context of e, then the number of such lifts is a non-negative, integral power of p. 

Proof: We first consider the case of a p-divisible object €. The subcase A; = A; is a 
consequence of (the proof of) 3.6.18.4.2 b) and of 3.6.8.1.2 a). The subcase when ^r is 
of essentially additive type is a consequence of 3.6.18.4 B). 

We consider now the case of an object €. We follow closely the proof of 3.6.18.4.2. 

Let C = {M,F^,(fo,(fii) and let Ci = {Mi,Fl 

, (^oi^V'ii)- Let q : Mi -» M be the R- 
epimorphism defining e. We view V as a connection Vi : Mi — > M <^rQr/\y(^i^-^ for which 
e is V-parallel in the sense that we have 

(33) Vioifii{m) =ipo°d^R^/poVi{m) 
if m e Fl , and 

(34) Vi o (^01 (to) = P^o ° d^R^/p o Vi (m) 

if m e Ml. So we need to lift Vi to a connection V : Mi — > Mi <Sir ^R/w(k) making €1 
to be viewed as an object of M.J^^^{R). 

We consider an i?-basis Bi = {ei, ...,6^} of as in the proof of 3.6.18.4.2. From 
[Fal, 2.1 iii)] we get F^ = q{Fi). Using this we deduce (via standard induction on the 
length of Mi/{zi, ...,Zm)Mi as a W{k)-module) that we can assume that the non-zero 
elements of the form g(ej) are forming an i?-basis of C As Mi is a free i?/p"^i?-module. 
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the natural i?-linear map End(Mi) — > Hom(Mi, M) is an epimorphism. We consider its 
kernel N and the R/p'^R-hasis = {/i, /s2} of End(Mi) defined, as in the proof of 
3.6.18.4.2, by Bi. Let be an arbitrary lift of Vi to a connection on Mi. 



belong to 5'(0,n) and are uniquely determined by q. Let Iq be the set of those i's such 
that n{i) < n — 1. An arbitrary connection V on Mi lifting Vi can be written in the 
form 



with all Xij 's in R/p^R. The fact that V makes €i to be viewed as an object of M.T^ ^ (R) 
gets translated in m equalities between elements of A^, i.e. in a system of equations SE 
involving the variables x^-'s and their Frobenius transforms. 

So we can follow entirely the proof of 3.6.18.4.2: by induction on I G 5'(1, n) we show 
that we have a solution of the system of equations obtained from SE hy working mod 
(i.e. of the system of equations we get by considering m equalities between elements of 
N/p'-N). But, as Ml is i?-generated by (poi(Mi) and by <^ii(Fi ), as in 3.6.8 5) we get 
that SE mod p is a system of equations of first type. So if /c = k, 3.6.8.1 applies. If $fj 
is of essentially additive type, then we can proceed as in 3.6.18.4 P2-3 to separate the 
variables and to show that SE mod p has a unique solution. This takes care of the case 
1 = 1. The same things apply when we move from things mod p'' to things mod p'''^^, 
I e S{l,n — 1), cf. the proof of 3.6.18.4.2. As fiS and Zj^s are defined over R we can 
assume that all linear forms have coefficients in R/pR; this takes care (cf. 3.1.8.1.2 c)) 
of the "power of p" part. This proves the Corollary. 

3.6.18.5.3. Corollary. We assume the Frobenius lift is of essentially additive 
type. Then we have an equivalence of categories between A4J-'[q^i]{R) and JUJ^^ ^^{R) 
and we have an antiequivalence (via the D"-*- functor) of categories between these two 
categories and p — FF{Spec{R)). 

Proof: Any object (t of AiJ-'[Q^i]{R) is the cokernel of an isogeny mi2 : ^i ^ £2 
between two p-divisiblc objects of A^.7-'[o,i](-R) (cf. Fact of 2.2.1.1 6)). From 3.6.18.5.1 
(applied to TO12) wc get that there is a connection V(r on C 3.6.18.5.2 (applied twice 
to the natural epimorphisms €2 -» ^2/p^^2 ^5 with n e N big enough) implies (via 
3.6.18.5.1) is unique. So the equivalence part is obtained as in the proof of 3.6.18.5.1. 

For the antiequivalence part, as we have 3.6.18.5.1, we just have to remark, besides 
the reference to the Fact of 2.2.1.1 6), one extra thing. Any finite, fiat, commutative 
group scheme over R of rank a power of p, is a closed subgroup of a p-divisible group 




m 



(35) 
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over R (cf. M. Raynaud's theorem of [BBM, 3.1.1]). So, based on standard techniques 
pertaining to abehan categories (see 2.2.1.0 and 2.2.1.1 6)), the Corollary follows. 

3.6.18.5.4. Remarks. 1) It is easy to see that the results 3.6.18.5.1-3 extend to 
a more general context, inspired from 3.6.18.4.2 (cf. also 3.6.18.4.4). We leave this to 
the reader (to be compared with 3.6.18.8 below). In particular, one can state a moduli 
variant of 3.6.18.5.2 following the pattern of 3.6.18.4.2: it is obtained by just putting 
together 3.6.18.4.2 and 3.6.18.5.2. We could think of it as an explicit form of particular 
cases of Raynaud's theorem mentioned above. 

2) 3.6.18.5.1 and 3.6.18.5.3 are the third place where wc need p > 2. 

3) The condition k = k of 3.6.18.4 (resp. of -part of- 3.6.18.5.2) can be weaken as 
follows: we just need that Spec(/c) is dim^(-j[,)(M) ^-simply (resp. is |/o|-simply) connected 
(see defs. 3.6.18.6 D). The same applies in other situations (for instance, in the proof of 
3.6.15 B, assuming that the base B exists, we just need k to be C-simply connected, with 
C as the maximum of the orders of all cycles C of tti, with n{C) > 0). 

3.6.18.5.5. The case of categories M.J^[a,b]{R)- A natural question arises. What 
about the categories A^J^[a,b](i?), with a, 6 G Z, 6 > a + 1? In what follows, if the reader 
desires can assume a = 0. 

A. First of all, as in 3.2.3 and 3.1.1.1 we can speak about generic situations. The 
second philosophy of 3.6.18.2.1 says that it is enough to look at the case of such generic 
situations. The conclusion is: due to reasons explained in 3.6.8.9, none of the results of 
3.6.18.4-5 remain true (in general), except one. We start explaining this exception. 

Let € = {Mr, {F\MR))i^sia+i,b),^MR) be a p-divisible object of MJ^[a,b]{R)- As 
in 3.6.18.1, for i e S{a, b), we define numbers f{i) e N U {0} by the formula 

f{i) ■.= dimR{F\MR)/F'+\MR))). 

We assume k — k. By a generic situation modeled on € we mean (to be compared 
with 3.6.18.2) that we are dealing with a p-divisible object 

= {Mr, (F^(M^)),eS(a+l,6),^k) 

of M.J-'[a,b]{R) such that: 

a) defining a ;>divisible object C]^^^^ := {M, {F'{M))i^s{a+i,b),¥^^) of MJ^[a,b]{W{k)) 
as in 3.6.18.0 (i.e. via the pull back of €^ through the Teichmiiller lift Spec{W{k)) ^ 
Spec(i?)), there is a VF(/c)-basis {ei, edimw(k)(^)} ^ which we have ^p{ei) = 
p'^*ei, with £j G S{a, h), and Vj e S{a -\- l,h) the set of those Cj's such that Si > j is a 
W(A;)-basis of F^M); 

b) <^R is of multiplicative type. 
We have: 
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Fact. The number of connections on (C/p^C is at most 



p--E-:I/(i)/(»+i). 



Moreover this number is attained for some generic situations modeled on C 

Proof: Using the fact that we are deahng only with connections satisfying the Grif- 
fiths transversality condition, the first part of the Fact is a consequence of the constancy 
property of 3.6.8.9 and of the estimate of mi in 3.6.8.9.0. 

Following the pattern of 3.6.18.2, we can write (via short exact sequences) as 
extensions of p-divisible objects of A^jFj^^^j (i?), where i G S{a,b) is such that f{i) ^ 0. 
So, using induction on 6 — a, the first part of the Fact for is as well a consequence of 
3.6.18.2. Here are the details. We can assume a = and accordingly we write €^ as the 
extension of a p-divisible object C\ of M.J^[i^b]{R) by a p-divisible object of M.J^[o^o]{R). 
The number of connections on (t^/p'^<t^ is at most equal to the sum of the number of 
connections on €\/p'^€-\ and of the number of connections on ^^2/P^^<2^ where 
is the maximal p-divisible subobject of €^ which is a p-divisible object of M.J-'[o^i]{R); 
moreover, the equality holds if ^>]^ takes F^{Mr) into itself. 

So if €^ is a direct sum of p-divisible objects of MT[i^i\{R), for various i e 5(0, 6), 

then the number of connections on €^ /p^ft^ is (by induction) precisely p"^™ E<=a 
This ends the proof. 

But if m > 2 and if the sum 

6-2 

5^/(z)/(z + l)/(i + 2) 

i=a 

is not 0, not all of them are integrable; this creates problems as well as beauty. Obviously, 
if f{i)f{i + l)/(^ + 2) = 0, Vi e S{a, b — 2), then all these connections are integrable. 

We now assume $i?(2z + l) = {zi + l)P,\fl e S{l,m). Let F'{M),i e ^(a, 6), be direct 
summands of M as in 2.2.1 c). We can assume we have an identity Mn = M (S)vK(fc) R 
such that F^{Mii) is nothing else but the direct sum ®j>iF^{M) ®w{k) R- We also 
assume Si > if i > i' , i, i' G S'(l, dimvK(fc)(^))- Let g^i G Ker(GL(M/e) GL{M)) 
be defined as in 3.6.18.0 but for Let 

N{n,mJ{a),f{a+l),...J{b),gR) 

be the number of integrable connections on €.^/p'^€.^. 

We consider the maximal subgroup A^^^ (resp. N^'^) of GL{Mfi) with the property 
that its i?-valued points are those i?-linear automorphisms hr of Mr having the property: 
iMfl - riR takes F\M) into F^-^{M) ®w{k) R (resp. into F^-2(M)), Vi G S{a,b). It is 
a smooth, unipotent, connected subgroup and its relative dimension is 

6-1 
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(resp. is Yl^i=a /(^)/(^ + 2)). N}^ is the extension from W{k) to i? of a subgroup N^^^^^^^ 
of GL{M). From the proof of the above Fact we get: we can assume 

gn e KeTiNwik)-\R) ^ N-\^^iWik))). 

We consider connections V on Mji of the following particular form 

V = 5 + ^ xidzi, 
ieS{m) 

with xi e Lie(A'"^^) and with 5 the connection on Mjj that annihilates M. We choose 
arbitrarily an i?-basis B-2 of 

LIE_2 ■■= Ue{N-^)®Ue{N-^). 

Working as usual modulo powers of p, the systems of equations needed to be satisfied by: 

- (the coefficients of) a connection on Mn/p^Mn lifting a fixed connection on 
Mii/p^~^Mji which makes (t^/p'^~^(t^ potentially to be viewed as an object of MJ^^ (R) 

(here n e N), in order to be on C^/p'^C^, 

express the equality between two elements of LIE-2 ®i? ^fi/w{ky identifying the coeffi- 
cients of these two elements w.r.t. the i?-basis of LIE-2 ^R/w{k) defined naturally 
by B2 and by the i?-basis of {dzi, ...,dzm} of ^^/vK(fc)' systems of equations of 

third type (with coefficients in R/pR). Warning: we do need to consider LIE_2 and not 
just Lie(A'"^^) and this is why we do not get in general systems of equations of first type. 

However, we can still study to some extend such numbers N{n,m, f{a), f{a + 
1), f{b), qr) following the pattern of 3.6.18.4.1 of algebraizing things (via Chinese 
Reminder Theorem and work performed modulo r-powers of maximal ideals, r e N), 
cf. D below. But, based on (24) of 3.6.18.2, it is easy to see that such numbers 
N{n,m,f{a),f{a+ 1), ...,f{b),gR) do depend on e KeriN^\,^{R) ^ N^\^^{W{k))). 
For instance, if (n, m, a, b) = (1, 2, 0, 2) then 

N{1, 2, 1, 1, 1, 1m«) = (p - 1)' + {2p - If 

is the number of quadruples (gi, q^) formed by elements of Z/pZ and such that gig2 = 
q^q4 (this can be easily read out from (24) of 3.6.18.2); but there are many values of 
gn for which we have A^(l,2,l,l,l, gu) — 0. This suggests the introduction of types of 
generic situations (modeled on C). Not to be too long, we propose here only one such 
type. 

Definition. The generic situation (T^ is said to be authentic if N{n,m, f{a), f{a + 
l),...,f{b),gR)>0. 
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Despite the fact that none of the other results of 3.6.18.4-5 remain true in general 
for €, many of them have weaker forms, which are also very useful. We explain them one 
by one. 

B. We start with a general definition. We come back to the general case, i.e. we 
are not any more in the context of a generic situation. Let Cw{k) be defined as in a) but 
starting from C 

Definitions. We assume b > a + 1 and k = k. Let i e S{a,b). The dimension of 
the Fp-vector subspace 

ViiCwik)) ■■= {x e F\M)/pF\M)\^,{x) = x} 

of (M) / pF'^ (M) , with cpi : F^{M) ^ M as the u- linear map obtained from (p as in 
2.2.1 c) (we still denote by fi its reduction mod p), is called the pseudo-multiplicity of 
the slope i of ^w{k) (or oi C in the maximal point of Spec(-R)). Let 'S'i(CvK(fc)) be the 
Zp-submodule of M formed by elements fixed by Let 

Wi{€w{k)) ■= Vii'^wik)) n Si{€w{k))/pSi{<tw{k)), 

the intersection being taken inside M/pM. dimpj, {Wi{Cw{k))) is called the virtual pseudo- 
multiplicity of the slope i of ^w{k) (or of € in the maximal point of Spec(i?)). Similarly, 
if X is as in 2.2.1 c) and if is an object (resp. a p-divisible object) of M.J-'[a,b]{X) 
we define the pseudo-multiplicity (resp. the pseudo-multiplicity and the virtual pseudo- 
multiplicity) of the slope i of (tx in a geometric point of Spec(Xfc). 

Warning: in general the (virtual) pseudo-multiplicities and the multiplicities of the 
slope i & S{a, b) do not coincide. However, they do coincide if i e {a, 6} (for instance, if 
b = a + 1 they always coincide). 

We come back to the initial assumption b > a + with k arbitrary. The role of 
s(0)s(l) in 3.6.18.4 B) has to be replaced by the pseudo-multiplicity Sp^(— 1) of the slope 
— 1 of the extension of End{<tw{k)) to k. As in the proof of 3.6.18.4 (see P7 of it), we get 
the following improvement of the first part of the Fact of A: 

Corollary. The number CONN(C, n) of connections on €/p'^C is at most 

pTirSpmi-'i-) ^ 

This Corollary is a particular case of 3.6.18.7.1 b) below (and so, as it is not used 
below, we refer to the mentioned place). Even if k = k it can happen that actually we 
have less than predicted such connections. To construct such examples with gn as the 
trivial element, we just need to consider cases when Vi(£'n(i(£vK(fe))) has dimension 1 
over ¥p and Wi{End{€w(k))) = {0}- the proof of 3.6.18.7.1 b) below shows that if in the 
Corollary we have equality Vn e N, then each connection counted by CONN(^, n) lifts to 
a connection on €; so we can follow 3.6.18.4 P6-7 to get that, under the assumptions on 
the ranks of Vi{End{Cw{k))) and of Wi{End{€w{k)))i CONN(C, 1) has at most 1 element. 
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Example. We consider a W{k)-ha,sis {x,y,z} of a free VF(/c)-module M of rank 
3 and define: (fipx) = x + py, (p{p^y) = z and (p{z) = p^y. We take F^{M) = 
F3(M) =< z >, F-\M) = F-^{M) =< x,z >, and F-^{M) = M. Let €w{k) ■= 
(M, {F'^ {M)i^s {-3,3}) 1 'fi) ■ Its slopes are 0, and —1, its pseudo-multiplicity of the slope 
— 1 is 1 but there are no ai, a2 G W{k) such that p(f{x + aiy + a2z) = x + aiy + a2Z. 
So Wi{(tw(k)) = {0}. We take £ to be the pull back to Spec(i?) of the direct sum 
^w{k) © W{k){0). End{€) has the pull back to Spec(-R) of ^w{k) ^ direct summand. 
We get (as in 3.6.18.4 P6-7) that there is only one connection on M/pM 0^ R/pR, with 
M := M ® W{k)^ which lifts to a connection on M ®w{k) R making € potentially to 
be viewed as a p-divisible object of A4J^^^^-^{R), even if r 7^ 0: it is the connection 
annihilating M/pM. 

We do not know when there is a constant f{€) e N U {0} such that CONN((i:,n) = 
Vn e N. Warning: in general there is no such constant f{€). 

C. Similarly we define the number INT(C, n) counting the connections of B which are 
moreover integrable. It seems to us that we always have INT(C, n) = N(n, m, f{a), f{a + 
'^),-J{b),9R) for some qr G Ker(iV^^(^^(i?) N^^^i^^{W{k))); warning: we do not 
know how to prove this using the ideas of A and of the proof of 3.6.18.4.1. However, the 
mentioned ideas give us (it is an easy exercise, cf. also D below): 

Corollary. Let q e N. // CONN(£,n) = p'^'^T.Va then INT(e,n) > 

N{n,mJ{a),f{a+l),...,f{b),gR), for some gn G N:^^^,^{R) which mod {zi, Zm)'^ is 
the identity element. 

It seems to us (based on the Corollary of B), that in the above Corollary we are 
actually in the context of a generic situation. 

D. 3.6.18.4.2 has a weaker version. We use its notations but replacing the lower right 
index [0, 1] everywhere by [a, 6]. For m > 2 we have two moduli p-adic formal schemes: 
M{€) of integrable connections and Mi(€) of connections; this is a consequence of 3.6.8.9 
Al. Always we have an open closed natural embedding 

M(€) ^ Mi(e) 

of formally etale, p-adic formal schemes over S^. But we can not say anything about 
their fibres. In particular they can be empty. Also, in case of an object, there is no a 
priori reason (besides 3.6.8.9.0) to always have all non-empty fibres having a number of 
elements which is a power of p. 

E. In accordance to D, if Mi(C) or M(£) is not empty and the special fibre of S is 
noetherian and connected, then the surjectivity principle of 3.6.18.4.5 is preserved for it. 
In the same context, the purity result of 3.6.8.1.4, the touching property of 3.6.18.4.3, 
and the surjectivity principle of 3.6.18.6 b) below are preserved. All these can be read 
out from their proofs and from 3.6.8.9 Al. 
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F. The inducing property is a much subtler thing, as it can happen to have 
INT(£, n) = for some n E N (see end of A). We do not know any simple and suffi- 
ciently general criterion which could guarantee that INT(£, n) > 1, Vn e N. 

3.6.18.5.6. Problem. With the notations of 3.6.18.0-2, if r > 1, study the behavior 
of connections (obtained as in 3.6.18.4 and 3.6.18.4.2) w.r.t. (short) exact sequences of 
objects of M!F[o^i]{R). Hint: look at the proofs of 3.6.18.5.2-3. 

The similar problem in the context of 3.6.18.5.5 is much harder. 

3.6.18.5.7. A variant. Using 3.6.18.5 c) instead of 3.6.18.5 b), we obtain logical 
variants of 3.6.18.5.1 and 3.6.18.5.3. We state these variants, in a language inspired from 
3.6.18.5.5 B and so suitable for future generalizations. Regardless of how and k are, 
we have: 

Corollary. The full subcategory of p — FF(Spec{R)) (resp. of p — DG{Spec(R))) 
whose objects are such that either their etale part or their multiplicative type part is trivial, 
is antiequivalent (via the D functor) to the full subcategory Spm(— 1) = — M.J^\q^i\{R) 
(resp. Spm(— 1) — ^ — P — •M.^[Q,i\{,R)) of the category /A J-'[q^i]{R) (resp. of the category 
p — AlJF[o^i](-R) ) whose objects are having the pseudo-multiplicity of the slope —1 of the 
End objects of their truncations mod p equal to 0. Moreover, Sp^(— 1) = — A4.F[o,i](-R) 
(resp. Spm{—1) = 0— A^JF[o^i](i?)J is equivalent to the similarly defined full subcategory 
Spm{-1) = - MJ'^^^iR) (resp. Spm{-1) = 0-p- MJ'^^^iR)) of MJ'^^^iR) (resp. 
ofp-MT^.^iR)). ' 

Proof: The proof of 2.2.1.1 6) shows that any object of M.T[o^i]{R) has a strict lift 
in the sense of 2.2.1 e); so any object of Sp^( — 1) = — MJ^[o,i]{R) is the epimorphism of 
an isogeny between two objects of Spm{~i) = — p — A4J-'[o^^{R) . So, copying the proofs 
of 3.6.18.5.1 and 3.6.18.5.3, we just have to deal with the part involving morphisms, in 
the context of p-di visible objects and groups. But over Spec(-R), there is no non-trivial 
homomorphism from a finite, flat, commutative group scheme Gi of p-power order whose 
pull back to Spec(i?®'^) is connected into a finite, etale, commutative group scheme G2 of 
p-power order; moreover, as p > 3, there is no non-trivial homomorphism G2 ^ Gi. So, 
all morphisms between (p-divisible) objects to be considered are such that (the proof of) 
3.6.18.4 c) applies to get that all elements fi as in the proof of 3.6.18.5.1 are 0. 

3.6.18.5.7 is part of the third place where we need p > 3. 

3.6.18.5.8. An equivalence of categories. Let S be as in 3.6.18.4.2. As in 

3.6.18.5.7 we define the categories Spm(— 1) = — AiJ-'[Q^i]{S), Spm{—1) = — p — 
MJ'lo,i]{S), Spmi-1) = O-MJ'^^iS), Spm{-1) = O-p-MJ'^^iS). By just combining 
3.6.18.4.2, 3.6.18.5 c) and 3.6.18.5.7 we get: 

Corollary. The category Sp^(— 1) = — 7VfjFjo^i](S') (resp. Spm{—i) = — p — 
■^^[o,i]{S)) is naturally equivalent to the category Spm(— 1) = — A4J-'^ ^^{S) (resp. to 
Spm{-l)^0-p-MJ'^^,^{S)). 
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3.6.18.5.9. A formula. We refer to the morphism e of 3.6.18.5.2, in the case k = k. 
Following the proofs of 3.6.18.5.2 and 3.6.18.4 B), we get that the number of lifts of V 
to connections making d to be viewed as an object of M.J^^ ^ (R) is precisely 

En—l 
f i=0 \ 

where is the pseudo-multiplicity of the slope —1 of p^^/p^~^^^ (in the maximal point 
of Spec(-R)). Here is as in the proof of 3.6.18.5.2. As p'+^D^I/p^+^Ol is naturally a 
subobject of p'^^/p'^'^^^, we have: 

ao>ai> ... > an-i. 

For future references, we state here a combined version of 3.6.1.3 and 3.6.18.4.2. 

3.6.18.6. Theorem. Let Spec(i?i) be a regular, formally smooth, affine W{k)- 
scheme. We assume that its special fibre is connected and that it is part of a triple 
(Spec(-Ri), ;2) defining a potential- deformation sheet. Let Ci be a p- divisible object 
ofMJ'lo,i]iRi)- 

a) (the universal global V principle for Al.F[o,i](*) for potential-deformation 
sheet contexts) The whole of 3.6.1.3 remains true (except the fact that we get connec- 
tions respecting the G-action which does not make any sense here) in this context, provided 
we state the things in terms of p-adic formal schemes. In particular, there is a m,oduli 
p-adic formal scheme Mo(£i) having a geometrically connected special fibre and there is a 
formally Stale, affine morphism di : Mq{€i) — > Spec(i2i ) such that dKCi) is a p-divisible 
object o/ Al.F[^]^j(Mo(€i)) and which are universal in the following sense: 

UP For any formally etale, p-adic formal scheme X over Spec(i?f ) such that all 
connected components of its special fibre contain points mapping into the special fibre Zk 
of z and the pull back of Ci to it is a p-divisible object of M.J-'^ ^-^{X), there is a 

unique Spec{R^) -morphism £x ■ X ^ Mq{€i) (so is {di o £x)*€i). 

The special fibre of di is an N-pro-etale, affine morphism. Moreover, the point 
z lifts uniquely to a point Spf{W{k)) — » Mo(£i). // the underlying module of £i is 
free, then di is defined naturally by the p-adic completion of an N-pro-etale morphism 
£i : Spec((5i) Spec(i?i). 

b) (the surjectivity principle) The fibres of di over an open subscheme of the 
special fibre ofSpec{Ri) containing zj-, are not empty. 

The same remains true for objects: we just need to replace the words N-pro-etale by 
the word etale (b) becomes trivial). If Ri/pRi is of finite type over k, then Mo(Ci)fc is 
an AG k-scheme. 

The proof of this is entirely the same as the proof of 3.6.1.3 (cf 3.6.18.4.1 for the 
integrability part), and so it is omitted. We just mention two things. The localization 
process mentioned in the proof of 3.6.18.4.2, allows us to assume that we are in the 



295 



context described in the last sentence of a). Mo((£i) is the (only) connected component 
of the moduli p-adic formal scheme M{<ti) of 3.6.18.4.2 to which y lifts. 

3.6.18.7. The relative situation. 3.6.18.4-6 works in the relative context, i.e. 
when we start with a Shimura filtered u-crystal or, even more generally, with a suitable 
filtered (7-5-crystal over k. So here, with the notations of the opening paragraphs of 
3.6.18, we assume that there is a smooth subgroup G of GL(M) having connected fibres 
and the property that there is a family of tensors {ta)aeJ of the F^-filtration of T(M[^]) 
defined by such that (p{ta) = tc^, Va G J7, and Gs^k) is the subgroup of GL(M[i]) 
fixing toil £ J ■ Till the end of 3.6.18.7.1 we assume k — k. We have: 

Theorem. If Qr G G{R), then there is an integrable connection V on M ®w{k) 
which respects the G-action (in the similar sense as of 3.6.1.1.1) and makes C to he viewed 
as a p- divisible object of M.J-'^ ^-^{R) . Moreover, this p- divisible object is induced from a 

filtered F-S -crystal of the form (M, F^, G, /) (it is defined as in 2.2.10). 

Proof: This is a consequence of 3.6.18.4.1 and [Fa2, rm. iii) after th. 10] (to be 
compared with 3.6.18.3.1), once we show that there is a connection on M ®w{k) R which 
makes £ to be viewed as a p-divisible object of AiT"^ ^■\^{R) and which respects the G-- 
action. To see this, following the ideas of the steps 4) to 7), 11) and 12) of 3.6.8, we 
get that it is enough to show that there is a connection on M ®w{k) R/pR which makes 
<t/p€ to be viewed as an object of ^{R) and which respects the G-action (i.e. the 

liftability property of 3.6.18.5.2 works also in this relative context pertaining to filtered 
(7-5-crystals: this can be deduced from the way the paragraph below is presented). 

We start with a connection V = 5o where Sq is the connection on M^^j/^;;.) R/pR 
annihilating M and where 

/? e LIE := Lie(G) ®w{k) ^{R/pR)/k- 

The equations (i?i) and {E2) of 3.6.1.1.1 2), in this case (as $(ta) = tai Va G J), express 
for each / G S{M) the equality between two elements of LIE: this can be read out from 
3.6.8.6.1-2 (cf. also 2.2.1.2). So we get a system of mdimvK(fe)((Lie(G)) equations in 
the same number of variables; the resulting system of equations is of first type and so 
3.6.8.1.2 a) applies. This ends the proof of the Theorem. 

Warning: not all connections on <t/p€. respect the G-action; simple examples can be 
constructed starting from the generic situation described in 3.6.18.2. However, for n G N, 
we have: 

3.6.18.7.0. Formulas. The number of connections on M (^j^-^ R / p^ R that respect 
the G-action and make C/p'^C to be viewed as an object of AiJ^'^ y\{R) is p to the power 

nr times the number s(— 1) of slopes —1 of the Lie a-crystal (Lie(G), </?). Each such 
connection lifts in precisely p'^^^~^^ ways to a connection on M®p^(fc) R/p^^^R respecting 
the G-action and making 't/p^^^'t to be viewed as an object of M.J-'^ ^AR). 
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The proof of this is entirely the same as the proof of 3.6.18.4 B). 

3.6.18.7.1. Formulas and estimates (the general form). We refer to the 
filtered cr-iS-crystal of 3.6.1.5. Choosing an element G G{R), let 

€ := (M ^w{k) R, {F\M) ^w{k) R)ieS{a+i:b)^ 9r{'P ® !))• 
It is a p-divisible object of MT^^ b]iR)- We have: 

Theorem, a) If a = and 6=1, then 3.6.18.7.0 still holds in this general context. 

b) In general, the number of connections on M ®w{k) R/p^R which respect the 
G-action and make <L/p^<L potentially to be viewed as an object of J^J-'^^{R) is at 
most equal to ^"'^■^p^^C-i)^ where Spm{—i) is the pseudo-multiplicity of the slope —1 of 

c) We assume the filtration o/ Lie(G) is in the range [—1,1]. Then in b) we have 
equality. 

Proof: Let d := mdimvi/(fc)(-F~^(Lie(G))). All systems and subsystems of equations 
to be considered below are in d variables and have coefficients in R/pR. For b) we just 
need to show: for any i e S{0, n — 1), every connection Vq on M(8)vK(fc) R/p^R respecting 
the G-action and making €/p^€ potentially to be viewed as an object of A^JFY- (i?), can 

be lifted in at most p'^^p^i-'^) ways to a connection on M ®w{k) R/p^^^R having the 
properties: 

i) it respects the G-action, and 

ii) it makes €/p^^^<i potentially to be viewed as an object of MT^-^-^^{R). 

We first remark that, as in 3.6.8.9, we can "capture" the fact that a connection V 
on M(g)^(;;j) R/p^^^R lifting Vo satisfies i) and ii), by using a system of equations SE of 
third type. We consider their subsystems which are of first type (see 3.6.8.9 Al). To be 
more precise, for instance, we can choose an i?-basis B oi M such that suitable subbases 
of it are VF(A;)-bases of its direct summands F^{M), i G S{a,b). Using it we put SE in 
a convenient matrix form as in 3.6.8.6 (CMF) (see also 3.6.8.6.1) and we consider just 
the subsystem defined by entries which correspond to the direct summand F~^(Lie{G)) 
of End(M). So the choice of B gives birth naturally to a direct supplement DS of 
F~^(Lie{G)) in End(M) and we "view" our systems of equations "modulo it" (strictly 
speaking modulo DS ^R/w{k))- However, in what follows, it is important to allow 

such a direct supplement to be arbitrary (i.e. to vary) and in particular, not necessarily 
to be defined by a W{k)-hasis of M; let SDS be the set of such DS^s. Let ttds be the 
reduction mod p of the projector of End(M) on F~^(Lie{G)) having DS as its kernel. 
So for any i G 5(0, n — 1) and for each such DS G SDS wc obtain (via the projection 
of End(M) ^w(k) ^R/w{k) ^"HLie(G')) 0w{k) ^R/wik) "along" DS ®w{k) ^R/w{k)) 
a subsystem SSosi^) of '^'i? formed by precisely d equations; it is of first type and it is 
uniquely determined up to equivalence. 
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Prom 3.6.8.9 Al and 3.6.8.1.2 c), as R/pR is strictly henselian, we get that the 
number SOLjjs of solutions of SSDsii) is independent on i and n; so in what follows we 
just write SSds instead of SSosii)- Obviously, the number of lifts of Vq as above (i.e. 
which have properties i) and ii)) is at most p^OLos ^ 

So, as these subsystems of equations are of first type, we can follow entirely the proof 
of 3.6.18.4 B) (see PI to P3 and P7 of it): SOLos is equal to p to the power r times the 
pseudo-multiplicity s^(— 1) of the slope —1 of (Lie(G'), {F^{Lie{G)))-^gg(^^^y(p) "along 
DS". In other words, s^( — 1) is the dimension of the Fp- vector space 

VFf{€) := {x e F-\Ue{G))/pF-\Ue{G))\7rDS o <fi-i{x) = x}, 

where Lp-i is (the reduction mod p of) the cr-linear map i^~"^(Pnd(M)) End(M) 
defined as in 2.2.1 c) by p(f (see (ENDPR) of 2.2.4 B). As we are allowed to vary DS, we 
jut need to remark: 

(36) = mm{s^i{-l)\DS e SDS}. 

To prove this formula, let DSq E SSD be such that Sp^° (~1) attains the above minimum. 
Let {ei,...,ej be an Fp-basis of K^/°(e:), and let {ei, eji^^^^^(^_i(Lie(G)))} be a k- 
basis of F~^{Lie{G))/pF~^{Lie{G)) w.r.t. which tidSq o has an upper triangular 
form. Obviously, s^o(— 1) = q > Spm{—1)- If Q > Sprn(— 1), then there is j E S{l,q) 
such that (^_i(ej) = ej + fj, with fj E DSq a non-zero element. We can assume j = 1. 
Let {/i,...,/,. ,,~,.2 ,. rtp-m- fr<\\\} be a A;-basis of DSq. Replacing DSq by 

IJi) ' ^dimvy(fe)(M) -dimvK(fc)(i^ i(Lie(G)))J " f i= u J 

another 

DSi e SDS 

such that ttdSi is the sum of ttdSq with the A;-linear endomorphism of End(M/pM) which 
annihilates all e^'s {u E 5(1, dimvK(fe)(-^~'^(Lie(G))))) and all /^'s (s E /S'(2,dimvy(fc)(M))) 
and which takes /i into — ei, we get s^i(— 1) < — 1 -|- s^°(— 1). Contradiction. This 
proves (36), and so b). 

Por a) and c), let LIE be as in 3.6.18.7. To show that equality holds if a = and 
6 = 1, we just have to show that in fact the systems of equations of third type we come 
across are in fact of first type. 

Let A^o be the Zariski closure of the connected component of the origin of the sub- 
group of G'L(M[i]) normalizing Lie(G)[i] in GL(M). So Nq normalizes G. The canonical 

split cocharacter p, : Gm — GL{M) of {M,F^{M),ip) factors through Nq, cf. our as- 
sumptions of 3.6.1.5. So we can write = a/i(^), with a as a cr-linear automorphism 

of M, normalizing Lie((5). But 3.6.8.6.1-2 can be entirely adapted to this "normalizing" 
context, so that 3.6.8.6.1-2 apply as in 3.6.18.7: the systems of equations we get are 
expressing the equality between two elements of LIE and so, as C is a p-divisible object 
of M.J-'[o^i]{W{k)), they are of first type. This proves a). 
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The proof of c) is entirely the same as the proof of a). We just have to remark 
that (GT) of 3.6.1.1 4) represents no restrictions on (3 (i.e. writing V = V° + 
with V° a fixed connection on M ®w{k) R/p^^^R lifting Vq, P £ p'^Lie(G) <^w{k) 
^R/w{k)/P"^'^^^^^(^^ '^w{k) ^R/w{k)~^^^^ involves as many coefficients -viewed as el- 
ements of R/pR- as dim^/p^(L/£^)); so the fact that V is a connection on 
gets translated in: these coefficients are solutions of a quasi Artin-Schreier system of 
equations in as many variables as dim^/^^ (L/i?). This ends the proof. 

We now combine 3.6.18.7.1 with a variant of 3.6.18.5.9. Let a, h and R have the 
same significance as in 3.6.18.5.5. Let be an arbitrary object of M.^[a,b]{R)\p^]- Let 

be the pseudo- multiplicity of the slope —1 of 

®i~oP'End{€)/p'+^End{€). 

3.6.18.7.1.1. Corollary, a) We assume (a, 6) = (0, 1). The number of connections 
on € is precisely p'^^p"'^~^''^\ 

b) We do not make any assumption on a and b. The number of connections on C is 
at most prspmi-'i-X) ^ 

a) follows by combining the part of the proof of 3.6.18.4.2 referring to extra features 
with the proof of 3.6.18.7.1. b) follows from the proof of 3.6.18.7.1 b). The only difference 
from this proof: when we start lifting connections "pertaining to" End{(t) / p"^ End{€) to 
connections "pertaining to" End{(t) / p^^^ End{(t) (see the proof of 3.6.18.4.2), we come 
across systems of equations in a potentially less number of variables and so we are dealing 
with the pseudo-multiplicity of the slope —1 of p'^ End{(t) / p'^'^^ End{<t} (and not just of 
End{C)/pEnd{€)). 

3.6.18.7.2. Relative forms of 3.6.18.4.6. We come back to the starting setting of 
3.6.18.7. It is worth detailing what 3.6.18.4.6 becomes in the relative context. There are 
two variants: one modeled on the faithful representation p of Gk on M/pM and another 
one modeled on (M, F^, ip, G). We first detail the first one and then we hint the idea of 
the second one. 

Let m :— dim;^(;j)(M). Let -R be a /c-algebra such that Spec(-R) is connected. In the 
proof of 3.6.18.4.6 C we came across Artin-Schreier systems of equations in n variables 
(n e N) with coefficients in R, whose n x n matrix Al is invertible (i.e. Al ^ GLn{R))- 
If now m = n and A^ E Gk{R) (under the representation p), then we say that the Artin- 
Schreier system (*) of equations of 3.6.18.4.6 A is modeled on p, and any open closed 
subscheme of the Spec(-R)-scheme defined by it is said to be a crystalline elementary 
p-admissible etale cover of Spec(^). As in 3.6.18.4.6 we define crystalline p-admissible 
etale covers of Spec(^), as well as Galois groups 



m,m 



AS 
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and 

jtP-AS 

by using only Artin-Schreier systems of equations which are modeled on p. Here m e N 
has the same role as in 3.6.18.4.6 B, i.e. in the definition of ^^f^m^ we consider sequences 
of crystalline p-admissible etale covers of length at most m. Warning: all Artin-Schreier 
systems of equations modeled on p are in precisely m variables. We refer to H^^^ (resp. 
to ) as the p (resp. as the level m p) Artin-Schreier fundamental group of Spec(^) 

(the lower right index m just has the role of keeping track of the dimension of the faithful 
representation p). Similarly, following the pattern of 3.6.18.4.6, we can define (using 
in 3.6.18.4.6 D just matrices ^j's and -By's which are defined by points of Gk) for any 
separated, connected A;-scheme Xp-. 

- a p Galois-Artin-Schreier fundamental group H'^'^^^ (Xp); 

- a level m p Galois-Artin-Schreier fundamental group 11^^"^'^ (Xp). 

The most interesting cases are when p is an irreducible representation. For instance, 
we would like to understand the case when p is the spinorial (resp. semi-spinorial) 
representation of a split semisimple group over k of Bi (resp. of Di) Lie type, with 
Z e N, Z > 3 (resp. Z > 4). As in 3.6.18.6 F, we define the notion of (weakly) p-simply 
connectivity. 

The second variant imitates the first variant as well as the case described in the 
equations (3) and (4) of 3.6.8; in other words, we require that some specific entries of 
Al are 0, without requiring that Al is invertible or that it defines an element of G^- 
We intend to come back in a future paper to detail this second variant, as we think it is 
equally important as the first one. 

3.6.18.7.3. The relative moduli principle. Let X be a regular, formally smooth, 
faithfully flat W{k)-sch.em.e equipped with a Frobenius lift and having a connected 
special fibre. We consider a p-divisible object of AiJ-'[a,b]{^) and a family of tensors 
{tct)aeJ of the essential tensor algebra of the underlying Ox -sheaf J-" of (E such that 
there is an open, affine cover of X with the property that for any member U = Spec(i?) 
of it whose special fibre is non-empty, denoting by $[/ the Frobenius lift of naturally 
defined by and denoting by {M^, {F'^{Mji))i^s(a,b)i^Mn) the puU back of € to 
(so Mji is a projective i?^-module), the mentioned sections become sections (we keep the 
same notation) of T{Mii) satisfying: 

i) they are in the F°-filtration of T{Mji) defined by {F'^{Mji))i^s{a,b) and are fixed 
by $Mh; 

ii) the Zariski closure of the subgroup of GL{Mji[^]) fixing ta, Va e J", in GL{Mji) 
is a reductive group Gr over R^. 

The intersection F'(Lie(Gfl)) := F*(End(M/j)) fl Lie(Gfl) is a direct summand of 
Lie(Gi?), i = 0,1. The argument for this is entirely the same as the one of the first 
paragraph of the proof of 2.2.20.1 9). 
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Using Teichmiiller lifts Spec{W (k)) — > Spec(-R^), with k a perfect field containing k, 
and applying 2.2.1.2 to the context of pull backs of (C, {ta)aeJ via them, we get that (the 
pull back) of F*^ {Lie{G n)) through eacg geometric point of Spec{R/pR) or dominating 
Spec(-R^[^]) is the Lie subalgebra of a parabolic subgroup of (the corresponding pull 
backs of Gr). Even better, we have: 

A. Claim. F^(Lie(Gi?)) is the Lie algebra of a uniquely determined parabolic sub- 
group Pr of Gr. F^{lAe(GR)) is the Lie algebra of the unipotent radical of Pr. 

Proof: The second part follows from the first part, via pull backs through Te- 
ichmiiller lifts as above. The uniqueness of Pr follows from the Fact of 2.2.11.1. 

To see that Pr exists, we start remarking that we have a natural identification 

Lie(G^'^) = {xe ^nd{Ue{GR))\p^x E ad(Lie(Gfl)), for somen e N}. 

So Lie(G'^*^) can be interpreted as well as the underlying J?^-module of the kernel (see 
2.2.1.1 6)) of a morphism between p-divisible objects of M.T{R). So we similarly get di- 
rect summands -F'^(Lie(G^)) and F^{lAe(G^)) of Lie(G|^). As above, in each geometric 
point of Spec(i?) factoring trough a Teichmiiller lift, F^ (ljie{G'1^)) becomes the Lie al- 
gebra of a parabolic subgroup of (the corresponding pull back of G^) whose unipotent 
radical has as its Lie algebra the corresponding pull back of F-^(Lie(G^)); in particular, 
this applies to all geometric points of Spcc{R/pR). 

As F^ (Lie{G'^)) is a direct summand of Lie(G'|f ), we can speak about the subgroup 
of G'j^ normalizing it. We now check that Nr/pR is a parabolic subgroup of G^^^ 

having F^ {Ue{Gf)) / pF^ {Ue{Gf)) as its Lie algebra. 

We first assume R — W{k). We consider a maximal torus TV^^) of the parabolic 
subgroup PS of G^(fe-) whose Lie algebra is F^ {Lie{G^ ^j^-^)) . It acts on Lie(G^(.^^ via 
inner conjugation. Let F~^ be the opposite of F^(Lie(G^(.^^)) w.r.t. this action. As we 

are in an adjoint context, T^(fc) acts on F~^ through characters which are not multiples 
by elements of N \ {1} of characters of T^(^ky, so no element of F~^ /pF~^ can take 
Lie(Tfc) into Lie(P5'fc). So Lie(A^fe) = Lie(P<S'fe). As contains PSk, we have (see Fact 
of 2.2.11.1) Nk = PSk. 

We come back to the general R. Using Teichmiiller lifts we get that all fibres of 
Nr/pr are parabolic subgroups and so are smooth and connected; they also have the 
same dimension. We get: Nr/pr is smooth (using translations, it is enough to check that 
Nr/pR is smooth in the origins of its fibres; but the argument for this is the same as the 
one of the second paragraph after [Va2, Claim 1 of p. 463]) and so a parabolic subgroup 
of Gr/pR. Based on this on the fact that each point of Spec(i?) specializes to a point of 
Spec{R/pR), we get that all fibres of are smooth and have the same dimension. This 
implies: N is smooth in all points of the connected component of the origin of any one of 
its fibres. So, as each point of Spcc(J?) specializes to a point of Spec{R/pR), we get that 
all such fibres are connected and so N is smooth. Using Teichmiiller lifts, we get that its 
Lie algebra is F^{Ue{Gf)). 
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As A?" is a smooth subgroup of G^, as Nji/pji is a parabohc subgroup of Gji/pji, and 
as each point of Spec(i?) speciahzes to a point of Spec{R/pR), N is a parabohc subgroup 
of G^. Argument: we can assume that N contains a maximal torus Tr of G^ which 
is spht, cf. [SGA3, Vol. Ill, 6.1 of p. 32]; as the set of characters of the action of 
on Lie(A) can be read out mod p, all fibres of A^jij are -cf. [Bo2, 7.1, 14.17-18 and 

11.16]- parabolic subgroups of corresponding fibres of G^.iy So the inverse image of N 

under the natural epimorphism G^ G^ is a parabolic subgroup of G^. Using 
Teichmiiller lifts, we get: its Lie algebra is F°(Lie(G'i?)). This ends the proof. 

Let now Q be the reductive group over obtained by gluing naturally these re- 
ductive groups Gr. Let V be the parabolic subgroup of Q obtained by gluing naturally 
these parabolic subgroups Pr. Here reductive group (resp. parabolic subgroup) is under- 
stood in the following sense: Q (resp. V) is a p-adic formal group scheme (resp. formal 
subgroup scheme of Q) over such that Qw^{k) (resp. Vw^{k)) is a reductive group 
scheme over X^^(fe) (resp. is a parabolic subgroup of Gwm{k))j ^ ^• 

Lemma. Locally in the Stale topology of Spec (R) the filtration {F'^{Mji))i^s{a,b) of 
Mji is defined (as in 2.2.8 c')) by a cocharacter of Gr. 

Proof: We can assume Pr is split, cf. [SGA3, Vol. Ill, 6.1 of p. 32]. Let mi : 

Spec(VF(A;i)) ^ X be a Teichmiiller lift whose special fibre is a dominant geometric point 
of Spec{R/pR); so mi is as well a dominant morphisms. The filtration of MR^RW{ki) is 
defined (as in 2.2.8 c')) by a cocharacter of Pw{ki)- As we can replace such a cocharacter 
by any P(W(/ci))-conjugate of it, we can assume that it is obtained from a cocharacter 
liR of Pr by pull back. If Mr = ®i^s(a,b)FR is the direct sum decomposition defined (as 
in 2.2.8 c')) by iir, then we have = ®^^jF^(Mi?), as this holds after tensorization 
with W{ki). This ends the proof. 

Proposition. There is an N-pro-etale morphism fi : Spec(-Ri) — > Spec(i?), sur- 
jective mod p, and such that there is a connection Sr^ on Mr i^r/\ R^ annihilating ta, 
Va e J. 

Proof: We can assume hr exists. We write ^Mr = gRfJ'Ri^), with gR a $[/-linear 
automorphism of Mr fixing ta.,\/a ^ J. We can assume Mr is a free i?^-module. The 
equation 

{EQ) ^Mn{x) = X, 

with X G Mr., mod p defines a system of equations of first type with coefficients in R/pR 
whose matrix is invertible. By passing (as usual) from things mod p"^ to things mod 
pTn+i^ m e N, we come across again on a system of equations of first type whose matrix 
is not changed. So from end of 3.6.8.1.0 and from 3.6.8.1.2 a) (to be compared with 
the proof of 3.6.1.3) we deduce the existence of fi of the type mentioned such that the 
Zp-module Mz of solutions of (EQ) in Mr ^r^ -Rf is such that the natural P^^-linear 
map Mzp ®Zp Ri Mr ^r/\ i?f is an isomorphism. So Mz^ defines a Zp-structure of 
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Mr ®ijA i?^; with respect to it we have ta G T(Mzp), V e JT". So we can take as 5r^ the 
connection on annihilating M^^ . This ends the proof. 

B. Definitions. We say a connection V on .T-" respects the ^-action, if V(ta) = 0, 
VcK e J. We say a connection on T j-p^T making <t/p'^(i potentially to be viewed as 
an object of M-T^^^ ^ {X) respects the ^-action, if locally in the N-pro-6tale topology of 
X, it lifts to a connection on JF which makes €. potentially to be viewed as a p-divisible 
object of M-T^^ ^{X) and which respects the (y-action. Similarly, we define connections 
respecting the ^-action, for pull backs of €. or of ^/p^(L. 

C. Theorem (the relative form of the moduli principle). We assume the 
filtration oflAeiGn) is in the range [—1, 1]. Then there is a moduli p-adic formal scheme 
Mg{(i/p^€) (resp. Mg{(t)) of connections on pull backs ofTjp^T (resp. of T) through 
formally etale, p-adic formal schemes over X^, which make the extension ofC/p'^C (resp. 
of <t) to such a p-adic formal scheme Xi over X^ potentially to be viewed as an object 
(resp. as a p- divisible object) of M.J-'^ -^-^{Xi) and which respect the Q -action. Moreover, 
we have: 

a) Vm e N, the X^r^(^k)-scheme Mg{€/p'^t)w^{k) (resp. Mg{€)wm{k)) etale and 
affine (resp. is N-pro-etale and affine); 

b) Locally in the etale topology of X^, the special fibre of Mg{ft/p^(t) (resp. of 
Mg{C) ) is obtained through a finite sequence (resp. an infinite sequence indexed byN) of 
systems of equations of first type defined using linear homogeneous forms with coefficients 
in (the ring of global sections of the original -i.e. before localization-) Xk; 

c) The fibres of Mg{(t/p'^C)i^ (resp. of Mg{€)j^) over points with values infields of 
Xk are non-empty. The fibres of Mg{€/p^C)i^ are etale schemes over fields defined by 
algebras of dimension (as vector spaces over these fields) a non-negative, integral power 
ofp- 

Proof: Let m : Xi — > X be a formally etale morphism, with Xi a p-adic formal 
scheme. We first assume that (a, 6) = (0,1). The fact that a connection on M. := 

(m^) * (JF) respects the ^-action, is expressed through some algebraic equations. So as 
Mg{(t) (resp. as Mg{€/p^(t)) we can take the maximal open closed, formal subscheme of 
the moduli p-adic formal scheme M{(t) (resp. M{(t/p^(t)) constructed in 3.6.18.4.2, over 
which we get connections respecting the ^-action (resp. which is the image of Mg{C) in 
MiC/p^'C) under the natural X^-morphism M{€) M{(i/p'^€)). This takes care of the 
existence part, as well as of a). 

b) follows from 3.6.18.7: in the mentioned place we used, cf. 3.6.8.6.1 (and end of 
3.6.18.7.1), the fact that the direct sum decomposition M = ® is defined (as in 
2.2.8 c)) by a cocharacter of G and that 5q exists (i.e. and that we can introduce (3). 
But working in the N-pro-etale topology of X^, the Lemma and the Proposition of A 
take care of the existence of a corresponding cocharacter of Gr and respectively of a 
connection Sr^ substituting 5q. 

c) results from b) (cf. 3.6.8.1 applied in the context of geometric points of X^). This 
handles the case (a, b) = (0, 1). 
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The general case is entirely the same. The only difference comes from the fact that 
we can not appeal to 3.6.18.4.2 and so we have to argue slightly differently the existence 
of Mg{C/p^(t} (resp. of Mg{€.)). Due to the universal property implicit in the moduli 
aspect of Mg{(E/p^(t) (resp. of Mg{€)) and due to the afRneness part of a), using descent 
we can work locally in the etale (resp. N-pro-etale) topology of X. So we can assume 
that X — Spec(-R) is affine, that the filtration of JF is defined by cocharacters of Q, that 
^Xfe/fc is a free -sheaf, that is a free Ox'^ -sheaf and that we have -to be compared 
with the last proof of A- a Zp/p"Zp-structure (resp. Zp-structure) of T jpP'T (resp. of 
formed by elements fixed by $Mh- Once we have this, the proof of 3.6.18.7.1 c) implies 
that we can construct Mg{<t/p^^) (resp. of Mg{(t)) following the pattern of 3.6.18.4.2: 

- defining Mg{<l/Ci to be X, Mg{(i/p''€)h is obtained from Mg{'l/p'^-^€)k using a 
quasi Artin-Schreier system of equations; 

- Mgi^t/p^^) is thep-adic completion of the affine, etale Mg(C/p"~^C) -scheme whose 
special fibre is the Mg{<L/p'^~^<L)k-sch.em.e Mg{<t/p'^€)k; 

- Mg{€) is the p-adic completion of the N-projective limit of Mg{€/p'^Cys. 
This ends the proof. 

3.6.18.7.4. Comments. 1) We do not know how to compute the number of 

connected components of Mg{(t/p"'(t). 

2) We do not know when in 3.6.18.7.3 b) we can work just in the Zariski topology 
oiXk. 

3) We do not know when Mg{C/p'^€) is X-algebraizable, i.e. is obtained from an 
etale X-scheme Xi by taking the p-adic completion. If such an Xi exists, then we have a 
universal property for the morphism Xi — > X involving formally etale X-schemes, similar 
to the one of iii) of 3.6.1.3 1). 

4) We have variants of 3.6.18.7.3 (and of 1) to 3)): for instance, we allow X to be 
a p-adic formal scheme or we work in the context of 3.6.18.7.0 or of 3.6.18.7.1 a) (the 
existence of V in the last two contexts can be deduced as well from [Fa2, rm. iii) after 
th. 10]). 

Till end of 3.6.18.10 we work with a regular, formally smooth, affine W{k)-sch.em.e 
Spec(i2i) such that Yi := Spec{Ri/pRi) is a connected scheme. We fix a Frobenius lift 

of Ri- Let a, b ^ "Z, with a < b. 3.6.18.8-10 below can be stated as well in a 
non a priori affine context; however, as their essence "boils down" to an affine context, 
they are stated just in this last context. The following two theorems are consequences of 
3.6.18.7.1.1 b). However, for the sake of future references and due to their importance, 
they are as well stated separately, with arguments. 

3.6.18.8. Theorem (the universal uniqueness principle). We assume there is 
a maximal ideal mn^ of Ri such that Ri/rriR^ is a finite field and the resulting Frobenius 
lift of the completion Ri of Ri w.r.t. is of essentially additive type. Then for any (p- 
divisible) object £i of M.J^\^a,h]{Ri) , there is at most one connection on it. So a — p — 
•^•^[a 6](-^i) a full subcategory of a — p — M.J-'[a,b]{Ri)- 
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The proof of the first part of the Theorem is the same as the proof of 3.6.1.2 (cf. also 
the extra features of the proof of 3.6.18.4.2): we work inductively modulo p", n e N. The 
difference from 3.6.8 6) is that we need to apply the same upper triangular trick used in 
3.6.18.4 P2 (for the resulting Frobenius lift of Ri) for "separating" the variables. The case 
of p-divisiblc objects is also a consequence of Corollary of 3.6.18.5.5 B. As in the proof of 
3.6.18.5.1 we get that a — p — ■M.^^ ^{Ri) is a full subcategory oi a — p — A4J-'[a,b]{Ri)- 

3.6.18.8.1. Theorem (the universal slope type uniqueness principle). Let 

nil : Spec{W{ki)) —>■ Spec(i?i) be a ^R^-TeichmuUer lift, with ki an algebraic field 
extension of k. 

a) Let d be a p-divisihle object o/ 7WjF[o,i](i?i) such that m|(£i) does not have 
slope or slope 1. Then for any object (or p- divisible object) o/ A^jF[o^i](-Ri) whose 
truncation mod p is isomorphic to Ci/pCi, there is at most one connection on it. 

b) Let £i be a p-divisible object o/ AU^[o,b](-Ri) such that End{ml{€i)) has the 

pseudo-multiplicity of the slope —1 equal to 0. Then for any object (or p-divisible object) 
C'l of MJ-'[a,h]{Ri) whose truncation mod p is isomorphic to €i/pCi, there is at most one 
connection on it. 

Proof: The part of a) involving p-divisible objects is a consequence of the formula 
of 3.6.18.4 B). It is convenient to view the part of a) referring to objects as a particular 
case of b). Now b) is a consequence of 3.6.8.9 (cf. 3.6.18.5.5) and of the proofs of 3.6.18.4 
B) and of 3.6.18.4.2. In other words, based on 3.6.18.5.5 D, the proofs of 3.6.18.4 B) and 
of 3.6.18.4.2 can be entirely adapted to the context of ^i. We just need to remark: the 
fact that End{ml{Ci)) has the pseudo-multiplicity of the slope —1 equal to 0, can be 
read out from its truncation T mod p; so what we know for T remains true for all its 
subobjects. This proves the Theorem. 

3.6.18.8.2. Examples. We refer to 3.6.18.6. As usual we can speak about the 
p-rank of €i/p€i at any maximal (or geometric) point of Spec{Ri/pRi). The p-rank is 
in such a point y iff the F-crystal we get (by pulling back (Ti via a Teichmiiller lift 
of Spec(i?i) whose special fibre factors through y) does not have slope 0. So if €i has 
p-rank w.r.t. any maximal point of Spec(i?i/pi?i), then in the construction of M{€i)k 
we do not need to pass to N-pro-etalc covers (or in the case of an object to etale covers): 
we have Mo{(ti) = M{(ti) = Spf(i?f ), i.e. di mod p is an isomorphism (cf. 3.6.18.5.8). 

Similarly, we can "detect" the multiplicity of the slope 1 of € at a geometric point 
of Spec(-Ri/p-Ri) by just looking at (ti/pCi: it is equal to the p-rank of {C/p(t)*{l) at 
the point. So, similarly, if €i has slope 1 with multiplicity at any maximal point of 
Spec{Ri/pRi), then M{€i) = Spf(i?f ). 

3.6.18.8.3. Some variants. 3.6.1.2-3 remain true for any Frobenius lift of 

R^ such that is of essentially additive type (cf. 3.6.18.4 B); see also 3.6.18.5.1 and 

j 

3.4.18.7.0). This gives us more freedom. To exemplify it, we assume we are in a context 
in which 3.6.8.4 5) applies, i.e. we automatically have Spec((5o,n/pQo,n) = regardless 
of the choices involved; for instance, this is the case if the G-ordinary type defined by 
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(M, G) has no slope or no slope 1, as in this case — Spec{Ro / pRo) , Wn E N (cf. 
3.6.18.8.2). In such a context, we can always adjust the things (in a way similar to the 
algebraization process of the proof of 3.6.18.4.1) so that in 3.6.2 we "end up" over fc, i.e. 
the VF(/c)-morphisms of 3.6.2.1 b) and c) do exist without the three assumptions of the 
beginning paragraph of 3.6.2.1 (that k = etc.). 

For an arbitrary Frobenius lift ^r. of R'j, we lose the uniqueness part, so 3.6.1.2-3 
have to be modified to a significant extend (for instance not all connections we get respect 
the G-action, £jl^(Zk) is not necessarily Spec(A;), etc.). We do not stop to rewrite what 
remains true out of 3.6.1.2-3, in this general context. We just point out that we still 
have a universal property w.r.t. connections respecting the G-action (cf. 3.6.18.7.3 C), 
but the corresponding p-adically complete moduli i?^-schemes, can (theoretically) have 
non-connected special fibres. 

Moreover, 3.6.18.6 has a similar version, in which we work with an arbitrary Frobe- 
nius lift and we are not in the context of a potential-deformation sheet. 

3.6.18.9. Global estimates. We assume that for any reduced, closed subscheme 
of Yi, its ^-valued points are dense in it. Let C be an object of MJ^[o^i]{Ri). We denote 
by V(C) the number of connections on C 

Let y e Yi{k). Let G N U {0} be the rank (see 3.6.18.1) of the Frobenius lift of 
the completion of Ri w.r.t. its maximal ideal defining the point of Yi through which y 

factors, defined naturally by . 

Claim. The values of Vy 's achieve a stratification S of Yk in reduced, locally closed 
subschemes in such a way that under specialization of strata, their values decrease. S 
satisfies the purity property. 

Proof: We consider a p-divisible group over Ri which is a direct sum of Qp/Zp and 
of its dual. We apply 3.6.18.4.2 in the context of the p-divisible object of A4J^^ ^{Ri) 
associated to it. So the Claim follows from 3.6.18.4 B) and 3.6.8.1.3-4. 

As in 3.6.18.1 we associate to €/p<t (and y) numbers Sy(0),Sy(l) G NU {0}. Let 
n e N U {0} be the smallest number such that annihilates C Let 

dy{€) :=nrySy{0)sy{l). 

From 3.6.18.4 B) and the extra features of the proof of 3.6.18.4.2 we get: 

(ESTl) V(C) < min{dy{€)\y e Yi{k)}. 

We have: 

Fact. If the number rySy{0)sy{l) does not depend on y E Yi{k) and if the underlying 
module of € is a projective Ri/p^Ri -module, then the special fibre of the moduli formal 
scheme M{€) (of 3.6.18.4.2) is an etale cover ofYi. Moreover, if rySy{0)sy{l) ^ 0, then 
each one of the numbers Vy, Sy(0) and respectively Sy(l) independently do not depend on 
yeYiCk). 
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Proof: The first part follows from 3.6.18.4 B), 3.6.18.4.2, 3.6.8.1.2 a) and standard 
properties on the number of points of geometric fibres of an etale, affine morphism (see 
[EGA IV, 15.5.9]). The second part follows using specialization and generic arguments 
(cf. the above Claim for r^'s). This ends the proof. 

Let now £ be an object of M.J-'[a,b]{Ri)- Let n be as above. Let 1,C) be the 

pseudo-multiplicity of the slope —1 of the following object of M.J^[a,b]{Ri) 

n-l 

J2p'End{(t)/p'+^End{€). 

i=0 

From 3.6.18.7.1.1 b) we get 

iEST2) log^iW {€)) <min{rysl^{-l,it)\y eY^Ck)}. 

From 3.6.18.7.1.1 a) and loc. cit. we also get: 

Corollary. We assume b = a + 1 = 1. The products rj,s^^(— 1, €) do not depend 
on y E Yiik) iff the special fibre of the moduli formal scheme M(€) (of 3.6.18.4-2) is an 

etale cover of Yi . 

3.6.18.10. p-divisible objects of bounded V-deviations. We assume Yi has 
the ALP property. Let £ be a p-divisible object of A1.7-'[o,i](-Ri)- We say € is of bounded 
(resp. of totally bounded) V-deviation if at least one connected component (resp. if all 
connected components) of the special fibre of M{€) is (resp. are) of finite type over Yi. 
The interesting cases are when Yi is of finite type over k or when Ri — W{k)[[zi, Zm]], 
with k ^ k. Plenty of examples of p-divisible objects of bounded V-deviation can be 
obtained following the strategy of modifications of 3.6.8.9.1. Similarly, using 3.6.18.8- 
9, we get plenty of examples of p-divisible objects of totally bounded V-deviation; for 
instance, € is of totally bounded deviation if €/p€ has p-rank at all fc-valued point of 
Yi. Two problems are dear to us. 

PI. In the interesting cases mentioned above, determine all p-divisible objects of 
bounded V-deviation. 

P2. Determine conditions under which, in the case when Ri is a smooth W{k)- 
algebra, a p-divisible object of A4J-'^ ^-^(Ri) is such that: 

a) it is associated to a p-divisible group over Ri (and not only -see 2.2.1.1 2)- to one 

over -Rf ), or 

b) when viewed as an object of AiJ-'[o^i]{Ri), it is of totally bounded V-deviation. 

3.6.19. The gluing principle. 3.6.14 and 3.6.14.1 are particular cases of a more 
general principle pertaining to Shimura p-divisible groups, which we call the gluing prin- 
ciple. However, we singled them out, as they are in the context of abelian varieties, are 
the most important cases needed in applications, and moreover we had to give a prelim- 
inary motivation for the Expectation of 3.6.15 A. In what follows we present different 
forms of the gluing principle. 
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A. Let Spec(-R'^) be the p-adic completion of a pro-etale, affine scheme Spec(i?*) 
over a smooth, affine -scheme, z e 1,2. Let : Spec{W{k)) — > Spec(i?*), and let 

be a Shimura p-divisible group over Spec(i?*^). We still denote by 2;* thep-adic completion 
of 2;*. We assume that: 

i) the two Shimura p-divisible groups zl{T>^) and (^^) ^^^^ W{k) are isomorphic; 

ii) the relative dimension di of Spec(i?^) in is greater or equal to the relative 
dimension d2 of Spec(i?^) in 2^; moreover is a versal deformation in z^, i = 1,2; 

iii) Spec(i?Ypi?*) is a connected /c-scheme, i = 1,2. 
Here the versality condition of ii) is defined as follows. 

B. Definitions. Let X be a regular, formally smooth W{k)-scheiiie. A Shimura 
p-divisible group Vx over X is said to be a versal (resp. uni plus versal) deformation in a 
closed point yx '■ Spec(A;i) ^ X, with ki an algebraic field extension of /c, if the dimension 
of the image of the Kodaira-Spencer map attached to Vx (and so computed relative to 
W{k)) in this point (resp. if this map is injective and the mentioned dimension) is equal 
to the deformation dimension of the (non-necessarily quasi-split) Shimura Ufci -crystal of 

We assume now that X^ has the ALP property. We say Vx is a versal (resp. uni 
plus versal) deformation if it is a versal (resp. uni plus versal) deformation in all closed 
points yx as above. 

An object or a p-divisible object of A4J^^{X) is said to be a uni plus quasi- versal 
deformation in a closed point yx as above (resp., assuming that Xk has the ALP property, 
is said to be a uni plus quasi- versal deformation), if the Kodaira-Spencer map in yx (resp. 
in each point yx as above) is injective. 

Similarly, assuming that X^ has the ALP property, an object or a p-divisible object 
of MJ^^{X) is said to be a quasi-versal deformation if the Kodaira-Spencer map in 
each point yx as above has an image whose dimension depends only on the connected 
component of X^ to which yx belongs. Similarly, we define Shimura p-divisible groups 
over X which are (uni plus) quasi-versal deformations. 

C. If Vi has a principal quasi-polarization T^p. , i = 1,2, then we say that we are in 
a principally quasi-polarized context; if we are in such a context then we assume that the 
isomorphism of i) respects the principal quasi-polarizations involved. 

D. Let (M, F^, (f, G) be the Shimura filtered cr-crystal associated to the two Shimura 
p-divisible groups over W{k) obtained in i). Let Spec(i?^) (resp. Spec(i?^'^)) be the 
completion of Spec(i?^) (resp. be the henselization of Spec(i?^)) in z^. We still denote by 

2;* the resulting VF(/c)- valued point of Spec(i?^) or of Spec(i?*^). We assume the existence 
of a formally smooth VF(A;)-morphism 

/12 : Spec(^) ^ Spec(i?2^) 
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such that: 

Rl) /l2 0^1=^2; 

R2) the image of B? /pB? in R^/pR^ is contained in R^'^/pR^^; 

R3) /i2(^^^) is isomorphic to the pull back of through the natural morphism Spec(i?-'^) — 
Spec(i?^^), through an isomorphism lifting the one of i). 

We also assume that: 

EXTRA) For any formally smooth W^(fc)-morphism /12 : Spcc(^^^) Spec(i?^^), with 
Spec(i?^) a pro-etale, affine scheme over Spec(i?i) such that zi has a lift zi with 
the properties that /12 o zi = Z2 and the objects with tensors of p — M.^ i](-^^) de- 
fined by /i2(^^^) and ^gpj,j,(-^iA) isomorphic under an isomorphism lifting (in zi) 

the one of i) but viewed in the non-filtered context, after replacing Ri by an etale, 
affine scheme over it to which Zi lifts we can modify /12 by something which is mod 
p so that fi2i^^)) and ^gpg^^^iA^ themselves are isomorphic under an isomorphism 
lifting (in zi) the one of i). 

Following the proofs of 2.3.15 and 3.6.14.1 we can state (cf. also 3.6.2.2): 

Theorem (the gluing principle: the global form). There is an affine W{k)- 
scheme Spec(i?"^), with R^^ — R^, and there is a formally Stale W {k) -morphism 
qi : Spec(-R^) —>■ Spec(-R^^) and a formally smooth W{k)-morphism q2 '■ Spec(-R'^) —>■ 
Spec(i?^^), such that for a suitable W (k) -morphism : Spec{W{k)) — > Spec(i?^) we 
have: 

a) QiO = 2;% z = 1, 2; 

b) qi{'D^) is isomorphic to q2{'D'^) through an isomorphism lifting (cf. a)) the one 

of i); 

c) Spec{R^ /pR^) is connected and a pro-etale scheme over a smooth, affine k-scheme. 
If R^ is a smooth W{k) -algebra, i = 1,2, then we can also assume that: 

d) the image of Spec{R^ /pR^) in Spec(i?^~Ypi?^~*) contains an open, dense sub- 
scheme of it. 

Proof: The proof of this Theorem is contained in the proof 3.6.14.1. We need to 

add just two extra things. First, [BLR, th. 12 of p. 83] applies entirely (as in 3.6.14.1 
E), due to standard arguments on projective systems as in [EGA IV, §8]; one can quote 
as well b) of the following general Fact (for X = Spec(i?*)). 

Fact, a) Let Y be a quasi- compact, quasi- separated, regular, formally smooth W{k)- 
scheme. If X is a projective limit of etale, affine Y -schemes X^, ol G i7(-^), then the 
category A4J^^(^'+*e'^s)(x) is the projective limit of the categories M.T^'^^^^^'^^^{Xq) (see 
2.2.4 C and D) for the definition of these categories). If all these schemes are endowed 
with Frobenius lifts compatible with the projective system, then the similar thing can be 
said about the categories M.T{X) and JviT^ (^X). 

309 



b) // in a), Y is moreover a smooth W{k)-scheme, then p — FF[X^) (resp. p — 
DG{X^)) is antiequivalent (via the 3 functor) to A4J-'^ ^-^{X) (resp. to p — A4J-'^ -^^^{X)). 

The proof of a) is standard (see [EGA IV, 8.5.2]), based on [Fal, 2.1 (ii)] and on 
the fact that any finitely generated projective module over a ring is finitely presented; 
for the V context we need to add: as ^x^k/k is a locally free Cx^-sheaf of finite rank, 
VcK e iJ{X), compatible with pull backs under special fibres of transition morphisms 
of the projective system, the connections involved can be viewed, locally in the Zariski 
topology of Y, as a finite sequence of linear maps between locally free sheaves of modules 
of finite ranks. 

b) follows from a) and from 2.2.1.1 2) (for the faithfulness part of D over X^, cf. 
[BM, 4.1.1] applied over X^; Xk has locally in the Zariski topology a finite p-basis). This 
Fact is the fourth place where we need p >3. 

The second thing we need to add is related to the fact that di can be greater than 
the deformation dimension d of the Shimura p-divisible groups of i) . But the refinement 
part of the proof of 3.6.14.1 applies entirely in this situation (cf. EXTRA)). Using these 
two additions, the Theorem follows. 

E. Variants. There are many other variants of the gluing principle: 

iv) we work in a context involving Shimura filtered F-crystals instead of Shimura 
p-di visible groups; 

v) we weaken the part of ii) involving the versality condition; 

vi) we work in a principally quasi-polarized context; 

vii) we work modulo a power of p. 

The variants iv) and vi) are straightforward, while in connection to vii) we refer to 
3.6.14.4. We detail now what we mean by this v). Let be the completion of in 2;*. 
Let "D* := ^spec(Q*)- regular W {k)-algehra, of the universal deformation 

space (see 2.2.21 and 2.2.21.1) of the Shimura p-divisible V{W{k)) showing up in i). 
Corresponding to we naturally get VF( A;) -ho mo morphisms qi : Q^, i = 1,2. 

What we want to say in v): it is enough to assume that 

a) ker(q'i) = ker(g2), that 

b) over dominant geometric points Spec(/c) Spec{Q^ / pQ^) we get naturally from 
"D* (see Fact 3 of 2.2.10) Shimura-ordinary cr-crystals, and that 

c) the resulting VF(/c)-monomorphism Q'^/'ker{qi) ^ {i e {1,2}) is formally 
smooth. 

We express the combination of a) to c) by: and unfold (in and respec- 
tively 2;^) the same quasi- versal deformation of (the Shimura filtered cr-crystal underlying) 
'D{W{k)), which generically (in the special fibre) is Shimura-ordinary. 

F. We do not know how to check in practice that EXTRA) holds. In a context of po- 
larized abelian varieties, EXTRA) is in general a consequence of Serre-Tate's deformation 
theory (even in the context of v)) and of [Va2, 4.1.5] (see 3.6.14.1 E). 
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3.6.20. Final remarks for 3.6. 1) We might wonder wliy we preferred to work 
in 3.6.1-14 with open subschemes of the group G and not with open subschemes of the 
(abehan) unipotent subgroup of G acting trivially on F° and on M/F^. The reason is: 
the full generality is useful in other situations, gives us more flexibility and, as it can be 
easily checked, the particular case (of an abelian group) can be often obtained from the 
general case, by taking slices (cf also §7). 

Also one might wonder: Why global deformations? No doubt, from many points of 
view, local deformations offer equally useful information as the global ones. However, 
from the deeper point of view of the classification of p-divisible groups (or objects when 
appropriate) over arbitrary Z(-p) -schemes, the global deformations represent a major tool. 
Also, from many simple points of view, they offer advantages. Just one sample: referring 
to 3.6.18.6, the Newton polygon stratification of Mo{Ci)k defined by dl{Ci), is always 
the pull back of a stratification of Spec(i?i/pi?i); this last stratification can be obtained 
significantly easier in the case when Spec(i?i/pi?i) is of finite type over k (often we just 
have to use simple reductive group properties; see §9-10 for details and computations). 

2) Wc needed (3.1.8 and 3.4.14 below are afterthoughts) the V principle for Shimura 
(T-crystals for proving 3.1.0 and Milne's conjecture (see 1.15) in their full generality (and 
not only in the context of a SHS (/, -^(p), v), where it is not needed: 2.3.16 is enough, as 
the scheme itself provides the needed global deformation; see the proof of 4.2 below). 
The other principles (of 3.6.18.4-8) are just a natural extension of it. The deformation 
principle is a logical continuation of the V-principle. Its importance stems from the fact 
that, when applies, we often can take slices (cf §7; see also 3.6.8 8) and 3.6.8.3), and its 
versions of 3.6.14.4 are very convenient for different global and local computations, cf. 
§10. It also led us to 3.6.15 B, which is the very essence of the boundedness principle of 
3.15.7 below. Also the rigidity property (see 3.6.1.4 5) and §7) is a useful tool. We will 
use it in §8, in connection to 1.15.4. The gluing principle and its natural extensions (see 
[Va6]) to the generalized Shimura context and to Fontaine categories A^.Ff-i i](*), is our 
straightforward approach to prove the existence of integral canonical models of Shimura 
varieties of special type (cf also [Va2, 3.2.7 8)], 3.6.1.6 and 4.14.2 below). No doubt we 
were infiuenced (and inspired) by [Fal, 7.1] and [Fa2, th. 10]. 

3) In some parts of 3.6 we used [Fa2, th. 10 and the remarks after] but not in 
3.6.18.4. It is easy to sec that using 2.3.17.2, 3.6.18.4.1, 3.6.18.7.0 and [Fal, 7.1] we 
obtain another (completely different) proof of a slightly stronger form of [Fa2, th. 10 and 
the remarks after] for p> 3. To detail this, we use the notations of 3.6.18.5.1 with p> 3; 
so we are dealing with a Frobenius lift of R which is essentially of additive type. Based 
on the proof of the equivalence part of 3.6.18.5.1, any p-divisible object of Al.F[o,i](-R) 
is a p-divisible object of A4T^^-^{R). So, as in the proof of 3.6.18.3.1 we can assume 

^R{zi) = zf,i = l,m. 

The algebraization process. Let q E N. We consider the ideal Iniq) := 

{zf, z'^) of R. For any p-divisible object (Jq = ('^*^,Vo) of M.J-'^ ^-^{R) , we can al- 
gebraize the things similarly to the proof of 3. 6. 18. 4-1- First we consider a p-divisible 
object of MT[Q^i\{R'^'') which mod lR{q -\- 2) is C° mod lR{q -\- 2); here R^^ is as 
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in the proof of 3.6.18.4- 1- Second, as in the proof of 3.6. 18. 4. 1, we consider the moduli 
formal scheme Mo(C'^^^) defined by and obtained via 3.6.18.4-6; it is algebraizable 
(cf. end of 3.6.18.4-6 a)), and so not to introduce extra notations, we view it as an affine 
R^^-scheme (and not as a formal scheme) which is p-adically complete. 

From b) of the Fact of 3.6.19 (i.e. -implicitly- from [Fal, 7.1]) and from the N-pro- 
etale part of 3.6.18.4-6 a), we deduce that there is a p-divisible group over Mo(C:°^^) whose 
associated p-divisible object of MJ^^^{Mo{C°''^)) is the pull back of C^""^ to Mo((2:°^0 
together with the unique connection (cf. 3.6.18.8) on it. 

But Vo mod lR{q) is uniquely determined by C° mod iR^q + 2) (the argument is the 
same as the one of the proof of 3.6.1.2; see 3.6.8 6) for things mod p). As we have a 
uniquely determined R^^-morphism Spec(i?) ^ Mo(C:"^0 (see 3.6. 18. 4. 6 a)), we get that 
(£0 modulo lR{q) is associated to a p-divisible group Dq over R/lR^q). Dq is uniquely 
determined (for instance, cf. [BM, 4-3-2 (i)] and [Me, ch- 4-5]; this can be also checked 
starting from generalities on deformation theory as presented in [Fa2, §7/ or from [dJl, 
th. of intro.]). So Dg^i mod luiq) is Dq and so (as R is complete w.r.t. the topology 
defined by I{q) 's) we deduce the existence of a uniquely determined p-divisible group D 
over R such that D(D) is Cq. 

It is 2.3.17.2 (strictly speaking a variant of it adapted to the context of [Fa2, rm. iii) 
after th. 10]: see 2.4) which takes care of the mentioned context involving tensors. But 
the proofs in [Fa2, §7] (work for p = 2 as well and) are of unsurpassable beauty. 

Also [Fal, 7.1] can be deduced from [Fa2, th. 10], cf. 3.15.3 4) below. Moreover, the 
antiequivalence part of 3.6.18.5.1 (as well as of 3.14 B6 below) can be deduced from [dJl, 
th. of intro.]; in fact it is easy to see (based on [Me, ch. 4-5]) that this mentioned result 
for the smooth context (of R/pR) and [Fa2, th. 10] are equivalent to each other, even 
for p = 2 (see the part of 2.2.21 referring to some uniqueness). Warning: despite this 
equivalence, it is worth stating explicitly that the methods of [dJl] can not be adapted to 
the generalized Shimura context, while the proof of [Fa2, th. 10] does (see 3.15.6 below). 
See §6 and [Va5-8] for general Dieudonne theories in the context of Shimura p-divisible 
groups over very general base schemes (not necessarily regular). 

As [Fal, 7.1] is stated for p > 3, in 3.14 below we do not come back to it. 

4) There are variants of many of the above principles. For instance, we get plenty 
of variants by working with: 

- almost f)-divisible objects (see 2.2.1.7 1)), or with 

- finitely generated modules, which are not necessarily projective, or with 

- (some) Vr(A;)-algebras which are not necessarily regular, formally smooth. 

We do not stop to state results in this generality, as anyone can state them easily, 
when needed. We just point out that in the case of a W (k) -algebra R, with R = R^, we 
always have to: 

- either work with connections which are w.r.t. an a priori specified locally free 
i?-submodule of the p-adic completion of ^R/w{k): taken by a fixed Frobenius lift of R 
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into itself, and then we have to deal with $ij-linear endomorphisms of -R-modules, which 
"keep" us inside it, or to 

- work with "pseudo-connections" as in the part of the proof of 3.6.18.4.1 referring 
to its Fact 3. 

5) b) of the Fact of 3.6.19 applies if X is the henselization of the localization of a 
polynomial VF(fc)-algebra W{k)[xi, Xm] w.r.t. its ideal {xi, Xm)- If moreover k = k, 
when we combine this with 3.6.18.5.4 1) and 3.6.18.7, we get a very elementary way to 
construct Shimura p-divisible groups over X^. See [Vail] for details and applications. 

6) It seems to us (see also 3.6.18.10) that there is a great similarity between 3.6.1.3, 
the theory of p-jets of A. Buium (see [Bui]) and the theory of almost etale extensions of 
G. Faltings (see [Fal] and [Fa3]). We think it is possible to obtain significant progress in 
the related areas by "fitting" these three theories together. 

7) We view the part s = 0of3.6.8.1 and 3.6.8.1.2 c) as the purely algebraic analogue 
of Lang's theorem. 

8) There are many other ways (besides 3.6.19 B) to express the versality (resp. uni 
plus versality) condition of 3.6.19 ii). One way is to use the proof of 3.12.1 below. Another 
way (more fashionable) is inspired from 2.3.17.2: any Shimura p-divisible group over 
W{k), whose associated Shimura cr-crystal over k is (identifiable with) the one obtained 
from T>^ through the fc- valued point of Spec(J?*^) defined by 2*, is induced from 
through a (resp. through a uniquely determined) VF(A;)-valued point of Spec(i?*^) lifting 
y*. The fact that all these definitions arc equivalent is proved in the same manner as for 
the case of a SHS (see 2.3.17.2 and [Va2, 5.4-5]; see also 2.4). This is the fifth place where 
we need p >3. 

9) In [Va6] we will use the gluing principle (see 3.6.2.2 and 3.6.19 D) to construct 
(see also §6 for the first steps; see Cr,d-r of 1.12 as a first sample) the theory of Shimura 
envelopes. This theory generalizes the theory of (quotients of) integral canonical models 
of Shimura varieties. 

10) In positive characteristic, regardless of the fact that we are interested in some 
fundamental groups (see 3.6.18.4.6 C), or on some connections (see the whole of 3.6.8 
and of 3.6.18), or on some stratifications (see 3.6.8.1.4, the Claim of 3.6.18.9 and 4.5.18 
below), or on some deformations (see 3.6.14), or on some homomorphisms between two 
p-divisible groups (see the proofs of 3.6.14.1 and of 3.6.17), the quasi Artin-Schreier 
systems of equations arc at the very root of the subject. 

11) In 3.6.18 we fixed $ and $_r and varied the connections, subject to the equations 
(El) and (£'2) of 3.6.1.1.1 2). It would be interesting (though not so useful) to study 
what happens if we fix an integrable, nilpotent mod p connection and one of the two 
and while allowing the other one to vary. The problem is: the connections involve two 
few variables (to be compared with 3.6.18.2), to truly determine (up to etale extensions) 
what has been allowed to vary. 
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3.7. The proofs of 3.2.6-7. 

3.7.1. Proof of 3.2.6. Let g2 e G{W{k)). We use the Shimura afe^-crystal €i 
considered in 3.6.7.1. We recaU that Ci speciahzes to {M^w(^k^W{k), gs{ipo®l),G-^(^j^^), 
with gs G G^r(^^^{W{k)) such that mod p belongs to the subset C(k) of G{k) defined as 
the set jC of 3.6.6 but for k. We deduce from 3.4.11-13 that the Shimura Lie crfe^-crystal 
Lie(Ci) attached to Ci has the same Newton polygon as (g, ipo) and so as (g, v^i) (cf. also 
3.3.1 and 3.3.4). From the fact that €i specializes to {M,g2ipo) (cf. 3.6.7.1), we deduce 
that the Newton polygon of {q, g2'^o) is above the Newton polygon of (g, ^po). Similarly, 
working just with go instead of g itself, we get that the Newton polygon of (go, g2'^o) is 
above the Newton polygon of (go, <^o)- 

As Lie{€i) and (g, <^i) have the same Newton polygon, we get (cf 3.4.11 applied 
over ki) that the formal isogeny type of (£i is To- As €i specializes to {M, g2(po,G) and 
g2 e G{W{k)) was arbitrary, we get 3.2.6. 

3.7.2. Proof of 3.2.7 a). 3.2.7 a) resuhs directly from 3.3.2 and 3.4.3.0. So (cf 

also 3.2.2), in the end of 3.5.5, the expression "of Borel type" can be substituted by "of 
parabolic type" . 

3.7.3. Proof of 3.2.7 c). Let (M, Fj^, (/72, G) be a Shimura filtered cr-crystal with 
the property that VFo(g, v'2) is contained in ^2(0)- in 3.2.3, let 2B be a Borel subgroup 
of G containing the image of a cocharacter fi2 '■ G of the form gng~^ (with g e 
G{W{k)) such that g{F^) = F^) and such that we have F2^(g) C Lie(2-B) C 2P C F^{g). 
Also, as in 3.2.3, let gs e 2P{W{k)), with 2-P as the parabolic subgroup of G having 2P 
as its Lie algebra, be such that 5r3(^2 (Lie(2-B)) C Lie(2-B). But now {M, F2 , g3(p2,G) has 
the same properties as (M, F^, (/jq, G) which allowed us to prove 3.2.5-6. We get that 
{M,gs(p2) has the formal isogeny type tq. As {g3^2y = g3,sVh with gs,s e 2P{W{k)), 
Vs e N, we deduce from 3.2.1, that (M, (^2) has as well the formal isogeny type To. This 
proves 3.2.7 c). 

3.7.4. Proof of 3.2.7 b). Let {M,F2,ip2,G) be a Shimura filtered a-crystal 
having tq as its formal isogeny type. 3.2.6 implies that the Lie cr-crystal (End(M), (/92) 
has the smallest Newton polygon End(P) among all Lie cr-crystals (End(M), (7(/72) , with 
g e G{W{k)). But for any g e G{W{k)), the Newton polygon of (Eiid{M), g(fi2) is 
obtained (in the logical way) from the Newton polygon of (g, g(p2) and from the Newton 
polygon of the quotient (End(M)/g,^<^2) (this quotient can be extended to ap-divisible 
object of 7W^[_i i](VF(/c))). From this and the specialization part of the last statement 
of 3.7.1 we get that (g,</72) has the same Newton polygon as (g, ^po). From 3.3.3 we get 
that (up to isomorphism) we can assume <^2 = Pofo, with po e Po{W{k)). So, applying 
3.2.1.1 in the context of 3.3.4, 3.2.7 b) follows. This (cf 3.7.2-3) ends the proof of 3.2.7. 

3.7.5. End of the second proof of 3.1.0. 3.2.5, 3.2.6 and 3.2.7 are proved 
respectively in 3.4.13, 3.7.1 and 3.7.2-4. Based on 3.2.4 (and 3.2.8), 3.1.0 follows. When 
we combine 2.3.4 with 3.2.7 b) we get: 

{ALL) Ag^Bg^Cg^ DGgo. 
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3.7.6. The solution of 3.4.14. Among the above four sections 3.7.1-4, only 3.7.1 
needs to be slightly modified. For this modification, we follow the pattern of 3.1.8.1. Let 
Spec(i?) be the completion of G in its origm. We consider a Shimura filtered F-crystal 
C over R/pR of the form (M, F^^g2'^o, G, /). Let /C be the algebraic closure of the field 
of fractions of R/pR. We apply Fact 3 of 2.2.10 to the natural /c-morphism Spec(/C) — > 
Spec{R/pR): we get a Shimura cx/c-crystal <tic — (M ®vK(fc) W{IC), gic{(fo ® 1),Gw{K)) 
specializing to {M, , g2(po). 

We use a specialization argument in the following way. We can assume g/c mod p 
is defined naturally by the resulting fc-morphism Spec(/C) — > G; so gjc mod p specializes 
to go mod p. We can assume k = k; so Gr is split. Let G'^^ be the product of the 
semisimple subgroups of G'^^ having simple adjoints. So we can define a $ij-linear map 

^%PR ■ LieCG^- ^) - Ue{Gt],n) 

as in 3.4.5 but in the context of £. Let V-'k: its extension via the fc-homomorphism 
i? — > /C. From the mentioned specialization, we get that '(/'^ specializes to '^q and so, 
Vs e N we have 

{SPEC) dim;c Im(V5x;)' > dim^ Im(V^°)^ 

For s big enough, the right hand side of this inequality is m^. So, from 3.4.6 applied over 
/C, we get that the multiplicity of the slope 5 of (go ®w{k) W{^)igK.{'^Q ® 1)) is ms- 

The same remains true if we work with another cycle of the permutation 7 of 3.4.0. 
From 3.4.8-12 we conclude: the Newton polygons of (g ®w{k) W^(^); 9lc{Vo ® 1)) and of 
(g, (/?o) are the same. So the Newton polygon of (0,(72</'o) is above the Newton polygon 
of {q,(Po). The last paragraph of 3.7.1 does not need to be modified: we just need to 
replace £1 by ftjc and ki by /C. These replacements have to be performed in connection 
to 3.7.4 as weU. This ends the solution of 3.4.14. 

3.8. The non quasi-split context. The basic results of 3.1 remain true, if we 
do not assume G is quasi-split (assumption made in the def 2.2.8). To see this, we 
first remark that if G is not quasi-split, then the field k must be infinite (any reductive 
group over a finite field is quasi-split, cf [Bo2, 16.6]). Let ki be a finite Galois extension 
of k such that Gk^ is quasi-split. Let ai be the Frobenius automorphism of W{ki). 
We know 3.1.0 is true for Gp7(A;i) (i-e. for when we work with Shimura cxi-crystals 
{M0w{k) W{ki),g{(p®l),Gw{k^))^ with g e G{W{ki))). So to get 3.1.0 for G (i.e. for 
when we work with Shimura u-crystals {M, g(p,G), with g e G{W{k))) we just have to 
remark two simple Facts: 

3.8.1. Fact. There is ^ e G{W{k)) such that {M (S)w{k) W{ki),g(p(^ l,Gw{ki)) is 
a GvK(A;i)-ordinary ui-crystal. 

3.8.2. Fact. If {M,gQ(p), with g^ e G{W{k))^ is such that its extension to ki is a 
GvK(A;i)-ordinary a"i-crystal, due to the uniqueness assertion of 3.1.0 b), the filtration Fq 
of M W{ki) describing the Gvk(A;i) -canonical lift of the GvK(fei) -ordinary (Ji-crystal 
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(p(p2{x) if X e gi and F^(g^) ^ {0} 
\ (fi2{x) ifxeQi and -F^(0i) = {0} . 



(M ^wik) W{ki), go^ (g) 1, Gw{ki)), is definable over W{k) (i.e. F(} = ^w{k) W{ki), 
with C M). 

3.8.2 is trivial. 3.8. f results from: 

- the fact that G{k) is dense in (cf. [Bo2, 18.3]) and so its image in G{ki) is 
dense in Gk^, and from 

- the fact that there is an open subscheme U of Gk^ such that for any g G G{W{ki)) 
lifting a fci-valued point of [/, (M®^(-fc) VF(A;i), g{(pQ®l)) is a G^(fcj)-ordinary (Ji-crystal. 

This last fact is a consequence of the stronger form of 3.6.6 mentioned in 3.6.6.1 1), 
of 3.3.4 and of the part of 3.4.11 referring to things mod p; as pointed out in 3.6.6.1 1), 
it is also a consequence of 3.6.10, 3.4.8 and 3.4.11 (via the specialization theorem). 

3.9. Supplements to 3.1 and applications. 

3.9.1. The Lie stable p-rank. Let {M^ip2iG) be a Shimura cr-crystal. For not 
overloading the notation, we first assume G is split. We use the previous notations of 
3.1-3, 3.4.0 and 3.4.5. One difference: we take (f2 '■= g2'Po, with g2 E G{W{k)). 

Let ^ : 0j£7 Qi — ^ 0ie/ 0i be the cr-linear map defined by the rule: 

Let * : 0jgj Qi <S>w(k) k 0je/ 9i <S>w{k) k be obtained by taking * mod p. Let 

N^, := fl Im(*-). 

meN 

Based on 3.4.5, we refer to \1/ (resp. ^) as the Faltings-Shimura-Hasse-Witt shift (resp. 
map) of (M, Lp2, G) or of (g, <yiJ2)- 
We define 

i?<^2 := dimfc(iV<^2). 

We call N^p^ (resp. -Ri^g) ^^e Lie stable /c- vector space (resp. the Lie stable p-rank or the 
Faltings-Shimura-Hasse-Witt invariant) of {M, (f2, G). 

Similarly we define the Lie stable /c-vector space and the Lie stable p-rank of any 
split Shimura Lie cr-crystal over k. 

3.9.1.0. Cyclic ranks. As ^' is a cr-linear endomorphism of a finite dimensional 
A;-vector space, we deduce the existence of m e N such that 

iV^, =Im(t-); 

for instance we can take m to be the following value which does not depend on g2 

l.c.m.{o{'ys)rs\s G Jo}, 
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where 0(7^) is the order of the permutation 7s of / and where Ts is the relative dimension 
of Gj^, with is & I such that 7^ permutes cychcally a subset of / containing ig. The 
smaUest such value of m is called the cyclic rank of {M,(p2.,G) or of (0,(^2)- Similarly, 
we define the cyclic rank of any split Shimura Lie cr-crystal over k. 

3.9.1.1. Remark. The Lie stable p-ranks, the Lie stable fci-vector spaces and the 
cyclic ranks are well defined for any Shimura (7^^ -crystal (Mi, (f^,Gi) over a perfect field 
ki- This is so due to the fact that the map defined as in 3.9.1 but starting from 
the extension of {Mi, (p^ , Gi) to ki is in fact definable over W{ki), cf. the existence of 
a cocharacter /ii : Gm — > Gi defining the filtration class of (Mi,(^^,Gi) and cf. the 
classification (see [Til]) of fci-simple (and so implicitly of W {ki)-simp[e) adjoint groups. 
In other words we have: 

- Lie(Gi'^) is a direct sum of VF(A;i) -simple Lie factors, each one of them having 
the property that all simple Lie factors of ®w{kT_) W{ki) are producing (as in 3.4.3.4) 
£j's numbers which are either all positive or are all 0; 

- the group cover of G'^'^^—^ defined naturally using the product of all semisimple 
subgroups of G'^'^^—^ having simple adjoints, is obtained from a group cover of Gf'^'^ by 
extensions of scalar s. 

The same applies to the Shimura Lie context. So from now on we do not assume G 
is split. 

3.9.2. Theorem. A Shimura a-crystal {M,ip2,G) is a G-ordinary a-crystal iff its 
Lie stable p-rank is maximal (i.e. R^p^ > R^^, for any (fs = gzV2, with e G{W{k))) 
and so equal to R^p^ . 

Proof: We first remark that (g, (^2) has the smallest Newton polygon among all 
Shimura Lie cr-crystals (0,(7</'2) iff for any cycle 70 of the permutation 7 of /, {50,1^2) 
has the smallest Newton polygon among all Shimura Lie cr-crystals {qq, g(fi2) (here g e 
G{W{k)), 7o is a cyclic, transitive permutation of a subset Iq of /, and go = (Bieiodi)- 
One implication is trivial, while the other one results from 3.4.8 and 3.1.0 c) applied to 
all classes of the form Gl{M, (po,Go) (so defined by elements s e Jo). We have: 

seJo 

with each ms^ as a suitable multiplicity of some slope 

5, e[-i,o]. 

For s e i7o) <^s and ms^ are defined in the same manner as the slope S and its multiplicity 
ms of 3.4.4-5; for instance. So — S and uisq is (cf. 3.4.5.1 B) the multiplicity of the slope 
S for (00, Warning: the formula of 3.4.4 remains true even if Ii is the empty set. So 
the Theorem follows from 3.4.10. 
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3.9.3. Corollary. The fact that a Shimura a-crystal (M, gip^ G), with g G G{W{k)), 
is G-ordinary depends only on the value of g mod p. 

3.9.3.1. An application. We refer to 3.6.1.3. We consider a point y G Spec(i?j)(A;); 
let z G Spec(i?j)(VF(fc)) be its TeichmuUer lift. We consider the Shimura filtered ^-crystal 
obtained from Mr. by pull back via z (cf. 3.6.3); if by forgetting its filtration, we get 
a G-ordinary a-crystal, then we refer to y as a G-ordinary (or Shimura-ordinary) point. 
3.9.3 guarantees that in fact we can decide if y is or is not a G-ordinary point, without 
considering z. 

Prom 3.1.0 c) we get that the multiplicity of the slope —1 of the Shimura Lie a-crystal 
of (M, (^0) G) is greater or equal to the multiplicity of the slope —1 of any Shimura Lie 
a-crystal of the form (M ®w{k) W{k),g{(fQ ® 1), Gp^.'^j^))? with g G G{W{k)). So from 
3.6.18.7.0, from 3.6.18.4.3 and from the construction of the special fibre of Spec((5j) (see 
3.6.8 1) to 14); see also 3.6.8.1.3 and 3.6.8.2) we get: 

Corollary. If y is a G-ordinary point and if ry = dim;^(fe)(G) (see 3.6.18.9 for the 

definition ofry), then y lifts to a point y^o G Spec((5j)(fc). 

3.9.4. The refined Lie stable p-rank. We use the notations of the beginning of 
3.4, with G split. We choose a bijection /j^, between Jq and the set 5'(1, |j7o|). Then 

G j7o, we can define the Lie stable p-rank R^^^^s) of (M, (/P2,G) w.r.t. s or w.r.t. the 
subset of / of which 7s is a cyclic permutation. For instance, if we work with the cycle 
7o, R^p^{fi) is nothing else but the Lie stable p-rank of (go, ¥'2)- We denote by i?^^ ^^e 
I Jo I -tuple (ai, . . . , a|j-Q|) of non- negative integers defined by the formula: 

0,1 .= J r-, 

length(7^-^i(^^) 

VZ G 5(1, |Jo|)- 3.4.2 guarantees that a/'s are non-negative integers; for instance, if 
I = /j-o(O), then i?<^2(0) is the multiplicity of the slope 5 of {qq, (^2) (cf. 3.4.5.1 B) and so 
is a multiple of |/o| = length (70). If G is not split, then we define the refined Lie stable 
p-rank of (M, G) to be the refined Lie stable p-rank of its extension to k. 

On the set of | Jo|-tuples of non-negative integers we introduce a partial order by the 

rule 

(6i,62,...,6|^o|) < (ci,C2,...,C|^q|) 

iff 

6i <c„,VzG 5(1, iJol). 

From the proof of 3.9.2 we get: 

3.9.5. Corollary. A Shimura a-crystal (M, (/72,G) is a G-ordinary a-crystal iff its 

refined Lie stable p-rank is maximal, i.e. is equal to R^^- 

3.9.6. The adjoint context. Similarly to 3.9.4, we define the refined Lie stable p- 
rank of any split Shimura Lie a-crystal. The refined Lie stable p-rank of a split Shimura 
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(Lie) (T-crystal over k is the same, if instead of working with Shimura Lie cr-crystals 
of the above form (005^2), we work with their adjoint Lie cr-crystals (gQ*^, 1^2)5 where 
:= Ue{Gf) C Lie(G'o)[|] (see 2.2.13; see 3.4.1.3 for notations). 

To see this, we use the notations of 3.4. If we are deahng with a non-empty subset 
of / whose elements are permuted transitively by 7 and is such that the Lie algebras 
of the semisimple subgroups of G indexed by it, arc contained in F^{q), the statement 
is obvious. So we can assume we are dealing with the subset Iq of / of 3.4.0 (cf. the 
assumption of 3.4.1.2). The kernel of the natural map go ®VK(fc) k — > '^w{k) has 
trivial intersection with the Lie algebra of any connected, smooth, unipotent subgroup 
of Gk- So, Vm G N, 'l'"^(gi) can be naturally identified with the /c- vector subspace of Qq^ 
defined similarly, using lAe[G\^) ®w{k) k and the adjoint variant of ^. 

In what follows, we refer to this adjoint variant of ^' (resp. of ^) as the Faltings- 
Shimura-Hasse-Witt adjoint shift (resp. adjoint map) of {M,(p2,G) or of (9,(^2)- Simi- 
larly, we speak about the Faltings-Shimura-Hasse-Witt adjoint shift (resp. adjoint map) 
of (M, Lp2, G) w.r.t. Jo (or to an element s & J^q or to the permutation 7^), or more gen- 
erally w.r.t. a non-empty subset of J^q (i.e. w.r.t. a non-empty subset of / left invariant 

by 7)- 

3.9.7. The zero, the positive, and the non-negative rank and type. By 

the non-negative rank (resp. type) of a Shimura d-crystal (M, G) over k (or of its 
attached Shimura Lie cr-crystal) we mean the rank as a VF(/c)-module (resp. we mean 
the G{W {k))-conjugacy class) of p>o := Wo(Lie(G), <^). Similarly we define the positive 
and the zero ranks and types, by using positive slopes and respectively the slope (the 
wording "parabolic" has to be removed or replaced accordingly). 

Warning: to know the non-negative rank is the same as to know the zero or the 
positive rank; but this is not so if we replace rank by type. These definitions extend to 
all Shimura (adjoint) Lie cr-crystals or isocrystals or to a filtered context. 

3.9.7.1. The refined non-negative type. We consider a lift of (M, ip, G). Let 

P be the parabolic subgroup of G normalizing F^. As in 3.2.3, we fix a maximal torus T 
of P such that the canonical split cocharacter of (M, F^, (p) factors through T. For 

aeSS:^ [0, 1] n ^ttttZ, 

dim^(fc)(M)! 

let P>a (resp. P=a) be the integral, closed subgroup of G such that the Lie algebra of 
its generic fibre is Wa{Uc{G)[^], ip) (resp. is W{a){Uc{G)[^], ip)) (see 2.2.3 3)). P>o is 
a parabolic subgroup of G and P=q. and P>a are subgroups of P>^ if o; e [/?, 1], with a, 
(3 e SS. Let CONG be the subgroup of G{W{k)) normalizing F^/pF^. 

Definition. By the refined non-negative type of (M, (p, G) we mean the GONG- 
conjugacy class of the (indexed) family of subgroups of G formed by {P>a)a£SS and by 
{P=ct)ctess- It depends only on the inner isomorphism class of (M, G). 

The intersection Pk fl P>q^ contains a maximal torus of Pk- As in the proof of Fact 1 
of 2.2.9 3), we deduce that, up to inner isomorphism of (M, G) defined by an element 
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el of G{W{k)) which mod p is the identity, we can assume that the intersection P fl P>o 
contains a maximal torus Tq of G. Till end of 3.9.7.2 we assume k = k. We can assume 
that, up to inner isomorphisms defined by elements of P{W{k)), Tq = T (to be compared 
with 3.2.3). As T was fixed, we have a finite number of possibilities for P>o' the number 
of parabolic subgroups of G containing T is finite. 

Questions. Which parabolic subgroups of G containing T can be the non-negative 
type of {M, g<f,G), for some g G G{W{k))7 What general principles are governing the 
refined non-negative types of {M, gip, G), for g e G{W{k)) allowed to vary? When 
(M, (p, G) is uniquely determined (up to inner isomorphism) by its (refined) non-negative 
type? 

3.9.7.2. The inductive property. Let Rq be the quotient of P>q by its unipotent 
radical P>q. We view it as well as a subgroup of G via: it is naturally isomorphic to the 
only Levi subgroup of P>q containing T. Let 

g e P>o{W{k)) 

be such that ^<^(Lie(T)) = Lie(T)) (this is the same as 3.2.3). Let h be the image in 
Ro{W{k)) of g-^. The quadruple {M,gip,T) is a Shimura fx-crystal (cf. Fact 1 of 2.2.9 
1)). So {M,hg(p, Rq) is as well a Shimura u-crystal. Moreover, 

ifi = n+{l){hgifi) 

with n+(l) e P^o{W{k)). By induction on m e N we get that 

^^=n+{m){hgipr, 

with n_|_(m) := (f'^{hg(f)~'^ G P^o{B{k)). So the semisimple elements bi and 62 
of G{B{k)) defined by ip'^ and respectively by {hgip)'^ (see 2.2.24 and 2.2.24.1) are 
P>o(S(A;))-conjugate. Argument: hi and 62 have the same image in RQ{B{k)) and so 
can be viewed as i?( A;) -valued points of maximal tori Ti and respectively T2 of P>oB(k) 
having the same image in RoB{k)'i based on the conjugation part of [Bo2, 20.5] we can 
assume Ti = T2 and so 61 = 62- We conclude: 

Corollary. The Newton polygons of (M, </?) and of (M, hg^p) are the same. 

3.9.7.2.1. Remarks. 1) 3.9.7.1-2 extend automatically to the generalized Shimura 
context of 2.2.8 3) and 4) but (warning) not to the context of 2.2.8 3a) and 4a) (the 
reason is: in the context of 2.2.8 3a) and 4a), not any element el as in 3.9.7.1 can be used 
as an inner isomorphism). 

2) The duality of language mentioned at the end of 2.2.3 3) allows us to redo all 
of 3.9.7.1-2 in the context of non-positive slopes. From the point of view of 3.9.7.2, wc 
presently can not see any advantage of using the (refined) non-positive types instead of 
(refined) non-negative types. 
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3.9.7.3. An example. Let a e W{k). We take dimw(^k){M) = 6 and G = GL{M). 
Let (fa take the elements of a 6-tuple (ei, ee) formed by elements of a W{k)-hasis of M 
into (e2,pe3,pei, 65, cq + aei,pe^. The slopes of (M, (^q) ^ire | and |. The non-negative 
type of (M, (/Jq,, G) is defined by the parabolic subgroup P>o of G normalizing the W{k)- 
span < ei, 62, 63 >. Let T be the maximal torus of G normalizing e^, z = 1, 6. Let P>o, 
P>o and -Ro be as abve. Let Niq be the unipotent subgroup of G that fixes e^, i — 1,5, 
and takes eg into the VF(/c)-span < ei, eg >. Its dimension is 1. We have: 

Claim. If di, 0:2 G are such that cti — Q!2 ^ pW{k), then (M, (/p^i) o^^^c^ 

(M, (^^2) '^'^6 '^^^ isomorphic (even if we consider pull hacks to other algebraically closed 
fields containing k). 

Proof: This can be easily checked. First, any isomorphism between 2 members 
of the family ((M, (^q,, G))^^^^^^ is defined by an element Hq G P->Q{W{k)). Second, 

we can write ho = n+ro, with n+ G P>Q{W{k)) and ro G Ro{W{k)). Third, ro is an 
automorphism of (M, (/jq)- Fourth, a simple computation shows that ro mod p (under 
inner conjugation) centralizes A^iefc- Fifth, P>o is abelian and so all its VF(A;)-valued 
points (under inner conjugation) act trivially on Niq. So, /loV^ai/^o^ = n'l2^a2^ with 
^^12 G Pyo{W{k)) such that its component in Niq is non-zero mod p; here the components 
of ni2 are with respect to Ga subgroups of P>o normalized by T. This ends the proof. 

Conclusion: the number of isomorphism classes of p-divisible groups of rank 6 and 
dimension 3 over k is not finite. Based on 3.6.15 B we also get: there is n G N such that 
the number of isomorphism classes of tuncations mod p"^ of p-divisible groups of rank 6 
and dimension 3 over k is not finite (it seems to us that we can take n = 2 but we will 
not stop to check this). 

The above example can be put in a family: we just need to apply 3.6.11 in the 
context of Niq and of (M, (po,G). 

3.9.8. Truncations in the adjoint Lie cj-crystal context. Not to be too 

long, we refer just to the adjoint context; the notations are independent of the previ- 
ous ones. Let (g, F*^(g), ^^(g)) be an arbitrary Shimura adjoint Lie cr-crystal. Let 
(0,^^(0), F2(g),^) be its Faltings-Shimura-Hasse-Witt shift (cf. 3.9.1.1 and 3.4.5). In 
2.2.14 we defined the truncation mod p^, where n G N, of {g,ip, F'^{g), F^{g)) as well as 
of{Q,F\Q),F\g),^). The pair 

is referred as the truncation mod p"' of (0, </?) (see 3.13.7.4 2) below for a justification; 
here we still denote by its reduction mod p"). As in 2.2.14.2, as the adjoint group over 
W{k) having q as its Lie algebra is uniquely determined (see 2.2.13), we speak about 
inner automorphisms of such truncations. 

3.9.9. Deformations in the non-smooth context. We consider the following 

situation. Let {M,(fQ,G, {tct)oiej) be a Shimura-ordinary a-crystal with an emphasized 
family of tensors. Let g G G{W{k)). We consider a set J'g containing J' and an extra 
family of tensors {ta)aeJg\J of ^(-^[p]) fixed by g(pQ. Let Gi be the Zariski closure in 
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GL{M) of the subgroup of GL{M[^]) fixing ta-, V G Jg. We assume it is integral. The 
question is: 

Q. Under what conditions, the quadruple {M, gipo, G, {ta)aejg) ^■^ specialization 
of a similar quadruple over k[[x]], with x an independent variable, such that by forgetting 
the extra tensors (indexed by Jg\J) and by pull back under a geom,etric, dominant point 
of Spec(/c[[x]]), we get a Shimura- ordinary F-crystal (isomorphic to the corresponding 
pull back of (M, tpQ, G, {ta)aej))'? 

For instance, if we have a quasi-polarization pM '■ {M, g^po) ®w{k) {M, g^o) —>■ 
W{k){l) and if G is the maximal integral subgroup of GL[M) normalizing pM-, then 
the first main result of [NO] (in its abstract formulation pertaining to p-divisible groups) 
can be interpreted as: no extra conditions are required. Wc have a similar question, 
where k^x]] is replaced by the henselization of the localization of k[x\ w.r.t. (x). 

To handle such questions, we propose an approach in two steps. First step would 
be: use B6 of 3.14 below to deform (M, (/^o, G, (ia)ae Jg) to a similar quadruple (M®vK(fe) 
W{ki),gi{ipQ ® l),Gw{ki), {ta)aejg)) over the algebraic closure ki of k{{x)) which lifts 
to W{ki), in the sense that there is a lift of {M^w(k) W{ki), 5ri(<^o® I), Gw(ki)) such 
that ta is in the F°-filtration of T(M[i]) defined by F^, Va G Jg\J . Second step would 
be: show that the quintuple (M ®w{k) ^{k\), gi{(fo ® 1), C^^jti)) can be deformed over 
the p-adic completion of an N-pro-etale scheme over a smooth VF(/ci)-scheme, which has 
a connected special fibre and has /ci-valued points with the property that the pull back 
through them of the corresponding deformation are, when the extra tensors are ignored, 
Shimura-ordinary Ufe^ -crystals. 

In what follows we deal only with the second step; it gives a lot of extra information 
(warning: the below proof is part of the third place where we need p > 2). So we assume 
there is a lift F^ of {M,gipo,G) such that E F°(T(M[^])), Ma e Jg\ J. We also 
assume there is a smooth, affine VF(/c)-scheme G2 and a VF(/c)-morphism mi : G2 ^ Gi 
such that the following condition holds: 

COND. g e Gi(W{k)) and there are W{k)-val\ied points zi and Z2 of G2 Hfting 
respectively 1m and g~^ and whose special fibres factor through the same connected 
component of G2k- 

A. Theorem. There is an N-pro-etale scheme G3 of G2 to which z\ lifts and whose 
special fibre is a connected, AG k-scheme, and there is a deformation (defined by an 
object ofp-MJ^^,^{Gs)) of{M,F^ j^) over G^ which generically in this 

special fibre is (in the sense of forgetting all tensors indexed by elements of Jg \J) 
Shimura- ordinary. 

Proof: We write G2 = Spec(i?2)- Localizing, we can assume we have a potential- 
deformation sheet (G2,&2,-Zi) and that G2k is connected; warning: it does not matter if 
Z2 does not factor any more through G2 under this localization. Let be the Frobenius 
of i?2 as in 3.6.9.1 from 62- We apply 3.6.18.6 to the following p-divisible object 

of A<.F[o,l](i?2) 

t2 := (M ®w{k) R2, ®w{k) R2, gr^ig^o ® 1)), 
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with g2^" G G(-R2 ) <^ GL{M){R2) the universal element logically defined by mi. Let 

•^2 : G3 — > G2 

be as £1 in the end of 3.6.18.6 a); so G3 := Mo{(t2) as a G2-scheme. 3.9.2 implies that the 
condition of Shimura-ordinariness is an open condition. So from COND we deduce that 
there is an open subscheme U2 of G2k such that for any W(k)-valued Teichmiiller lift z of 
G2 whose special fibre factors through U2, (2;*(€2), GvK(fc)) ^ ^ Shimura-ordinary 

^--crystal. From this and 3.1.8.1.2 b), the Theorem follows (to be compared with 3.9.3.1). 

B. Example. We assume that we are in the context of a quasi-polarized filtered 
(T-crystal (M, , g(fo,pM)- So G = GL{M) and G is the maximal integral subgroup of G 
normalizing pM- We assume g G Gi{W{k)) (if k = k, due to the assumption on this 
represents no restriction as we can see through simple arguments involving Z^-structures 
as in 2.2.9 8)). Let e G N be such that dimvK(fc)(-^) = 2e. It is an elementary fact that 
there is a VF(A;)-basis {ei,e2, ...,e2e} of M such that PMi^ii^j) = unless \j — i\ = e. 
We can assume pM{ei, e^+e) = p"'*, where 

1 = m = n2 = ... = < Ui^+i = ... = < ... < = ... = Ui^, 

with m G N and im = e. Let zq := 0. There is a connected subgroup Si of GL{M/pM) 
such that the special fibres of all VF(A;)-valued points of do factor through 5"! and the 
resulting set of fc- valued points of 5*1 is dense in Si. This is an immediate consequence of 
the below two properties (PI) and (P2) and of the fact that the standard representation 
of any symplectic group over a field is absolutely irreducible (this last thinks takes care 
of the connectedness part). We have: 

m 

(PI) St'^' = l[SpiVj,p--^pM)k, 

where 

Moreover, 

(P2) s{Vj/pVj) C ®r=jVj/pVj k 

Vs G Si{k). So using a sequence of dilatation (see [BLR, 3.2-4]; the first one is the 
dilatation of Si in Gi), we deduce the existence of a morphism £2 as above for which 
COND holds; £2 is in fact a homomorphism (cf. [BLR, (d) of p. 64]). We conclude: 

Corollary. Any quasi-polarized p- divisible group over k which lifts to a quasi- 
polarized p-divisible group over W{k), can be deformed over the p-adic completion of 
an N-pro-etale scheme X over a smooth W{k)-scheme, with Xk as a geometrically con- 
nected, AG k-scheme, to a quasi-polarized, ordinary p-divisible group overk. 
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There are plenty of examples (for instance, see [Nor, ch. 4]) of quasi-polarized a- 
crystals which are not obtained from quasi-polarized filtered ^-crystals by forgetting the 
filtration. Here is a very simple numerical version of loc. cit. We take e = 2 and k = Fp. 

We assume Pa/ (ei, 63) = 1 and pM(e2, 64) = p. We denote g(^o by (/? and we assume 99 
takes (ei, 62, 63, 64) into (63, 64,^61,^62). So all slopes of (M, cp) are ^. It is trivial to see 
that there is no direct summand of M®^^ M^(F) lifting the F-submodule of M®^^^^^-) F 
generated by 63 and 64 mod p and such that Pm{cIj b) = 0, Vo, b & F^. 

C. Remarks. 1) We come back to the general context of a lift F^ of {M, g(fo,G) 
such that ta e F"(T(M[i])), e Jg\ J. As in C we define ^i. Warning: in general 
Si is not connected. However, is a smooth A;-group. We consider a homomorphism 
m'l : G2 —>■ Gi, with G'2 smooth over W{k), which is obtained as in C, using dilatations. 
Using the universal property of dilatations (see [BLR, p. 63]), wc deduce that we can 
assume mi factors through m'l. If COND holds for mi then it holds for m' and so we 
can assume mi = m'l; however, for different computational problems it is still useful not 
to assume mi = m'l. The Kodaira-Spencer map of the deformation we get over a G'^ as 
in the above proof (but working with m'l), in each /c- valued point y of G'^ has an image 
whose dimension is exactly the dimension d of the image of Im(Lie(G2A;) ~^ Lie(S'ifc)) in 
E'n.d{M) / F^{En.d{M))i^iY{k)k- So forgetting the tensors ta-, a e Jg\J-, by taking suitable 
slices we get (over resulting formally smooth subschemes of G'^" of relative dimension d) 
Shimura p-divisible groups which are uni plus quasi-versal. 

2) We do not assume anymore the existence of F^ as in 1). Still Si can be defined 
as in C. Let ^2 be the reduced group subscheme of Si which normalizes the kernel Fi 
of (po mod p. If ^2 has no characters producing as usual a direct sum decomposition 
M/pM = © then an as in 1) does not exist. 

3.10. Terminology and formulas. 

All terminologies and formulas to be introduced below in the context of Shimura Lie 
cr-crystals, will be used as well in the rational context of Shimura (adjoint) (filtered) Lie 
isocrystals attached to Shimura (adjoint) (filtered) Lie cr-crystals. 

3.10.0. Cyclic Shimura Lie cr-crystals. The notations that follows are similar 
to the previous ones but, without special reference, they are independent. Wc start 
considering an arbitrary perfect field k. A Shimura adjoint Lie cr-crystal (g, 99) over k 
is said to be cyclic, if q is the Lie algebra of an adjoint group G over W{k) such that 
considering the product decomposition Gy^ik) — Hie/^i simple groups over Wik)., 
ip®l permuting cyclically the direct summands Lie(G9[^]'s of Q ®w{k) ^(^)[|]- 

(0, ^p) is said to be trivial if — g; otherwise it is said to be non-trivial, (g, </?) is 
said to be of Ai^ S^, C^, D^, Eq or E'j Lie type if the factors G'^ are of this Lie type; in 
what follows, we ignore the other Lie types, as they force (5, ip) to be trivial, cf. 2.2.7. 

As in 3.2.3, let g e G{W{k)) be such that g{(p®l) takes the Lie algebras b and t of a 
Borel subgroup -Bvk(A;) ^w{k) respectively of a maximal torus T-^f^^j^^ of -B^v^Cfc) 
themselves. The permutation of the basis of roots of Lie(G^) w.r.t. the maximal torus 
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T/ := n G'^ of G[ and corresponding to the Borel subgroup B[ := -Bvi/(A;) '^i 

induced (as in 3.4.3.1) by the restriction of {g{ifi ® i))^^^ to Lie(i?^), can be non-trivial. 
This permutation can be (cf. 3.4.3.1): 

- an involution (this can happen only when q is of Ag, Di or Eq Lie type); 

- a cycle of order 3 (this can happen only when q is of D4 Lie type) ; 

- trivial. 

We say respectively that (0®vK(fe) W^(^); fl'(¥'® 1)) (or (fl, (p) itself) is with involution, 
or with a 3-cycle, or without a cycle. 

All above definitions are used as well in a filtered context or in a non-necessarily 
adjoint context (i.e. when we work with the Lie algebra of a semisimple group over W{k) 
which is not necessarily adjoint). In particular we also speak about cyclic Shimura Lie 
cT-crystals which are not necessarily adjoint. 

3.10.0. 1. Remark. If we just require the simple factors of Lie(G) to be permuted 
cyclically by (p, then we say (0, </?) is weakly cyclic. These notions of weakly cyclic and 
cyclic coincide over finite fields but not in general. To exemplify this, we restrict to the 
trivial context, as the adjustments for the non-trivial context are easily made. Let k be 
such that there is a Galois extension of it ki of whose Galois group is not cyclic. Let 7 
be an automorphism of W{ki) whose restriction to W{k) is a. Let Hi be a split, simple 
adjoint group over Zp. Let H := ^es\Y{ki)/w{k)Hiw{ki)'i it is a W{k)-simple, adjoint 
group. Its Lie algebra (over W{k)) is Lie(iyi) <SiZp W{ki). We consider the cr-linear 
automorphism a of it which acts identically on Lie{Hi) and as 7 on W{ki). is 
a disjoint union of [ki : k] copies of Hiiy(^ki)'i but, as Gal(/ci//c) is not cyclic, the Lie 
algebras of these copies of -ffivK(fci) are not permuted transitively by a 1. 

In what follows, without special reference, we deal only with the cyclic notion. 

3.10.1. Definitions: cyclic factors. Any split Shimura adjoint (filtered) Lie 
cr-crystal is isomorphic to a direct sum of cyclic split Shimura adjoint (filtered) 
Lie CT-crystals, which are called the cyclic factors of C^"^. The direct sum of the non- 
trivial cyclic factors is called the non-trivial part of C^*^, while the direct sum of the 
trivial ones is called the trivial part of (t^'^. Similarly, for any Shimura filtered cr-crystal 
{M, , (p, Gm) or Shimura cr-crystal {M, (p, Gm) (resp. for any Shimura filtered Lie cr- 
crystal (Lie(GM), V', O-'ieiG m)) -I O-'ieiG m))) or Shimura Lie cr-crystal (Lie(GM), V')), 
with G^ a split group, we define its cyclic Lie factors (resp. its cyclic factors), as well 
as its cyclic adjoint factors. 

For instance, with the notations of the part of 3.4 ending with 3.4.1, the Shimura fil- 
tered Lie cr-crystal {qq, ip>2i F^{qq), F^{qq)) of 3.4.1 is cyclic and is called a cyclic Lie factor 
of (M, F^, ip2-, G) (or a cyclic factor of (g, ip2-, F^{q), F^{q)))\ its adjoint (defined naturally 
using the Lie algebra of Yiiei ^f^) i^ called a cyclic adjoint factor of (M, F^, (p2, G) or 
of (0,(^2, F°(0),F^(0)). 

Similarly we speak about the non-trivial part (or the trivial part) of a split Shimura 
(filtered) Lie cr-crystal C. Warning: they are not necessarily defined by direct summands 
of the underlying module of C. 
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Similarly, for any Shimura (adjoint) (filtered) Lie cr-crystal (resp. any Shimura (fil- 
tered) cr-crystal), we speak about its weakly cyclic (adjoint) factors (resp. about its 
weakly cyclic Lie factors and its weakly cyclic adjoint factors) and about these factors 
being trivial or non-trivial. The only difference is: the adjoint groups we get are not 
always products of absolutely simple, adjoint groups (cf. 3.10.0.1). Whenever possible, 
we drop the word weakly. 

3.10.2. A context. From now on we work with a cyclic Shimura adjoint filtered 
Lie cr-crystal (g, F^{q), F^{q)^ which is non-trivial and has the property that there are 
Lie algebras b and t of a Borel subgroup B of G and respectively of a maximal torus T 
of B, such that F^{q) C b C F^{g), (p{t) = t and (p{b) C b (to be compared with 3.2.3). 
Here G is as in 3.10.0. 

All the terminology to be introduced below for the case G split is also used: 

a) in the context of the above paragraph (via the passage to W{k)), and 

b) for cyclic factors of split Shimura filtered Lie u-crystals defined by Shimura- 
canonical lifts (i.e. for factors like (^Qq, ^Pi, F'^(gQ), F^(qo)) of 3.4.1). 

3.10.3. Notations. From now on we also assume G is a split group. For not 
overloading the notations, we consider G = Xi^i^Gi, Q = Qo,F^(q) = F^(qo), F-^(g) = 
F^ido) ("with 00 of 3.4.0") and if = ifi ("of 3.2.3"). So we use fully the notations and 
conventions introduced in 3.4.0-3 and 3.4.5. So / = /q and G[ = Gi, Wi G Iq. Warning: 
here Gi arc adjoint groups; so only the notations are as in the mentioned places (this 
motivates the above use of quotation marks). 

3.10.4. The £-type. The m-tuple {si, . . . , em) is called the £-type of (^o, Vi)- Here 

= e|/o| e {|/|o,2|/o|,3|/o|}. 

If (00, 'Pi) is with involution or with a 3-cycle, then we replace (go, Vi) by 

{Qo,v['^) 

(cf. 3.4.3.1) (e being 2 or 3, depending on tti being an involution or a 3-cycle). Here 

SieSiOJ). 

3.10.4.1. Warning. We replace {Qo,(fi) by (floi^'i^^) only for defining the s- 
typc of (0Q,99i). For formulas that follows (see 3.10.6) this replacement is not allowed 
(performed) . 

3.10.4.2. On the value of m. If {Qo.,(pi) is without a cycle, then the m-tuple 
(£i, . . . , Em) is uniquely determined up to a cyclic permutation and up to a renumbering 
of the roots of Ai (cf. 3.4.3.2). We have m = n = \Io\. 



m : — 
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If (00, ^1) is with involution then the m-tuple {si, . . . , Sm) is uniquely determined up 
to a cyclic permutation and, in the case when Qq is of D4 Lie type, up to a renumbering 
of the roots of Ai. We have m = 2n. 

If {qo, (fi) is with a 3-cycle then the m-tuple (ei, . . . , Em) is uniquely determined up 
to cyclic permutation and up to a renumbering of the roots of Ai. We have m = 3n. 

3.10.4.3. Convention. An £-type (si, ...,€m) is said to be in the standard form, if 
YllLi is the greatest number among all numbers obtained in this manner using 
an £-type obtained from (£1, Sm) through the rules of 3.10.4.2 (i.e. up to renumberings 
and cyclic permutations). Here the role of £ + 1 is irrelevant: we just need an integer 
greater than all e^'s (to be compared with 2.2.22 3)). We always prefer to use e-types 
which are in the standard form (cf. also 2.2.22 3)). For instance, we prefer to consider 
the £-type (1, 1, 0, 0) rather than the £-type (0, 0, 1, 1) and to consider the £-type {£,£ — 
1,0,1,0) rather than (£ - 1, 0, 1, 0, £) or (1, 0, £, £ - 1, 0) (here £ > 4). 

3.10.4.4. Spreadings. We define A := {ei\i G h} and B := {ei\i G h}. We 
have |A|<|i?|<e|A|. The numbers \A\ and |-B| are called the apparent spreading and 
respectively the spreading of (00, Vi)- 

3.10.5. Definitions. If £j ^ 0, Vi G S{l,m), then (go^Vi) is said to be of totally 
non-compact type. If there is z G Iq such that £j = 0, then we say {qq, ipi) has compact 
factors or is of compact type. 

If all £i, i G S{l,'m), are equal and different from (i.e. when \B\ = 1 and Iq = Ii), 
we say {Qo,<fii) is totally non-compact of constant type, or totally non-compact of type: 

i) 1 if 00 is of Be, Ce {£ > 1), D4, Eq or E7 Lie type, or of Lie type {£ > 5) with 
£1 = 1. 

ii) 2 if 00 is of Di Lie type, with £ > 5, and ei e {£ — !,£}. 

iii) min{£i, 1 -|- £ — £1} if 0o is of Lie type. 

In case i) for 0o of Di Lie type, with ^ > 4, we also say (00, <^i) is totally non-compact 
of Df type. In case ii) we also say {gojfi) is totally non-compact of simple type. 
Similarly, if all non-zero £j's are equal {i G 5(1, m)) but there is Iq G Iq such that = 0, 
we say (00, v'l) is of constant type, or of type 1 (or of Df type), or of type 2 (or of simple 
Df type), or of type min{£i, l + £ — ei} (with i E Iq such that Si 7^ 0) depending on which 
of the situations i) to iii) we are, but dropping (sometimes replacing by the expression 
compact) the expression of totally non-compact type. 

If > 2 we say (00, Lpi) is of non-constant type. This can happen only when 0o is 

of Ae (£ > 2), Di {£ > 4) or Eq Lie type. 

If 00 is of Di Lie type, with S = {£ — 1, £}, or if 0o is of D4 Lie type, with \B\ =2, 
we say (0o,</?i) is of non-simple Df type. The non-simple and the simple Df types are 
also referred as Df types. In the cases when 0o is of D4 Lie type with |S| = 3, or of 
Lie type, with £ > 5 and > 2 but B {£ — 1,£}, we say (00, V'l) is of mixed Di type. 
If 00 is of Di Lie type with \B\ = 3, that is with B = {1,£ — 1,£}, we say (00, <^i) is of 
strongly mixed Di type. 
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If 00 is of Ai Lie type with \B\ > 2, we say {go,(pi) is of {a,b} Ai type, where 
1 < a < b < £ and a < £+1 — b and, if potentially changing £ — i with z + 1, z = 0, £ — 1, 
a is the smallest element of B and b is the greatest element of B. 

Qi '•= 1-^1 1 is called the non-compact length of {qq, (pi) and qo := n = \Io\ is called the 
cyclic length of go- As we assumed (flcV'i) is non-trivial (see 3.10.2), we have qi > 1. 
By the rank of {qq, (fi) we mean the rank £ G N of any simple Lie factor of go- 

Most of the above terminology is inspired from and conforms to [De2] . 

3.10.5.1. The concentrated e-type. The ego-tuple r*^ obtained from the £-type 
(ei, ...,em) by removing all zeros is referred as the concentrated £-type of (go,9?i). r*^ is 
called oscillating if eqo > 2 and all its two consecutive elements (in the circular sense) 
are distinct. If \B\ = 2 and t'^ is oscillating, we say r'^ is alternating. If t'^ is alternating 
and if B is stable under the group of outer automorphisms of $i leaving invariant 
we say is involutive. For the A2 and Eq Lie type any oscillating concentrated e-type 
is automatically involutive (but this is not so for the Ai and Di Lie types, with £ >3). 

3.10.6. Formulas. The formulas below are based: 

- on the list of hermitian symmetric domains and of their real dimension (see [He, 
p. 518]), and on 

- the standard tables of roots of the simple, split, semisimple Lie algebras over a 
field of characteristic (see [Bou2, planche I-VI]). 

There is nothing deep about the computations involved and so we mostly just list 
the results. All below multiplicities are obtained by counting the roots of having 
in their expression (as sums with positive, integral coefficients of roots of Ai) a specific 
subset of Ai. 

i) Let go be of Bi, Ci or E-j Lie type. 

The slopes of (gojV'i) ^ire precisely and The multiplicity of ^ is 

go dimc(X), where X is an irreducible hermitian symmetric domain whose group of au- 
tomorphisms is of the same Lie type as go. 

If go is of Ci Lie type, then dimc(X) = = dim^(fe)(gi)^t]_. 

If go is of Bi Lie type, then dimc(X) = 2£-l = dimv7(fc)(gi)^^. 
If go is of E-j Lie type, then dimc(X) — 27 — dim^(;j)(gi). 

ii) Let go be of Eq Lie type. 

Case 1. (go,<^i) is of type 1; then everything is as in i), with dimc(^) = 16 = 
^dim^(fe)(gi). 

Case 2. (go, V?i) is of non-constant type, without a cycle and with I/2I ^ |/i\/2|, 
where I2 {i G Ii\ei = 1}. We can assume 52 '■— 1-^21 > \Ii\l2\- The slopes of (go,<^i) 

are precisely -11+12 q 21 and 2i. 

^ go ' go ' go ' ' go ' go go 

The multiplicities of the slopes ^, ^ and ^^^^ are all equal to 8go- 
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Case 3. (qo^'^i) is of non-constant type with involution or is without a cycle but 
with I/2I = |/i\/2| (with I2 as in Case 2). The slopes of (go^Vi) ^re precisely 

The multiplicity of ^ is 16qo- The multiplicity of ^ is 8qo. 
In all these three cases we have at most 3 positive slopes, 
iii) Let 0o be of Lie type. 

Case 1. (00, ^1) is of type 1 (i.e. of Df type); then the situation is as in i), with 
dimc(X) = 2{£ - 1) = dimw(k){9i)ii^- 

Case 2. {go.,(pi) is of type 2 (i.e. it is of simple Df- type); then the situation is as 
in i), with dimc(X) = ^^^^ = dim;y(fc)(0i)^^. 

Case 3. (go, Vi) is of non-simple Df type. We can assume B = {£ — 1,£} even for 
£ = A. Let I2 := {^ e Ii\ei = £ — 1}. We can assume q2 := I/2I > \Ii\l2\- 

Subcase 1. {Qo,(pi) is without a cycle and q2 ^ qi — q^- The slopes are like in Case 
2 of ii). 

The multiplicity of the slope ^ is ^^"^^'^^ go- 

The multiplicities of the slopes ^ and are equal to {£ — l)qo. 

Subcase 2. {go,(fii) is without a cycle and I/2I = |-fi\-f2| or is with involution. The 
slopes are like in Case 3 of ii) . 

The multiplicity of ^ is (^-1X^-2) ^^^ 
The multiplicity of ^ is 2{£ - l)qo. 
Case 4. (go, ^1) is of mixed D^ type. 

Subcase 1. (go, ^1) is of strongly mixed type. Let I2 := {i G Ii\ei — 1}, I3 := {i G 
Ii\ei = £ — 1} and /4 := {i e = £}. Let := j = 2,4. We have qi = q'2 + 93 + 94- 
We can assume q^ > 94. 

Subcase 1.1. (go, (pi) is without a cycle. So > 1, Vj e {2, 3,4}. The set of slopes 

is formed from and ±a, where a is of the form — — , with Jo a non-empty subset 
of {2, 3, 4}. 

The multiplicity of 

is equal to 

( ^'^)^0' 

JeJi 

where jTi is the set of non-empty subsets of {2, 3,4}, with the property that '^j^j^ qj = 
ago- Here r{2,3,4} = £ - 2, r{2,3} = ^'{2,4} = 1, ^{3,4} = (^"^y-^) and r{2} = r^sy = 
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r{4} = ^ — 2. In other words, r{2,3,4} is the number of roots of having ai, a£ and 
ai-i in their expression (as a sum of elements of Ai), r{2,3} is the number of roots of 
having ai and a£-i while not having ag in their expression, etc. (we recall that we are 
using the notations of 3.4, cf. 3.10.3). 

Subcase 1.2. {qo,'Pi) is with a 3-cycle. This implies £ = A. The slopes are 

_qi -2qi -91 g _2i_ Sgi qi 
qo ' 3qo ' 3go ' ' 3qo ' 3go lo ' 

The multiplicity of the slope |^ is 2qQ. 

The multiplicity of the slope is 2tqQ. 

The multiplicities of the slopes ^ and are ^qq. 

Subcase 1.3. (go, ^i) is with involution. Let Inv be the involution of the basis of 
roots of 01 (w.r.t. £|i fl b) which takes a^-i into ai (this fits the assumption gs > g4 for 
I = 4). This implies q2 > 1. The slopes are 0,±a, with a of the form {^j^j^ 2^^' 

Jo e ^5 := {{2, 3, 4, 5, 6, 7}, {2, 3, 4, 5}, {3, 4, 6, 7}, {2, 5}, {3, 4}}. 

Here gs+i = g^ for z = 2, 4, while the elements of SS are keeping track of the orbits of 
the natural action of Inv on the non-empty subsets of the set {cti, ct^-i, a^}; so {3,4} 
corresponds to the orbit formed by the two sets {a^_i} and {a^}, {2,5} corresponds to 
the orbit formed by the set {cti}, {3,4, 6, 7} corresponds to the orbit formed by the set 
{a£-i, ai}, {2,3,4,5} corresponds to the orbit formed by the two sets {q;i,q;^_i} and 
{cKi, CK^}, while (2, 3, 4, 5, 6, 7} corresponds to the orbit formed by the set {cki, a^-i, a^}. 

The multiplicity of 

J^Jo 

is 

( Yl ''•^O^O' 

where J2 := {J G SS\J2j&jQj = 2goa = Y^j^j^Qj}. Here rj^ is £ - 2 if Ji = 

{2,3,4,5,6,7} or Ji = {2,5}, is 2 if Ji = {2,3,4,5}, is ^^"^^"^^ if Ji = {3,4,6,7} 
and is 2{£ — 2) ii Ji = {3, 4}. These numbers rj^ have an entirely similar significance as 
the similar numbers of Subcase 1.1. 

Subcase 2. (go-'/'i) i^o^ of strongly mixed type. So is without an in- 

volution and £ > 5. This subcase is entirely analogous to Subcase 1.1, for the value 

94 = 0. 

In all these four cases the number of positive slopes is at most 7. 
iv) Let go be of Ai Lie type (^ > 2). 

Case 1. \B\ = 1. This happens when \A\ = 1 and (go,V^i) is without a cycle or 
when (g, Lpi) is with involution and A — {^^} (in this second situation £ must be odd). 
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The slopes are — — ,0 and — . 

The multipHcity of the slope ^ is iQ{£ + 1 — iQ)qo, where B — {io}. It is less or equal 

, go(^+l)^ _ J- /. \(^+2£+l 

to 4 - dimwA(fe)(0o)4(p+2Z)- 

Case 2. \B\ = 2. We distinguish three subcases. 

Subcase 1. A — {io}, with io ^ and (soi^i) is with involution. We can 

assume iq < The slopes are — — , 0, ^ and — . 

"2 (Jo ' 2go ' ' 2qo 90 

The multiplicity of ^ is ioQo- 

The multiphcity of ^ is 2zo(^ + 1 - 2io)Qo- 

Subcase 2. A = {zo,ii}, with 1 < io < io < ^i: and (go, (/^i) is without a cycle. 
Let /2 := {j G = io} and let g2 1-^21- 

Subcase 2.1. 2^2 ^ gi- The slopes are ±2^ ±2i^ and 0. 

' 90 ' 90 ' 90 

The multiplicity of ^ is zo(^ + 1 — ii)i?o- 
The multiplicity of ^ is zo(ii — io)Qo- 
The multiplicity of is (£ + 1 - ii)(-io + ii)go- 

Subcase 2.2. 2q'2 = qi- The slopes are ±|^,±^ and 0. 
The multiplicity of ^ is io(-^ + 1 — ^l)q'o• 
The multiplicity of ^ is (ii — zo)(-^ + 1 — ii + io)Qo- 

Subcase 3. A = {io,i + 1 — io} and {go, 'Pi) is with involution. This is entirely 
similar to Subcase 1. 

Case 3. \B\ > 3. So \A\ > 2. We do not treat this case here. We just mention two 
things. The multiplicity of the greatest positive slope ^ is io(^ + 1 — ii), where io (resp. 
ii) is the smallest (resp. the greatest) element of B. The number of positive slopes is at 
most 

\Bf + \B\ 



2 

We get this by counting the equivalence classes of the following equivalence relation rs 

on a, /3 G are in relation rs iff in their expression as a sum of elements of Ai 
cti shows up with the same coefficient, Vi G -B: their number is exactly the number of 
positive slopes of the A^^^ Lie type. Moreover, if (^o, ^i) is with involution then in fact 
the number of positive slopes is at most 

|S|V|S| + 2[M±i] 



i.e. it is at most equal to the number of orbits of the natural action of the involution of 
$1 leaving invariant on the set of such equivalence classes. If qi is big enough w.r.t. 
|-B| one can check immediately that both these upper bounds can be attained. 
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3.10.7. Some facts. If the £-type of {qq, ipi) is (£i, . . . , Sm), then po := VFo(0o, V'l) 
(resp. W^{go,(fi)) is a direct sum of its intersection with the factors Qi of Qq, i e Iq, 
while its intersection with is the l^(A;)-module generated by tj and by the rank 1 

-sub modules corresponding -in the sense of 3.4.3.2- to all roots of $^ (resp. of $~) 
and to those negative (resp. positive) roots not having — ctg^ (z) (resp. ae.{i)) in their 
expression, for any j G 5(1, m) such that Sj ^ 0; this is a consequence of 3.4.3.0 via the 
numbering in 3.4.3.2. 

Using this we get directly the following Facts: 

FO. We fix the Lie type of Qq. Then times the number of slopes of (0O: Vi) 
depends only on the set of non-zero elements Sj 's (j G S{l,m)). 

Fl. poHQi is a maximal parabolic Lie subalgebra of Qi iffidOjfi) is of constant type. 

F2. po = ^"^(00) iff (QOj'^i) is totally non-compact of constant type (i.e. iff{do,fi) 
is an ordinary Shimura Lie a -crystal). 

F3. po is a Borel Lie subalgebra of Q iff Qo is of Ai Lie type with B = S{1,£). Here 

e>i. 

F4. The Lie stable p-rank of (qq, Lpi) is always positive and divisible by qq. It is qo 
(i.e. the refined Lie stable p-rank {qo,<Pi) is the 1-tuple {!)) iff Qo is of Ai Lie type with 

{i,e}cB. 

When the situation of F3 takes place, we say that (go, V^i, F'^(go), -^^(flo)) is of strong 
Borel type (cf. 2.2.12 c)) or that it has maximal A-spreading. Also, for future references 
we state explicitly the following obvious fact: 

F5. (00, Vi) is totally non-compact iff its multiplicity of slope —1 (or 1) is non-zero. 

3.10.8. An interpretation in terms of p-divisible groups. We consider a p- 
divisible group D over W{k) having {b,F\Qo) , as its associated filtered a-crystal, cf. 
2.2.12.1 1). The positive slopes and their multiplicities as listed in 3.10.6, are precisely 
the positive slopes and their multiplicities of the special fibre Dk oi D. 

3.10.8.1. The a-invariant. Let a{Qo,^i) '■— o(-Dfc) (cf- 2.1). We refer to it as the 
a-invariant of (go, Vi)- As the a-number is not changed by field extensions, we similarly 
define the a-invariant of any Shimura Lie cr-crystal which has a lift of parabolic type. 

Exercise. Show that the a-invariant of (go, ^1) is the same as the a-invariant of the 
extension to k of its canonical lift as defined in 2.3.18.3 2). Hint: use Exercise of 2.2.22.1. 

3.11. The case k = k and applications. We use the notations of 3.1-2. We 
assume (M, G, {ta)aej) is a G-ordinary a-crystal. 

3.11.1. Theorem. Let € = {M,F^,(fi,G,{ta)^^j) be the G-canonical lift of 
(M, G, {ta)aej)- ^6 assume k = k. We have: 

a) € is cyclic diagonalizable; 
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b) its Shimura filtered Lie a -crystal is cyclic diagonalizable and of Borel and parabolic 

type; 

c) it is 1 J -isomorphic to (M, F^,(pi, G, (ta)^^^-) mentioned in 3.2.3. 

Proof: There are many ways in proving c). One way is entirely the same as the 
proof of b) of 4.4.1 2) (cf also the extra details needed for the proof of b) of 4.4.1 3)) 
below, made in the context of a SHS. As the referred proof is self contained (based on 
3.4.11), this way is not repeated here (cf the policy of 1.14.2). A second way is to 
combine 3.6.17 with 3.4.11. 

For the convenience of the reader we present a third way, based on 3.6.17, 3.4.11 and 
3.1.0 c). We can assume if = g^pi, with g e Pi{W{k))) (see 3.3.2 for the meaning of Pi). 
We need to find h e Pi{W{k)) such that 

(1) hgipi = (fih. 

The case when g is congruent to the identity mod p is entirely the same as the part of 
the proof of 3.6.17 referring to the W{k)-hase Bq and to induction. 

Let Ri be the Zariski closure of the reductive subgroup of PiB{k) whose Lie algebra 
is W{0){g, (pi). From Fact 1 of 2.2.9 1) we get that (M, F^, T) is cyclic diagonahzable. 
So from 2.2.19.2 we get that Ri is a Levi subgroup of Pi (more precisely: Pi is the only 
Levi subgroup of Pi containing T). So Pi is the semidirect product of its unipotent 
radical A^i and of Pi. To treat the general case, we write 

g = gini 

with gi e Ri{W{k)) and ni e Ni{W{k)). As k = k, R\ has a canonical Zp-structure: 
the part of 3.4.3.0 (1) referring to Si(Q;)'s implies that /i centralizes Pi and so this Zp- 
structure is obtained as in 2.2.9 8); so, as Pi is canonically identified with Pi/Ni, [Bo2, 
16.4] implies that we can assume gi is congruent to the identity mod p. Ni is a normal 
subgroup of Pi normalized by T. Moreover it is unipotent; so there is a finite sequence 
of characteristic subgroups 

Nm C Nm-1 C ... C iVi 

of iVi such that Ni/Ni+i = G^* , Vz e 5(1, m), with m, rrii e NU{0} and with A^^+i as the 
trivial subgroup. Let Ui be a subgroup of Ni normalized by T and such that the resulting 
homomorphism Ui Ni/Ni+i is an isomorphism. We have (f{Lie{Ui)) C Lie{Ui) (cf. 
3.4.3.0 (1) and the fact that each is a characteristic subgroup of A'^i). Moreover, 
Vi e S{1, m), we have 

<p^'{Ue{Ui))GpUe{Ui), 

for some k E N U {0} (cf. 3.4.3.0 (1); this is just the version of the Key Fact of the 
proof of 3.6.6 which involves positive -versus negative- slopes). Using this, by repeatedly 
replacing g(p with n2g(pn2^, with n2 G Ui{W{k)), where i e S{l,m) is the biggest number 
such that ni mod p is a /c- valued point of Ni, we get that we can assume ni is congruent 
to the identity mod p. So g is congruent to the identity mod p. This proves c). 
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To prove a) and b), we recall (cf. 3.2.3) that (pi{i'^w{k) W{k)) — t0w{k) W{k). So, 
as A; = ^, t is generated by elements fixed by (pi. Considering the family of tensors of 
T(M[|]) formed by such elements and by the members of the family {ta)a€ji we get a 
concrete way to see that the quadruple (M, F^, (/^i, T) is a Shimura filtered cr-crystal. So 
a) results from this and from c) (cf. 2.2.16). b) results from c) and the fact that k = k 
(cf. 3.4.3.0 (1) and 2.2.12.1 4)). This proves the Theorem. 

3.11.2. First applications. A. From 3.11.1 c) we get 3.1.4. This goes as follows. 
The uniqueness part is implied by 3.2.8; it allows us to assume that in 3.1.4 we have 
k = k. But referring to (M, F^,cpi,G), we can take /i = /U, cf. 3.4.3.0. 

B. Let now fXy : Grn G he the canonical split of {M,(p,G) (cf. 3.1.6). We 
write = a o //y(i), with a as a cr-linear automorphism of M. We assume k = k. So 

:= {x e M\a{x) = x} defines a Zp-structure on M. Let hi e End(M) be defined 
by: hi{x) = x if x & and hi{x) = if through Hy acts trivially on x. We have 

hi e End(M'' W{¥)) and there is d e N such that y:>'^{hi) = hi but \fi e N, i < d, 
we have ^^{hi) ^ hi; all these are a consequence of 3.11.1 a) (cf. also 2.2.16.4). So fXy 
can be viewed as an injective cocharacter 

Let F] := F^ n W^(Fpd); we have F^ = F] ®w{^^d) W{k). Let i^^hi) = hi+i, 

Vi G N. So hi-^-i = a^{hi) and hd+i = hi. The /i^'s are commuting among themselves 
(as they belong to Lie(T)). As in 2.2.9 8), let Gz^ be the subgroup of GL{M'^) whose 
extension to W{k) is the subgroup G of GL{M'^ W{k)) = GL{M). 

We get (cf. 2.2.16.4 a)): (M, F^,(/?,G, {ta)aej) is isomorphic to the extension to 
W{k) of the following strongly cyclic diagonalizable Shimura filtered aw^^-ciYsisl 

MM := (M« W{¥pa), F], (TF^, O //^(i), ^^^(F^,), {to)a^j) ; 

here uf^^ acts trivially on and as Frobenius on Wi¥pd). We refer to MM as the 

minimal model of (M, F^, G, {ta)a£j)i cf. also Fact of 2.2.16.4; from its construction 
we get it is uniquely determined. 

(cTp ^ o |Uy(^))'^ is a i?(Fpd)-linear automorphism of B{¥pd)\ so it can be 

identified with an element of Gvk(f d){B{¥pd)) and so of G{Kq). As hiS are commuting 

among themselves, we get immediately that in fact (uf ^ ° ^^y{^))'^ is a Qp-linear auto- 
morphism of M"[^] defined by a Qp- valued point of the smallest torus of Gq^ through 
whose extension to B{¥pd) jiy factors; in particular, it is semisimple. 

C. Let F=o be the subgroup of Gz whose extension to W{¥pd) is the centralizer 
of hi,..., hd', it is connected as its extension to W{¥pd) is the centralizer of the torus of 
Gw{w a) generated by the image of /x and by the conjugates under uf ^ of this image 
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(cf. [Bo2, 11.12] applied over B{¥pd) and over ¥pd). Lie(P=o) C g is the Lie algebra 
over Zp of endomorphisms of (M, G) or of (M, F^, G) (one inclusion is obvious from 
constructions; the other one results from 3.1.1.2 and 3.1.4-5); even more, its extension 
to W{¥pd) is W{0){L\e{Gw{¥ d))^ '^^ d ° f^yip))'- these can be read out as well from 
3.4.3.0 (via 3.11.1 c)). From 3.4.3.0 (1) we also get that we have the following slope sign 
direct sum decomposition 

{SSDSD) (LieiGwiw^d)), F°(Lie(Gvy(F^.))), F\Ue{Gwiw^,))), a^^d ° /^.(^)) = 
= (Lie(P=oiv(F^^)),Lie(P=oiv(F^d)),0,c7F^^ o//y(^))© 
©(Lie(iV>o), Lie(iV>o), F^(Lie(Gw^(F^,))) n Lie(iV>o), (Tf^, o iiy{^))(B 

©(Lie(Ar<o), FO(Lie(G^(F^,))) n Lie(iV<o), 0, aw^, o fXy{^)) 

as p-divisible objects of A4J^[-i^i]{W{¥pd)): the first (resp. the second and the third) 
direct sum factor is in fact a 7?-divisible object of M.J^[ofi]{W{¥pd)) (resp. is a 7?-divisible 
object of MJ^[o,i]{W{¥pd)) and of MJ^[-i,o]{W{¥pd))y, here iV<o (resp. iV>o) is the 
integral, connected, smooth, unipotent subgroup of Gw(y a) whose Lie algebra is the 
Lie subalgebra of Lie{G\Y(¥ a)) corresponding to negative (resp. positive) slopes of 
(Lie{Gw(Y d))'^]Fpd o f^yi^))- ^>o and A^<o have natural Z^-structures: they are ob- 
tained from subgroups of Gz^ by extension of scalars (cf. end of B above). 

Even better, 3.4.3.0 (1) implies: we actually get slope type direct sum decompositions 
(STDSD) 

{Ue{Gw{F^^)),F^{Ue{Gw{F^^))),F\Ue{Gw{F^^))),crw^^ o ny{-)) = ®aes<^a, 

where 5" is the set of slopes of {Lie{G\Y{F d))' '^^ d ° l^yip)) is a p-divisible object 

of MJ^[o,i^{W{¥pd)) if a > 0, of Mj^[o,o](I^(FpJ)) if a = 0, and of MT[-i,o^{W{¥pd)) if 
Q! < 0; moreover the Newton polygon of €q, has only one slope: a. So, STDSD "isolates" 
entirely all slopes of S and not only their signs (as the decomposition (SSDSD) does). 
Declaring CCg to be the zero p-divisible object if s e [—2, 2] \ 5, w.r.t. the Lie structure of 
Lie(GvK(F d)) '^^ have natural inclusions 

[Ca,^/3] C (La+13 

of p-divisible objects of A4^[-2,2](W^(^)); here a, P e S. 

D. Let i? be a Borel subgroup of G normalizing and such that <^(Lie(P)) C Lie(P) 
(cf. the Borel type property of 3.11.1 b)). There are many ways to see that fiy factors 
through B (for instance, using the end of 2.2.12.1 1) and the fact that B is its own 
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normalizer in G, or using the functoriality of canonical splits, etc.). So a(Lie(i?)) = 
Lie(5). Let B^^ be the Borel subgroup of which is the Z^-structure of B defined 
naturally by a. So Bzj, normalizes <^*(F-^), Vz e N, and so we have: 

Fact, hi is G{B{k)) -conjugate to hi, iff hi = hi, i.e. iff d\i — 1. 

Let Ahi (resp. t^i) be the image of hi in Lie(G^'^) (resp. in Lie(G*'^)), and let 
e N (resp. d2 G N) be the smallest positive integer such that (resp. rhi) is the 
image of hdi+i in Lie(G^'^) (resp. the image of ha^+i in Lie(G^'')). Then di and d2 divide 
d, and in fact d = l.c.m.[di, ^2]. 

3.11.3. Degrees of definition. Referring to 3.11.2 D, the number d is called the 
degree of definition of {M,(p,G), di is called the degree of definition of (Lie(G^'^), 

or the ^-degree of definition of {M,if,G), and d2 is called the degree of definition of 
(Lie(G^*'), (f) or the T-degree of definition of (M, G). Here A- and T- stand for adjoint 
and respectively toric. d is the same as the degree of definition of (M, F^, (p) as def. in 
2.2.16.4. Moreover, as iV>o is a non-trivial group (see 3.2.2.1), the A-degree of definition 
of (M, G) is equal to the A-degree of definition of the (non-trivial) Shimura adjoint 
filtered Lie cr-crystal attached to (M, F^, G) as defined in the end of 2.2.16.5. 

3.11.3.1. Corollary. Let g e G{W{k)) and Tg a maximal torus of G be such that 
(M, gip, Tg) is a quasi Shimura a-crystal. Then the degree of definition dg of (M, g(f, Tg) 
is a multiple of d. 

Proof: This Corollary is very much related to 2.2.16.4; however, it is not implied 

directly by the mentioned place. We can assume k = k; so we can drop the word quasi and 
moreover we can assume Tg = T. Let ht '■ Gm — > T be the unique cocharacter producing 
a direct sum decomposition M — Fj, © Fj, (with (3 G Gm{W (k)) acting through it on 
as the multiplication with i = 0,1) such that {M,F^,g(p,T) is a Shimura filtered 
(7-crystal. Writing g(p = qt o ij,t{^)i clt is a u-linear automorphism of M. As in 3.11.2 

B, let Tzp (resp. Gzp) be the Zp-structure of T (resp. of G) it defines naturally. Gz^ is 
an inner form of Gz^ and so from Lang's theorem, we get that in fact we have a natural 
identification Gz^ = Gzp- As Tz^ is a torus of Gzp, from 2.2.16.4 a) we get (cf. also 
Fact 2 of 2.2.9 3)) that the G(VF(/c))-conjugacy class of the cocharacter Hy of 3.11.2 is 
definable over W{¥pdg). Let di :— {dg,d). From [Mi3, 4.6-7] we deduce that this class is 
definable over W{W^d^). So, as hi = CFi~^{hi) (see 3.11.2 B), from the Fact of 3.11.2 D 
we get di = d. This proves the Corollary. 

3.11.3.2. Remark. We consider a potentially cyclic diagonalizable Shimura filtered 
CTfei -crystal over a finite field ki. Warning: the degree of definition of its extension to 
fci = F is not necessarily a divisor of the degree [ki : Fp] ; easy examples can be obtained 
by considering an elliptic curve E over Q which has supersingular good reduction w.r.t. 
p and is such that E-^ has complex multiplication. 

3.11.4. An application: more on the numbers d{n) of 3.6.1.3 2). We come 
back to the notations of 3.1-4. 3.11.1 allows us to define the number 

r((M, ifi, G)) e NU{0} 
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as the number of slopes —1 of the Lie cr-crystal of any G-canonical hft produced by 
(M, if, G). Directly from 3.6.18.7.0 we get: Vn e N we have the estimate 



{ESTl) d{n) < dimwik){G)r{{M,ip,G)). 

The numbers r((M, 99, G)) can be easily computed using 3.10.6. As a very gross estimate 
we have 3r((M, G)) < dimvi/(fc)(G') (cf. the formulas of 3.10.6: see i), ii), Cases 1 and 
2 of iii), and Case 1 of iv); see 3.10.7 for why the situation gets reduced to the constant 
type context of 3.10.5). So we get 



iEST2) din) < 



dim^(fe)(G')^ 
3 



if G = GL{M), then in the above inequality we can replace the denominator 3 by 4 
(cf. the last part of Case 1 of 3.10.6 iv)). In many situations, we can get much better 
estimates than the above gross estimate: for instance, see Case 2) of 3.10.6 ii). 

In particular, if r((M, ip,G)) — then d{n) — 0,\/n E N (his result matches 3.6.18.8.1 
a)). So in such a case we can take Qj^n = Rj, Vn e N. There are plenty of examples with 
r((M, (p, G)) = 0; we mention here two such situations of general nature: 

1) the case when none of the adjoint cyclic factors of the G-canonical lift (M, F^,(po, G) 
of (M, </?o, G) are totally non-compact; 

2) the situations pertaining to a SHS to be referred in 4.6.1 1) below. 

3.11.5. Remark. 3.11.1 c) and 3.1.3 a) imply: (M, G) has constant isogeny class 
(cf. def. of 2.2.22 2)). 

3.11.6. The Lie variant of 3.11.1. Referring to the abstract context of 2.2.11 
(i.e. we move away from the context of Shimura cr-crystals, even if we use very similar 
notations) we have the following Lie variant of 3.11.1: 

Corollary. A) We assume k = k. If (g, F^{q), F^{q)) is a Shimura filtered Lie a- 
crystal of Borel type, then for any g e G^'^{W{k)) such that {Q,g(p) has the same Newton 
polygon as (g, ip), the Shimura Lie a-crystals {q, gip) and (g, ip) are both isomorphic under 
an isomorphism defined by an element of G^'^{W{k)). 

B) A Shimura filtered Lie a-crystal (g, F°(g), F-^(g)) of Borel type is of parabolic 
type. If k = k, then the converse holds. Moreover, for k arbitrary and (g, p) non-trivial, 
there is a unique injective cocharacter fx : Gm * G^'^ as in 2.2.11 1) and such that the 
parabolic Lie subalgebra of q corresponding to non-positive (resp. to non-negative) slopes 
of (g, (f) is contained in ® g~^ (resp. in ® ); it is the canonical split cocharacter 
o/(g,(^,FO(g),Fi(g)). 

C) If k = k, then any Shimura filtered Lie a-crystal of Borel type is cyclic diagonal- 
izable. 

Proof: A) is a consequence of 3.5.5: we just need to use the same argument as in 
the proof of 3.11.1 c). Using A) and just interpreting (i.e. restating) 3.2.3, 3.2.8, 3.4.3.0 
and 3.11.2 A in terms of Lie algebras, B) and C) follow. 
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3.11.6.1. Definitions. A non-trivial Sliimura Lie cr-crystal which has a lift of 
parabolic type, is called a Shimura-ordinary Lie cr-crystal, while this lift (as in 3.2.8, 
based on the part of 2.2.11.1 referring to 2.2.9 3), we get that it is unique) is called 
its Shimura-canonical lift. A cocharacter fi as in B) above is called the canonical split 
of (g, Similarly, following the pattern of 3.1.1, we speak about generalized Shimura 
p-divisible objects over k which are Shimura-ordinary, as well as about their Shimura- 
canonical lifts and about their canonical split cocharacters. 

3.11.6.2. Remarks. 1) Referring to the Corollary of 3.11.6, it is worth pointing out 
another way to get the first sentence of B). Let p>o, p>o and p<o be the Lie subalgebras 
of corresponding respectively to non-negative, positive and negative slopes of (fl, <^). 
We can assume k = k. The Borel type part implies F^{q) C p>o (cf. 2.2.12.1 1)); so 
pi C p2 (cf. Fact of 2.2.11.1). We conclude (based on 2.2.3 3)) p>o C F^{qq). 

2) We refer to 2.2.12.1 1). The p-divisible group over W{k) whose associated 
filtered cr-crystal is (p>o, -^^(s), is called the positive p-divisible group of (g, ip). 

Similarly, as 

Fi(go) Cp>o Cp>o cF°(0o), 

the triple 

(p<o,FO(0)np<o,p^) 

is a filtered cr-crystal; warning: here F°(0) np<o is viewed as an F^-filtration of p<o. The 
p-divisible group D~ over W{k) having it as its associated filtered cr-crystal, is called 
the negative ^/-divisible group of (g, ip). From the description of the permutation 7$ of 
3.4.3.0, we get: 

Fact. If k — k, then D~ is the dual of . 

3) 3.11.6 forces us to come back to 3.10.8. We assume k = k and we use the 
notations of 1) and 2). 3.11.6 C) implies that the filtered cr-crystal (p>07 -^^(0)7 V') is 
cyclic diagonalizable. It is easy to compute its classification invariants starting from 
3.10.6. For instance, if (0,9?) is cyclic of B^, Ci or Lie type, from 3.10.6 i) we get: 
(p>o, -^""^(0), <^) is a direct sum of dimc(X)-copies of the circular diagonalizable filtered 
cr-crystal having its type equal to the £-type of (0, (p), and so we just have to decompose 
the £-type into indecomposable types (as in 2.2.22 3)); here X is the hermitian symmetric 
domain associated to the Lie type of 0, while £ G N. 

Similar direct sum decompositions can be obtained for the context of 3.10.6 ii) to 
iv). However, in the Case 3 of 3.10.6 iv), they can be very complicated; in particular, 
the £-type is not enough to describe (directly, i.e. without using [Bou2, planche I]) the 
isomorphism classes of the direct summands (see D of 2.2.22 3)) of (p^Q, F^{g),(p). 

3.11.7. Groups of automorphisms. Let {M,(p,G,{ta)aej) be a G-ordinary cr- 
crystal and let be its canonical lift. We first assume k = k. Let /i^'s, P=o and AiA4 
be as in 3.11.2 B and C. Let MMw be the extension of MM to F. The group Auto 
(resp. Auti) of automorphisms (resp. of Ij-automorphisms) of {M, F^ , (p, G) (resp. 
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of {M, F^,(p,G, (tot)otej)) is the same as the group of automorphisms (resp. of Ij- 
automorphisms) of (M" W{¥),F^ ®VK(F^<i) W{¥),aw^^ o //^(i) l,Gwi¥)) (resp. 
of M.A4f)- From 3.11.2 C we get that Auti is the group of Zp-valued points of P=o. 
Similarly, let P^q be the maximal closed subgroup of the normalizer of Gzj, in GL{M°'), 
whose extension to W{¥pd) centralizes hi, i = l,d. From 3.1.5.1 we get: 

Corollary. Auto is the group ofZp-valued points o/Pig. 

Let Aut2 be the group of automorphisms of the positive (or negative) p-divisible 
group of {g, F^{g), F^{g),(p) or of the positive (or negative) p-divisible group of the 
Shimura filtered cr-crystal attached to A4A4r- It can be as well interpreted as the group 
of Zp-valued points of an integral, affine group scheme over Zp (cf. the Zp-structures of 
A^>o and of A^<o mentioned in 3.11.2 C). The group Auts, with s e {0, 1, 2}, is referred 
as the s-th group of automorphisms of (M, F^, G, {ta)aej)- 

3.11.8. The case of a perfect field. With k just perfect, similarly to 3.11.2-3, 
for (M, ip, G, {t(x)aej) we define its degree of definition d eN as well as its A-degree and 
T-degree of definition. We have: 

Lemma, k contains ¥pd . 

Proof: If k is finite, this can be checked using entirely the same ideas as in the proof 
of 3.11.3.1. To see the general case, it is enough to show that the smallest Lie subalgebra 
ofLie{GB{k)) taken by (f into itself and containing dn, with n : Gm — > G as the canonical 
split of {M,cp,G), is generated by elements fixed by cp. But this Lie algebra is a Lie 
subalgebra of the Lie algebra of the maximal torus of the center of P>o H P<o, with P>o 
(resp. P<o) as the parabolic subgroup of Gsik) whose Lie algebra is Wo{Lie{GB{k))j 
(resp. is M^^(Lie(GB(fc))7 v)) (this can be seen over k; so 3.11.2 C applies). As P>o and 
P<o are parabolic subgroups of GB{k)-, the Lemma follows by transferring everything (via 
Fontaine's comparison theory) into the etale context with Qp-coefiicients (cf. also 2.2.12.1 
1) and 3.11.6.2 2); see also (SSDSD) of 3.11.2 C). 

Let MM := (M« W{¥pci), Fj.av^^ o /iy(i), Gw{¥^a), {ta)aej) be the minimal 
model of the extension of (M , (p, G, {ta)a€j) to k. Let Autg be the s-th group of auto- 
morphisms of this extension. 

The Lemma implies that we have a natural action of Gal(/c) on Aut^, i G {0, 1, 2}: it is 
the trivial action (cf. the existence of Zp-structures in 3.11.7). How "far" is (M, P^, 99, G) 
(resp. (M, G, {ta)aej)) from being isomorphic (resp. 1 j--isomorphic) to the extension 
of MM to k, is measured by a class 

7 e iy^(Gal(/c),Auto) 

(resp. 71 G i^^(Gal(fc), Auti)). 

As in 3.11.6.2 we define the positive and the negative D~ p-divisible group of 
{q, F^{q), F^{q), (fi). As above, how "far" is from being isomorphic to the extension 



339 



to k of the positive p-divisible group of the Shimura filtered cr-crystal attached to AiA4, 
is measured by a class 

72 e H\Gal{k),Aut2). 

We say (M, ip, G) or (M, F^, (/p, G) is balanced if 72 is the class. It is easy to see that 
there are examples when (M, G) is balanced but 71 is not the class; for instance, this 
is the case if = Fp, M is of rank 2 over Zp, G = GL{M) and we replace {M,F^j (p) by 
(M", FJ, l3MlJ^y{^)), where [3m is the scalar automorphism of M defined by an invertible 
element of Zp which is not a p — 1-th power. 

It can be checked using quite involved matrix computations that the positive and 
the negative p-divisible group of (0, are dual to each other. However, 

here we take a faster approach, though slightly restricted. We have the following obvious 
result: 

Fact. We assume (g, (^) or its adjoint is a symmetric p-divisible 

object of A4J-'[_i^i]{W{k)) . Then the positive and the negative p-divisible group of 
{g,(fi,F^{g),F^{g)) are dual to each other. 

See 2.2.23 and the beginning paragraph of 3.4 for how practical this Fact is. For 
instance, it applies if the Killing form on Lie(G^'^) is perfect. 

3.11.8.1. Direct sum decompositions. We have slope sign (resp. slope type) 
direct sum decompositions similar to (SSDSD) (rcsp. of (STDSD)) of 3.11.2 C, for any 
Shimura filtered Lie cx-crystal {q, (p, F'^{q), F^{g)) of parabolic type over k. This is a 
consequence of 3.11.6 B, by natural passage from k to k (cf. also Lemma of 2.2.3 3)). 
Such (SSDSD)'s represent an improvement to 2.2.12.1 1). Based on (STDSD), we can 
uniquely associate a Galois representation to [g, F^{q), F^{g), (p): it is a direct sum of 
Galois representations indexed by the slopes of {g, (p). For instance, referring to (STDSD) 
of 3.11.2 C, it is the direct sum 

where pa is the Galois representation associated (via Fontaine's comparison theory) to 

We assume now that {g, ip, F'^{g), F^{g)) is the Shimura filtered Lie cr-crystal at- 
tached to a G-canonical lift (M, F^, (p, G, {ta)a€j)- Let p : Ffc — > GL{N){Zp) be the Ga- 
lois representation associated to (M, F^, (p) via Fontaine's comparison theory; this is the 
sixth place where we need p > 3. Let Vq. G T{N[^]) correspond to t^ via Fontaine's com- 
parison theory and let Gn be the Zariski closure in GL{N) of the subgroup of GL(N[-]) 
fixing Vet, Va G JT". We denote by pc the factorization of p through Gn{'^p)- Corre- 
sponding to (STDSD) of {g,F^{g),F^{g),(p), we get via Fontaine's comparison theory 
a direct sum decomposition Lie(Gjv)[|] = ®aes-^a in Qp- vector spaces left invariant 
(under Ad(Zp) o pc) by F/,. 

To show that it extends to an etale slope type direct sum decomposition 
(ESTDSD) Lie(Giv) = ®aesLa 
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of rfc-submodules, with Lq, := Lq, fl Lie(GAr), we can assume k — k. Let -P=ovK(fe) be 
the subgroup of G defined as the extension to W{k) of a reductive group P=o over Zp 
constructed as in 3.11.2 C (as a subgroup of a natural Zp-model of G), and let T be a 
maximal torus of it whose Lie algebra is generated by elements fixed by 99. As in the end 
of the proof of 3.11.1 we get that (M, F\ v?, T) is a Shimura filtered a-crystal. Moreover, 
as in 2.2.16.5 (cf. also [Va2, 4.3.13]), based on [Va2, 4.3.9] and the functorial aspect of 
Fontaine's comparison theory, we get that via this theory, to T it corresponds a maximal 
torus To of Gat- As in the proof of 2.2.16.2 we have a natural identification 

{TOR) Ue{T)=Ue{Tow(k))- 

Argument: both sides of (TOR) can be identified with the extension to W{k) of the Lie 
algebra of endomorphisms of {M^F^^ip^T). So we can assume pc factors through the 
group of Zp- valued points of Tq. Moreover, Lq, is normalized by Tq (this can be checked 
by moving to the crystalline context; see (LBP) of 2.2.3 3)). As the set S{a) of characters 
of Tqw{¥) through which Tov7(f) acts on Lq, (8)^^ W{¥) is uniquely determined by a and 
we have S{a) n S{ai) = 0, if a 7^ cti, we get that we have a direct sum decomposition 
Ue{GN) W{¥) = ®c.esLc. W{¥)- from this (ESTDSD) follows. 

Declaring Lg = {0} if s e [—2, 2] \ S, we have a natural inclusion 

[La, L13] C La+/3 

of r^-modules, where a and (3 belong to S. li k — k, then Lq is the maximal Zp-submodule 
ofLie(G7v) onwhichFfc acts trivially. From the functorial aspect of Fontaine's comparison 
theory we get that we have a natural identification 

(ZERO) Lo = Lie(P=o) 

We assume now that Gat is a reductive group (1.15.1 points out implicitly that this is 
always so). Using the same arguments, we get that we have an etale slope type direct sum 
decomposition of Lie(G^). Moreover, we have a logical variant of (TOR) and (ZERO) 
in the adjoint context. To argue this last thing, we consider the Zariski closure P^q in 
Gjv of the reductive subgroup of Gnq^ having Lo[^] as its Lie algebra. It is a reductive 
subgroup of Gn, as it contains the maximal torus Tq of Gn and as its generic fibre is. 
From Fontaine's comparison theory we get that we have a natural identification of the 
generic fibres of PLq and of P=o; under this identification, Zp- valued points of PLq are 
mapped into Zp-valued points of P^q. From [Ti2, 3.4.1] we get that in fact we have an 
identification of PLq with P=o- This implies that we have a natural identification of the 
extension to W{k) of the image P=o of PLq in and the image of Pow{k) in G. From 
this the adjoint variants of (TOR) and (ZERO) follow. 

3.11.8.1.1. Remark. If p > 5, then 3.11.8.1 holds in the general context of 
Shimura-canonical lifts of Shimura-ordinary (adjoint) Lie cr-crystals, cf. 2.2.16.5. 

3.11.9. The cyclic diagonalizable context. Most of the decompositions of 3.11.2 
C and 3.11.8 make sense, under proper formulation, in a cyclic diagonalizable context. 
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The same apphes in connection to 3.11.2 B and to Aut^ of 3.11.7, with i G {0, 1}. To hst 
the two differences showing up, let € = (M, F-^, G, {ta)aej) be a cyclic diagonalizable 
Shimura filtered cr-crystal. We do have a slope sign direct sum decomposition for € as in 
3.11.2 C but its summands are p-divisible objects of MJ^[-i,i]{W{k)). 3.11.8.1 (ZERO) 
holds iff the Shimura filtered Lie d-crystal attached to C is of toric type. 

3.12. Shimura F-crystals and generic points. Let (^M,F^,(p,G,{ta)(^^j) be a 
Shimura filtered cr-crystal over k. Let €h {M,F^, (p, G, H, f) be a Shimura filtered F- 
crystal with H a smooth, locally closed subscheme of G through which the origin factors 
and such that the VF(A;)-morphism H G/P is smooth in a open neighborhood of this 
factorization; here P is the parabolic subgroup of G normalizing F^ . With the notations 
of 2.2.10, let r] : Spec(A;^) — > Spec(i?) be a geometric point sitting over the generic point 
of the special fibre of Spec(i?). Let 

drj := (M W{krj), (fr,, Gw{kn)) 

be the Shimura (jfe^ -crystal obtained from (M, F^, (p, G, H, f) by pull back through r] (cf. 
Fact 3 of 2.2.10). 

3.12.1. Theorem. is a G^fj^^y ordinary ak^-crystal. 

Proof: There is a Shimura filtered F-crystal €g '■— {M, F^, if, G, fi) with the prop- 
erty that Shimura F-crystals obtained from it by pull back through geometric points 
over the generic point of the special fibre of the scheme over which (Lq is defined are 
G-ordinary (cf. 3.1.0 d)). 

Let ^ := dd{{M,ip,G)) (see 2.2.22 4)). We consider a Shimura filtered F-crystal 
over the special fibre of Spec(i?i), where i?i := VF(A;)[[a;i, x^]], which is a universal 
deformation of {M,F^ ,(p,G,{ta)aej) (see 2.2.21 UP). €h and are both induced 
from through (uniquely determined; see 2.2.21 UP) VF(A;)-homomorphisms i?i — > i? 
and respectively Ri — > Rg compatible with the T4^(/c)-cpimorphisms Ri -» W{k), etc., 
defining the origins; as the natural VF(/c)-morphism H G/P is smooth around the 
origin and as the natural M^(/c)-morphism G — > G/P is smooth, we get (to be compared 
with [Va2, 5.4.4-8]) that these two VF(/c)-homomorphisms have left inverses and so are 
formally smooth. From this the Theorem follows. 

3.13. Deviations of Shimura (filtered) (Lie) cr-crystals. In this section we 
express our hopes for obtaining a reasonable theory of good "G-pseudo-canonical lifts" of 
Shimura cr-crystals (M, (/?, G) which are not potentially cyclic diagonalizable. We mostly 
restrict to present some definitions, to restate some of the previous results and problems 
in terms of them, to formulate some expectations and to list some of the most interesting 
problems arising. However, see section 3.13.7: it is dedicated to a study of truncations 
modulo positive integral powers of p of objects of M.!F{W{k))\ though we mostly deal 
with (the classification of) truncations mod p in a context related to Shimura (Lie) a- 
crystals, the general context of such truncations mod p is as well mentioned (see 3.13.7.8) 
and moreover some paragraphs refer to things modulo positive integral powers of p. 
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Let ^0 '■— {M, (f, G) be a Shimura cr-crystal over k. Let T be the set of direct 
summands of M such that the quadruple (M, F^, G) is a Shimura filtered cr-crystal. 
T is the G(W^(/c))-conjugacy class of an arbitrary ^ T (cf. Fact 2 of 2.2.9 3)). To 

fix the notations we choose (arbitrarily) an element F^ G T . We get a Shimura filtered 
cr-crystal C := (M, F^, G). As usual, let F'^(Lie(G)) be the parabolic Lie subalgebra 
of Lie(G) formed by elements taking F^ into itself. 

We assume T has more than 1 element; so G is not a torus (cf. 3.2.2). Let p be 
the parabolic Lie subalgebra of s((M) corresponding to non- negative slopes of (s[(M), <^). 
Let 

Pg := Lie(G"i'^Onp. 

Let TT be a projector of £|[(M[^]) on Lie(GB(fe)) fixed by ^ and G. For instance we can 
take TT such that its kernel is the 5(A;)-vector subspace of £|[(M[^]) perpendicular on 
Lie(GB(fc)) w.r.t. the trace form on 0[(M[-]) (see [Va2, 4.2] and the reference to it of 
AE.O). In what follows, except (perhaps) the undetailed second part of 3.13.3 3) below, 
it is irrelevant which such projector tt we choose. Let 

:=pnker(7r). 

The S(/e)-vector spaces Pcf[^] ^'^d Pg[^] are normalized by 

3.13.1. Definitions and notations. 1) By the deviation of C we mean the rational 
number 

^ dim(pGnF»(Lie(G))) 
dim^(fe)(pG) 

2) By the complementary deviation of € we mean the rational number 

^ dim(p^nF0(5[(M))) 
dim^(fe)(p^) 



3) By the global deviation of € we mean the rational number 

dim(pnFO(s[(M))) 



9di€) := 



dimw{k){p) 



4) By the deviation of Co we mean the rational number d{€o) defined as the maximum 
of aU numbers d{€), with the F^-filtration F^ of M running through the set J^. 

5) By the complementary (resp. global) deviation of Cq we mean the rational number 
rf-'-(Co) (resp. gd{(to)) defined as the maximum of all rational numbers d-^{€) (resp. 
gd{€)), with the F^-filtration F^ of M running as in 4). 

6) By a G-pseudo-canonical lift of Co we mean a Shimura filtered cr-crystal €■ = 
(M, F^, (fi, G) such that d(Co) = d{t). 
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7) By the CM-deviation of Co, we mean the number CM — (i(Co) G N U oo, defined 
as follows: if there is a finite, fiat DVR extension V oiW{k) such that there is a maximal 
Qp-torus of GB(fc) whose Lie algebra is formed by elements of Lie(Gs(^-)) fixed by <^ (8) 1 
and whose extension to V[^] is a torus of the generic fibre of a parabolic subgroup of 

Gv lifting the parabolic subgroup of Gj. normalizing ®w{,k) k, then GM — d{€o) is 
the smallest possible value of [V : for such a V; if such a V does not exist, then 

GM - d(Co) = oo. 

3.13.2. Remarks. 1) <to is a G-ordinary cr-crystal iff' (i(€o) = 1, cf. 3.1.0 a). <t 
is a G-canonical lift iff d{C) = 1, cf. 3.1.0 a) and b). This motivates our terminology: 
deviations of Shimura (filtered) a-crystals. So we view the numbers introduced in 3.13.1 
1) to 5) as a measure of how far or close a Shimura cr-crystal (M, (p, G) (resp. a Shimura 
filtered cr-crystal (M, F^, 93, G)) is from being a G-ordinary cr-crystal (resp. a G-canonical 
lift). 

2) A G-pseudo-canonical lift is not necessarily unique. This can be seen looking at 
cr-crystals associated to supersingular abelian varieties over k. 

3) The GM-deviations are measuring how far a Shimura a-crystal is from being 
potentially cyclic diagonalizable: the GM-deviation of a Shimura crj^-crystal is 1 iff it has 
a lift of quasi CM type (cf. 2.2.18). 

3.13.3. Variants. 1) 3.13.1 has been stated using non- negative slopes. The same 
thing can be stated using positive, negative or non-positive slopes. In such a case, as well 
as in others (to be defined below), we use a left upper index of the form +, — , or 0— for 
the deviations introduced, to emphasize that they have been defined using respectively 
positive, negative or non-positive slopes. For instance we get rational numbers ''"^(C), 
p^-°-d(£), etc. 

2) In some cases it is useful to define deviations of higher order. By this we mean 
that in 3.13.1 1) to 5) we replace F°(Lie(G'^^'")) or F°(sl(M)) with their iterates under 
the action of </?; for instance, we replace F°(s((M)) by 

s[(M)n(^*(F°(5r(M[-]))), 

p 

iGNU{0}. So we obtain sequences of deviation numbers di(£), c?^((t), gdi{€), di{Co), 
(i^(Co), gdi{<to), i e N U {0}, which for z = become the numbers introduced in 3.13.1. 

2') Replacing in 2) ip\F^{si{M[^]))) by 

nUo^"(i^°(5KM[i]))), 

we obtain fl (intersection) type deviations of higher order. The notations to be used: 
dmi.^), c^ni('^o), etc. 

In connection to 2) and 2'), we always drop the lower right index i = 0. 
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3) Definitions 3.13.1 1) to 6) make sense for Shimura (filtered) isocrystals over k. Of 
course, for a Shimura isocrystal (M^, (f^^G^) we need to choose a set J^^ of "admissible" 
filtrations of M^; often J^^ is a G-'^(5(A;))-conjugacy class of a fixed filtration. 

Sometimes, for the sake of refinement, we also work with p'^-deviations of Shimura 
(filtered) cr-crystals, n G N. Not to make the story too long, here we just define the 
p"^-deviation of €, n e N. It is the rational number defined by: 



Here length (*) is the usual length of a finitely generated module * over the artinian local 
ring Wnik). 

4) All deviations introduced above which are not of global or complementary type, 
make sense for Shimura (filtered) Lie cr-crystals. 

5) We can define isogeny deviations. They are denoted by putting isog— in front 
of the notation of the involved deviation. For instance, by the isogeny deviation of Co, 
denoted isog — d{€o), we mean the greatest number d{€.Q), with €q running through the 
representatives of Isog{Co). For isog — C M — (Cq) , the word "greatest" has to be replaced 
by the word "smallest" . 

6) We can define strong CM-deviations, denoted by replacing CM by SCM, by 
replacing (in 3.13.1 7)) the expression "there is a maximal" by: "for any maximal". 

3.13.3.1. Remarks 1). CCq is a G-ordinary cr-crystal iff p — d{€o) = 1. ^ is a 
G-canonical lift iS — d{(t) — 1, Vn G N. These two facts are a consequence of the proof 
of 3.4.8 (cf. also 3.1.0 a)). 

2) We can introduce also the numbers 



But these numbers can be greater or smaller than the ones attached to a G-canonical lift. 
Using this, we can easily construct examples for which these numbers for G-canonical 
lifts do not characterize them. 

3) In 1995 we conjectured: 

Conjecture. All isog — SC M -deviations of Shimura (Lie) a-crystals are finite 
numbers. 

This conjecture is very much related to Langlands-Rapoport's conjecture referred 
to in 1.15.9 and so it will play a central role in §14. 

4) We do believe that the above deviations allow a relatively uniform treatment of 
all Shimura (adjoint) (filtered) (Lie) u-crystals, regardless of the fact they are or are not 
potentially cyclic diagonalizable. 



p"" - d{€) : 



length(pG ^w{k) Wnjk) D F°(Lie(G) 0w{k) Wn{k))) 
length(pG ®wik) Wn{k)) 



p--df{C): 



length(pG (^w(k) Wnjk) n F°(Lie(G'^^'-) (^w{k) Wnjk))) 
length(FO(Lie(Gder)) ^^^^^ W^ik)) 
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3.13.4. Problems. Many problems (questions) are arising. We mention just few 
of them. 

1) When G-pseudo-canonical lifts can be defined as well in terms of d-^{*) or of gd{*) 
numbers? 

2) Fixing €o, can we determine all possible values of the numbers d{€), d-^{€), gd{(t), 
where the filtration of M runs as in 3.13.1 4)? 

3) Determine all Shimura cr-crystals €o for which we can define uniquely up to 
isomorphisms a G-pseudo-canonical lift of them, by using the numbers introduced in 
3.13.3 2) and 3). 

4) How are p^-deviations {n G N) related to deviations? 

5) How deviations (p"-deviations, CM-deviations, etc.) vary when we replace (p by 
g(p with g E G{W{k))7 What are their possible values? 

6) What is the connection between CM-deviations and deviations? 

7) Let A be an abelian variety over a number field E. For any unramified prime v 
of E of good reduction for A, we can define a CM-deviation CMDa{v) and a SCM- 
deviation SCMDa{v) (of the cr;j(„)-crystal of the reduction of A w.r.t. v). How are they 
varying in terms of v? Is it true that all these CM-deviations are 1, except for a finite 
number? See 4.6.2.3 2) for a similar question in the relative context. 

8) How are the CAf-deviations and the 5'CM-deviations related? 

3.13.5. Wintenberger groups and deviations. We consider the canonical split 
cocharacter n{F^) : Gm — > GL{M) of the filtered a-crystal {M, F^,ip). Due to its 
functoriality, it factors through C. The Zariski closure in C of the smallest subgroup of 
GB{k) whose Lie algebra is normalized by (p and contains the Lie algebra of fi{F^){<Gim), is 
called (in honor of [Wi, 4.2.3]) the Wintenberger group of (M, F^, (/?); it does not depend 
on C and so is denoted by W{M, F^,ip). From the proof of 2.2.18 we get: 

Fact. VF(M, F^,<^) is a torus of G iff {M, F^,(f,G) is potentially cyclic diagonaliz- 

able. 

Let Wi be the subgroup of C generated by fi{F^), with F^ running as in 3.13.1 4). 
Let W2 be the Zariski closure in C of the smallest (so connected) subgroup of GB{k) with 
the property that its Lie algebra is stable under if and contains Lie(Vyi). Let Wi+2 be 
the Zariski closure in GL{M) of the centralizer of the generic fibre of in GL(M[^]), 

z = 1, 2. We call Wi as the z-th Wintenberger group of Co, ^ = 1, 4. 

Exercise. If (M, </;) is an ordinary cr-crystal, show that Wi is the extension of 
by a smooth, commutative, unipotent group of relative dimension equal to dd{(LQ). Hint: 
use 3.6.18.2. 

3.13.5.1. Versal endomorphisms of Co- Let {t(x)(x£j be a family of tensors of 
T(M[-]) such that (C, {tct)ctej) is a Shimura filtered cr-crystal with an emphasized family 
of tensors. Let P be a Shimura p-divisible group over W{k) whose associated p-divisible 
object with tensors of M.J^[q,i\{W {k)) is (€, (ta)aej')- We consider an endomorphism 
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h : M ^ M fixed by Lp. We say /i is a versal endomorphism of if any one of the 
following equivalent conditions is satisfied: 

i) h normalizes any element of JF; 

ii) h is fixed by Wi; 

iii) h is fixed by W2; 

iv) h defines naturally an endomorphism of the p-divisible group DG underlying the 
universal Shimura p-divisible defined (see 2.2.21) by V (over the formal power series ring 
in cici(Co) variables with coefficients in W{k)). 

The use of iv) is part of the third place where we need p > 3. Similarly we speak 
about versal automorphisms h : (M, (p)^{M, (p) of €0; in this case the above equivalent 
conditions are also equivalent to: 

vi) h e W^iWik)). 

Warning: a versal automorphism is not necessarily an automorphism in the sense of 
2.2.9 6). 

3.13.5.2. Comments. We do not know when Wj is a smooth group over W{k), or 
when the special fibre of Wi is a connected group, or when the generic fibre of W3 or of 
W4 is a connected group. We do not know how to compute the relative dimension Wi of 
Wi or how to determine the structure of the generic fibre of Wj. We do not know when 
Wi is an isogeny invariant. 

3.13.5.3. W-deviations. Let g G G{W{k)) be such that (M, gip^ G) is a G-ordinary 
cr-crystal. We define WiiG — ord) G N as the relative dimension of the i-th Wintenberger 
group of the extension of (M, gip, G) to k. The number 

wdiiCo) := ' G (0, 00) n Q 

Wi (G — ord) 

is called the i-th W-deviation or the i-th Wintenberger deviation of (to; it is well defined, 
cf. 3.11.1 c). Warning: wdi{^o) is not always 1, as it can be checked using supersingular 
cr-crystals. Some of the questions and problems of 3.13.2-4 can be adapted to the context 
of W-dcviations. 

3.13.5.4. Relative rigidity. Let Gi be a reductive subgroup of GL{M) containing 
G and such that the triple (M, (p, Gi) is a Shimura cx-crystal. We say Cq is rigid w.r.t. 
Gi, if for any versal automorphism of Cq defined by an element h G Gi{W{k)) we have: 
h centralizes Lie(G'^«='^). When Gi = GL{M) we drop the words "w.r.t. Gi". 

Exercise. We assume that dimvi/(A;)(M) = 8, that G contains the group of scalar 
automorphisms of M and that G is a split GL2-group whose representation on M is a 
direct sum of 4 copies of the standard 2 dimensional irreducible representation of G. If 
ddi^o) = 1 (i.e. if it is non-zero) and if all slopes of (M, ip) are or 1, then €0 is rigid. 
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Hint: use the fact that any endomorphism of M fixed by a Borel subgroup of G is fixed 
by G itself. 

3.13.6. Three other types of deviations. By the isomorphism deviation isom — 
d{€o) of Co we mean the isomorphism deviation of its extension to k (cf. 3.6.16 2)). By 
the Newton polygon deviation (resp. Newton polygon Lie deviation) of Cq, we mean the 
smallest number NP-d{CQ) G N (resp. NPL-d{€o) e such that (M, gip) and (M, Lp) 
(resp. such that {Lie(G), g(p) and (Lie(G), have the same Newton polygon, provided 
g e G{W{k)) is congruent to the identity mod p^^-^i^) (^resp. mod p^Pi^-d(.^)y 
have isom - d{<LQ) > NP - d{Co) and isom - diCo) > NPL - d{fto). 

If NP — d{<to) = 1 (resp. if NPL — d{Co) = 1) we say (£o is an ATP-canonical (resp. 
A'"P-Lie-canonical) Shimura cr-crystal. If isom — d{Co) = 1, then we say €o is an isom- 
canonical Shimura cr-crystal. Similarly we define zsom-deviations of Shimura adjoint Lie 
cr-crystals and zsom-canonical Shimura adjoint Lie cr-crystals. 

Examples. Any Shimura-ordinary cr-crystal is ATP-canonical and A'^P-Lie-canonical, 
cf. 3.9.3 (and 3.1.0 a) and c)); even more: it is also an isom-canonical Shimura cr-crystal, 
cf. 3.11.1 c). If dim^(fc)(M) = 2, then is automatically A^P-canonical, A^P-Lie- 
canonical and zsom-canonical Shimura cr-crystal. 

Problem. Study how the isomorphism and Newton polygon (Lie) deviations are 
related to the other deviations introduced in 3.13.1-5. 

3.13.6.1. NP variation functions. We assume ni := NP — d{€o) > 1 (resp. 
77-2 := NPL-d{(to) > !)• Forn G S'(l,ni-1) (resp. n e S{l,n2-1)), we denote by /i(n) 
(resp. f2{n)) the number of (distinct) Newton polygons of the Shimura (resp. Shimura 
Lie) cr-crystals of the form {M,g(p) (resp. of the form (Lie(G), fif(/?)), with g e G{W{k)) 
congruent to the identity mod p^. We refer to /i (resp. /2) as the first (resp. the second) 
NP variation function attached to (or of) €o- 

3.13.7. CM levels. Let n e N. Till end of 3.13.7-9 we assume k = k. We now 
assume Co is not cyclic diagonalizable. We say Co is of CM level at least n if there is a 
lift of ii E J- such that C is cyclic diagonalizable of level n (in the sense of 2.2.22 1)). 
We denote by 

n(Co) e NU{0,oo} 

the smallest supremum of the set of those n such that Co is of CM level at least n. We 
refer to n(Co) as the CM level of Co- End of 2.2.22 1) points out that using emphasized 
families of tensors we get the same CM levels. 

lik ^k and Co is not potentially cyclic diagonalizable, we define the CM level n(Co) 
of Co to be the CM level of its extension to k. 

Comments. 1) It seems to us possible to formulate extremely challenging variants 
of 3.13.4 7), involving CM levels instead of CM-deviations. 

2) We assume that k = k and that Co is not cyclic diagonalizable. As the Weyl group 
of G is finite, we deduce the existence of a finite number of isomorphism classes of cyclic 
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diagonalizable Shimura filtered cr-crystals of tlie form (M, F^, g(p, T), with g e G{W{k)) 
and with T a maximal torus of G. So, from this and from 3.6.16 2) we get: 

Corollary. There is M e N U {0}, such that n{{M,gtf,G)) < M, for any g e 
G{W{k)) with the property that {M,gip,G) is not cyclic diagonalizable. 

The smallest such number M is called the maximal CM level of Cl{<lo). 

3) From the Corollary of 2.2.22 1) and from 2.2.13.3 we get that we can speak as 
well about CM levels of Shimura adjoint Lie cr-crystals. 

3.13.7.1. Expectation (the CM level one property). Always n{<to) G N. 

An approach towards its proof. One needs to show n{€o) ^ 0. Let T, B and 
(pi have the same significance as in 3.2.3. So we can write (p — g(pi, with g e G{W{k)) 
(with the notations of 3.2.3, g := (^ififo)"^)- Let 

V^i : Lie(Gf ) ^ Ue{Gf) 

be the Faltings-Shimura-Hasse-Witt adjoint map of (M, (pi,G). Let P+ be the parabolic 
subgroup of G having F'^{q) as its Lie algebra and let P~ be its opposite w.r.t. T. Let 
(rcsp. N~) be the unipotent radical of P"*" (resp. of P~)- := P^ n P~ is a Levi 
subgroup of both P^ and P~ . 

We consider the Zp-structure Gz^ of G defined as in 3.11.2 B for (M, ,(fi,G). So 
for a smooth subscheme H of G (resp. of G^), (^{H) is the smooth subscheme of G (resp. 
of Gk) obtained from H by applying a to elements of H{W{k)) (resp. of H{k)). We have 
cr(T) = T. Similarly we use a in the adjoint context. As in 3.5.2, elements of G(W{k)) 
(resp. of G{k)) normalizing T (resp. Tfc) are called Weyl elements. B is invariant under 
(J, cf. 3.11.1 D. 

In connection to the Expectation, only the value g G G{k) of g mod p is important: 
the reduction mod p of {M, F^ , gipi, G) depends only on g and on "the choice" of F^ 
mod p^. Changing (p : M ^ M hy another u-linear endomorphism h(ph~^ : M ^ M 
isomorphic to it, with h G G{W{k)) which mod p normalizes F^/pF^, g gets replaced by 
hgipih~^(Pi^ . As we are interested only in g, we can assume 

h = /li/l3/l2, 

with hi G N+{W{k)), with /12 G P^{W{k)), and with hs G N-{W{k)) congruent to the 
identity mod p. As ipi = (t//(^), with /i : Gm — > G as the canonical split of {M,(pi,G) 

(cf. 3.11.2 B), g gets replaced by the reduction mod p of hg(pih~^(p^^ which is: 
(*) mim2^cr(m2 ^)o"(m3 ^); 

here mi G N~^{k) and m2 G P^{k) are the reduction mod p of /ii and respectively of /12, 
while ms G N~{k) is uniquely determined by h^; when /i3 vary, 777.3 varies through all 
/c- valued points of . 
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We consider the /c-variety 



H:=N+XkP^x,N^, 

and endow it with a new group structure by the foUowing rule: if (mi,m2,TO3), 
{ri,r2,rs) G H{k) then 

(mi,m2,m3)(ri,r2,r3) := (mim2rim2 ^, m2r2, m3m2r3m^^) e 

This new group structure is different from the product one; however, the group structures 
induced on Nj^ x k Nj^ and on P° (embedded naturally in H) are the same as the initial 
ones. Moreover, we have a short exact sequence 

(SES) ^ N+ Xk N^-^H^ P« ^ 0. 

(*) gives us an action 

T:HxGk^Gk 
of H on Gk (viewed just as a variety) by the rule 

T(mi,m2,m3)(^) — mim2ga{m2^)a{m^^) . 
Let P°° (resp. P+°) be the image of P^ (resp. of P+) in G^^. Let 

A':=iV+\GfMiV,-). 

We consider the action 

T° : P^^ X X ^ X 

of P^*^ on A' defined on points as follows: if x G A' is defined by ^ G G^'^{k), then for 
h G P]^^{k), T^(x) is defined by the element hga{h~^). We have another action of 
P^^ on A': T\{x) is defined by the element hg. We have: 

3.13.7.1.1. Corollary, a) The orbits of T are in one-to-one correspondence to 
inner Ij -isomorphism classes of reduction mod p of Shimura a-crystals of the form 
{M,gcp,G, {ta)aej), withge G{W{k)). 

b) The orbits o/T° are in one-to-one correspondence to inner isomorphism classes 
of Faltings-Shimura-Hasse-Witt adjoint maps of the form hipi, with h G (j|'^(/c) (here 
"inner" refers to the fact that the isomorphisms are as well defined by elements ofG^{k) ). 

Proof: a) is a consequence of 2.2.14.0. For b), as the homomorphism G{k) G^^{k) 
is surjective and due to (*), we just need to remark that: 

i) for 777.3 G G{k) we have m3'0i = V^i iff 777.3 G a{N^){k): one implication is trivial, 
as a{N~) is a commutative, unipotent group, while the other one is the content of a) of 
Step 2 (it can be read out at any time) of 3.13.7.3 below; 
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ii) is the subgroup of normalizing the kernel of hil^i (as any parabolic 
subgroup of Gk is its own normalizer); so, as g-i/ji and h'l/ji have the same kernel Lie(P+^), 
any inner isomorphism between them is defined by an element of P'^^{k) (i.e. of P'^{k)); 

iii) for any m e P'^^{k) and every h e G^^{k), inh'ipifh~^ is the Faltings-Shimura- 
Hasse-Witt adjoint map of the Shimura cr-crystal {M,rhh(fii'fh~^ ,G), where rh (resp. h) 
is an element of G{W{k)) whose reduction mod p lifts m (resp. h). 

3.13.7.1.1.1. Exercise. Let m e N. Show that the truncations mod p'^ of two 

Shimura a-crystals with emphasized families of tensors {N, g}^(f]y, Gn, {tct)cteJN) — 
1,2) over a perfect field of characteristic p > 3 are inner isomorphic iff their Fontaine 
truncations mod p'^ are so. Hint: one implication (the if part) is obvious (cf. Fact 1 of 
2.2.1.0); for the second one use induction on m e N (the above proof handles the case 
m = 1 while the inductive step relies on 2.2.1.0 (VPHIONE) and on 2.2.14.0). 

3.13.7.1.2. Corollary (the mod p property). {M, gifi^G, {ta)aej) G- 

ordinary iff its truncation mod p is inner Ij -isomorphic to the truncation mod p of 

{M,cpi,G, {ta)a€j)- 

Proof: One implication follows from 3.11.1 c). The second implication follows from 
3.9.2 and 3.13.7.1.1 a) and b). This ends the proof. 

The Expectation 3.13.7.1 can be reformulated as the first part of: 

3.13.7.1.3. Expectation (Bruhat decomposition in the Shimura cr-crystal 
context). For any g e G{k), there is an element gi in the orbit o{g) of g under T such 
that gi{Tk)gi^ = T^. Moreover, the distinct orbits ofT are in one-to-one correspondence 
to the elements of the quotient set Wp+ \ Wq, where Wq is the Weyl group of G w.r.t. 
T, while Wp+ is its subgroup leaving P"*" invariant. 

We have the following adjoint variant of 3.13.7.1.3: 

3.13.7.1.4. Expectation (Bruhat decomposition in the Shimura adjoint 

Lie cr-crystal context). For any g G X{k), there is an element in the orbit oo{g) of g 

under Tq defined by an element gi G G^'^{k) such that gi{Tk)gi^ = T^. Moreover, the 
distinct orbits of Tq are in one-to-one correspondence to the elements of Wp+ \ Wq- 

3.13.7.2. The connection between the orbits of T and T*^. The orbits of T are 
in one-to-one correspondence to the ones of T*^ iff G G{k) and G Z{Gk), wc have 
zg G o{g). This is automatically so if the homomorphism h{Z{Gk)) '■ Z{Gk) — ^ Z{Gk) 
that takes z G Z{Gk){k) into za{z~^) is an epimorphism; for instance, this is so if Z{Gk) is 
a torus. 3.13.7.1 (or 3.13.7.1.3 or 3.13.7.1.4) once checked, implies that this always holds, 
regardless of how h{Z{Gk)) is: this is a consequence of 3.11.1 c) applied to Shimura 
filtered cr-crystals of the form {M,F^ ,g^p,T), with g G G{W{k)). More precisely, from 
3.11.1 c) we get: 

Fact. The pull hack under the natural epimorphism Gk ^ X of the orbit of 
defined by a Weyl element w G G{k) is the orbit ofT defined by w. 
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3.13.7.3. Groups of automorphisms of Fallings— Shimura—Hasse— Witt ad- 
joint maps. We use the notations of 3.13.7.1, though below we take a slightly different 
approach. What follows is a digression in three Steps on such groups of automorphisms. 

Step 1. A reduction to Weyl's elements. Let Q := a{P^). Let wq e G{k) 
be a Wcyl clement such that wqQwq^ H contains B^. Using Bruhat decomposition 
(see [Bo2, 14.12]), we get that gw^^ = pwiWoqwQ^ , with p G P~^{k), with wi G G{k) a 
Weyl element and with q G Q{k). So (7 = pwq, with w :— WiWq a Weyl element. Let 
p e P~^{W{k)) lifting p. Replacing (M, g(^i, G) by the Shimura cr-crystal {M,p~^gipip, G) 
isomorphic to it, we can assume that the Faltings-Shimura-Hasse-Witt adjoint map of 
(M, (/?, G), has the same image as wil)\. This represents a quicker (but less useful) proof 
of 3.5.3 (2). 

Step 2. A lemma. The notations of the following general Lemma, are entirely 
independent of all previous notations. 

Lemma. Let ki be an arbitrary field. Let H be an absolutely simple, adjoint group 
over ki. Let P be a parabolic subgroup of H. We consider the subgroup C (resp. Pc) of 
H centralizing (resp. normalizing) the Lie algebra n of the unipotent radical N of P. We 
have: 

a) If the characteristic of ki is not 2, then Pc = P- If moreover N is a commutative 
group, then C = N; 

b) If the characteristic of ki is 2, then Pc red = P- If rnoreover N is a commutative 
group, then Cred — C D P = N ; 

c) The kernel of the adjoint map Ad : H GL(Lie{H)) is trivial (i.e. the center of 
Lie(-ff) is trivial). 

Proof: We can assume the characteristic of ki is positive; we denote it by p. We can 
assume ki = ki. The part c) is a well known result; for instance, it is a consequence of 
[Va2, 3.1.2.1 c)], applied to a lift of H to an adjoint group H over W{k) (the characteristic 
case of c) is trivial). The existence of such a lift is a consequence of the uniqueness 
theorem of [SGA3, Vol. Ill, p. 313-4] and of the existence -for instance, see [Hul, 25.5] 
or [SGA3, Vol. Ill, Exp. XXV]- of Chevalley group schemes over Z. 

Pc contains P and so -Pc red is a parabolic subgroup of H. Let T be a maximal torus 
of P. Let N~ be the unipotent radical of the opposite of P w.r.t. T. As T normalizes 
n we have: T normalizes Pc and so it normalizes Lie (Pc)- We now assume p > 3. To 
show that P = Pc, we just need to show that Lie(Pc) = Lie(P). If this is not so, then 
we deduce the existence of a non-zero element x G Lie(Pc) fl Lie(Ga(.x)), with Ga{x) as 
a Ga subgroup of normalized by T; so [x,n] C n. Applying 3.5.4 a) to [x, y], with y 
a non-zero element of the Lie algebra of the Ga subgroup of which is opposite (w.r.t. 
T) to Ga{x).i we reach a contradiction. 

If p = 2 and Pcred is not P, then from the structure of parabolic subgroups of H 
containing P (see [Bo2, 14.17-18]), we deduce that there is a PSL2 or an S'L2-subgroup 
of Pc red normalizing the Lie algebra of the unipotent radical of a Borel subgroup of it. 
Contradiction (there are no non-trivial 1 dimensional representations of such a group). 
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We assume now is a commutative group; so C contains N . It is enough to show 
that the reductive group P/N acts faithfully on n. As the characteristic case is trivial, 
using again [Va2, 3.1.2.1 c)] in the context of the natural (inner) representation of P/N 
on Lie(iV), with P as a lift of P to a parabolic subgroup of H and with N as its unipotent 
radical, the Lemma follows. 

Exercise. Using c) and standard noetherian arguments show that at the end of 
2.2.13 the assumption R = W{k) is not needed. 

Step 3. Some computations. We have: 

Fact, a) V/j. e G^^{k), hwipi has the same image as wipi iffhE wQw~^{k). 

b) A Weyl element wi G G{k) is such that wi'il^i is inner isomorphic to /iwi/^i 
for some h G wQw~^{k) iff the intersection P~^{k)wi fl wQ{k) is non-empty, i.e. iff 

wi G P+{k)wQ{k) 

c) The actions T and T'^ split up in terms of double cosets of G(k) of the form 
P+ik)wQ{k). 

d) Up to inner isomorphism, the image of gij^i depends only on the double coset 
P+ik)gQik). 

Proof: a) is a consequence of a) of Step 2 (the use of a) of Step 2 is the seventh 
place where we need p> 2). Based on this, b), c) and d) follow from 3.13.7.1.1 ii). 

Based on a) and on Step 1) we can assume the Faltings-Shimura-Hasse-Witt adjoint 
map of {M,(p,G) is hwi^i, with h G wQw~^{k). c) implies: for the study of T and of 
To, we always need to fix some element of DC := P'^{k) \ G{k)/Q{k); we presently work 
with the one defined by w G G{k). 

Let be the image of Q in Cjf. In what follows we identify with the unipotent 
radical of -P^*^; similarly we identify with a subgroup of G'jf. Let N^ :— a(Nj^) is 
the unipotent radical of Q^. The quotient variety 

S :=wQ^w-^/wN^w-^, 

is the moduli variety of maps hwipi, with h G wQw~^{k) (cf. a) and c) of Step 2). 
We consider the subgroup 

Mo := Pfc+° n wQ^w-'^ 

of Gf. It is known (see [SGA3, Vol. Ill, 4.1.1-2 of Exp. XXVI]), that Mq is a smooth, 
connected /c-group; it contains the image Tg^dk of T in G^'^. For any m G Mo(/c), 
mwil)im~^ is of the form hmWi/ji, with km G wQ'^''w^^{k), and so it defines a unique 
element of S{k). Let Z be the subgroup (warning: it is not necessarily reduced) of Mq 
acting trivially on wif^i via inner conjugation. We get a well defined orbit morphism 

morb : Mq/Z S, 
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which is an embedding. We stiU denote by morb the morphism Mq — > S defining it. Let 
So £ ^{k) be defined by h being identity. 

In what follows, when we want to disregard the Lie algebra structure of the tangent 
space of the origin of a smooth group H over k, we denote it by To{H). Similarly, we 
denote by Tsq{Si) the tangent space at sq of any subscheme Si of S containing sq. 

Let Ml (resp. M2) be the intersection of wQ^w~^ with (resp. with L° := -P^°). 
Ml is a normal subgroup of Mq and Mq is the semidirect product of Mi and M2 (this is 
a consequence of the fact that w is a Weyl element and of the fact that Mq is connected). 
So Ml and M2 are as well smooth, connected. Any mo G Mo(A;) can be written uniquely 
as a product mo = mim2, with rrii E Mi{k), i = 1,2. From the part of 3.5.3 referring to 
ba (or from 3.13.7.1 (*)), we get that 

mowijjimQ^ = mim2wa{'mi^)w~^wijji. 

For m e ^^^(A;), let 

s(m) := wa{m)w~^. 

So the map associating hmo to mo = mim2 is given by: the pair (mi, m2) is mapped into 
(FOR) mim2s(m2)"^ 

Moreover, s(L'^) is a Levi subgroup of wQ^w~^; here and in what follows we apply the 
same conventions pertaining to cr, to the homomorphism s : ^ G^- 

We can identify Tsq{S) with To(s(L°)). As the tangent map in the origin of the 
Frobenius map cr is trivial, under this identification we have 

(1) To(Z)=To(P+°n^(iV,-)). 
Let 

Zi :=N+ns{N^). 

It is a connected, smooth normal subgroup of Mo, contained in Mi and in Z. Mi/Zi 
can be identified with M3 := fl s(L°); M3 is a smooth, connected group. The 
connectedness part of Zi and M3 is implied by the fact that Mi is the semidirect product 
of M3 and of Zi. Similarly we get that M4 := L° fl s{Nj^) is connected and smooth and 
can be identified with a normal subgroup of Mq/Zi. If y G M4{k) belongs as well to 
Zj.ed/Zi{k), then ys{y)~^ belongs to s{Nj^){k); so s{y) e s{Nj^){k). So y is trivial. We 
get that we have a natural homomorphism 

qz : ^red/^i ^ M5 := M0/Z1M4 

whose kernel is finite and has no fc- valued points besides the identity, qz is purely 
inseparable, cf. (1). The study of Z can be pushed forward, using formally closed 
morphisms Spec(/c[[T]]) — > Z^^^jZi (to be compared with [MFK, ch. 2]). This will not 
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be done here (see §9-10 for details). Here we just mention the case when the image of qz 
has dimension 0. In such a case dimfc(Z) = dimfc(^i) and so Mq/Z has dimension equal 
to the sum 

dimfc(M4) + dimfc(P+° fl s(L°)). 

But both dimfc(M4) and dimfc(s(L") n N') are equal to dimfe(L»)-dimfc(g(L°)nL°) ^ 
conclude: Mq/Z has the same dimension as L° and so the same dimension as 5' = 
wQ^w~^ /wN^w~^ . So morb is an open embedding. 

Example. We assume L° fl s{N^) is trivial. Then Z is smooth and Zi is the 
connected component of the origin of Z. So the image of qz has dimension and so morb 
is an open embedding. 

3.13.7.3.1. Standard inequalities. From the existence of morb we get 
dimfc(QO) - dimfc(iVO) > dimfe(Mo) - dimfe(Z). 
As dimfe(LO n s(P^+)) = dimfc(L° n s(P;^")), we get 

(2) dimfc(5) = dimfc(L") = dimfc(M2) + dimfe(M4). 
Also from Step 3 of 3.13.7.3 (see def. of Zi and (1) of it) we get 

(3) dd{{M, V?, G)) = dimfe(Ar-) > dimfe(P+°ns(Ar-)) > dimfe(Z) > dimk{N+ns{N-)). 

3.13.7.4. Complements. A. We come back to 3.13.7.1. It is easy to see that all 
stabilizers of points of X w.r.t. are smooth. Moreover, the tangent spaces of the orbit 
maps of and T° are the same (as the differential of the Probenius map a is the zero 
map). We conclude: 

Fact. Wx E X , its orbit under has dimension greater or equal to the dimension 
of its orbit under . 

Lemma. Let X be a k-variety (not necessarily connected) which has two stratifica- 
tions Si and Sq into locally closed, regular, connected subvarieties. We assume that the 
number n{Si) of strata of Si is finite and that \/x e X{k) the dimension of the stratum 
of So to which X belongs is greater or equal to the similarly defined stratum of Si . Then 
the number of strata of Sq is as well finite. 

We leave it to the reader to prove this Lemma using noetherian induction on n{Si). 
But the orbits of are in general not finite. So the above Fact and Lemma are not 
enough to conclude that has a finite number of orbits. However, 3.3.4, 3.6.6.1 1) and 
3.11.1 c) imply: 

Corollary. T (and so also T^) has a dense open orbit. 

B. The elimination and the insertion processes. Let Gi, i E I, he the simply 
factors of G^'^. As usual (see 3.4.3.1 and the proof of 3.6.6; see also c) of Step 3) we can 
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assume they are permuted transitively by a. So we can assume that Iq :— I — S{l,n) 
and that a takes Gi into Gj+i, with n+ 1 = 1. Let /i be as in 3.4.3.4 (i.e. Ii is the subset 
of Iq corresponding to simple factors of not included in -P^°). We can assume 
is non-empty (otherwise 3.13.7.1.4 follows from Lang's theorem and so 3.13.7.1.3 follows 
from 3.13.7.2). We also assume Iq ^ I\ (otherwise what follows is void). We order the 
elements of 1\ as 

ai < 02 < ... < a|/^|. 
We can assume ai = 1. For each i E Ii, let 

ni := ai+i — ai, 

with a|/^|+i := n + ai, and let Nj^^ := n Gi. Let 

'^nc -.^N+XllG^/lla-^iN-^). 

ieh ieii 

Let 

P'Ah):=P','nillG,). 

ieh 

We have an action T[}^ of Pj^^ih) on by the rule: for h e Pl^^{Ii)r\Gi{k) and x e X^c 
defined by an element G Gi{k), ^nchi-^) defined by the element 

Similarly to we define 

using left translations. It is trivial to see that: 

Fact. The orbits o/T° (resp. ofT^) are in one-to-one correspondence with the orbits 
ofTl^ (resp. o/T^^y'- -^^ particular, each orbit o/T° is defined by a k-valued point of X 
defined by an element o/Hie/i ^»(^)- 

In other words the G^'s factors defined by z e Iq \ i can be "eliminated". 

We have a reversed process of "inserting" non-compact factors. For each i e Io\Ii, 
let j e Ii be the greatest element which is smaller than i. We define the following 
subgroups of Uieio Gi = Ui&i, Gi x UieioVi Gi- 

N+' := a^-\N+nGj), 

N^' := a^-\N-^), 
P^'d) :=a^-\P',%h)nG,), 
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ieioVi 

ieIo\h 

Let 

Xj,:^N+{Io)\llG,/a{N-{Io)), 

where 

is the opposite of Nj^(Io) w.r.t. the action of the image Tfc(/o) of in Yliei inner 
conjugation. We have a natural action T°(/o) of P^°(/o) on Xi^: it is entirely defined in 
the same manner as T°. We have a natural embedding 

defined by the natural inclusion of Hie/i ^^^^ Hte/o ^ monomorphism 

which takes hi e n Gi){k) into 

ni-l 

n ^'(^^)- 

The pair (i/ojiA-) is compatible with the two actions T^^. and T^(/o), i.e. we have 

with X e Xncik) and h e P^^{Ii){k). 

Exercise, a) Two /c- valued points of X^c belong to the same orbit under T^(/o) iff 
they belong to the same orbit under T^^. (and so the number of orbits of T^^ is finite if 
the number of orbits of T'^(/o) is finite). 

b) If a /c- valued point of X^c belongs to the orbit under T*^(/o) of a /c- valued point of 
defined by some Weyl element w e Jlie/o ^*(^) normalizing Tfc(/o), then it belongs 
to the orbit under of some Weyl element w e Ilie/i ^*(^) normalizing Tfe(/o). 

Hints: a) (resp. b)) boils down to the fact that there is no element of P°°(z)(fc) 
belonging to N^'^{k)Nj^'^(k) (resp. the only Weyl elements normalizing Tk{Io) and be- 
longing to N^^ {k)P^^ {i){k)N^^ {k) are those belonging to P^^{i){k)). So for b) one needs 
to use the classical Bruhat decomposition in the form: Gi(k) is a disjoint union of sets of 
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the form N+'{k)P^^{i){k)N-\k)w, with w a Weyl element of Gi{k) normahzing Tk{Io). 
Here z e Iq \ i • 

The moral of this Exercise is (cf. also the Fact): if 3.6.13.7.1.4 holds in the context 
of T°(/o) then it also holds in the context of T°. So to check that 3.6.13.7.1.3 holds in 

the abstract context of Shimura adjoint Lie cr-crystals, we can essentially restrict to the 
context of totally non-compact (see 3.10.5) cyclic factors. Here "essentially" refers to the 
fact that we still need to check that the maximal number of Weyl elements of Hie/i ^i(^) 
normalizing Tfc(/o) and defining elements of X^c belonging to distinct orbits of T^^ is as 
expected (in practice this is very easy). 

C. We come back to 3.13.7.1. We recall that we are interested only on g mod p. 
Using the classical Bruhat's decomposition (over k; see [Bo2, 14.12]), we can assume 
g = biwb2, with 6i, 62 G B{W{k)) and with w a Weyl element. Changing gipi by 
bi^g(pibi and using the fact (see 3.3.1) that ^pibi = b'^ipi, with b'l G B{W{k)), we can 
assume g — wb, with b G B{W{k)). We can assume 6 is a product of elements of distinct 
Ga subgroups of B normalized by T. It is known that there is an arbitrary choice of the 
order in which such a product is taken (cf. [SGA3, Vol. HI, 4.1.2 of p. 172]). So one can 
try to apply (increasing) induction on the number of factors of such a product which are 
not identity: one can easily check that many of such factors can be assumed to be trivial. 
This approach is very practical, if one has to deal with a specific (concrete) situation. 

D. Remarks. 1) From 3.13.7.1.1 a) and the classification of principally quasi- 
polarized finite, fiat, commutative group schemes over k annihilated by p and liftable to 
W{k) (for instance, see [EO] and [Oo3]) we get that 3.13.7.1 holds if G = GSp{M,'iI;m), 
with ipM '■ M^iY(^k'jM — > W{k){l) a principal quasi-polarization of (M, 99). So 3.13.7.1.3- 
4 hold provided G^"^ is a product of simple groups left invariant by a and of some C„ Lie 
type. 

2) One can construct group actions similar to the ones T and T° of 3.13.7.1.1, by 
working modulo p"^, with m G N (i.e. by considering truncations mod p'^ of Shimura 
cr-crystals and of Faltings-Shimura-Hasse-Witt shifts). Moreover, 3.13.7.2 has analogues 
for m > 2 (and this motivates 3.9.8). See §9-10 for details. One can use the language of 
stacks as well but we think the language of orbit maps (like T'^'s) is much more natural 
and practical. 

3) The Bruhat type decompositions hinted at in 3.13.7.1.3-4 can be formulated for 
many other general contexts. We do expect that all of them can be proved formally, by 
using a u-language in the context (see [Bou2, ch. IV, §2]) of Tits' systems. We now state 
a more general form of 3.13.7.1.3 in the context of reductive groups. 

Let H be an an arbitrary reductive group over an algebraically closed field k of 
characteristic p. Let F : H ^ H he an epimorphism fixing only a finite number of 
elements (for instance, cf. [Hu2, §8]). Let Ph be an arbitrary parabolic subgroup of H 
and let A^^^ be its unipotent radical. We assume the existence of a maximal torus Th of 
Ph taken by F into itself. Let be the Levi subgroup of Ph containing Th- Let be 
the opposite of w.r.t. the action of Th (via inner conjugation) on Lie(i?). Warning: 
we not need to assume the existence of a Borel subgroup of Ph taken by F into itself. 
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Expectation (the Bruhat decomposition in the F-context for reductive 

groups). Any element g e H{k) can be written down as a product 

g = n+powF{p~^)F{n^), 

with n+ e Nf^{k), n_ e N^{k), po E Pfjik) and with w E H{k) normalizing Th- 

Moreover the minimal number of such w 's needed is precisely the number of elements of 
the quotient set Wp^ \ Wh, where Wh is the Weyl group of H normalizing Th and Wp^^ 
is its subgroup formed by elements leaving Ph invariant. 

Behind this Expectation and its adjoint variant, there are group actions Th and 
as in 3.13.7.1.1. Not to repeat the things, here we just mention that T^^ is the action of 
the image of P^ in H^"^ on Xh := \ H^/F{N~) which is obtained by passing to 
quotients from the action of P'h on H^'^ defined by: poo ^ Piji^) takes g G H^'^{k) into 
PoogF^^iPoo)- Here F^^ is the epimorphism of H^^ naturaUy defined by F. See 3.13.7.8 
for Th in the cr-context. 

3.13.7.5. Example. We assume that all simple factors of G^'^ are of Ai Lie type. 
We refer to 3.13.7.4 B, with / = Iq. As we are dealing with the Ai Lie type, P^^{Ii) is 
just a maximal torus of 

G{h) := n 

ieii 

So the subgroup S+ (resp. B~) of G{Ii) generated by (resp. by Nj^) and by 
P^°(/i) is a Borcl subgroup of G{Ii). The classical Bruhat decomposition (applied as in 
the beginning of Step 1 of 3.13.7.3) tells us that G{Ii){k) is a disjoint union of double 
cosets B+{k)wB-{k) = B+{k)wN~{k), with w running through (representatives of) 
elements of the Weyl group of G{Ii) normalizing P^°(/i). As the Ai Lie type does not 
allow involutions, we have A^^ = Ylieh '^^'(■^k ^ ^«)- 

So to check 3.13.7.1.4 in the present context we just need to show (cf the elimination 
process of 3.13.7.4 B) that each element of the form tw, with t G P^*^(/i)(A;) and with w G 
G{Ii){k) normalizing P^°(/i), can be written as a product (Ilfe/i ^*)^ nie/i 
where ti G {Gi Pi P^^{Ii)){k). Restatement: t can be written as 

(FT) (n^O^(n^"^(^r'))^"'- 

But this is a consequence of [Hu2, th. of 18.3], applied to the epimorphism of P^°(/i) 
that takes U G {Gir\P^^{Ii)){k) into wa'^^ {ii)w~^ . We can also use systems of equations, 
close in spirit to the ones of first type, to get this restatement: identifying P^°(/o) with 
a finite product of G^'s groups, the actual type of systems of equations we get over k is 

_ p"^ 

Xg — CgX^^^y 

where s belongs to some set having as many element as the dimension of Pj^^{Ii), with 
TT a permutation of it, with all n^'s belonging to Z \ {0} and with all c^'s as non-zero 
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elements of k; obviously it has a solution formed by non-zero elements of k. Moreover, 
the map that takes t into the element of (FT) is separable. 

From this last paragraph and 3.13.7.2 we conclude: 

Corollary 1. The Expectations of 3.13.7.1 and 3.13.7.1.3-4 hold for the Ai Lie 
type. Moreover, all stabilizers o/T° are smooth. 

Similarly, we get (based on loc. cit. and not on arguments involving systems of 
equations) that the Expectation of 3) of 3.13.7.4 D holds for the Ai Lie type. More 
generally, the same arguments give us: 

Corollary 2 (the essentially Borel subgroup case). The Expectation of 3) of 
3.13.7.4 D holds for the case when the image of Ph in each simple factor SF of H^'^ is 
either a Borel subgroup of SF or is SF itself. Moreover, all stabilizers o/T^ are smooth. 

Moreover, in the context of T° and for the Ai Lie type, the Lemma of 3.13.7.4 A 
does apply (i.e. we do get based on it that T° has a finite number of orbits). 

3.13.7.6. A variant of the elimination process. Let / be as in 3.13.7.4 B. We 

do not assume any more I = Iq. Let J be the subset of / formed by elements i such that 
Gi is not included in the image of P+ in G^^. Let n be the permutation of / defined 
naturally by a; so a{Gi) = Gt^^j;^. Based on the Fact and a) of 3.13.7.4 B, we can assume 
all components of g in Gj, with I \ J, are identity elements. Instead of t/^i and g-i/ji we 
can work equally well with their non-compact variants t/^"*^ and g'4'i'^. Here 

i;"^"" : ©iejLie(G'0 ^ ®^ejLie(G',) 

takes an element Xi G Lie(Gi), with i E J, into '^^'(a;^), where rij G N is the smallest 
element such that 7r"^"(z) G J. We refer to (/'i/'"*^ as the non-compact Faltings-Shimura- 
Hasse-Witt adjoint map of {M,gipi, G) or of its attached Shimura Lie cr-crystal; accord- 
ingly the other terminology of 3.9 pertaining to types of Faltings-Shimura-Hasse-Witt 
maps extend to such a non-compact context. By an inner automorphism of g'lp'^^, we 
mean an automorphism of it defined by an element of Yli^j^ii^)- Let 

ij{p):l[Gi-^l[Gi 

be the monomorphism defined as follows: for gi G Gi{k), with i E J, 

rii — l 

iji9i) ■= n ^^^9i) 

1=0 

(to be compared with ij^ of 3.13.7.4 B). Based on c) of Step 2 of 3.13.7.3 we get: 

Fact. The image under ij{p) of the group of inner automorphisms of gt/^f^ is the 
group of inner automorphisms of g-^^i. In particular, these two groups of inner automor- 
phisms have the same dimension. 
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So we can perform the elimination process not only in connection to finding the 
orbits of T° but also in connection to finding groups of inner automorphisms of Faltings- 
Shimura-Hasse-Witt adjoint maps (over k). From this Fact and Corollary 1 of 3.13.7.5 
we get: 

3.13.7.6.0. Corollary. We assume Gi is of Ai Lie type, \/i G /. Then the number 
of orbits ofT^ is 2^"^^ : each such orbit a (w) is defined by a Weyl element w E Hiej^il^) 
normalizing the image T{J)k ofTk in Ylie.i'^^' 'nnoreover, if wi G Y\ieJ ^^^^) '^^ another 
Weyl element, we have o{w) — o{wi) iff wi — tw2 for some t G T{J)k{k). So each such 
orbit o{w) defines a function 

f^:J^ {0, 1} 

by the rule: f{i) = iff the component of w in Gi does belong to T{J)k{k). 

If B'^ (resp. B~ ) is the image of P'^ (resp. of P~ ) in Hiej^i? then under the 
projection of G^ on Hie j o{w) is mapped onto 

B+{k)wB-{k). 

The group of automorphisms of wt/^f^ (and so of wi/^i) has dimension equal to 

ieJ 

Moreover o{w) specializes to o{wi) iff 

{SPEC) fv.,ii)>fUi),^ieJ. 



Proof: The only thing left to be remarked is that the dimension of the group of 
inner automorphisms of wif^f^ is nothing else but 

(DIM) dimfe(S+) - diink{B+wB-/B-). 

The argument goes as follows. In order to have g'if^f^g~^ of the form ht(jf^ (here g, 
h G riieJ^^^^))' need g G B^{k), cf. the normalizing part of a) of Step 2 of 
3.13.7.3 (see also Step 3 of 3.13.7.3). Moreover, /i'^"'^ = '^f'^ iff /i is a /e-valued point 
of the unipotent radical of B~{k), cf. the centralizing part of a) of Step 2 of 3.13.7.3; 
so the variety parameterizing maps of the form /ii/'"'^, with (see c) of Step 3 of 3.13.7.3) 
h G B~^{k)wB~{k), has the same dimension as (in fact it is isomorphic to) B~^wB^ / B~ . 
So dimfe(i?+) — dyj — dimf~{B~^wB~ /B~). This ends the proof. 

3.13.7.6.1. The non-compact context. The whole of 3.13.7.3 can be redone in 
the context of '0"'^. We just need to: 

- replace the role of a with the one of the endomorphism F : Yiiej^i ~^ Yiiej^i 
that takes gi G Gi{k) into a'^^igi)-, with G N as in 3.13.7.6; 
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- consider a Weyl element w e YlieJ^^i^) normalizing the image Tk{J) of T in 

- replace s by the endomorphism sj of YiieJ^^ thai, takes gi e Gi{k) into 
wF{gi)w~'^. 

Let P+(J) (resp. Q{J)) be the image of (resp. of in Hiej^'i- Let 

P~{J) be the opposite of P~^{J) w.r.t. the action (via inner conjugation) of Tfc(J); so 
Q{J) := F{P~ (J)). Let T[|^ and ^Ync be as in 3.13.7.4 but obtained working with J 
instead Ii (i.e. we do not assume that we are in a cyclic context). Let P^{J) be the 
image of P° in Hiej ^i- Let N[J) be the unipotent radical of Q{J). As in c) of the Fact 
of Step 3 of 3.13.7.3, the action splits in terms of the image in Xnc of double cosets 
of the form P^{J)wQ{J). So for its study we need to fix an element of 

i^Cnc := P^{J){k) \\[G,{k)/Q{J){k). 

ieJ 

For future references, we point out: 

A. Fact. Let g e Yli^j^ii^)- we are in the cyclic context (i.e. we have I = Iq 



and J = Ii), then the Lie stable p-rank of gipf^ is times the Lie stable p-rank of gipi. 
Let 

Mq"^ := P+{J)nwQ{J)w-'^ = P+{J)nsj{p-{J)) 
and let Z^'^ be its subgroup fixing wij;f^. Let 

zr :=N+nsj{N,;). 

It is a smooth, connected subgroup of Z^'^. As in 3.13.7.3.1 we get 

(4) dd{{M, if, G)) > dimfc(P+( J) n sj(Ar-)) > dimfc(Z'^^) > dimfc(Ar+ n sj{N^)), 
and 



(5) dimfc(Q(J)) - dimfc(Ar(J)) > dimfc(Mo"°) - dimfc(Z"'=). 

Let wq G YlieJ ^i(^) be a Weyl element with the property that the intersection 

P+(J)r]woQ(J)wQ^ 

contains the image Bj^^J) of B in Wi^jGi] the image of wq in DC^c is uniquely deter- 
mined. We have: 

B. Claim. // rfc/((M, G)) = dimfc(Z"^), then w e P+{J){k)woQ{J){k). 

Proof: From (4) we get sj(A^^) is a subgroup of P^{J). Based on [Bo2, 14.22 (i)], 
this is equivalent to: the intersection P+(J) nsj(P~(J)) = P^ {J) r[wQ{J)w~^ contains 
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a Borel subgroup of YlieJ dealing with double cosets, we can assume that 

this Borel subgroup is Bk{J). The Claim follows. 

C. Theorem. The following two statements are equivalent: 

b) w E P~^{J)woQ{J), the image in X^c of the double coset P~^{J)woQ{J) is one 
orbit of the action T^^ and we have dd{{M, G)) = dimfc(Z'"'^). 

Proof: If N+ = sjiN'), then P+{J) = sj{P-{J)) = wQ{J)w-^; so P^{J) = 
sj{P^{J)) and w e P+{J)woQ{J). We get: P+ {J){k)woQ{J){k) = P+{J){k)wo. So the 
image IM of P^ {J)wqQ{J) in X^c can be naturally identified with P'^{J) (cf. the Hint 
of a) of 3.13.7.4 B). Under this identification, the automorphism of IM defined naturally 
by h G P^{ J){k) via the action T^^., is nothing else but the automorphism of P^{J) that 
takes hi e P^{J){k) into 

hhiSj{h)~^ 

(this is the same as (FOR) of Step 3 of 3.13.7.3). So from Lang's theorem in the form 
of [Hu2, th. 8.3] (applied to the homomorphism F — sj) we get that /Mis one orbit of 
T°(.. The last part of b) is a consequence of (4). 

We assume now that b) holds. To check a) we can assume w = wq. Due to the 
"one orbit part", in (5) we have equality. As dimfc(A'"(J)) = dd{{M,(p,G)), we get 
dimfc(M^^) = dimfc(Q(J)) = dimfc(P+(J)). So Mq"^ = P+{J) and so by reasons of 
dimensions P^{J) = sj{P~{J)). So a) holds. This ends the proof. 

D. The double coset P~^ {J)woQ{J) is referred as the final coset and any Shimura 
cr-crystal whose non-compact Faltings-Shimura-Hasse-Witt map is inner isomorphic to 
gun'^'i'^j with gfin e P~^{J)woQ{J) is referred as a quasi- final Shimura u-crystal. Similarly, 
we speak about Shimura adjoint Lie cr-crystals which are quasi-final. 

3.13.7.6.2. The list. The equality iV^ = sj(iV^) is equivalent to the fact that 
each cyclic adjoint factor C of (M, c^i, G) is of one of the following types: 

a) Bi, Ce or Df type; 

b) of Ai type with i odd and which is also (of constant) type 

c) of Ai type whose concentrated £-type is involutive; 

d) of type with £ odd and greater than 4, whose concentrated £-type is involutive; 

e) of simple Df type with £ even and greater than 3. 

This list conforms with the expression of wq^s in [Bou2, planche I to IV]. 

3.13.7.6.3. The cyclic diagonalizability property. We assume that the two 
statements of 3.13.7.6.1 C hold. We consider a Weyl element u of G{W{k)) whose image 
in G^"^ is the same as the image of wq. We get a cyclic diagonalizable Shimura filtered 
(7-crystal (M, T). We have: 

Theorem. {M,u>(pi,G) is an isom- canonical Shimura a-crystal. 
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Corollary (the cyclic diagonalizability property). Any Shimura a-crystal 
{M, gipi, G) , with g e G{W{k)), whose Faltings-Shimura-Hasse-Witt map is inner iso- 
morphic to the one of {M,u!(fii,G), is isomorphic to {M,u!(fii,G) and so is cyclic diago- 
nalizable. 

Proofs: To prove the Theorem, we need to show: if (7 € Ker(G(VF(/c)) — > G(A;)), 
then (M, uj^pi, G) and (M, gujfi, G) are isomorphic under an isomorphism defined by an 
element of G{W{k)). We follow the pattern of the proof of 3.6.15 B. By induction on 
m G N we show that we can assume g G Ker{G{W{k)) G{Wm{k))). It is enough to 
show that: if ^ G KeT{G{W{k)) G{Wmik))), then there is h e G{W{k)) congruent to 
the identity mod p'^~^ and such that the element g G G{W{k)) defined by the equality 
guxfii = hgu)ipih~^ is congruent to the identity mod p'^+^. Let (^1 := uxpi. 

We use the notations of 3.13.7.6 to index the simple factors of G^'^. So G^'^ = 
Yli^i Giw{k), with the special fibre of the simple group Giw{k) being Gj. Let Pw{k)('^) 
be the reductive subgroup of G normalized by T and whose special fibre is the pull 
back to Gk of P°(J). Let N+ and N' be as in 3.13.7.1.1. Let P°(/) be the smallest 
reductive subgroup of G containing -P^(fc)(<^) and stable under the endomorphism iu, oa 
of G which takes u G G{W{k)) into uja{u)uj~^. The images of P^{I) and of -P^(fc)(</) 
in YlieJ '^iW{k) are the same (cf a) of 3.13.7.6.1 C). We choose W(A;)-basis Bq, 
and B- of the Lie algebras of P^{I), and respectively of A^~. Conjugating g(fi by 
elements of G{W{k)) congruent to 1m mod p"^ and whose images in G^'^{W{k)) belong 
to riie/yj Giw{k){W{k)), we can assume 

9 = 9cg-g+go 

where g+ G N+{W{k)), g_ G N-{W{k)) and go G P^{I){W{k)) are congruent to the 
identity mod p'^, and where gc G G{W{k)) is congruent to the identity mod The 
order in which such a product decomposition of g is taken is entirely irrelevant mod p^"^ 
and so mod 

We take h of the form h — /i3/i2/ii, where hs G G{W{k)) and hi G P^{I){W{k)) are 
congruent to the identity mod p'^ and where 

h2 = ij{h+)ij{h-); 

here 

ij '■ n ^iW{k) ^ 

is a monomorphism defined entirely as ij{p) of 3.13.7.6 and h^ G N~^(W{k)) (resp. 
h- G N~ {W{k))) is (warning!) congruent to the identity mod p'^~^ (resp. mod p"^). 
ij{h+) and ij{h-) still make sense as the unipotent subgroups of G are in natural one-to- 
one correspondence to unipotent subgroups of G^"^. /ii, g- and gf+ are commuting mod 
p^^^. So we get 

g = h3h2hig(pih^^(p^^(pih2^h^^(p^'^ = gch3h2g-g+go(pih2^h^^(p^^ , 
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where Qc G G{W{k)) is congruent to the identity mod p'^~^^ and where 

^0 := higo(fih^^(fi^^. 

As P^{I) is stable under the endomorphism i^j o a of G, Lie(P°(/)) is stable under (pi. 
So writing 1m — hi mod as p"^ times a linear combination of elements of Bq with 
coefficients in W{k), the condition that go is congruent to the identity mod p'^+^ gets 
translated in choosing the reduction mod p of these coefficients to form a solution of a 
quasi Artin-Schreier system of equations in dimk{P^{I)k) variables with coefficients in k. 
So based on 3.6.8.1 (with I = 1 and s = 0) wc can assume is congruent to the identity 
mod p'^'^^. So g is of the form Qch^g^ (pih'^^(pi^ , where 

:= h2g-g+<fih2^(f^^. 

We consider two cases. 

Case 1: m > 2. Every element of G{W{k)) which mod p'^ is 1m commutes mod 

p2m-i ^iiii Qjjy element of G{W{k)) which mod p'^~^ is 1m- So g^ mod p^m-i ^g^j^^j 

so mod j3"^+i) can be rewritten as g+g-, where 

g+ := ij{h+)g+(fiij{hZ^)(f^^ 

and 

g- ■.= ij{h^)g^<fiiij{h^'^)(f^^. 

Based on a) of 3.13.7.6.1 C), we get that g+ G N+{W{k)) and ^_ G N-{W{k)). We 
write 1m — h- mod as p"^ times a linear combination C_ of elements of B- with 

coefficients in W{k). We write h+ = h\h\, with h\ e N^(W{k)) congruent to the 
identity mod p^ and with /i^ G (W {k)) congruent to the identity mod p'^~^. We 
write 1m — h\ (resp. 1m ~ h\) as p^ (resp. as p™-"^) times a linear combination C\ 
(resp. C\) of elements of Bj^ with coefficients in W{k). The conditions that both ^_|_ and 
g- are congruent to the identity mod get translated in choosing the reduction mod 

p^ of all these coefficients to form a solution of a system SE of equations with coefficients 
in W2{k). We split the study of its solutions in two steps. First we consider its subsystem 
SUBSE of equations with coefficients in k in the variables which are the reduction mod 
p of all coefficients of C_ and of and obtained by requiring g- to be congruent to 
the identity mod and g+ to be congruent to the identity mod p'^: it is a quasi 

Artin-Schreier system of equations. We can not easily give a formula for the number of 
variables; this is so due to the fact that the definition of Sj involves iterates of cr and so 
wc need to appeal to 3.6.8.1.5; if we allow monomials as in the mentioned place, then we 
are dealing with systems of equations (not a priori of first type) which involve precisely 
2dim/s(A^^) variables. Second we pick up a solution of SUBSE and we plug it (via a 
fixed lift h\_ of its truncation mod p"^) in SE. We get a new system of equations with 
coefficients in k in the variables which are the reduction mod p of all coefficients of C]_ 
and obtained by requiring g-^- to be congruent to the identity mod p'^+^: it is a quasi 
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Artin-Schreier system of equations. The situation with the number of variables is as 
above, with 2dimfc(A^^) replaced by dimfe(A^^). 

So we can assume is congruent to the identity mod 7?"^+-^. Choosing hs to be 
1m, we get g is congruent to the identity mod p^^^. 

Case 2: m = 1. This case is a little bit complicated as we can not assume that we 
are dealing with elements which commute mod (see the choice of However, based 
on 3.5.3 (5) 

mod can be rewritten as 
and so as 

with p+_o e P^{I){W{k)) congruent to the identity mod p. So mod p^ is congruent 
to 

ij{h+)EL-g+(piij{hZ^)(pi^p+-o, 

where 

EL_ :^ ij{h-)g-(fiij{h^^)(p^^. 

So, writing 1m — h- (resp. 1m — h+) mod (resp. modp) asp times (resp. as) a lin- 
ear combination of elements of B- (resp. of with coefficients in W{k), the conditions 
that EL- is congruent to the identity mod p^ and ij{hj^)g+(fiij{hZ^)^i^ is congruent 
to the identity mod p get translated in choosing the reduction mod p of these coefficients 
to form a solution of a quasi Artin-Schreier system of equations with coefficients in k; 
the situation with the number of variables is as in above part involving SUBSE. So we 

can assume g^ mod p^ is of the form g\.p-{ 0, where g'_^_ G {W (k)) is congruent to 

the identity mod p. Choosing hs to be the product of an element of P^{I){W{k)) con- 
gruent to the identity mod p with {g'^)~^, the arguments of the paragraph before Case 1 
referring to ^0 allow us to assume g^ (and so g) is congruent to the identity mod p^. 

So regardless of how m is, we can assume g is congruent to the identity mod p'^^^. 
This proves the Theorem. We now refer to the Corollary. We can assume the truncations 
mod p of (M, gifi, G) and (M, wipi, G) are inner isomorphic, cf. Fact of 3.13.7.2. So from 
the construction of T we get: we can assume g is congruent to w mod p. So the Corollary 
follows from the Theorem. This ends the proofs. 

3.13.7.6.3.1. An approach. We include now an approach to be used to present 
some examples in 3.15.7 H and K below. 

We follow the pattern of the proof of 3.13.7.6.3 and we use the previous notations. 
Let k; be a Weyl element of the final double coset. We use Weyl's decomposition Lic(G) = 
Lie(T) ©Q,e$ 0a w.r.t. T. So $ is the set of cocharacters of the action of T on Lie(G) 
and Qa is the direct summand of Lie(G) on which T acts via a. Let <fi := uapi. (p\ 
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permutes 0q:[^]'s; so wet a permutation tt of $. We concentrate on one cycle (cii, ...as) of 
it; whatever we do below for it is implicitly done for all other cycles of tt. For i e 5(1, s), 
let Ui e S{—1, 1) be such that P e acts through fi on as the multiplication with 

As sj{N^) is a subgroup of P"''(J), sj{Nj^) is a subgroup of P~{J). This implies: 

Key property. There is no i e s) such that Ui and Ui^i are both 1 or both —1 
(here ttg+i = ttij. 

We consider the following modification 

Lie - mod(G') := Lie(T) pLie(iV_) Lie(iV+) pL° " L°'° L°'+ 

of Lie(G). Here L°'+, L^'^ and L'^'" are direct sums of g^'s subject to the following rules: 

- their direct sum is Lie(P°); 

- C L'^+ (resp. 0Q,. C L*^*^) iff = and the first non-zero term of the sequence 
{nj)j>i is 1 (resp. iff (ni, n^) = (0, 0)). 

We choose a generator Xi of Q^i ^ Lie — mod(G), i e S{1, s). We obviously have: 

Fact. We assume that there is no cycle (ai, ...,as) of tt such that X]i=i '^i — ^'^^ 

( — 1, 0, 0, 0, —1) = {uj, nj_|_i, ni) for some j G 5'(1, n) and I e S{j, j + s — 1). Then 
fori G S{l,s), writing <^i(xi) = p^^jiXi^i, with 7^ G G^(VF(/c)) and Vi G S'(— 1,1), a// 
Vi, i G 5'(1, s), /laue t/ie same sign, i.e. either all of them are non-negative or all of them 
are non-positive. 

3.13.7.6.3.2. Remark. 3.13.7.6.3 and 3.13.7.6.1 remain true in a principally quasi- 
polarized context (cf. its proof and 3.6.15 B and its proof). 

3.13.7.7. Remark. 3.13.7.1-4, 3.13.7.6 and 3.13.7.6.1 make sense as well in a purely 
Lie context involving Shimura adjoint Lie cr-crystals: no modifications of arguments are 
required (besides what mentioned in the beginning paragraph of 3.4). So to the list of 
3.13.7.6.2 we can add (again cf. the expression of wq in [Bou, planche V and VI]) the 
following two extra types: 

f) of £'7 Lie type; 

g) of Eg Lie type whose concentrated £-type is involutive. 

Moreover, 3.13.7.6.3 can be entirely adapted to Shimura-ordinary p-divisible objects 
over k whose attached Shimura adjoint Lie cr-crystals are such that f ) or g) holds for each 
one of their cyclic factors. 

3.13.7.8. The case of Fontaine categories p — MJ^[a,b]{W{k)). We refer to 3) 
of 3.13.7.4 D. Its Expectation has interpretations similar to the ones of 3.13.7.1 and of 
3.13.7.1.1. In what follows, we exemplify this phenomenon just in the general context 
pertaining to Fontaine categories. So we assume H is the extension to A; of a reductive 
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group i^Fp over Fp in such a way that F is nothing else but the endomorphism a of 
H = Hk. 

Let be a reductive group over Zp whose special fibre is H^^. We consider a 
faithful representation 

with a free Zp-module of finite rank. We consider a cocharacter /j, : G^n H^^(^i.^ 
such that Ph lifts to a parabolic subgroup Pw{k) oi H^yf^i^^ in such a way that Lie(P[^(fe)) 
is the maximal Lie subalgebra of Lie{H^^(^i^-^) on which acts (via inner conjugation) 
through non-negative, integral powers of the identical character of G^. [/x] is not uniquely 
determined. Its existence can be deduced immediately from the structure of parabolic 
subgroups of H (see [Bo2, 14.17]): as in the proof of Fact 1 of 2.2.9 3) we can work 
just over k and we can assume Hk factors through a maximal torus T of Ph', we need 
the composite of with a specified set CHAR of independent (over Z) characters of 
T to be specified a priori. Here CHAR is a set of characters of T forming a bases of 
the root system of the action of T on Lie(i7), such that any Lie subalgebra of Lie(iy) 
corresponding to an element of CHAR is included in Lie(Pff). 

For g e H^^(^k)(^{k)) we construct a p-divisible object € = (M, {F^ (M)) g^s{a,b)i 'P) 
of MJ^[a,b]{W{k)), with a, b eZ, b>a, as follows. Let M := M^^ W{k) = 0^=^^* 
be the direct sum decomposition defined by n as in 2.2.1.2. Let F^{M) := ©^^^F-^. We 
take </?tobe(7ocro^(i), where a is identified with the cr-linear automorphism of M 
fixing and acting as a on W{k). The quadruple 

(M, {F\M)),^s(a,b)^^^Hw(k)) 

is a p-divisible object with a reductive structure of M.T]^a,b]{W {k)) (see 2.2.8 3a)). We 
recall (see 2.2.8 4a) and 2.2.1 d)) that we speak about lifts of (M, Hy^ri^k)) and about €. 
or some truncations of it being cyclic diagonalizable. As in 3.13.7, provided (M, (/p, H-^^^k)) 
has no lift which is cyclic diagonalizable, we speak about the CM level of (M, iJvK(fe))- 
We consider the direct sum decomposition of 

Lie(-H"vK(fc)) = %G5(M)n(j) 

produced by /x via inner conjugation; so /3 G Grn{W{k)) acts through /x on xij as the 
multiplication with (3~K Here 5'(//) C Z is a finite set. Let Tw{k) be a maximal torus of 
H^^(^k) lifting T and through which /i factors. Let A^o be the centralizer of n in HiY(^k)- It 
is a reductive subgroup of Hy^r(^k) whose Lie subalgebra is Uq. For j G S'(/u) \ {0}, let Nj 
be the integral, connected, smooth subscheme of H\y(^k) which is the product (taken in 
some order) of the distinct Ga subgroups of HiY(^k) normalized by TiY(^k) cind whose Lie 
algebras are included in n{j). For what follows it is irrelevant the order in which such 
products are taken, cf. [SGA3, Vol. Ill, 4.1.2 of p. 172]. The tangent space of Nj in the 
origin of H\y(^k) is Let A+ (resp. N~) be the integral, connected, smooth, unipotent 
subgroup of H\Y(^k) generated by all Aj 's with j > (resp. with j < 0). 
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Let h e i/vy(fe)(W^(^)) be such that {M, {F''{M))s^s{a,b), hiph \i/vK(fe)) is stiU a 
p-divisible object with a reductive structure of M.J^[a,b]{W{k)). From Fact of 2.2.14.2 we 

get that h{F'{M)) c Yfy^oP'' e S{a,h). It is an easy exercise to see that 
this imphes that we can write 

h = h+h-ho, 

where 

h+= Yl hj 

iES(/x)n(o,oo) 

and 

jeS(M)n(-oo,o) jeS{fj.)n{-oo,o) 

with hj e Nj{W{k)) congruent to the identity mod pmax{o,-i}^ yj ^ S{iJ,). It is loc. 
cit. (resp. loc. cit. and the fact that, Vji, j2 G fl (— oo,0), the commutator 

nj^^Uj^nJ^nJ^ , with nj. e A^j. (M^(/c)), z = 1, 2, is a W (k) -valued point of the subgroup of 
Hw{k) generated by N/s with j e 'S'(//) fl (— oo, ji + J2)) which tells us that it is irrelevant 
(for what follows) the order in which the product of h+ (resp. of is taken. 

Based on the previous paragraph, as in 3.13.7.1 we get: hg(ph~^ G H-^(j^-^{W{k)) 
mod p is of the same form mim2g(j{m2^)cr{m^^) as (*) of 3.13.7.1, \/g G H^r(^k^{W{k)). 
nil, 9 and m2 are the reduction mod p of (7 and respectively /iq, while nis G N~{k) 
is uniquely determined by h- (it is the reduction mod p of Yljes {fi)n{-oo o)(^m %))• 
So we come across entirely the same type of action Th of Nj^ x ^ A^ofc x fc on as T 
of 3.13.7.1. So the Expectation of 3) of 3.13.7.4 D gets interpreted as: 

Expectation (the general form of the CM level one property in the con- 
text of Fontaine categories). We assume (M, (f, Hiy(^i^^) has no lift which is cyclic 
diagonalizable. Then its CM level is at least one. 

We have a variant of this in the adjoint context similar to the one of 3.13.7.1.4: 
we just have to restate everything in terms of the adjoint representations of H^^ and of 
Hw{k)- We denote by the group action of A^ofc on \ Hk/a{N^) defined by Th by 
passing to quotient. 

Corollary 2 of 3.13.7.5 provides us with many examples when this Expectation holds; 
in particular it holds if Ph is a Borel subgroup of H. 

3.13.7.8.1. Example. Let n G N. We assume that M has rank n + 1, that 
(a, 6) = (0, n), that Hy^^^i^^ — GL{M) and that dimxy(fe)(F*(M)) = n + 1 — s; so the 
subgroup Pw(k) of GL{M) normalizing F^{M), i G 5'(l,n), is a Borel subgroup. We say 
C (resp. any one of its truncations) is a flag p-divisible object (resp. a flag object) of 
rank n + 1. As Hw(^k) = GL{M), in what follows we do not mention it. We get (cf. end 
of 3.13.7.8): 

Corollary. There is a lift of (M, (/?) such that its truncation mod p is cyclic di- 
agonalizable. The number of isomorphism classes of cyclic diagonalizable flag objects 
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annihilated by p and of rank n + 1 is equal to the number of elements of the Weyl group 
ofGL{M) and so it zs(n + l)!. 

3.13.7.8.2. Remark. If Ph is as in Corollary 2 of 3.13.7.5, then the whole of 
3.13.7.6.0 can be redone in such a context. Denoting by i/j, i e J, those simple factors 
of H^^ with the property that the image of Ph in them is a Borel subgroup, the only 
modifications needed to be made are: 

a) the distinct orbits of (or of T^) are in one-to-one correspondence to the 
elements of the Weyl group Wj := Hiej of Hie j Hi\ 

b) denoting by B^{i) the image of Ph in Hi and by B~{i) its opposite w.r.t. the 
image Tj of T in HieJ-^*' ^ orbit corresponding to Wi G Wj specializes to 
the orbit corresponding to another W2 G Wj if and only if Mi e J, the double coset 
B'^{i)wi{i)B~{i) specializes to the double coset B~^{i)w2{i)B~{i) (here we identify Wj 
with a set of elements of YlieJ ^ii^) normalizing Tj, while Ws{i) is the component of Ws 
in Wi, Vs e {1, 2} and Vz e J); 

c) instead of group of automorphisms (of some Faltings-Shimura-Hasse-Witt maps) 
we need to speak about stabilizer subgroups of T^. 

3.13.7.8.3. Example. We assume H is simple, adjoint. If H is of G2 (or F4 or Eg 

Lie type), then the number of orbits of Th (or of T^^) is 12 (resp. is 2^3^ or 21^3^527), 
cf. [Bou2, planche VII to IX]. 

3.13.7.8.4. Remarks. 1) 3.13.7.8.3 is included just to "compensate" the "exclu- 
sion" of these Lie types of 2.2.7. It nourishes our hope that using Fontaine categories 
one can handle (at least in the context of unramified extensions of Z^; in fact 2.2.1.4.3 
points out that even in the context of ramified extensions of Zp there is a lot one can hope 
to do) uniformly all (generic fibres of) reductive groups, from many points of view (like 
inverse -local- Galois problems, local Langlands's correspondences, etc.). The Shimura 
envelopes (hinted at in 3.6.20 9)) are (as well) the very first step in this direction. 

2) The whole of 3.13.7.6.1-2 can be redone in the context of 3) of 3.13.7.4: as this 
needs quite a lot of reformulations, it will not be done here; here we will just mention 
that in the cyclic context (i.e. when F^^ permutes transitively the simple factors of H^'^), 
in order to expect to be in a case similar to the ones listed in 3.13.7.6.2 and 3.13.7.7, we 
need to assume that all images of Ph in a simple factor of which are not reductive, 
up to isomorphisms of such factors, are isomorphic. 

2') Warning: 3.13.7.6.3 can be adapted to the context of 3) of 3.13.7.4 or of 3.13.7.8 
but often slightly modified; the need of modifications is implied by the fact that in Case 
2 of the proof of 3.13.7.6.3 we did use (cf. its reference to 3.5.3 (5)) that we are in a 
generalized Shimura context. So either we try to adapt this Case 2 or we state results 
in the form: some zsom-deviations (in the mentioned contexts) are not bigger than some 
natural numbers. 

3) The Expectation of 3.13.7.8 and 3.13.7.8.1 can be restated in terms of Fontaine 
truncations mod p (see 2.2.14.2) in a similar way to 3.13.7.1.1.1. This supports 1). 
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4) Once the Expectation of 3.13.7.8 is checked, one can define the a-invariant of 
(M, ifvK(fe)) by: it is the a-invariant of any cychc diagonahzable p-divisible object 
with a reductive structure whose Fontaine truncation mod p is isomorphic to the one 
of (M, H\Y(^k))- One checks that this is weU defined by performing the proof of M of 
2.2.22 3) mod p. 

3.13.7.9. The general form of Fallings— Shimura—Hasse— Witt shifts, invari- 
ants and maps. With some extra work, we can be more precise in 3.13.7.8.2 c) (or in 
connection to its variants provided by cases where the Expectation of 3.13.7.8 is checked). 
Not to be too long, we situate ourselves in the filtered adjoint context (i.e. we leave to the 
reader to restate everything as in 3.9.1 or 3.9.4 in the general reductive context, filtered 
or non-filtered, by looking at derived subgroups). So we use the notations of 3.13.7.8 and 
we assume that H is an adjoint group and that p is the adjoint representation. So M is 
a Lie algebra over W{k). We still speak about F^{M), s e S{a, h) (though in fact we can 
take a -I- 6 = 0). Let Hi^ z e /, be the simple factors of Hy^fj^y For z e /, let 

mi e zn (-00,0] 

be the smallest number such that fl N^. is a non-trivial group. Let 

be the cr-lincar map that takes Xi G Lie{Hi) into p~^^(f{xi). We refer to it as the 
Faltings-Shimura-Hasse-Witt quasi-shift of (M, (p). A great part of 3.13.7.1-8 and of 3.9 
can be redone for it. 

First, let '0 be its truncation mod p. Second, as in 3.13.7.6 we introduce ^^'^ and 'i/j"-'^. 
Third, as in 3.9.1 (resp. 3.9.4) we define the Faltings-Shimura-Hasse-Witt invariant of 
{M,(fi) (or of '0): it is DneN^^i'^^"') ■ Warning: in the present generality, these invariants 
are not so useful; for instance, referring to 3.13.7.8.1, there are {n—l)\ isomorphism classes 
for which the Lie stable p-rank is maximal (i.e. equal to 1). Accordingly, the subgroup of 
H whose A;- valued points are those g such that gip = ij> , is in general "too big" to be used 
as in 3.13.7.3. So we do not think of t/S as a generalized Faltings-Shimura-Hasse-Witt 
map. 

To us, the right generalization of the Faltings-Shimura-Hasse-Witt shifts and maps 
of 3.9 is as follows. For s e Z, let (ps := p~^(fi. Let i e /. We denote by 

^i,m, : LieiHi) ^ Lie(iy) 

the restriction of \1/ to Lie{Hi). If < 0, then for any j e S{mi — 1, —1) such that 
Hi n Nj is not (resp. is) the origin of Hi, let 

^i,j:F\Lie{Hi))^Lie{a{Hi)) 

be the restriction of (pj to F^Lie{Hi)) (resp. be the trivial map). The sequence of maps 

(SEQ) (*i,j)ie/,ieS(mi,max{mi,-l}) 
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(resp. the sequence {i^i,j)iei,jes{mi,ina.x{mi,-i}) formed by their truncation mod p) is re- 
ferred as the Faltings-Shimura-Hasse-Witt shift (resp. map) of (M, {F^{M))g^s{a,b)-i ^) 
(resp. of (M, <^)). If (M, if) is a Shimura adjoint Lie cr-crystal, then for each i e I only 
one map '^iji is defined; so we can view (SEQ) as a sum 

5^ VP,,,, : Lie(iy) ^ Lie(iy) 

iei 

(resp. as the reduction mod p of this sum) : it is the usual Faltings-Shimura-Hasse-Witt 
shift (resp. map) as defined in 3.4.5 and 3.9. 

In general, 

FSHW{M,ip) := (V'i,j)ie/,jeS(mi,max{mi,-l}) 

docs not depend on the choice of {F'^{M))g^s{a,b)- If ^ G -f^VK(fc)(^(^))) then by an 
inner isomorphism between FSHW{M, </?) and FSHW{M, hip), we mean an isomorphism 
defined by an element of N^N^{k) (cf. also c) and the normalizing part of a) of Step 2 of 
3.13.7.3). Following the pattern of 3.13.7.6, we similarly define the non-compact variant 

F5W-(M,(^) := (V5,?5),eJ,i€5(m„max{m„l}). 

where J is the subset of / formed by elements i such that Hi is not a subgroup of Nq. It 
is easy to see that aU of 3.13.7.1.1 b), 3.13.7.1.1.1, 3.13.7.3, 3.13.7.4 B, 3.13.7.6, 3.13.7.8.2 
and 3.13.7.8.4 3) can be restated in terms of (isomorphism classes) of FSHW{M, hip) or 
of FSHW^'iM, hip). We just add two thinks: 

- in 3.13.7.8.2 c), we can replace stabilizers by group of inner automorphisms of 
Faltings-Shimura-Hasse-Witt (non-compact) maps; 

- for the parts of a) and b) of Step 2 of 3.13.7.3 referring to centralizers, we need to 
define C as the centralizer of the factors of the lower central series of n. 

A final thought: there are a couple of ways to define the Lie stable p-rank of (M, p) 
(or of FSHW{M, ip)) which can be used to get the analogue of 3.9.4. As we were not 
able to decide on time which is the most practical such way, we postpone to future work 
the definition of these invariants. 

3.13.8. Reductive deviations. We come back to the beginning of 3.13. So k is 

arbitrary. We saw in Example 1 of 2.2.19 that the Shimura adjoint Lie cr-crystal attached 
to Co is not necessarily of reductive type. The number ^, with n e N U {0, oo} as the 
smallest number such that the Shimura adjoint Lie u-crystal attached to (M, gp, G) is 
of reductive type, for g e G{W{k)) congruent to the identity mod p", is referred as the 
first reductive deviation of Cq. Here ^ = and ^ = oo; if n = oo, then g = 1m- 

We now assume k — k. Let p=o := W{0)(Lie{G),p) and let p=oo be the Zp-Lie 
subalgebra of p=o formed by elements fixed by ip. The length of p=o/p=oo ®Zp W{k) as 
a torsion VF(A;)-module is called the second reductive deviation of Cq. 



372 



Example. The first (resp. second) reductive deviation of the cr-crystal associated 
to a supersingular eUiptic curve over A; = ^ is (resp. is 1). 

3.13.9. Toric deviations. We assume k = k. Let p=o and p=oo be as in 3.13.8. 
By the first (resp. second) toric deviation of €, we mean the rational number 

dimH^(fc)(F°(Lie(G))np^o) 
dimvt.(fc)(p=o) 

(resp. '^""^p d^mi^'(p-oo)^^"°°'' ^ ' "^^^ ^^^^ (resp. second) toric deviation of €o is defined as 
the greatest first (resp. greatest second) toric deviation of with the F^-filtration 
of M defining € running through all elements of (of the beginning of 3.13). 

3.13.8-9 extend naturally to the context of Shimura (filtered) Lie u-crystals or isocrys- 

tals. 

3.14. The case p = 2. Referring to 3.1-13, we essentially used the fact that p > 2 in 
precisely seven places: twice in 3.5.4 (see also 3.6.6.2), in 3.6.2 (and the subsequent places 
depending on it, including 3.6.10-11, 3.6.18.0 and 3.9.9 A), in 3.6.18.5.1 and 3.6.18.5.3 
(and so in 3.6.18.5.7 and 3.13.5.1), in the Fact of 3.6.19, in 3.6.20 8), in 3.11.8.1, and in 
Step 2 of 3.13.7.3. We now deal, in a convenient order, with the p = 2 analogues of these 
seven places. 

A. We start with some small remarks. We repeat, cf. 2.2.1 c), that [Fal, 2.3] works 
for p = 2 as well (see also the p = 2 analogue of 3.6.18.4.1.1). In 3.6.18.0 (resp. 3.10.8), 
the p-divisible group D^yi^f^-^ (resp. D) does not necessarily exist, and if exists, it is not 
always uniquely determined for p = 2 (resp. it is not always uniquely determined for 
p = 2: its existence is argued in 2.2.12.1 1)). Accordingly, for the existence part in 
3.6.18.0, for p = 2, we usually need to assume that k is 1-simply connected (i.e. it has 
no abelian extension of degree 2) or that (M, </?) either does not have slope or does not 
have slope 1, cf. 2.3.18.1 B and C. So 3.6.18.5 c) does not need to be modified. In the 
paragraph before 3.4.0, for p = 2 the list of cases when the Lie monomorphism io is not 
an isomorphism is much longer; in fact, in most situations, ic is not an isomorphism. For 
p = 2, a) of3.6.18.10Pl has to be formulated as follows: "is associated to a 2-di visible 
group over Ri or over Ri" . The exponential map (in the generalized Shimura context) 
referred to in 3.6.6.2 for p = 2 does not have the same simplified form as in the proof of 
3.6.6 (i.e. 1m + x mod 4 has to be replaced by a sum 1m + Yl^=i where n e N is such 
that x'^ = 0, Vx e 2Lie(A^_i); however, its usage does not need to be modified). 

B. The equivalence parts of 3.6.18.5.1 and 3.6.18.5.3 remain true for p — 2 but not 
their antiequivalence parts. However, due to the fact that [Fa2, th. 10] is true as well 
for p = 2, the mentioned antiequivalence parts can be reformulated in weaker forms as 
follows. 

BO. Exercise. Any filtered cr-crystal over k is associated to a 2-divisible group iff 
k is 1-simply connected. Hint: one implication is a consequence of 2.3.18.1 B and D; for 
the converse use the part of the proof of 2.3.18.1 B referring to [Og]. 



373 



Bl. Proposition. We refer to 3.6.18.5.1 and 3.6.18.5.3 with p = 2. We assume k 
is 1-simply connected. We have: 

A) the quotient of 2 — DG{Spec{R)) "under the functor 3 " (of 2.2.1.0) is antiequiv- 
alent to the category 2 — A4^[o^i]{R) and so to the category 2 — AiJ-'^^{R); 

B) any object of MJ-"^ ^-^{R) is associated (viaBi) to a finite, fiat, commutative group 
scheme of 2-power order over R. 

Proof: As any object of AlJFjo^i](-R) is the cokernel of an isogeny between 2-divisible 
objects of M.J-'[o^i]{R) (see Fact of 2.2.1.1 6)) and as the equivalence parts of 3.6.18.5.1 
and 3.6.18.5.3 hold for p = 2, B) follows from A). To see A) it is enough to show: 

B2. Lemma. Any morphism ni2 : Ci ^ €2 between two 2-divisible objects of 
M.J^^^{R) is associated (via J])) to a morphism mi2 : D2 ^ Di between two 2-divisible 
groups over R. 

We first consider the case R — W{k). Let (cf our assumption on k and BO) Di be 
a 2-divisible group over W{k) such that D(A) = = (M^, i = 1,2. We write 

Di as the extension of an etale 2-divisible group by a 2-divisible group not having 
slope 0. Ei and Fj are uniquely determined by €i (cf. 2.3.18.1 C and the fact that the 
complex 

^ B{Ei) I]){Di) D(Fi) ^ 

is a short exact sequence). So ni2 determines uniquely morphisms ei2 : F2 — > Fi and 
fi2 : F2 ^ Fi. We need to show: we can choose Di and D2 such that ei2 and /12 are 
determined naturally by a morphism mi2 : -D2 — ^ Di which satisfies D(mi2) = ni2. Let 
F>3 := Di X El F2; it is a 2-divisible group over k. Let {M3, F^ , (p^) be its associated 
filtered a-crystal. 

Based on 2.3.18.1 D, we can work over W2{k). What follows is just a functorial 
version of 2.3.18.1 B (cf also 2.3.18.1.1). We consider the affine scheme FPjef defined 
naturally by the A;-vector space defined by the fibre product of the natural A;-linear maps 

Ext^(Fivt^2(fe), Fi^2(A;)) Ext^(F2H/2(fe), -^iM^2(A;)) 

and 

Ext^(F2VF2(fe)) -^2W2(fe)) Ext^(F2W-2(fe)) -^lW2(fc))- 

Similarly we consider the affine scheme FPfii defined naturally by the A;-vector space of 
the similarly constructed fibre product obtained working in the crystalline context (i.e. 
using lifts mod 4 of the filtrations F^, F2 and F^ mod 2, etc.). The natural morphism 

FPdef ^ i^^'fll 

is a Galois cover (cf 2.3.18.1.2). So the resulting map 

FPdeiik) ^ FPfii(/c) 
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is surjective. ni2 defines naturally an element 



7„,2 e FPm{k). 

We just need to choose Di and D2 to be defined naturally by some element 

7mi2 e -^-Pdef(^) C Ext^(£'ivK2(fc)5 -PllVaW) ^ Ext^ (£'2iy2(fc) , F2VK2(A;) ) 

mapping into 7ni2- 

We come back to the general case: so m G N U {0} (of 3.6.18) is arbitrary. We 
consider the Teichmiiller lift z : Spec{W{k)) ■— > Spec(i?); let /_r be the ideal of R defining 
z. We consider a morphism mfg : -Df — ^ -Df between two 2-divisible groups over W{k) 
such that D(mf2) is identifiable with z*{ni2)- Prom [Fa2, th. 10] we deduce the existence 
of a uniquely determined 2-divisible group Di over R such that z*{Di) = Df and D(Di) 
is identifiable with in a way compatible with the identification I]){D^) = z*{€i), i = 
1,2. There is a uniquely determined morphism 777-12 '• -D2 — Di such that D(mi2) is 
identifiable with 7712 in a way compatible with all previous identifications (this is just the 
endomorphism aspect of the uniqueness argument of 2.2.21 presented in connection to 
[BM, ch. 4] and [Me, ch. 4-5]). This proves the Lemma and so the Proposition. 

B3. Remark. We still assume that we are in the context of Bl above. The 
above proof can be entirely adapted to show that any commutative diagram in the 
category 2 — AiJ-'^ ^{R) is associated via the D functor to a commutative digram in 

2 — DG{Spec{R)). But any morphism between two objects of AdJ-"^ ^{R) can be written 
as a natural morphism (defined by fs and f^) Coker(/i) — > Coker(/2), where /i, /2, /s 
and /4 are morphisms between objects of 2 — M.J^^ ^{R) such that /s o /i = /2 o /4 
(cf. 2.2.1.1 6) and the first sentence of the above proof). So one gets the following 
improvement of B) of Bl: 

Corollary. The quotient of 2- FF{Spec{R)) "under B>" is MJ^^-^^{R). 

B4. Warning. In A) of Bl above (resp. in the Corollary of B3) some 2-divisible 
groups are "forced" to be isomorphic (resp. some finite, flat, commutative group schemes 
of 2-power order are forced to be isomorphic, while some morphisms between them are 
"forced" to be zero). 

B5. We come back to an arbitrary k. The variant 3.6.18.5.7 can be adapted for 
p = 2, cf. 2.3.18.1 C: we just have to work either just with trivial etale parts or just with 
trivial multiplicative type parts (i.e. we get two equivalences and two antiequi valences, 
by working with the corresponding full subcategories of the categories of 3.6.18.5.7). One 
sample: The full subcategory of p — FF{Spec{R)) whose objects have trivial etale parts 
is antiequivalent to the full subcategory of p — A4J-'[q^i^{R) whose objects are such that 
the Newton polygons of their pull backs to cr-crystals over k have no zero slopes. 

B6. Corollary. We refer to 3.6.18.5.1 withp > 2. The category p—DG{Spec{R/pR)) 
is antiequivalent (via D) to the category p — A^[o,i](-R) ^■^ defined in 2.2.1.6. 
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Proof: See [BM, 4.2.4] for the fully faithfulness part. We consider an object 
(M/j, Vmr) of p — A4[o,i](-R). We consider a direct summand F^{Mji) of 
such that C := (Mr, F^{Mii), $Mh, Vm^) is an object of p - M[o^i]{R). If p = 2, we 
need to assume that F^i^Mpi) is such that the pull back of {Mr, F^{A4ji), $Af_R,) via the 
W{k)-valned Teichmiiller lift of Spec(i?), is associated to a 2-divisible group over W{k). 
From 2.2.21 UP (resp. from 3.6.18.5.3) for p > 2 (resp. for p > 3), we get the essential 
surjectivity part of B on objects. This ends the proof 

We refer to 3.6.18.5.1 with p > 2. We consider an ideal In of R taken by into 
itself and such that S := R/Ir is flat over W{k). Let $5 be the resulting Frobenius lift of 
S. We recall (cf. [BM]) that to any p-divisible group D over Spec{S/pS) it is functorially 
associated a crystal 3{D) on the crystalline site C RI S (S / pS / SpecCZp)) . So as the ideal 
pS of S is naturally equipped with a divided power structure and due to the existence of 
$5, evaluating 3(D) at Spec(S') we get a triple (M^, $d, Vd), with Md a free yS-module 
of finite rank, with Vd an integrable, nilpotent mod p connection on Md and with $d 
a $5-linear endomorphism of Md which is VD-parallel. As D lifts to ap-divisible group 
over S, this triple is an object of the category p — A4^{S) defined in 2.2.1.7 4). So we 
get a contravariant functor 



Proof: Let V) be an object of p - Mf^^^^iS). As in Fact of 2.2.1.1 6), (Tg is the 
reduction mod Ir of an object (E of p — A^[o,i](-R). V is the unique connection on the 
underlying ^-module Ms of €3 such that the pair {€3, V) is an object ofp — A4^{S). To 
see this, let Vi be a second such connection. To show that V — Vi G Eiid{Ms)^s^s/w{k) 
is zero, it is enough to show that V and Vi coincide mod p. Using the notations of 



we get that V and Vi coincide mod p. So V = Vi. 

So ((£5, V) = Dg/p5(L>spec(5/p5)), where (cf. B6) D is the p-divisible group over 
R/pR corresponding to €. This ends the proof 

B8. Remark. B6-7 were first obtained (using a slightly different language) in [dJl, 
th. of intro.]. B7 can be combined with [BM] to reobtain the full form of [dJl, th. of 
intro.]. Moreover, we have variants of B7 where S is not necessarily fiat. 

C. It is easy to see that in 3.5.4 it was not at all essential that p > 2. To see this we 
use the notations of 3.5.4, with p = 2. The formula (6) of 3.5.4 remains true for p = 2 (it 
can be checked inside the S'L- group of a 3 dimensional vector space over k) but formula 
3.5.4 a) does not. In fact it is easy to see that it fails precisely in the following cases: 

(*) Gi is an adjoint group of Lie type, with £> I, and a is a short root. 

As (*) is obvious if Gi is of Bi Lie type, to argue (*) we can assume the rank £ of Gi 
is at least 2. Using the fact that all roots of $1 of the same length are conjugate under 



^s/ps ■■ P - DGiSpeciS/pS)) ^p- M^{S). 



B7. Corollary. I^s/pS onto on objects. 




= In + Ir of R; by 

. As rineN-^n = Ir, 
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the Weyl group attached to it (for instance, see [Hul, p. 53]), for the Ai {£ > 2), Di 
(£ > 4), Eq and E-j Lie types, the situation gets reduced to the A2 Lie type, for which 
3.5.4 a) obviously holds. Similarly, for the (resp. Cg) Lie type case, with £ >2 (resp. 
£ > 3), the situation gets reduced to the B2 Lie type (resp. to the simply connected C2 
Lie type): we just need to remark the following two things (valid for £ >2). 

a) The standard monomorphism S0{2£ + 1) SO{2£ + 3) (over any algebraically 
closed field) lifts to a monomorphism Spin(2£ + 1) Spin(2£ + 3) between simply con- 
nected semisimple groups. Here, for ^ G {1, 3}, S0{2£ + i) denotes a simple adjoint group 
of Bg+j Lie type, where j = if z = 1 and j = 1 if z = 3. 

b) We have a similar standard monomorphism from the simply connected semisimple 
group over k of C^_i Lie type into the adjoint semisimple group over k of Ci Lie type. 

The remaining cases, can be studied (the argument of Step 2 of 3.13.7.3 referring 
to [Va2, 3.1.2.1 c)], allows us to shift from positive characteristic to characteristic 0) in 
characteristic 0: the fact that 3.5.4 a) holds or not for Gi can be restated in terms of 
some semisimple group of Bi Lie type are or are not all simply connected). But the 
situation pertaining to the B2 Lie type (adjoint or not, can be read out from [Bou3, (II) 
of p. 201]). This ends the argument for (*). 

On the other hand [BT, 4.2-3] and [Bo2, 3.16] treat the case p = 2 as well and so 
formula (7) still holds for p = 2. So 3.5.4 holds for p = 2 provided we are in the context 
of Shimura cr-crystals or in a generalized Shimura context not involving adjoint groups of 
Bi Lie type. To see that 3.5.4 holds as well for the generalized Shimura context involving 
groups whose derived subgroups have normal, simple subgroups which are adjoint and of 
Bi Lie type, we can proceed in many ways, like: 

i) we shift from an adjoint context to a simply connected context; 

ii) we replace the argument based on 3.5.4 a) and made at the level of Lie algebras 
in characteristic p, either by a refined one or by an argument at the level of reductive 
groups in characteristic 0; 

iii) we refer to J below (for £ >2). 

For the convenience of the reader we include here one way to argue things via ii). In 
the adjoint B^ Lie type context, the Fact of 3.5.4 has to be restated as follows: 

Fact. The Lie subalgebra {g2{-S)r)Qi)<^w{k)k o/fli isSa and ((0aeH2n[o,i] 5'2(a))n 
0i) ®w(fe) k is Pej. 

Proof: We keep using the notations of 3.5.3, with p = 2. As we are dealing with 
the Bi Lie type, \A\ = 1. For the rest of the argument we just use this fact. By reasons 
of dimensions we have (cf. the Fact of 3.4.5.1) 

(1) {g2i-S) n 0i) ®w{k) k = Se,= F^isi) ®w{k) k. 

We consider the parabolic subgroup P>q of Gi whose Lie algebra is ( {®aeH2ri[o 1] fi'2(ct)) H 
Si) k. Using (1) and Fact of 2.2.11.1 we get that P>q is a subgroup of Pg^. So, as 
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in the proof of 3.4.8, replacing Lp2 by g2'^2g2, with g2 G P£-^{W{k)), we can assume 
(INCL) (( ^2(«))n0i) CP,,. 

aG-W2n[0,l] 

Performing the same thing for every z e Ii , we get that we can assume ®aeH2ri[o,i] 

^2 (a) C 

F°(0o)- This together with (1) and its analogues with z G Ii, implies that 
( g2{a)/g2i-S), g2{a)/g2{-S),^2) 

a€7i2n[0,l] ae7i2n[0,l] 

is a p-divisible object of A4J^[o^o](^{k))- 

So (go, ^2) has no slopes in the interval (0, —5) and so {g2{—S) fl gi) ®\4/(fc) /c is the 
Lie algebra of the unipotent radical of -P>q. So from (1) and the Fact of 2.2.11.1 we get 
that in (INCL) we have in fact equality. From this the Fact follows 

D. In 3.6.2 it was crucial that p > 2. So everything in 3.6.1-18, which is not based 
on 3.6.2 or on the antiequi valence parts of 3.6.18.5.1 and 3.6.18.5.3, remains true for the 
case p = 2. In other words, everything in 3.6.1-18 except 3.6.2, the antiequivalence parts 
of 3.6.18.5.1 and 3.6.18.5.3, 3.6.10-11 and the whole of 3.6.14, remains true for the case 
p = 2; in connection to 3.6.18.5.7 see B5. In 3.13.5.1 iv), for p = 2 we need to replace 
DG by its filtered F-crystal. 

E. Despite D above, it is possible to modify the statement and the proofs of 3.6.14.1-4 
accordingly (i.e. without relying on 3.6.2). We have a couple of variants. 

First, if the Shimura-ordinary type associated to the p = 2 SHS {f,L(2),v) has no 
integral slopes, then we do not need any modification to 3.6.2 and so to the whole of 
3.6.14 (cf. D and 2.3.18.1 C and D; in such a context the part of the proof of 3.6.14.1 
depending on 2.2.1.1 2) still holds for p = 2 and so the part of the proof of 3.6.14.1 
referring to [BLR] still applies). Warning: this has limited applications; however p = 2 
variants of 4.6.1 1) below (for instance involving the Ai Lie type, cf. 2.3.18 A) point out 
that occasionally it does apply. 

Second, we replace assumptions SAl-2 by the restatement of property G) of the 
proof of 3.6.14.1, where we do not mention anything about 2-divisible groups; so we work 
entirely in terms of (non-filtered) F-crystals with tensors. So 3.6.14 and 3.6.14.1, under 

the logical (abstract) restatement involving just F-crystals, are true as well for a, p = 2 
SHS (in terms of this restatement, the mentioned part referring to [BLR] can be skipped 
entirely) . 

Third, the proof of Theorem 2 of 3.15.1 below points out that we can still work in 
the context of 2-divisible groups over A;-schemes (see also 3.15.2 below). In other words, 
in the second variant, we can replace F-crystals by p-di visible groups (over A;-schemes). 

Fourth, we have a variant in which we already assume that the things "are fine" mod 
4, i.e. (besides SI or S2) we assume that a scheme Spec(T2) as in the proof of 3.6.14.1 
does exist a priori. 
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Similarly, 3.6.10-11 have to be stated just in terms of filtered F-crystals and not 
of 2-di visible groups. The fact that 3.9.9 A, B and C still holds for p = 2 is implied 
by the proof of Theorem 2 of 3.15.1 below: we just need to be in a context of smooth 
group schemes over W{k) so that the part of the mentioned proof pertaining to lifts of 
cocharacters still applies (cf. also 3.15.3 5) below). 

F. In 3.6.20 8), for the versal (rcsp. uni plus versal) context we need to assume k is 
1-simply connected (resp. that the 2-divisible groups over k defined by special fibres of 
the ones considered in 3.6.19 i), do not have either slope or slope 1), cf. 2.3.18.1 B and 
C. 

G. We refer to 3.6.19. a) of its Fact remains true. Similarly, its Theorem remains 
true: it is stated already in terms of 7>-divisible groups and so (cf. also the extra as- 
sumption (EXTRA) of 3.6.19) for p = 2 we do not get into trouble with D or E above. 
Similarly, its variants iv) to vi) mentioned in 3.6.19 E still remain true. In connection to 
its variant vii) we refer to 4.14.3 K and to [Va5]. 

H. In connection to 3.11.8.1 for p = 2, it is 2.13.8.2 which points out that we can 
still define Pa's. Related to p we need to assume that either (M, (f) does not have slope 
or 1 (cf. 2.3.18.1 C) or p is defined using a 2-divisible group over W{k) as in I below. 

I. Let (M, F"^, G, {tct)ctej) be a Shimura-canonical lift of a (non-necessarily quasi- 
split) Shimura u-crystal with an emphasized family of tensors over a perfect field k of 
characteristic 2. Let Df. be the 2-divisible group over k having (M, (p) as its associated a- 
crystal. As pointed out in 2.3.18.1, it can happen that there is more than one 2-divisible 
group over W{k) lifting Dk and such that its associated filtered cr-crystal is {M,F^,(f). 
However, from 3.11.1 a) (and 2.3.18.1 C) we get that there is a unique such lift D which is 
a direct sum of: an etale 2-divisible group, of a multiplicative type 2-divisible group and 
of a 2-divisible group whose slopes are rational numbers of the interval (0, 1). We refer 
to the pair (D, {ta)a&j) (resp. {Dk, {ta)aej)) as a Shimura-canonical (resp. Shimura- 
ordinary) 2-divisible group over W{k) (resp. over k). 

3. To show that 3.13.7.3 (and so implicitly aU of 3.13.7.1-2 and of 3.13.7.4-8) stiU 
holds for p — 2, we just need to point out that b) of Step 2 of 3.13.7.3 applies in Step 
3 of 3.13.7.3 in the same manner, as we are interested in /c-valucd points of G^'^ and so 
we can work equally well with Fcred instead of Pc- However, referring to b) of Step 2 of 
3.13.7.3, we have the following improvement of it (for the Shimura adjoint Lie cr-context): 

Supplement. We assume p = 2 and that there is a Shimura pair {H, [//]) such 
that P is the parabolic subgroup of H whose Lie algebra is the maximal Lie subalgebra of 
Lie(iy) on which fj, acts via the identity and the trivial cocharacter of Q^n- If moreover 
H is not of Ai Lie type, then Fcred = Pc and so C = N. 

Proof: Let T be a maximal torus of P. Let $ be the set of roots of the action AC 
of T (via inner conjugation) on Lie{H). Let $o (resp. $i) be the subset of <I> formed 
by the roots of the action of T on Lie(P) (resp. on n). As H is adjoint, AC is faithful. 
Based on the proof of b) of Step 2 of 3.13.7.3, we just need to show Fcred — Pc- So, 
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following the pattern of the part of the Claim of 3.5.4 referring to \A\ — 1 and involving 
normalization, we just need to show that: 

Fact. For any a G $ \ there is (3 E such that a + (3 E and the pair {a, j3) 
is not irregular in the sense of [BT, 4-3] (so the p = 2 analogue of 3.5.4 (6) holds for it). 

This Fact can be easily checked (as in Case 1 of 3.5.4) starting from [Bou2, planche I 
to VI] and [BT, 4.3 (i)]. Based on the list of irregular cases of loc. cit., the only situations 
which need extra details are the ones when H is of Bi or Ci Lie type, I G M, with / > 2. 
Choosing a Borel subgroup of P containing T, we get an ordering of $ such that the set 
of positive roots is included in $o- Based on loc. cit., we can assume a is short. For 
future references we assume just that a G $ \ $i. We first deal with the Bi Lie type 
case. With the standard notations of [Bou2, planche II], if a = — cti, with m > 1, 

then we can take /? = (X^^^^ '^i) + '^iYl\=m ^i) ifm >2 and the maximal positive root if 
m = 1. If a = Yl\=m '^ii with m > 2, then we can take /? = X^I^T^ <^j- both situations, 
P is long, and we are not in an irregular situation. 

We now assume H is of Ci Lie type. If a = — J2i=m with l<m<j</ — 1, 

then we can take (3 — ai + 2 Yl!i=rn '^^w assume a = — X]i=m '^^ ^ ^i=n with 

1 < m < n < / — 1. If n 7^ 1, then we can take /3 to be the maximal root. If n = 1, 
then we take {3 — Yl!i=i '^i + Si=] '^i-i where j G 5(1, /) is such that a and (3 are not 
orthogonal. In this last case, P is short but is not perpendicular on a; so we are through 
(cf. [BT, 4.3 (i)]). This proves the Fact and ends the proof of the Supplement. 

3.15. Some conclusions. This section is formed by different conclusions to 3.1-14; 
they are thought as refined versions of parts of 3.1-14 which can be obtained by thoroughly 
combining different parts of it. In 3.15.1-6 and 3.15.9 we deal with Dieudonne theories, 
versal deformations and applications of them. In 3.15.7-8 and 3.15.10 we exploit to a 
much greater extend 3.6.15 B. In particular, we get: 

- a new principle (the boudedness one, see 3.15.7); 

- a new proof (see 3.15.8) of the specialization theorem; 

- a new proof in a slightly more general context (see 3.15.10.1) of [dJO, 4.1]. 

3.15.1. Versal global deformations. 3.6.1.3 allows us (cf. 3.6.9 3)) to strengthen 
3.1.8 and its p = 2 analogue of 3.1.8.1. Let p > 2 be an arbitrary prime and let k be an 
arbitrary perfect field of characteristic p. We have: 

Theorem 1. Any p- divisible group over k admits a versal (global) deformation over 
the p-adic completion of an N-pro-etale, affine scheme Spec(-Ri) over a smooth, affine 
W{k)-scheme Spec(i?) (and so also over an N-pro-etale, affine scheme Spec(^i) over a 
smooth, affine k-scheme Spec(-R) ), of whose Kodaira-Spencer map is an isomorphism. 
We can choose Ri such that Spec{Ri/pRi) is a geometrically connected, AG k-scheme 
and the k-morphism Spec{Ri/pRi) Spec{R/pR) is surjective. Moreover the p- divisible 
group over the generic point of Spec{Ri/pRi) (or of R) is ordinary. 

Similarly, in the relative context, we have: 
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Theorem 2. Let V{W{k)) be a Shimura p- divisible group over W{k). Then there 
is a smooth W{k)-algebra R, an N-pro-etale, affine R-scheme Spec(-Ri), and a Shimura 
p-divisible group T> over Spec(i?i ) such that: 

a) in a W {k) -valued point z o/ Spec(i?f ), T> becomes (isomorphic to) V{W{k)); 

b) T> is a uni plus versal (global) deformation (see 3.6.19 B); 

c) Spec(i?i/pi?i) is a geometrically connected, AG k-scheme and the morphism 
Spec(i?i/pi?i) — > Spec is surjective. 

Moreover, the resulting Shimura aj^^-crystal € over the algebraic closure kg of the 
field of fractions of Ri/pRi is Shimura- ordinary. 

Proof: The parts involving (Shimura-) ordinariness of the above Facts are a conse- 
quence of 3.12.1 and its proof (cf. also 3.14 for p = 2). The case p > 3 is covered, by 
taking slices, by 3.6.1.3, 3.6.2 and 3.12.1: we just have to perform 3.6.11 in the context 
when H is as in the first paragraph after 3.6.14. The fact that the above Theorems hold 
as well for p = 2, can be checked as follows. 

We can refer just to Theorem 2. Copying 3.6 i), parts of 3.6.0-1, and the case n = 1 
of 3.6.1.3, we need to start with a smooth VF(^)-algebra R such that: 

i) it has a connected special fibre; 

ii) its spectrum has a W(k)-valued point z and there is a triple (Spcc(i?), 6^, z) which 
is a potential-deformation sheet in the sense of 3.6.9.1 (so the i?/pi?-module ^ji/pji/j^ is 
free); 

iii) its 2-adic completion is equipped with the Frobenius lift $_r obtained via bji in 
the same way $[/ of 3.6.9.1 is obtained (via bu); so (in z) we have a property similar to 
the one of 2.3.15 c): in particular, 2 is a Teichmiiller lift; 

iv) there is a 2-divisible object (t with cycles of 7WjF[o.i](-R), which in z becomes 
(through pull back) the 2-divisible object €z with cycles of M.J^[o,i]{W{k)) defined by 
V{W{k)), which is modeled (as in 2.2.10 or 3.6.0-1) on <tz and whose truncation mod 2 
is equipped with a uni plus versal connection, respecting the extra "Shimura structure" 
(so the relative dimension of R over W{k) is dd{€)); 

v) the underlying i?^-module of € together with its cycles, is obtained by extension 
of scalars from a pair (M, {ta)aej) over W{k); so it is free, and the referred "Shimura 
structure" is defined by a reductive subgroup G of GL{M) (so the connection of iv) 
respects the G/^-action in the sense of 3.6.1.1.1 2)). 

In connection to iv) we add: working with H as mentioned, we always can assume 
that the part on uni plus versality holds (perhaps after passage to an open, affine sub- 
scheme of Spec(i?) through which z still factors), cf. c) of 3.6.18.7.3 C. 

So we can "perform 3.6.1.3" for € (for n > 2), cf. 3.14 and 3.6.18.4.2. We get: there 
is an N-pro-etale morphism Spec(i?i) — > Spec(i?) to which z lifts uniquely (we still denote 
by z this unique lift), such that Ri/2Ri is an integral ring and (cf. also 3.6.18.8.1 and 
iii) above) the pull back Cr^ of C to Spec(i?i) is a uni plus versal 2-divisible object with 
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tensors of A4J-'^^{Ri). Let d be the F-crystal over Ri/2Ri obtained from (tji^ and its 
natural connection by forgetting its filtration. 

Let JCi be the field of fractions of Ri/2Ri. It is a field which is an N-ind-etale 
extension of a finitely generated field over k and so (see [BM, 1.1.2 (ii)]) it has a finite 
2-basis; i?i/2i?i itself has a finite basis (cf. loc. cit. and ii)) but this is irrelevant for what 
follows. So the first main result of [dJ2] applies: there is a unique 2-divisible group Qic^ 
over ICi whose F-crystal is obtained from by natural pull back. It is worth pointing out 
that the existence of Qjc^^ can be deduced as well from [Fa2, th. 10] using standard descent. 

We sketch the argument. The fc- valued points of Spec(i?i/2i?i) are dense: for instance, 
cf. 3.6.8.1.2 a) and 3.6.18.4.2 b); to be compared with 3.6.1.3 5). Even better, we can 

assume that each point of Spec(i?i/pi?i) of codimension 1 specializes to a fc- valued point 
y, cf. 3.6.8.1.2 b'). Moreover, from loc. cit. we get (see also 3.6.18.3.1) that the F-crystal 
over the completion Ry of the local ring Ry of (any such point) y obtained naturally by 
pulling back Ci, is the F-crystal of a 2-divisible group; it is uniquely determined (for 
instance, cf. [BM, 4.2.4]). Using this and standard Galois descent in an affine context 
(based on the fact that the natural morphism rriy : Spec{Ry) — > Spec(-Ry) is regular, see 
[Ma]), we deduce that the 2-divisiblc group over the perfection of /Ci obtained naturally 
via Ci and classical Dieudonne theory, is in fact naturally definable over /Ci. 

But now, the fact that the 2-divisible group wc got over ICi extends uniquely to a 
2-divisible group ^_R^/2i?i over Ri/2Ri in the way prescribed by (ti, is standard. One very 
fast way to prove this goes as follows. We consider first a local ring V of Ri/2Ri which 
is a DVR. Let ttv be a uniformizer of V and let Vi be a faithfully flat, finite F-algebra 
which is a DVR having Try as a uniformizer, a residue field which is the perfection of the 
residue field of V, and whose field of fractions is an algebraic extension of y[;^]. Using 
the above part referring to m^, we know that there is a local, faithfully flat, V-algebra 
V2, which is a DVR such that: 

- the pull back Qy i^-i of to Spec(V2[— ]) extends to a 2-divisible group over 
Spec(V2); 

- the morphism 777-2 : Spec(V2) Spec{V) is regular. 

From 3.14 B6 we get that there is a unique 2-divisible group over the completion 

Vi of Vi whose F-crystal over Vi is obtained from €1 by natural pull back. As the field 
of fractions of Vi has a finite 2-basis, using again [dJ2] (or using descent as above or 
[BM, 4.2.4]) we get that the notations are fitting each other, i.e. the generic fibre of 

is indeed obtained from QjCi by natural pull back. So (simple argument at the level of 
Vi-lattices) Qy extends to a 2-divisible group Qy-^ over Vi. Though we do not need 

this, it is worth pointing out that there is a unique such extension, cf. [dJ3, 1.2]; the 
reason we do not need this: the F-crystal of Qy^ is automatically (cf. the construction of 
^Vi) the logic pull back of Ci. Standard descent involving the V-algebras Vi and V2 (we 
can assume V2 is complete and so, as m2 is regular, V2 ®v Vi is a DVR), shows that Qjc^ 
extends to a 2-divisible group over V. Using [dJ3, 1.1] {V has a 2-basis, cf. [BM, 1.1.2 
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(ii) and (v)] and the fact that Spec(-Ri/2i?i) is an N-pro-etale Spec(-R/2i?)-scheme) or 
using descent as above, we get that this extension is as predicted by €i. But now, the 
passage from points of codimension 1 to the whole of Spec(i?i/2i?i) is a local statement 
for the faithfully flat topology of Spec(i?i/2i?i) and so we can apply again the part of 
the previous paragraph referring to [Fa2, th. 10] (or to [dJ2], as the field of fraction of 
[[xi, a^dd(e:^))]], with ki an algebraic field extension of k, has a finite 2-basis). 

The trouble with p = 2 is in lifting things modulo 2 to things modulo 4 (cf. 2.3.18.1 
A to C), i.e. we have trouble with filtrations. We can assume ^^1/2^1 [4] is obtained by 
pulling back a finite, flat, commutative group scheme Q{4:)ii/2r over R/2R. Let R be the 
completion of R (or of Ri) w.r.t. its maximal ideal defining z. We can now go around 
this "filtration trouble", using [Fa2, th. 10 and rm. iii) after it]: from loc. cit. we deduce 
(cf. also 2.2.9 1) and 2.2.1.2) the existence of a cocharacter : producing 
as usual a direct sum decomposition M (S>^(j^-) R = Fj^ © such that the pull back of 

Ci and its tensors through the logical VF(/c)-morphism Spec(i?) Spec(-Ri), when its 

underlying i2- module is endowed with the filtration defined by , is a 2-divisible object 

-ft 

with tensors of M.J^^ ^{R) associated to a Shimura 2-divisible group over Spec(J2) lifting 
V{W{k)) and lifting (cf. 3.14 B6) ^^/2fl- From this and [BLR, th. 12 of p. 83] (applied 
very much the same as in 3.6.14.4 but only once) we get that by passing to an etale 
14^(^)-morphism Spec(i?') — > Spec(i?), we can assume that: 

vi) Q{4:)ii/2R lifts to a finite, flat, commutative group scheme ^(4) over R, such that 
the object €(4) := D(^(4)jj/2ii) of MJ^^-^^]{R) has the property that the filtration F| of 

the underlying i?/4i?-module M®-^fj,^^R/AR of C(4) respects the extra Shimura structure 

in the logical way (i.e. it is defined as usual by a cocharacter /i4 : — > Gn/^n); 

vii) 0(4:) in z is the kernel of the multiplication by 4 of (the 2-divisible group of) 
V{W{k)). 

Based on properties of lifting cocharacters (see [SGA3, Vol. II, 3.6 of p. 48]; to be 
compared with [Va2, 5.3.2]) 0r/4r -Ri/4i?i lifts to a filtration F^ of the -module 
^^w{k) ^1 underlying in such a way that we still get a 2-divisible object with tensors 
£2 of A^J^Ji](i?i). Moreover, we can assume that £2 in the factorization z of z through 
Spec(-Ri) is still Cz- By replacing R/2R as well by a suitable localization of it, from 
3.6.18.4.5 we get: we can assume that c) of Theorem 2 holds. So the above two Facts 
follow from the following Claim: 

Claim. ^(4)/jA lifts, as prescribed by C2, to a 2-divisible group Qji^ over Spec(i?i ) 
in such a way that, when endowed naturally with tensors, in z it is T>{W{k)). 

Proof: [Me, ch. 5, 1.6 and 2.3.4-5] implies there is a precisely one way to lift QR^/2R-i_ 
to a 2-divisible group Qr^/4,r-^ over Spec(i?i/4i?i) such that its 4-torsion is the pull back 
of Q{A) to Spec(i2i/4i?i). From [Me, ch. 5, 1.6] we deduce, via a natural limit process, 
that there is a unique way to lift Qr-^/4,r-^^ to a 2-divisible group Qr^ over Spec(i?f ) such 
that its associated 2-divisible object of ^ARi) is ^2- The second part of the Claim 
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(involving V{W{k))) is obvious (cf. 2.3.18.1 D and the construction of Qr^)- This proves 
the Claim. 

3.15.2. The variant of the Fact of 3.6.19 modulo p. Let X be a W{k)-schem.e 
which locally in the Zariski topology is a pro-etale scheme over a smooth W(k)-sch.em.e. 
We consider the category 

defined as follows. If X = Spec(i?) is affine and ^r is a Frobenius lift of R^, then: 

- its objects are formed by quadruples (M, ^m, Vm), where M is an i?-module 
endowed with a $ij-linear endomorphism $m and with a $ij-linear map : F^{M) 
M, with F^{M) as the pull back of the R/pR-suhmodnle of M/pM which is the kernel of 
$M mod p via the natural i2-epimorphism M M/pM, and where Vm is a connection 
on M, with the property that locally in the Zariski topology of X it can be extended 
to a quintuple {M, F'^,^m,^m,'^ m), with C F^(M), such that denoting by ^m\F'^ 
the restriction of to F^, the quadruple {M, F^ ,^m,^m\F^ m) is an object of 

•^•^[0,1] (^); 

- its morphisms from such a quadruple into a similar one (Mi, $Mi, Vmi) are 
given by parallel (in the natural sense) i?-linear maps f : M ^ Mi such that $Mi ° / = 

/ o $M (so f{F\M)) C Fi(Mi)) and $]^^ o / = / o 

If X is not afiine, then we consider an arbitrary cover of X by open, affine subschemes, 
and we glue triples as above using the standard gluing arguments of [Fal, 2.3] (cf. also 
2.2.1 c) for p = 2); due to existence of F^'s, these arguments apply entirely to the 
non-filtered context of A4^^{X). 

We also consider the category 

MV^i^iX) 

defined as follows. If X = Spec(i?) is affine and is as above, then the objects of 
A4V^ ^{X) are quadruples 

{M,^m,Vm,^m), 

with M, $M and Vm as above, with Vm : M ^ M ®r $^-R an i?-linear map such that 
by identifying $m with an i2-linear map $m '■ M <S)r ^^^R ^ M we have 

$M oVm = pIm and Vm o $m = pIm®^ 

(i.e. Vm is a Verschiebung map), which locally in the etale topology of X, are obtained 
from an object of -M^ i]iX) in the logical way (here by "logical" we mean nothing else 

but: if F^ and are as above, then we have Vm ° ^m(^) = x, \/x E F^, cf. 2.2.1.0 
(VPHIONE)). If X is not affine, then we consider an arbitrary cover of X by open, 
affine subschemes, and we glue quadruples as above using standard gluing arguments (of 
crystals on Xk in coherent sheaves). The morphisms of AiV^ ■^^^{X) are (as above) the 
logical ones. 
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Fact 1 of 2.2.1.0 implies: we have a natural identification of the category Aijj i](^) 
with a subcategory (not necessarily full) of A4V^ ^{X). We have: 

Theorem. The category of finite, flat, commutative group schemes of p-power rank 
over which locally in the etale topology of X lift to finite, flat, commutative group 
schemes over X, is antiequivalent to the category A4V^ ^{X) . 

Proof: The functor achieving this antiequivalence of categories is the crystalline 
Dieudonne functor D (see [BBM, ch. 3]) evaluated at (the thickening of X^ defined by) 
X^. D is fully faithful, cf. [BM, 4.2.6]. Based on this and standard descent, to check that 
it is essentially surjective on objects, we can work locally in the (N-pro-) etale topology; 
in particular we can assume X — Spec(-R) is an affine scheme. We fix a Frobenius lift 
of R^. So, the same argument based on [EGA IV, 8.5.2] and used to prove the Fact 
of 3.6.19, allows us to assume i? is a smooth VF(^)-algebra; warning: not to complicate 
notations, even when we use below the N-pro-etale topology, we still refer to X. The 
case p > 3 is a consequence of 2.2.1.1 2), cf. the above definition of i](^) involving 
"locally in the Zariski topology" . 

The case p — 2 can be deduced from the proof of 3.15.1 and the moduli principle 
in the form of 3.14 D, 3.6.18.4.2 and 3.6.18.5.2. This goes as follows. We can assume 
we are dealing with an object O oi which is obtained from an object Of 

of M.J^^^{X) by forgetting the filtration. We can also assume (cf. Fact of 2.2.1.1 6)) 
that C/, when viewed without connection, lifts to a 2-divisible object <t of A4J^[o^i]{X), 
i.e. it is the cokernel of an isogeny nif : €s ^ ^ between two 2-divisible objects of 
•^•^[0,1] (-^)- But in the N-pro-etale topology of X, (t can be viewed as a 2-divisible 
object of AiJ-'^ ^{X) lifting Of (i.e., using connections, m/ can be viewed locally in the 

N-pro-etale topology of X as an isogeny mj between 2-divisible objects of M.T^ ^{X) 
having Of as its cokernel; argument: this is just an abstract extension of the proof of 
3.6.18.5.2, cf. 3.6.18.5.4 1)). 

So, from the proof of Theorem 2 of 3.15.1 involving the existence of Qrj^/2Ri and 
from the fully faithfulness of D (in the context of 2-divisible groups over Ri/2Ri: see 
[BM, 4.2.6]), we get that in the N-pro-etale topology of X, the object of MV^^-^^{X) 
naturally defined by O is associated (via D) to a finite, flat, commutative group scheme 
G of 2-power order over X^: G is the kernel of an isogeny zi2 : Di ^ D2 between two 
2-divisible groups over Xj,. ii2 is defined via: D(ii2) is the morphism mJ but viewed (by 
forgetting filtrations) as a morphism of p — -M^ i](^)- We can assume G lifts to a finite, 
flat, commutative group scheme over X: using Artin's approximation theorem this is a 
consequence of A) and B6 of 3.14 (applied in the context of the pull back of mJ over 
completions of henselizations of localizations of X w.r.t. its maximal points); but as any 
flnite, flat group scheme is of flnite presentation, we can replace the N-pro-etale topology 
of X by the etale topology of X. This proves the Theorem. 

3.15.3. Comments and variants. 1) The expectation of 3.6.8.9.1 gets translated: 

in the two Theorems of 3.15.1, (at least if k is "almost" algebraically closed in some sense) 
it should be possible to avoid the "complication" with N-pro-etale morphisms (and so 
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to avoid introducing -Ri). For the case k — k, in connection to Theorem 1, this is 
achieved (using extra tools) in (a stronger form in) 4.12.12 and 4.12.12.2. Here we just 
add: the (ineffective) existence of ^(4) can be deduced as weU from [II, 4.8] and Artin's 
approximation theorem. 

2) The argument of 3.15.2 involving the essential surjectivity part (on objects) used 
for p = 2 works as well for p > 3. 

3) We have a logical variant of 3.15.2 in the context of the spectrum of a regular 
VF(/c)-algebra of formal power series. It can be proved in the same way: instead of 
referring to 3.15.1, we can just quote directly 3.6.18.5.1 (for p > 3) and A) of 3.14 Bl 
(for p = 2). Even better, we have: 

Corollary 1. 3.15.2 remains true, if instead of X we use its completion Xy along 
a closed subscheme Y which is formally smooth over W{k). 

Proof: MV^ ^{Xy) is defined as follows. We can restrict (via gluing arguments 

as in 3.15.2) to local charts. So we can assume Xy = Spf(i?), with R a iy(^)-algebra. 
We take MV^ ^-^{Jty) to be MV^ ^^{Spec{R)) defined as in 3.15.1. It is weU known that, 
locally in the Zariski topology of Y^, the completion of along Y"^ still has a finite p- 
basis (for instance, see [dJ2, 1.1.3]); so the fully faithfulness part of the Corollary follows 
from [BM, 4.1.1]. Using an entirely similar algebraization process as in 3.6.20 3), we 
get (from Theorem of 3.15.2) the essential surjectivity part of the Corollary (the part 
involving lifts of finite, flat, commutative groups schemes over Xy^^ to ones over Xy in 
the etale topology is as in the last paragraph of 3.15.2). 

4) Using the proofs of 3.15.1-2, we get a second proof of b) of the Fact of 3.6.19. It 
has the advantage that it entirely avoids the use of the language of Fontaine's comparison 
theory with M/Vn(Fp)-coefficients, m G N (we recall that the proof of [Fal, 7.1] relies on 
such a theory). Warning: in the way we have presented the things, by avoiding Fontaine's 
comparison theory, we implicitly use [Fa2, th. 10] (or alternatively [dJ2-3]). 

5) Putting aside the Shimura-ordinariness part of Theorem 2 of 3.15, a) to c) of 
it can be entirely adapted to the context of 3.6.18.7.0 and even more generally to the 
context of 3.6.18.7.1 a). 

6) The spirit of this paper is "centered" on perfect fields. However, it can be easily 
checked that 3.15.2 and Corollary 1 of 3) can be entirely adapted to the case of fields 
having a finite p-basis: we just have to use (besides [BM, 4.1.1 or 4.2.6]) an elementary 
variant of b) of the Fact of 3.6.19 (which allows us to pass 3.15.2 from perfect fields to 
fields having a finite p-basis), in the context of the categories AiV^ -^^{*). Warning: if we 
are dealing with a field /cq having a finite p-basis, the sheaves of relative diff'erentials are 
relative to DmefikQ and not to ko and so, even when we are dealing with M.V^ ^ {W{ko)), 
non-trivial connections do show up. 

For the convenience of the reader we include here a weaker form of the referred ele- 
mentary variant, which is enough for applications in connection to 3.15.2 and to Corollary 
1 of 3). We start with an etale, affine Spec(VF(/co)[a^i, Xm])-scheme X, with m G N; we 
choose the Frobenius lift of X^ to be the natural one defined by: Xi goes to x?, i — l,m. 
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We write ko as an inductive limit of smooth, integral, finitely generated Fp-algebras -Rq , 
a E J, with flat but not-necessarily etale transition homomorphisms. Let be the 
field of fractions of Rq. We can assume that each Rq lifts to a smooth, integral, finitely 
generated Zp-algebra R". 

Let n E N. We write Xyy^f^j^^^ as the projective limit of X", a E J', where each 
is an etale, affine Spec(WVi(/cQ a:m])-scheme. Localizing X, we can assume 

that each X!^ lifts to an etale, affine Spec(M^(/co )) [xi, x^]) -scheme X"; warning: we 
do not assume the existence of any transition morphisms between X'^'s. The category 
A4V^^{X) is defined as in 3.15.2. Let € be an object of it annihilated by p'^. We can 
assume that the connection on the underlying module of ^ is involving ^, p" v 

As 0„ ,,,, fjpr^s is a finitely generated Ox,.r ,u ^ -module which is the proiective limit 
of the finitely presented Ox;^ -modules f^x«/VK„(fe«p")' proof of the Fact of 3.6.19, 

we get that C is obtained by pulling back an object of TWVj'^ ^^^(X""), for some 
CKo G J ■ Localizing -Rq", we can assume is obtained from an etale, affine scheme 
over Spec(J2o" [xi, by natural pull back and that this etale scheme lifts to an etale, 
affine scheme over Spec(i?'^°[a;i, ...,a;n]). Localizing i?Q° further on, we can assume 
lifts to an object Cj^j^ of AlVj^ via the natural homomorphisms 

(the first one, cf. the smoothness of just lifts the natural identification 

R'^°/pR'^° = VFi(i?Q"); it is trivial to check that, as denoted, it is an isomorphism). 
Applying Theorem of 3.15.2 to we get that € is associated to a finite, flat, group 
scheme annihilated by over Xj. which locally in the etale topology lifts to a group 
scheme over (and so -via [BLR, th. 12 of p. 83]- over X). 

The passage from the smooth context to the formally smooth context is entirely the 
same as the algebraization process of 3.6.20 3): we end up not with but with the 
infinitesimal neighborhoods (in V^^) of a closed subscheme of it which is smooth over 

As a conclusion, using the above mentioned adaptation, we reobtain in a completely 
new manner [dJ2, first main result]: even for p = 2 we can avoid entirely the use of [dJ2-3] 
in the proofs of the two Theorems of 3.15.1 (cf. their references to descent). Moreover, 
3) points out a weakening of the conditions (restrictions) in [dJ2, first main result]. We 
get: 

Corollary 2. In loc. cit. one can replace "is locally of finite type over a field with a 
finite p-basis" by: is locally a pro- etale (formal) scheme over a (formal) scheme of finite 
type over a field with a finite p-basis. 

Warning: Corollary 2 is by no chance a trivial improvement. For instance, there are 
pro-etale schemes over a scheme of finite type over a field ko with a finite p-basis, which 
have closed subschemes of codimension 1 having no /co-valued points. 

3.15.4. More on b) of the Fact of 3.6.19. We assume p > 3. Let k he a perfect 
field of characteristic p. Let X be a regular, formally smooth l^(A;)-scheme which locally 
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in the Zariski topology is a pro-etale scheme over a smooth -scheme. Let Xy be the 
completion of X along a closed subscheme Y which is formally smooth over W{k). Let Z 
be a pro-etale, formal scheme over Xy', locally Z is the completion of a pro-etale scheme 
over a smooth -scheme along a closed subscheme of it which is formally smooth over 
W{k). Z^ is the formal scheme obtained by completing Z p-adically (so, if Z = Xy, 
then Z^ is the completion of X along Yfc). The category AiJ-'^ ^(Z) (and so implicitly 

p — A4J-'^ ^-^{Z)) is defined as follows. We can restrict (via standard gluing arguments) 
to local charts, i.e. we can assume Z is the formal scheme defined by completing a pro- 
etale, affine scheme Spcc(A) over a smooth, affine VF(A;)-scheme along a closed subscheme 
of it defined by an ideal I a of A such that Spec(A//^) is formally smooth over W{k). 
Denoting by A the completion of A in the /^i-topology, we take 

Sop- MJ^['^^^j(Spf(i)) =p- MJ^^^^^iA). We have: 

Corollary. The category p — DG{Z^) (resp. p — FF{Z^)) is antiequivalent (via the 
D functor) top- MT^^^^^ (Z) (resp. to MJ^^^^^ (Z) ). 

Proof: Starting from Corollary 2 of 3.15.3 6) and Grothcndieck-Messing theory 
of lifting p-divisible groups (see [Me, ch. 4-5]) the part referring to p-divisible groups 
follows. The part referring to finite, flat, commutative group schemes of p-power rank, 
results from its part referring to p-divisible groups, once we remark three things: 

a) D is faithful (working in the faithfully flat topology, this is a consequence of 
3.6.18.5.3); 

b) any object (resp. morphism) of M.J^^^{Z), locally in the N-pro-etale topology 
of Z lifts to a 7>-divisible object (resp. to a morphism between two p-divisible objects) 
of A^jFj^^j(Z): using Fact of 2.2.1.1 6) and the p > 3 analogue of 3.14 B3, this is a 
consequence of 3.6.18.4.2 (resp. of 3.6.18.5.4 1)); 

c) Galois descent allows us to replace "in the N-pro-etale topology" by "in the Zariski 
topology" in b) (cf. a)). 

In fact, using the equivalent of Corollary 1 of 3.15.3 3) over k, 3.6.18.5.3 and [BLR, 
th. 12 of p. 83], in b) we can work locally in the etale topology, without "appealing" to 
a p-di visible context. 

3.15.4.1. Variants. 3.15.4 and 3.6.18.5.8 can be combined. Similarly, if p — 2, 
the variant of 3.6.18.5.7 pointed out in 3.14 B5, can be combined with Corollary 2 of 
3.15.3 6), to get a variant of 3.15.4 which disregards either all multiplicative type parts 
or all etale parts. Also, 3.15.4 has a version in which k is replaced by any field having 
a finite p-basis: [dJ2, 2.2.2-3] is the main ingredient needed to show that the category 
•^*^[o^i]( ) ^^^^ defined and does not depend on the choice of a Frobenius lift of A^; 
see also [dJ2, 2.3.4 and 2.4.8] for interpretations of p — M.J-'^ ^AA) in terms of suitable 
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filtered F-crystals. Warning: in the case of a field having a p-basis, 3.15.4 b) has to be 
replaced by the paragraph following 3.15.4 c). 

3.15.4.1.1. Some extensions to p-divisible contexts. For future references we 
also point out the "p-divisible" form of 3.15.2 and of Corollary 1 of 3). We have: 

Corollary. We refer to 3.15.2 (resp. to Corollary 1 of 3)). The category p — 
DG{Xy,) (resp. p — DG{Xy^)) is antiequivalent (via B)) to p — AiV^ ^{X) (resp. to 

P-MVl,^{X^)). 

3.15.5. Open questions. Let O be as in 2.2.1.4 and let (Y^U) be as in 2.2.1.4.1. 

Let n > 2, n G N. Let f : Gi ^ G2 be a morphism between truncations mod p^ of two 
p-divisible groups over lo/pO- connection to 3.6.14.4.1, 2.2.1.4 and 3.15.2, we have 
the following question. 

Ql. /// restricted to U is an isomorphism (resp. is a closed embedding), what extra 
conditions assure us that f is an isomorphism (resp. is a closed embedding)? 

We now present an approach which we hope will lead to an answer to Ql. Following 
the proof of 2.2.1.4 we can assume Y = Spec{W {k)[[T]]) , with k = k, and its Frobenius 
lift is defined (at the level of VF(/c) -algebras) via: T goes to T^. Using [II, 4.8] we get that 
Gi and G2 lift to truncations mod of p-divisible groups over R := iy(/c)[[T]]. So we 
can apply 3.15.2 to /. We can write D(/) as a morphism m.12 between truncations mod 
of two objects of p — 7W[o,i](l^); here we identify p — A^[o,i](l^) with p — A4j^ i]0^) 
(cf. the logical non-filtered version of 3.6.18.5.1 and its p = 2 analogue). As n > 2, often 
the truncation mod p of mi2 can be viewed as well as a morphism between two objects 
of M.J^[o,i]{Y). If this is so, then as in the proof of 2.2.1.4 we conclude that the induced 
morphism f : Gi[p] — > G2[p] is an isomorphism (resp. is a closed embedding) and so 
using Nakayama's lemma, we get that / is an isomorphism (resp. is a closed embedding). 

We now assume Y^ is equipped with a Frobenius lift and that O = W{k). For 
future references we also point out the following two general forms of Ql which involve 
"arbitrary" p-divisible objects and for which the previous paragraph can be naturally 
adapted. Let yo : Spec(/co) — > F be the maximal point of Y. Let Ci and €2 be two 
objects of 7? — M.[o^a]{Y), with a E N. Let m : €i/p'^^(ti ^2/p^'^^2 be a morphism 
between two of their truncations; we view it as an Cy-linear map between Oy-sheaves 
endowed with Frobenius endomorphisms. Let iu be the inclusion of U in Y . We assume 
n2>ni>a-\-l. 

Q2. Ifni = 77-2 and if%ij{m) is an isomorphism (resp. an epimorphism) , what extra 
conditions assure us that m is an isomorphism (resp. an epimorphism)? 

Q3. We assume the kernel of ilf{m) is included in p^ times the underlying Ou- 

sheaf of ilj{(ti/p'^^€), with h G S'(a + 2,ni). Under what conditions the underlying 
W{kQ)-module Mq of the kernel of yoim) is included in p'*"""! times the underlying 
W {ko) -module Moi of y^{^i / p""^ €1) ? 
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3.15.6. Complements on the deformation theory in the generaUzed 
Shimura context. In what follows we point out that 2.2.21 UP, 2.4, 3.2.4, a great 
part of 3.6 and 3.15.1 hold in the generalized Shimura context, provided we state every- 
thing in terms of (filtered) F-crystals. To avoid repetitions we refer to parts of 3.6 and 
3.11 even if p = 2, without mentioning each time that this is allowed by (different parts 
of) 3.14. 

We start with a generalized Shimura p-divisible object C = (M, {F^{M))^^s{a,b): '-Pi G) 
of MJ^[a,b](^(^))'^ ita)aej be a family of tensors of T(M[i]) as in 2.2.9 3a). Let 
fi : Gm — > G be the canonical split cocharacter of C (see 2.2.1.2). Let N be the integral, 
closed subgroup of G whose Lie algebra is the Lie algebra of Lie(G) on which Grn acts 
via /U (and inner conjugation) through the identical character. It is commutative and 
unipotent. Let R be the completion of in the origin. We choose an isomorphism 
/ : R^W{k)[[xi, ...,Xd]], with d := dimvi/(fc)(-^^)- Let be the Frobenius of R as in 
2.2.10. We consider the triple 

€r := (M (^w{k) R, {F\M) ®w{k) R)ieS(a,b), ® 1)), 

with n G N[R) as the universal element. There is a unique connection V on <tfi (cf. 
3.6.18.7.1 b) and c); the rank of is 0). Let P<o (resp. P>o) be the parabolic subgroup 
of G having W'^ (\Ae{G) ^ (f) (resp. Wo(Lie(G), <^)) as its Lie algebra. Let P<o be the 
unipotent radical of P<q. 

A. We first assume C is a Shimura-canonical lift in the sense of 3.11.6.1: to motivate 
what follows in D and E below and to first deal with shorter proofs, we treat till end of 
B the simplest case of such a C 

From 3.11.6 B) and the Fact of 2.2.11.1 we get that is a subgroup of P<o. Moreover, 
V is of the form 5 + /3, with 5 as the connection on M ®w{k) R annihilating M and with 

(BETA) P e Lie(P<o) ®w{k) K/wi,k) ■ 

(BETA) is very much the same as [Fa2, rm. ii) after th. 10], being a property of cr-<S- 
crystals; it is a consequence of 3.6.18.7.1 b) and c). 

We consider the triple 

:= (Lie(P<o) ®w{k) R, F°(Lie(P<o)) (^wik) R, n{p<f ® 1)). 

It is an object of p — M.J-'[o^i] [R) ■ The generic fibre of the action (via inner conjugation) of 
P<o on Lie(P<o) is faithful (this can be seen easily by looking at the restriction of ad(a:), 
with X G Lie(P<o), to the Lie algebra of a maximal torus of P<o). So V is integrable 
if the connection on it induces naturally (and with which it can be identified) is 
integrable. So from 3.6.18.4.1 we get: 

Corollary. V is integrable and so (C^, V) is a p- divisible object of M.J-'Z f^AR) . 
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B. The Kodaira-Spencer map of V is injective (this, as in [Va2, 5.4.8], is a conse- 
quence of the shape of N). Let Ri := VF(fc)[[2;i, 2;^]], with m e N, and let be 
its Frobenius hft taking Zi into zf. We consider a p-divisible object (€1, {t'^)aej) with 
tensors of AiJ-'[a,b]iRi) which under puU back via the Teichmiiller hft zi : Spec{W (k)) 
Spec(-Ri) is 1 j'-isomorphic (in the sense of 2.2.9 6)) to C; we view this 1 j--isomorphism 
as an identification. We have: 

Theorem. There is a unique connection Vi on (ti. It is integrable, nilpotent mod 
p and respects the G-action. Moreover, there is a uniquely determined W {k)-morphism 
zr : Spec(i?i) — > Spec(-R) such that zrozi is the Teichmuller lift Spec(M^(/c)) — > Spec(-R) 
and (^1, Vi, (ia)aej-) is isomorphic to 2;^(€ij, V, {ta)a£j) through an isomorphism which 
in z\ is the mentioned identification. 

Proof: 3.6.18.7.1 b) and c) imply the existence and the uniqueness of Vi as well 
as that Vi respects the G-action. The rest is entirely the same as the arguments of 
[Fa2, th. 10 and rm. iii) after it], as the Kodaira-Spencer map of V is injective and 
d = dimvK(A:)(Lie(G')/F'^(Lie(G))) (the essence of loc. cit. is captured by these two 
properties and by Corollary of A). This ends the proof. 

C. We do not assume any more that (M, 99, G) is Shimura-ordinary. As in 3.2.3 
we deduce the existence of G G{W{k)) such that (Lie(G), fif(/7, F°(Lie(G)), F^(Lie(G))) 
is of Borel type. Prom 3.11.6 B) we get that (M, {F^{M))i^s{a,b)^ is a Shimura- 
canonical lift of {M,(p,G). As above we construct Cr. As 3.4-5 treat the generalized 
Shimura context, from 3.4.6 wc get that the slope —1 of (Lie(G), (p) is at most equal to 
the slope —1 of {Lie{G), g<f). From 3.6.18.5.5 B we get that the pseudo-multiplicity of 
(Lie(G), h(p) is the same as the multiplicity of the slope —1 of (Lie(G), h(p), Wh G G{W{k)) 
(cf. also 3.4.5.1 A and B). 

D. Theorem. In 3.6.18.7.3 C the word potentially can he dropped (i.e. M{ft) and 
M{(t/p^(t) are moduli schemes of integrable connections) . 

Proof: We refer to the notations of 3.6.18.7.3. We can assume that R = 
W{k)[[xi, ...,Xm]], with m eN and k — k, and that X — Spec(i?). So in Proposition of 
3.6.18.7.3 A we have Ri = R = R^. Prom 3.6.18.7.1 b) and c) we get: any connection V 
on € which respects the Gi?-action is of the form 5r + with /? e Lie(G'^®^) <Sir ^R/w{k)- 
We need to show: V is integrable. 

Based on C, the proof of 3.6.18.4.1 can be adapted to a great extend to the context 
of 3.6.18.7.3 C. Warning: there is one significant difference which does not allow us just 
to copy the mentioned proof. The obstacle to be overcome is: 

ob) In 3.6.18.2 we had to deal only with integral slopes which made its proof very 
simple. The slopes of (M, g(fi) (of C) are often "far" from being integral. 

The overcome ob), we first pass to an adjoint context as follows. Due to the fact that 
5r is defined via the Zp-structure Mz of the last proof of 3.6.18.7.3 A, to show that V 
is integrable it is enough to show that the connection on Lie(G^) induced (as in 2.2.10) 
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by V is integrable. So we can assume that Gr is adjoint and that the representation of 
Gr on Mr is the adjoint representation; so Mr = Lie(Gfl) and (a, b) = (—1, 1). 

Gr is the pull back of an adjoint subgroup Gzp of GL{Mzp). So Lie(Gfl) = 
Lie(G2p) ®Zp R- Based on the Lemma of 3.6.18.7.3 A, wc can assume there is a cocharac- 
ter hr : Gm ~^ Gr defining (as in 2.2.11 1)) the filtration {F^{Lie{G R))i^s of Mr; 
even more we can assume that fiR is obtained from a cocharacter fi of G\y(^k) by natural 
pull back. So we can write $Mh = gRi^ ® 1), where if := cr/x(^), with a viewed as a 
cr-linear automorphism of M := Lie(G^(fc)) fixing Lie(Gzp)- 

Based on this expression of on C we can algebraize the things as in the 

proof of 3.4.18.6.1: so we "connect" € with a generic situation defined by a triple 

€r := (M ®w{k) R, {F\M))ies (-1,1) ®wik) R, 9r{9V ® 1)) 

which is an object olp — M.J-'\^_i i\^{R). Here R is endowed with a Frobenius lift $^ of mul- 
tiplicative type (possible different from $[/ of 3.6.18.7.3), qr G Gr{R) mod (xi, ...^Xm) 
is 1m, F'{M) is the direct summand of M such that F'{Mr) = F'{M) ®w{k) R, i = M, 
while g G G\Y(^i^){W{k)) is (as in C) such that the Shimura adjoint Lie a-crystal {M,gip) 
is Shimura-ordinary. So the Theorem follows from the following Lemma. 

Lemma. Any connection Vr on (Hr respecting the GR-action (i.e. of the form 6+ (3, 
with S as in A and with j3 G Lie(Gi?) ®r ^R/w{k)) is integrable. 

Proof: We can assume (M, gip) is cyclic (equivalently, that Gz^ is Zp-simple). As 3.4 
handles the case of Cl{M, (p, Gvf(A;)) ^ well, from 3.4.8 we get that the Newton polygons 
of pull backs of €r through geometric points of Spec{R/pR) all have the same Newton 
polygon and so are Shimura adjoint Lie F-crystals which are Shimura-ordinary; here 
the pull backs are obtained via Teichmiiller lifts. So based on this we can imitate the 
arguments of B to overcome the obstacle ob). 

For this we consider the $^-linear map ^ : Mr — > Mr obtained as ^ of 3.4.5; we 
call it the Faltings-Shimura-Hasse-Witt shift of €r. Let N be the Zp-submodule of Mr 
formed by elements fixed by N ®Zp -R is a direct summand of M <S>w(k) Rj cf. [De3, 
1.2.4] and the above part on (constant) Newton polygons. 

If G'h'(A;) is not (resp. is) of Lie type, let P<o be the subgroup of Gr (resp. of 
the simply connected semisimple group cover of Gr) normalizing N R', we can 
view N <SiZp R as well as a Lie subalgebra of Lie(G|^). Based on the Claim of 3.5.4 (for 
p — 2, cf. also 3.14 C and J), by reasons of dimensions we get that for any Teichmiiller lift 
TL : Spec{W (ki)) Spec(i?), with ki a perfect field containing /c, the image of P<ow(ki) 
in Gw{ki) is the parabolic subgroup having W^{MR®RW{ki),TL*{gR){gy^ ^ 1)) as its 
Lie algebra (it normalizes N M^(/ci), cf. 2.2.3 3)); this justifies our notation with < 
as a lower right index. So as in the proof of 3.6.18.7.3 A involving the adjoint context we 
get that P<o is a parabolic subgroup of Gr (resp. of G^). Let P<o be the image of P<o 
in Gr. pgR^gf ® 1) takes Lie(P<o) onto itself. 

We consider the intersection Hr/pR of P<oR/pR with Pr/pR. Its fibres are smooth, 
connected and of same dimension: using the same type of pull backs as above, this follows 
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easily from 3.11.6 A and B (more precisely, the smoothness part follows from the fact 
that the intersection P<ow{ki) ^ -FW(fei) contains a maximal torus of Gvk(A;i); see [SGA3, 
Vol. Ill, 4.1.1-2 and 475 of Exp. XXVI]). So (as in the part of 3.6.18.7.3 A refering to 
Nr/pr) the group scheme Hr/pR is smooth. As Hk contains a maximal torus of Gk, 
from [SGA3, Vol. II, 3.6 of p. 48] we get Hr/pr contains a maximal torus of Gr/pr. 
Following the proof of Fact 2 of 2.2.9 3), we can assume (after suitable G(-R)-conjugation) 
that H := P<o fl P contains a maximal torus of Gr and that /ir factors through it. We 
get that the triple 

(Lie(P<o), FO(Lie(P<o)), gR{g<f (g) 1)), 

with <p := p(p, is an object oi p—M.T[o^i]{R) . As in A we get that P e Lie{P<o)<SiR^R/w{k) 
and that Vr is integrable. This ends the proof of the Lemma and so of the Theorem. 

Warning. The way we got this Corollary does not apply to get that all connections 
of 3.6.18.7.1 c) are integrable. But we do expect that all such connections are integrable. 

E. D achieves the deformation theory in the generalized Shimura context. So many 
parts of 3.1-4 and 3.6.7-14 hold (occasionally under minor restatements) for the general- 
ized Shimura context. In particular, we get: 

Corollary. B holds without assuming that (M, g(f, G) is Shimura- ordinary. 

For the sake of convenience, the part involving Newton polygons (i.e. pertaining to 
3.1.0, 3.2.4, etc.) is deferred to Appendix. Here we just point out that: 

- 3.1.0 d), 3.7.6 and 3.12 remain valid in the generalized Shimura context (no change 
of arguments are needed); 

- 3.6.1.2-3, 3.6.18.2-4 and 3.6.18.8 for the generalized Shimura context are already 
"encompassed" by 3.6.18.7.1 c), 3.6.18.7.3 C and D; 

- one can state forms of 3.6.18.5.1, 3.6.18.5.3 and of 3.6.18.5.7-8 for the generalized 
Shimura context; as this context is not well suited from the point of view of morphisms, 
these forms are not stated here: we just mention that they are a consequence of 3.6.18.7.1 
c), 3.6.18.7.3 C and D; 

- the inducing property of 3.6.18.5 still holds for the generalized Shimura context: 
we just need to restate its c) part in terms of —1 slopes of attached Shimura adjoint Lie 

(j-crystals; 

- Corollary is the natural extension of 2.2.21 UP; 

- all of 2.4 can be adapted for p > 5 to the generalized Shimura context (we just 
need to work -cf. 2.2.13.4- with filtrations in the adjoint context and so involving the 
range [—1, 1]); moreover, we have weaker versions of these adaptations for p e {2, 3} (to 
be compared with 2.2.16.5 and 2.3.18.3). 

3.15.7. The boundedness principle. There is a widely spread opinion that p- 
divisible groups (and so by extrapolation p-divisible objects) involve an infinite process. 
The Fundamental Lemma of 3.6.15 B points out that this opinion is not quite accurate. 
Our philosophy (already hinted at in 3.6.18.10) is: 
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Ph. p-divisible objects involve a "bounded infinite" process. 

Till the end of 3.15.7 we formalize what we call the boundedness principle and so 
"implicitly" explain what we mean by a "bounded infinite" process. Different forms of it 
will be indexed by numbers attached to BP. 

We start with definitions meant to ease the statement of results. Till end of §3 we 
work with p > 2 and with k a perfect field of characteristic p. In all that follows M is a 
free W (k) -module of finite rank cZm G N. 

A. Definitions, a) By an elementary Diciidonne (resp. elementary Dieudonne- 
Fontaine) object of p — Ai{W{k)) we mean an object (M, ip) for which there is a W{k)- 
basis {ei, ...,edj^} of M such that (fi{ei) = p^^^Ci+i, i = l,dM, with Cd^+i = ei, rti = 
if z e S{1, du — 1), and e Z is relatively prime to du (resp. with e^^+i = ei and 
nj's being either all non- negative or all non-positive, and which can not be written as a 
direct sum of non-trivial p-divisible objects whose underlying -modules have such 

W(A;)-basis). Such a W(A;)-basis {ei, ....CiIm} is called a standard W{k)-hasis of (M, </?). 
An object of p — M.{W{k)) is called a Dieudonne (resp. Dieudonne-Fontaine) object if 
it is a direct sum of elementary Dieudonne (resp. of elementary Dieudonne-Fontaine) 
objects of p — M{W{k)). 

b) By the Dieudonne volume (resp. torsion) of a latticed isocrystal £ = (M, (p) we 
mean the smallest number DV{<1) G N U {0} (resp. DT{(t) G N U {0}) such that there 
is an isogeny m : Ci ^VK(fc) (^^ latticed isocrystals), with €i a Dieudonne object of 
p — Ai{W{k)), defined at the level of VF(A;)-modules by a monomorphism m : Mi ^ M 
such that M/m{Mi) has length DV{€) (resp. such that p^'^'-^M C m(Mi)). 

c) Similarly to b) we define Dieudonne-Fontaine volume DFV{(t) (resp. torsion 
DFT{€)) of €. 

d) We consider an n-tuple r := (ai, ...,a„) formed by integers. If J27=i'^i non- 
negative (resp. non-positive) then by the non-negative (resp. non-positive) sign deviation 
of T we mean the maximum value of —1 (resp. of 1) times sums which are of the form 
X^i=m ^j' where m G 5(1, n) and s G S{m, n + m — 1), and which have the property that 
all its subsums of the form Oj, with mi G S{m,s), are (warning!) non-positive 
(resp. are non- negative). If positive (resp. is negative), then by the sign 
deviation SD{t) of r we mean its non-negative (resp. its non-positive) sign deviation. If 
l^r=i ~ ^' then by the sign SD{t) of r we mean the minimum between its non-negative 
and non-positive sign deviations. 

d') As in d) we define the (non- negative or the non-positive) value deviation VD{t) 
of T, by considering sums of different entries (not necessarily consecutive) of r which have 
the same sign. 

e) The entry of r is called quasi-special, if the sum Yli=q+s '^i ^ ^^S^ which 
does not depend on s G S{—n + 1,0). If all these sums are negative (so also ag < 0), we 
refer to Q/q cLS cL special negative entry of r. Similarly we define special positive entries of 
T. By the negative (resp. positive) sp-invariant of r we mean the number 

sp-{t) G NU {0} 
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(resp. the number sp+{t) G NU{0}) of special negative (resp. of special positive) entries 
of T. 

The existence of DV{(t) and so of DT{€) is equivalent to Dieudonne's classification 
of isocrystals over k and this explains our terminology. Obviously 

DFV{(i) < DV{€) 

and 

DFT{€) < DT{€). 

Examples. SD{-1, 1, -1, -1, 1, 1, 0, -1) = 1 + 1 = 2, SD{1, 1, -2, 1, 3) = 2 and 
SD{— 1,1,— 1) = 1. sp_(— 1, 1, — 1, — 1, 1, 1, — 1, 0, — 1) = 2 (the special negative entries 
being the last two —1). 

3.6.15 B can be restated as: 

BPO. The isomorphism deviation of any a-S-crystal (M, ^p, G) over k is a finite 
number which is not bigger than 2DT(Lie(G), + 1 + SL{<fi), where sl{v) G N U {0} is 
the smallest number such that p^'^^'^^(p (1^16(0)) C Lie(G). 

B. Remarks. 0) It is an easy exercise to check that in the proof of 3.14.5 B we 
can in fact use Dieudonne-Fontaine objects. So in BPO we can replace DT{Lie{G),(f>) 
by DFT{Lie{G), ip). This represents considerable improvements in practical calculations. 
For instance, referring to a) of A, if (ni,ni, ...,ndM) = (1; 1; 1; with dM > 2, then 
DFT{€.) = 1 while DT{(t) — max{l, c?m — 2}. More generally, we have the following 
sequence of 3 inequalities 

(Im 

(INEQ) DFT{€) <SD{ni,...,ndJ <VD{ni,...,ndJ <Y,\^^\- 

The second and the third inequality follow from very definitions. 

We now check the first inequality in the case ^^^i rii > (the other cases are entirely 
the same) and not all n^'s are non-negative. We consider the biggest u E N such that 
there is m e S{l,n) with the property that am-v,m '■= Xll^m-v ^» < 0, e S{0,u); so 
rim+i and Um-u-i are positive and rim ^ 0. For v e S{0,u), we replace rim-v by 

y •'"m—v 

As we are in a circular context, we can assume m — u = 1. If c/m = + 1 or if all 
rii's, with i G S{u + 2, ...,dM), are non-negative we are done, as by very definitions all 
—am-v,m'S' belong to S{0, SD{ni, nd^))- If this is not the case, we next deal with the 
remaining segment, formed by the integers ny,j^.2,---, rid^- We repeat the operation. We 
choose the biggest wi G N such that there is mi G S{u + 2, du) with the property that 
am-L-v-L,rm ■■= YlT^mi-vi ^ 0' ^ S{0,ui); so Um^+i and rimi-ui-i are positive and 
nmi < 0. Due to the choice of u (of being the biggest), we have mi — ui > u + 2. For 
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vi e 5(0,^1), we replace rimi-vi by p~°"^i—"i'"^i Umi-vi and we repeat the operation. 
So by induction on the number of remaining entries (they do not need to be indexed by 
a set of consecutive numbers of S{1, (Im)), we get that the first inequahty holds. 

In particular, if nj e 1, 1), Vi e S{l,n), then (as a substitute of (INEQ)) it is 
convenient to work with the inequality 

(CONVINEQ) DFT{€) < min{n-,n+}, 

where n~ (resp. n^) is the number of z's such that rii = —1 (resp. such that rii = 1). 
However, for being quicker (as the goal below is not to be sharp), for the general estimates 
of C below we still work with DT's instead of DFT's. 

1) The union of the categories p — M[o,a]{W{k)), a G N, is a full subcategory of the 
category of u-crystals over k but is not equal to it. However, 3.6.15 B and BPO can be 
entirely adapted to the context where we work with triples (M, ip, G) , where (M, (p) is a 
latticed isocrystal and G is an arbitrary integral subgroup of GL{M) such that \Ae{GB{k)) 
is normalized by (p. Argument: using dilatations as in 3.9.9 B and C, we replace the closed 
subgroup G of GL{M) by a homomorphism Gi GL{M) factoring through G, with Gi 
a smooth group scheme over W{k) having the same generic fibre as G; as there is s e N 
such that p^(Lie{GB(k)) H End(M)) C Lie(G'i), we can proceed as in the proof of 3.6.15 
B to show (by working with the triple (M, (p, Gi)) that the isomorphism deviation of 
(M , (p, G) is still a finite number. In particular, this applies to latticed isocrystals over k. 

Also one can similarly check that the extra condition of 3.16.6 B pertaining to the 
VF-condition is not needed. 

2) We refer to the proof of 3.6.15 B. In practice it is more convenient to work with 
the following estimate 

(CONVEST) n-m> max{m + 1 + sl{(p), n(Ci), n{Cs)} 

instead of (EST) of the mentioned place. The reason is: for such an n, ^p{h^) G End(M), 
provided we have all uis greater than n — m. This has a version in the context of 
Dieudonne-Fontaine objects (cf. 0)). 

3) We refer to 3.6.16 2). We think it is an interesting problem to compute isom — 
d{M, ip, G) (or at least to get sharp estimates of it) perhaps in terms of Hodge numbers 
of (M, ip^) and (or) of (Lic(G'), p)'), s e N. We do not think (EST) of 3.6.15 B is a very 
sharp estimate (for instance, for the case of the a-crystal of a supersingular elliptic curve 
we get n > 4 and not n > 1); however, we do not think it can be significantly improved 
(in general). The same applies to the context of principal bilinear quasi-polarizations. 

4) As in 2.2.22.1, we define additively the negative and the positive sp-invariant of 
any cyclic diagonalizable object oi p — Ai!F{W{k)) and of the object of p — Ai{W{k)) 
defined by it by forgetting the filtration. 

C. Estimates. Let (M, (/?) be a latticed isocrystal over k. Wc want to estimate 
DT{M, tp). We can assume k = k. Let SL be the set of slopes of (M[^], <y?). For a G SL, 
we write 
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with aa,ba & 'Zi, ba > and {aa, ha) — 1; let rria G N be such that the multiphcity of the 
slope a is ruaba- Let 

s e NU{0} 

be the smallest number such that (fi{p^M) C M. We refer to it as the s-number of (M, (p). 
Let d := l.c.m.{ba\a e SL}. Let ctmax £ N U {0} (resp. e e N) be the maximum of all 
sba + fla's (resp. of all niabas). Using 2.2.3 3) we get a natural monomorphism 

qsL : ®a€SLW{a){M,<p) ^ M. 

Let 

heNu{0} 

(resp. ha e NU{0}) be the greatest Hodge number of (M,p^<y?) (resp. of {W{a){M, (fi),p'^(fi)). 
Let 

h := max{/iQ,|a G SL}. 

We refer to /i (resp. to h) as the small /i-number (resp. as the /t-number) of (M, 97). We 
have 

h<h 

and the equality holds if qsL is an isomorphism; this motivates the use of the word small. 
BPl. For any triple (a, 6, c) e N x N U {0} x N U {0}, there is a smallest number 

n{a, b,c)enu {0} 

such that DT{<t) < n{a, 6, c), for any latticed isocrystal € over k of rank a, s-number b 
and h-number c. In particular, DT{M, g(fi) < n{dM, s, h), \/g G GL{M). 

Proof: We use induction on a: the case a = 1 is trivial. We work in the context of 
{M,(f). We have 

{EST!) DT{M, (^) < es + DT{M,p'ip). 

Argument: if iV is a VF(/c)-submodule of M such that the pair {N,p^(f) is an elementary 
Dieudonne object of p — M{W{k)) and if {61, bn} is a standard VF(/c)-basis of (N^p^ip), 
then the pair (< p"*6i,p"*~''62, ■■■■,P^bn-i,bn >,<p) is an elementary Dieudonne object of 
p — M.{W{k)); so we just have to remark that n < e. 

So from now on (till the Fact below inclusive) we assume s = 0. 

We first consider the case when \SL\ = 1 and = 1. We consider a 5(A;)-basis 
{ei,...,efe^} of M[i] formed by elements of M and such that v'(ei) = ei_|_i, i = l,ba-i, 
and (p{ei, ) = p""ei. We also assume ei G M \pM. Let t G S{0,ba — 1). Let cq := 
^-Hei)GM[i]. 
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Claim. There is an increasing sequence {ct)teS{o,ba-i) of elements of N which de- 
pends only on a and and such that 

t 

yteS{0,ba-i). 

To check the Claim, we use a second induction on t G S{0, — 1). Taking cq := 1, 
(EST2) holds for t = 0. We assume now that (EST2) holds for t < r - 1 e 5(0, ba-2). 
As Co < ci < ... < Cj.-i and as ip{er-i) — e^., we have 

(IND) p'^-i-i(Mn(< ei,...,er > [^])) C< ei,...,e, > . 

We now prove that (EST2) holds for t = r. We write 

r 

{EQ) ip{er) = Yl + ■P'""^' 

1=1 

with X G M\pM and all Cj's in W{k). By our initial induction (on ranks), we can speak 

about n{t, 0, ha)- So let 

(RECEQ) 

Or := Cr-i+baiha+Cr-i)+2rbJiha+Cr-i)'^{l+2maLK{n{r,0,j)\j e S{0,ha+Cr-l-l)}). 

We assume Ur > Cr + 1. As (p{er — Yll=i = p^'^x + aiCi, from (IND) we 

get that tti is not divisible by p^^a+cr-i consider the Frobenius endomorphism (f^ of 
Mj. that takes Cj into e^-i-i if i < r — 1 and which takes e^. into Yll=i (^i^i- '^i 0; by 
inverting p, ifj. becomes an isomorphism. So {Mr,(fir) is a cr-crystal whose /i-number is 
the p-adic valuation of ai and so it is at most + Cr-i- Let 

q:=l + 2r{ba - !)!(/*« + Cr-i)max{n(t, 0, j)|j G S{0, ha + c^-i - 1)}. 

By the very definition of n{r,0,j), we know that 

q-1 



(INDq) DT(Mr,(pr)< 



2r{ba-iy.{ha+Cr-i)' 



Let Nr be a l¥(/c)-submodule of Mr such that M^/iV^ is annihilated by pDT{Mr.,^r) 
and {Nr^^Pr) is a Dieudonne object of p — M.{W{k)). Writing [Nr^ffr) as a direct sum 
of elementary Dieudonne objects of p — M.{W{k)), we choose a simple factor {N^, (fir) of 
it such that the component e\ of p^'^i^r,vr) jj^ jy^ (w.r.t. to the resulting direct sum 
decomposition of Nr) is not divisible inside by p^+DT{Mr.,ipr.) _ 
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From (EQ) we get that p^""ei = (fi^°''^{ei) taken mod p'^'^ is congruent to (fi^''°'{ei). 
So (cf. also (IND)) ^f'^iel) -pi^'^el e pnr-Cr-i-DT{M^,^,) -^i^ 

On the other hand, as (A^^^, is an elementary Dieudonne object oi p — M.{W {k)) , 
ipl^°'{e\) mod p"'' is divisible inside A^^ by p"^'', where 
(0) 

rrir e {n{J{Q])r\[qhaU-DT{Mr, ^r)-r{ha+Cr-i-l), qbaU+DT{Mr, (fir)+r{ha+Cr-l-l)], 

with u e [0,ha + Cr-i — 1] as the slope of (A^^,<^r); so vu e NU{0} for some v e S{l,r\). 

As rir > Cr + 1, it is easy to see that — Cr-i — DT{Mr,(pr) is greater than 
qbctU + DT{Mr, ^Pr) + f{ha + Cr-l — 1) as well as than qha, (and so then qaa). From this, 
(INDq) and the last two paragraphs we get: 

\qaa - qbau\ < — — ^ ^ r + r{ha + c^-i - 1). 

2r{ba - iy.{ha + Cr-l) 

A simple computation shows that la — ttl < j^. On the other hand, as r < 6q, — 1, from 
the existence of v we get 6q;! |q: — u| G N U {0}. We conclude: a — u. So ba divides 0^ 
and so 6a = 1. For 6q, = 1 we have r = and this contradicts the inequality r > 1. So 
Ur < Cr- As obviously Cr depends only on a, ha and Cr-i-, this ends the argument for the 
Claim. We conclude: 

Corollary. There is d{a,ha.) £ N depending only on a and ha and such that 
DT{M,ip) <d{a,ha). 

Next we consider the case when \SL\ = 1 and rua is arbitrary. By induction on 
rua e N we show that 

(ESTS) DT{M, if) < {2ma - l)d{a, ha). 

Using a short exact sequence {Mi,Lpi) ^ (M.^p) -» (-^"2,(^2) 0, with 
dim;y(fc)(M2) = ba, we just need to remark the following 2 things: 

a) The /i-number of {Mi.Lpi) is at most the same as the /i-number of (M, i G 
2) (for z = 1 this is obvious while for i = 2 this follows by passing to duals of latticed 

isocrystals). 

b) Any isogeny from an elementary Dieudonne object (Mq, ipo) of p — Ai{W{k)) to 
(M2,(^2) factors, after multiplication with through (M,(p). 

To check b), let mo G Mq be such that (pQ°'{mo) = p""(mo) and Mq is W{k)- 
generated by mo, (foimo),..., <^o"~^('^o)- Let m G M be such that via the W{k)- 
epimorphism M M2 is mapped into mo; here we view Mq as a VF(/c)-submodule 
of M2. We have (/7^"(m) = p"m + m, with m G Mi. We need to show that, eventu- 
ally after multiplication with p2(ma-i)d(a,7ia)^ ^^^^j^ choose m such that m = 0. Using 
induction on m^, this boils down to the following obvious thing: 

Fact. For any x G p""Mo, the equation (p^f^{y) = p°'°'y + x has a solution y G Mq. 
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We come back to an arbitrary latticed isocrystal (M, (/?); so we do not assume any- 
more that s = 0. Let 

u := max{(2ms+Q. — l)d{s + a, hoc)\oi £ SL}. 

Exercise. Show that the cokernel of qsL is annihilated by p'^dMa^a.^du+u _ 

Hint. Let be a VF(A;) -sub module of M such that [N^p^tp) is a Dieudonne object 
of p — A4.{W{k)) and M fl A^o[^]/-^o is annihilated by p^, for any elementary Dieudonne 
object of p — M.{W{k)) which is a simple factor of {N,p^ip). If the statement of the 
Exercise is not true then there is j/ e M such that p'^^Ma^a.^du+u+Vy ^ j\j \^ pj^ for some 
V e N. Using standard iy(A;)-bases of all such {No,p^(pys, procede by induction on 
the number NR of non-zero coefficients of p'^^Ma^^^^du+u+v y ^ j. ^ ^j^g VF(A;)-basis of 
obtained by the union of all these standard VF(/c)-bases (for this induction replace 2dM 
by 2NR). 

From Exercise, (EST3), (ESTl) and Corollary we get: 

(TOTALEST) DT(M, cp) < 2dMame.^du + se + 2u. 

So BPl is a consequence of (TOTALEST); for the part pertaining to G GL{M){W{k)), 
we need to point out that such ^r's do not change the s-numbers or the /i-numbers, while 
mQj's, d and e have upper bounds which depend only on dM and h. This ends the proof 
of BPl. 

BP2. We assume k = k. Let a,b E Z, b > a. Let r e N. Then there is a smallest 
number 

f{r,a,b) eNU{0} 

such that the isomorphism class (and so also the Newton polygon) of any a-S -crystal 

(M, (f, G) over k whose underlying module is of rank at most r and such that (M, ip) 
is an object of p — M.[a,b]{W {k)) , depends only on its Fontaine truncation mod p-^^'^'"''^\ 
Similarly, if a >0 then there is a smallest number 

/'(r,a,6)eNU{0} 

such that the isomorphism class of (M, (p, G) depends only on its weak truncation mod 

pf'{r,a,b) ^ 

This is a consequence of BPO and BPl; as a gross estimate we have: 
/'(r, a,b) <l + b-a + 2g{r'^, b - a, 2{b - a)), 
where for (ai, 61, ci) e N x N U {0} x N U {0}, 

g{ai,bi,ci) := max{n{j,s,h)\{j,s,h) e S{l,ai) x S{0,bi) x S{0,ci)}. 
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The connection between these /'s and /"s is given (with a > 0) by the inequahties 

(WFTRUNC) f'{r, a, h) < f{r, a,b) + b+l< f'{r, a,b) + b+l; 

the factor b+1 is added here as the Fontaine truncation mod of (M, G) involves 

division of elements of the form ip{x) by p'^, with c e S{aj b); here x e M. 

BP2'. A p-divisible group over k of rank r is uniquely determined by its truncation 

mod 

For r e NU {0}, let 

d{r) e NU {0} 

be the smallest number such that DFT{End{Mi), (fi) < d{r), for any u-crystal (Mi, (pi) 
of rank r which can be extended to a filtered cr-crystal. We have (cf. BPO): 

/'(r,0,l)</(r,0,l) + l<3 + 2(i(r). 

D. Global deformations. By a global deformation of an object it of p — 
M[a,b]{W{k)) (resp. of p - MJ^[a,b]iW (k))) we mean a pair (X, €x), with X a W{k)- 
scheme which locally in the Zariski topology is a pro-etale scheme over a smooth W{k)- 
scheme and which has a special fibre which is a geometrically connected, AG fc-scheme, 
and with €x an object of p — M^^ b](-^) (rcsp. of p — ^{X)), such that the pull 

back of (tx via a /c-valued (resp. W^(/c)-valued) point of X^ is €. For our conventions on 
groupoids we refer to 2.2.4 F. 

BPS. We consider a global deformation {X, (tx) of an object of p — A4[a,b]{W{k))- 
Let r be the local rank of its underlying Ox^ -module. 

a) If the number of isomorphism classes of Fontaine truncations mod p^^'^'"''^^ of pull 
backs of ^x through points of X^ with values in an arbitrary algebraically closed field 
ki containing k is finite and does not depend on the choice of ki, then the number of 
isomorphism classes of pull backs of €x through ki-valued points of X^ is as well finite 
and does not depend on ki. 

b) In general, there is a k-groupoid on X^ such that the morphism ruk '■ 

Xk X Xk which is part of its definition is affine and of finite presentation and the pull 
backs of€x through two ki-valued points yi and 1/2 of Xk are isomorphic iff the ki-valued 
of Xk Xfe Xk defined by the pair (y 1,^/2) lifts to ruk- 

Proof: a) follows from BP2. To see b), we can assume a > 0. We consider the pull 
backs of C to X Xw(k) ^ via the two projections on X and the reduced Xk X^-scheme 
Yf'(r,a,b) parameterizing isomorphisms between their weak truncations mod p^ (^'«'''). 

The construction of 17'(r,a,6) is standard. As we work mod localizing and 

using pull back arguments we can assume X is affine and of finite type over W{k). Even 
more, we can assume Xwf,^^^ ^ ^^(k) is Wf/(r,a,b){R/pR)j with R a smooth VF(/c)-algebra 
(this is as in 3.15.3 6)); so we can use arguments at the level of (suitable conjugacy classes) 
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of matrices of Mr{Wf/(^r,a,b){R/pR)) to get the existence of i7'(r,a,6)- Here suitable refers 
to the fact that we need to conjugate with invertible matrices which have a shape similar 
to the shape of h of 3.13.7.8. BP2 implies: we can take = i7'(r,a,6)- This ends the 
proof. 

E. Remark. We have a variant of BP3 in the relative context of 3.6.18.7.1 b): we 

just need to replace isomorphisms by inner isomorphisms. This is so as the part of the 
proof of D pertaining to matrices can be performed in the context of (suitable conjugacy 
classes) of matrices defined by suitable VF^,^^^ - ^^(/c)-valued points of a (fixed) smooth 
subgroup of a GL-group (over an open subscheme of ^Wj,,^ - g)(fc))- 

F. The case of Shimura p-divisible groups. We consider a Shimura p-divisible 
group {Dx, {tct)aej) over X^, with X a regular, formally smooth 14^ (/c) -scheme having 
a connected special fibre. Let r e N U {0} be the rank of Dx- Let E(Z)x) be the object 
of p — A^[o,i](X) obtained by forgetting the filtration of B){Dx)- As X^ is connected, we 
speak (as in 2.2.9 6)) about 1 ^-isomorphism classes of pull backs of {*{Dx),{tce)ceej)i 
with * G {D, E}, via geometric points of X^ (cf. also 3.6.18.7.3 A and 3.15.6 B). So we 
have the following particular combination of D and E: 

BP4. There is a k-groupoid on Xk such that the Xk Xfc Xk-scheme Yk is affine 
and of finite presentation and the pull backs of (E(Dx), {ta)aej) through two geometric 
points yi and y2 of Xk with values in the same algebraically closed field ki are isomorphic 
iff the point of X^ X^ defined by the pair (j/i, j/2) lifts to a ki-valued point ofY. 

This is entirely the same as the proof of D: we just need to remark that we can define 
Yfc using as well schemes of isomorphisms of truncations mod p-^ ('^'O.i) of the pull backs 
of Dxi^ to Xf~ Xk via the natural two projections of Xk Xk on Xk- 

G. Some invariants. Let g e N. Let (M, {F'^{M))i(zs{a,b): G) be a filtered crFp<,- 
iS-crystal over ¥pq. So (M, </?) is an object oip—M.\^a,h]{W{^pi))- We assume the existence 
of a family of tensors {to)aeJ in ^°(^(^[^]) ®B{¥^q) B{¥)) such that ip ® l(ta) = ta, 
VcK e i7, and Gb{¥) is the subgroup of GL{M ®w{¥pq) B{¥)) fixing ta, Va G JT". See 
2.2.22 2) for the meaning of Cl{M, ip, G). The number of isomorphism classes of Fontaine 
truncations mod p^ of cTj^^q -<S-crystals over Fpg of the form {M,g(p, G), with g e W{¥pq), 
is at most |G(W^(Fpq))| and so it is finite (here n G N). We have: 

BPS. We assume k = k. The subset 

Clq{M ®W{Vpq) W{k), LP® I, Gw{k), {ta)a€j) 

of Cl{M ®w(¥j,q) <^ <8) 1, G\Y(^k)i {ta)aej) formed by inner isomorphism classes de- 

fined by ak-S-crystals with an emphasized family of tensors which are definable overWpq 
is finite and its number of elements does not depend on k. 

Proof: Let g G G{W{k)). As in 2.2.9 8) we construct a triple {Mz^.Gz^, {ta)aej) 
starting from (M ®w{Vpq) W{k),g{Lp® l),G^y(fc), {ta)aej)- As is connected, from 
Lang's theorem we get that this triple does not depend on g] moreover, its extension to 
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W{¥) is 1 j^-isomorphic to (M(g)vK(Fp,) W{k), Gw{k), {ia)aej)- So BP5 follows from BP2 
and the finiteness of the set Gzp{Wf/i^aM,a,b)(^pi)) (the "indepence of k is obvious; see 
also b) of 2.2.4 B). 

From BPS, the First Main Corollary of 1.6.4 follows. We refer to the num- 
bers D(r,d,q) of 1.6.4 as the classical Dieudonnc numbers. Similarly, we refer to 
Clq{M0w(f^g^W{k),(p^l, Giv(^k)i ita)aej) as the level-g Dieudonne set of C/(M Cg)vK(Fp<j) 
W{k), 1, GvK(fc)7 {tce)aej)- Its number of elements is referred as the level-g Dieudonne 
number of Cl{M ^w{¥pq} ^{k), ® 1, Giy^^): {'ta)aej) ^^'^ is denoted by 

Dq{Cl{M ®w{Wp,) W{k), ip®l, Gw{k), {ta)a€j))- 

As a very gross (though morally useful) estimate we have 
(GREST) 

D,{Cl{M®^^^^^^W{k),ip(g>l,Gwik)Ata)aej))<p'''''^'^'''^^^^^^ 

the right hand side of (GREST) is \Gzj,{Wf' (^dM ,a,b)(^p''))\- In particular, in the context 
of p-divisible groups we get 

{GRESTP - DIV) D{r, d, q) < pi-\f'ir,i,o)-i) \GLr{¥p,)\ < pi^'f'i^^^^^). 

H. isom-constant deformations. The deformation (resp. the Shimura p-divisible 
group) of BPS (resp. of BP4) is called zsom-constant, if the A;-morphism Yk — > Xk x Xk 
is surjective. 

Problem. Given a Shimura p-divisible group over W{k), construct explicitly (fol- 
lowing the pattern of 3.6.11) global deformations of it which are zsom-constant and uni 
plus quasi- ver sal. 

Example. We consider a cyclic diagonalizable Shimura filtered cr-crystal (M, F^,ipi,G). 
We use the notations of 3.13.7.6.3.1 but we do not assume {M,(fi,G) is quasi-final. So 
k — k. We assume there is a cycle (ai, ...,as) of tt such that Ug = — 1 is a negative 
special entry of {ui, Us)- Let Ui be the Go subgroup of G having ^q,. as its Lie algebra, 
i E S{1, s). Let NU be the integral, closed subgroup of G generated by Gj's; it is included 
in the unipotent radical of the parabolic subgroup of G having W^(Lie{G), (fi) as its Lie 
algebra. We write Us = Spec{W{k)[t]) and we work with the Frobenius lift of W^(/c)[[t]] 
which maps t into t^. We consider the p-divisible object 

Mu, := (M ^w{k) W{k)[t],F^ ^wik) W{k)[t],u{<fii ® 1), (ta)ae^) 

of MT[o^i]{Us), with u as the universal element of G{Us) = G{W{k)[t]). We apply 
3.6.18.6 to it. We deduce the existence of an N-pro-etale morphism U ^ Us such that: 

1) the special fibre of U is connected, has an image in Ug^ which is open and has a 
unique /c- valued point mapping into the origin oiUsk'i 
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2) the pull back M^j of Mu, to is a p-divisible object of MJ^^^^^{U^). 

As = — 1, we can assume the Kodaira-Spencer map naturally associated to 
is injective in each /c-valued point of Uk- The pull back of Mq- through such a point, 
when viewed without filtration, is a Shimura cxfe-crystal of the form (cf. the existence 
of Teichmiiller lifts) {M,hi<fi,G), with hi e Us{W{k)). It is easy to see that it is 
isomorphic to (M, under an isomorphism defined by an element of NU{W{k)): 
as Us is a negative special entry we can apply entirely the stairs method of the proof 
of 3.6.15 B. More precisely, the case s = 1 is trivial and if s > 2 then by induction on 
J e N we replace hj(pi by its (inner) conjugate hjj^iipi under an element (it is uniquely 
determined) of Us-jiW{k)), where /ij+i is a VF(A;)-valued point of Us-j'-, here the indices 
of UiS are taken mod s. We get: Vm e N, /ii+sm is congruent mod to 1m- So (cf. 
BP4): 

Corollary. {M^,{to)aej) an isom- constant deformation of {M,ipi,G) whose 
Kodaira-Spencer maps in k-valued points (resp. in the k-valued point of 1) are injective 
(resp. can be identified naturally with lAe(Us)/plAe(Us)). 

Remarks. 1) This example is the generalization of the well known classical case 
when s = 1 and Ug = —1. The simplest case of general nature covered by this example 
is: the case when all tt^'s are non-positive and Ug = —1. 

2) The condition that (M, (^i, G) is cyclic diagonalizable can be significantly weaken 
(we just need to get a "circular property" on the Lie algebras of Ga subgroups C/j's of 
G as above); in particular, this always applies if the Lie stable p-rank of the Shimura 
adjoint Lie cr-crystal attached to {M,<fi,G) is positive (cf. 1) and 3.4.5.1 B). 

I. Minimal degrees of definition. We take k arbitrary. By a particular object 
(with tensors) of p—M{W{k)) we mean a non-zero object € (with tensors) ofp—A4{W{k)) 
whose extension Cj^ to k is definable over a finite field. For instance: 

- any cyclic diagonalizable Shimura u-crystal is particular (cf. 2.2.16.4 a)); 

- if A; C F then all objects (with tensors) ofp — M.{W{k)) are particular (this follows 
from the proof of BP5). 

By the minimal degree of definition of a particular object € (with tensors) of p — 
Ai{W{k)) we mean the smallest q E N such that is definable over F^^. Lemma of 
3.11.8 implies that the minimal degree of definition of any Shimura-ordinary cr-crystal is 
the same as its degree of definition. Similarly, by adapting the proof of the mentioned 
Lemma in the context of 2.2.16.5 we get: the minimal degree of definition of any Shimura- 
ordinary adjoint Lie cr-crystal is the same as its ^-degree of definition. 

J. Remarks. 1) In the terminology to be introduced in [Vail], BP4 can be restated 
as: there is a reduced almost stack of p-divisible groups of fixed rank over Fp-schemes. 
It is easy to sec that it is of finite type (for instance, cf. BPl or cf. Theorem 13 of 14). 
Here by "reduced almost" we want to emphasize that we are dealing only with geometric 
points (as BP4 is stated just in terms of such points). 
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2) Simple examples (like 3.9.7.3) point out that in general, with k = k, we have 

\imq^ooDq{Cl{M <^W{Wp^) W{k), (p<^l, Gw{k), {ta)a€j)) = OO. 

K. For future references we state explicitly the following combined versions of BPO 
and of the first two inequalities of (INEQ) of rm. 0) of B. We assume k — k. 

Corollary, a) The Dieudonne-Fontaine torsion of any cyclic diagonalizahle Shimura 
Lie a -crystal is at most the maximum of the deformation dimension of its cyclic factors. 

b) The isom- deviation of any object of p — M.[a,h]{W{k)) which has a lift which is 
cyclic diagonalizahle and whose underlying W{k)-module has rank r is at most 

l + ib-a)i2r^ + l). 

Examples. We refer to 3.13.7.6.3.1. Then under the assumption of its Fact we 
have DFT{Ue{G),^i) = 1 (cf. ineq. two of (INEQ) of rm. 0) of B). So (cf. BPO) 
the zsorn-deviation of (M, (^i,G) is at most 4. For instance, this applies if (M, (^i) is 
a direct sum of a finite number of copies of the cyclic diagonalizahle cr-crystal attached 
to the type (1, 0, 0, 0) (or to its dual); however, it is easy to see that in this case the 
isom-deviation of (M, (^i, G) is in fact 1. 

If moreover Lie — mod(G) is a Lie-algebra, then we can replace 4 by 3. This is so as 
the Case 2 of 3.13.7.6.3 can be entirely adapted to the context of Lie — mod(G). Warning: 
in many cases b) can be significantly improved (to be compared with a)). 

3.15.8. New proof of the specialization theorem. The estimates of 3.15.7 are 
different (though close in nature) to the ones of [Ka2, 1.4-5]. No doubt, the estimates of 
loc. cit. are much sharper. However, the estimates of 3.15.7 give some extra information 
(insight) and in general they can be considerably refined. These refinements will not be 

presented here: to us, it seems far more useful to present a proof of the specialization 
theorem which uses just very simple (i.e. the most basic) estimates. We recall (see [Gr]; 
see also [Dem, p. 91] and [Ka2]) that Grothendieck proved that under specialization the 
Newton polygons of F-crystals "go up", while Katz added (see [Ka2, 2.3.1-2]) that in 
fact for any F-crystal € over an integral Fp-scheme S there is an open, dense subscheme 
U of S such that the Newton polygons of pull backs of € through geometric points of U 
are all the same. Below we concentrate on reproving the existence of U. 

We start by presenting a homomorphism form of 3.6.15 B. We assume k = k. Let 
(Ml, (fii) and (M2, (P2) be two a-crystals over k. Let di :— DT(End{Mi), ipi) and let Si be 
the s-number of (End(Mi), ip^), i ^ 1^2. Let s be the s-number of (End(Mi © M2), (pi © 
ip2). Let d := DT{End{Mi © M2), © (^2)- 

Let q e NU {0}. From the proof of 3.6.15 B we get: that the images of the following 
two reduction group homomorphisms 

Aut(Mi//'^i+i+*i+''Mi, (fii) ^ Aut(Mi//i+i+*i+''Mi, ^1) 
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and 

Aut(Mi, ipi) Aut(Mi//i+^+"i+^Mi, ipi) 

arc the same. Passing from automorphisms to homomorphisms in the standard way we 
get 1) of the following Corollary. 

Corollary (the homomorphism property). 1) Let s :— s + q + d + 1. The 

following Zp-linear reduction maps 

Hom((Mi/p''+^'Mi, (^i), (M2//+^'M2, (^2)) ^ Hom((Mi//Mi, (^1), {M2/p'M2, (^2)) 
and 

Hom((Mi, vPi), (M2, v?2)) ^ Hom((Mi//Mi, (M2//M2, (/P2)) 

/lave i/ie same image. 

2) There are numbers n, e G N which depend only on the rank ri of Mi and of the 
maximal Hodge number hi of {Mi, (pi), i — 1,2, such that for n :— n + q, the images of 
the two natural restriction maps 

Hom((Mi,5ri(^i), (M2,^2<^2)) ^ Hom((Mi//Mi,^i(^i), {M2/p^ M2, 92^2)) 

and 

HomiiM^/p'^+^Mi,g^cp-,),{M2/p''+^M2,g2^2))^iiomiiM^/p''Mi,g^ifi),iM2/p'^M2,g2^2 

are the same, Mg^ E GL{Mi){W{k)), i = 1^. 

3) Let Di and Di be two p-divisible groups over k. There is n E'H which depends 
only on the rank ri of Di, i = 1,2, such that a homomorphism _Di[p"^+^] 1)2 [p"'"'"'^] 
lifts to a homomorphism Di — > D2 iff it lifts to a homomorphism D]^|j5"'+5+'^('^i+''2)] — > 

Proof: 2) and 3) are a consequence of 1) and of BPl (see end of C for the meaning 
of d{ri + r2)). 

We are now ready to proof the existence of U . Let K be the field of fractions of S 
and let <tf[ = {M, (f) be the pull back of € to K. We consider an isogeny 

i : (Ml ®w{w^) W{K), <pi ^ 1) ^ (M, <p), 

with (Ml, (fi) a Dieudonne object of p — A4{W {¥ p)) . Let hi be the /i-number of (Mi, (pi). 
We take q E N such that we have p'^M C i(Mi). Localizing, we can assume that the 
/i-numbers of pull backs of € through geometric points of S are all bounded above by the 
same number hi^. Let m := dim^(^)(M). Let 

f :— 1 + m.ax{hi, h(r} + 2g{Am?, max{/ii, h^, 2 max{/ii, /ic}) 
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(cf. the paragraph after BP2). The s-number (resp. the /i-number) of the End of the 
direct sum of (Mi <Siw(Fp) ^^(^i), ® 1) with the pull back of € through any fci-valued 
point of S is at most insix{hi, h^r} (resp. at most 2maix{hi,h(r}); here ki is an arbitrary 
algebraically closed field containing Fp. Let q' e N be greater or equal to e obtained in 2) 

for /i2 := hii and r2 = ri = m. 

We consider the reduction i{q + q + f) of z mod q + q + f; we view it as a morphism 
between (non-filtered) ty(K)-modules endowed with connections and Frobenius endo- 
morphisms subject to axioms similar to the ones of M.J^'^{W{K)). The connections are 
of course initially (i.e. over W{K)) trivial; though in what follows, they do not play any 
relevant role, we still feel appropriate to keep track of them. i{q + q + f) is defined over a 
finite field extension Ki of K (even if K does not have a finite p-basis). Replacing 5" by 
its normalization 5*1 in Ki, as the continuous map underlying the morphism Si ^ S is 
proper, we can assume Ki = K. Localizing, we deduce the existence of an affine, open, 
non-empty subscheme U = Spec(^) of S such that we have a morphism 

i{q + q + f )u ■■ {Mi/pi+^+fMi, <pi)u ^ Cu/p'^+'^+^Cu, 

with the lower index U meaning the pull back to U; we view it (cf. also [Be, 1.6.4 of 
p. 246 and 1.2.1 of p. 91]) as being a morphism between truncations mod pi+^+f of 
objects of p - MOV^{W{R)). This last category is defined similarly top- M^{W{R)) 
of 2.2.1.7 4) but this time we do not assume: 

- that the Ojy-sheaf ^ji/k is locally free of locally finite rank; 

- or that we can "put" some adequate filtrations on the underlying sheaves of its 
objects (this conforms to 1) of 3.15.7 B). 

We can assume the cokernel of i{q + q + f)u is annihilated by p'^. From 2) we 
deduce that for any geometric point yi : Spec(/ci) — * U, the truncation mod p^+'Z^ of 
yl{i{q + Q + f)u) lifts to a morphism 

V : (Ml ^wi¥,) W{ki), ^1 (8) 1) ^ yl{€) 

of (T-crystals. As the cokernel of its reduction mod pi+^+f is annihilated by p'^, we get 
iyj^ is injective and so, by reasons of ranks, it is an isogeny. So the Newton polygon of 
yl{€) does not depend on j/i. This ends the proof of the existence of U. 

3.15.9. Three main specialization approaches. Here, in connection to the 
specialization theorem, we include three main specialization approaches; not to make this 
paper too long, we just list their principles without performing any explicit computations 
(sec §9-10 for such computations). We assume k = k; however, everything else except 
the application of 3.15.7 BP2 to be presented below holds for an arbitrary k. We use the 
notations of 3.13.7.1. So {M, F^,(p,G, {ta)a&j) is a Shimura filtered u-crystal with an 
emphasized family of tensors over /c, /i is a cocharacter of G defining its filtration class, 
(fi := g~^f where g G G{W{k)) is such that [M, , (fi, G) is a Shimura-canonical lift, 
Gzp is a Zp-structure of G defined naturally by (M, F^, (^i, G), while A^+, and P~ 
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are subgroups of G defined naturally by /x. a acts on VF(/c)-valued points of G via this 
Zp-structure. Let n := 1 + f{dM, 1, 0). Let 

Hw(k) ■= Xw{k) -P° Xw{k) N~. 

Its special fibre is H as defined in 3.13.7.1. Let T have the same significance as in 3.13.7.1. 
For g e G{W{k)) we denote by g{n) its reduction mod p'^. Let gi G G{W{k)) be such 
that ^(1) factors through the Zariski closure of the orbit oi of ^i(l) under T in Gfc. 

We consider the morphism 

m(n) : Hw^^k) ^ Gw^{k) 

which at the level of M^(/c)-valued points takes a triple 

ihuh2,hs) e N+(Wn{k)) X P\Wnik)) X N-iWnik)) 

into the W^„(/c)- valued point of G defined by 

hih2h3gi{n)a{h^'^)a{h2^)a{ph^^)g~^{n); 

N'^ is a direct sum of copies of Ga and so it makes sense to multiply its elements by p; this 
defines a{phi^). The image of m{n)k is ti := 0i5r~^(l). We consider a M^rj,(A;i)-valued 
point of Hy[/^(^i^), with ki a field (not necessarily perfect), such that: 

a) the /ci- valued point of G defined by m{n) o mod p sits over the generic point s 
of ti] 

b) the fci-valucd point of H we get is a closed point Sh such that the resulting field 
extension ko ^ ki at the level of residue fields of s and sh is totally inseparable and of 
finite degree; let m be its degree. 

For the totally inseparable part of b) we just have to recall that T is a group action (if 
the stabilizer subgroup of ^i(l) under T is smooth, then we can take m = 1). Let Zn be the 
composite of cr^"", viewed as an endomorphism of Spcc(VF(/ci)), with z^. m{n)oZn factors 
through Spec{Wn{ko)) {ci. b)); let Wn : Spec{Wn{ko)) be this factorization. 

Let k := ko. 

s specializes to the origin of Gk. So we consider an affine, open subscheme U of G 
through which the origin of G factors and such that we have an etale morphism from 

it into A'^^'^''^^^\ Identifying Wn{Uk) with Uw„{k) (this is as in 3.15.3 6)), often it is 
possible to show the existence of a Frobenius lift $[/ of such that its reduction $[/(n) 
mod is compatible with the factorization (still denoted by Wn) of Wn through U, i.e. 
we have 

{CO MP) Wn o ako{n) = ^u{n) o Wn, 
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where CTkoin) is the Frobenius endomorphism of Spec{Wn{ko)) . In what foUows we assume 
such an exists. 

We apply a variant of 3.6.1.3 in the context of (M, F^, (p, G, {ta)aej) ^^id of {U, ^u)'-, 
the difference from 3.6.1.3, 3.6.10 or 3.6.18.6 is: $[/ is not necessarily of essentially 
additive type in the origin of Uk- Wc deduce the existence of a Shimura p-divisible group 
{T>, {tct)aej) over the p-adic completion of an N-pro-etale scheme Ui over U which is 
universal in some specific sense. We do not need this universality. What we need: Uik 
is an AG fc-scheme and so each ^-valued point of Uk lifts to a fc- valued of Uik', here k is 
an algebraically closed field containing k. We consider an arbitrary A;-valued point yi of 
Uik lifting the origin of Uk- We get: 

1) The Shimura cr-crystal associated to yli'D, {tct)aej) is inner isomorphic to the 
Shimura cr-crystal {M, g2<f,G, {ta)a€j)j with g2 G G{W{k)) congruent to the identity 
mod p. 

2) The Shimura cr^-crystal associated to the pull back of {V, (ta)a6J') through a 
VF(/c)-valued point 2/2 of Ui such that its special fibre specializes to yi and the Wn{k)- 
valued point of G it defines naturally factors through Wn, is isomorphic to (M ®vK(fe) 
W{k),g3{gi(p ® 1), GvK(fe)' i^c,)aej)^ with gs E G{W{k)) congruent to the identity mod 
n-l = f{dM,l,0). 

2) is a consequence of (COMP) and of the construction of m(n) (we recall that s 
specializes to the origin of Uk)- Using 3.4.15 BP2' we get: 

3) In 2) we can assume gs is 1m- 

Remarks. 1) This forms the going down form of the inductive specialization ap- 
proach. At least if m = 1 there are variants mod p'^ of this approach. As we do not stop 
to analyze when indeed exists, there is no point to include these variants here. 

2) There is as well a going up form of the inductive specialization approach; in 
essence it is nothing else but the combination of 3.6.1.3 with the touching property of 
3.6.18.4.3 and with the possibility of concretely constructing (in many situations; see H) 
isom-constant deformations. 

3) There is as well a parallel approach: this is entirely similar to the algebraization 
process of the proof of 3.6.18.4.1. So using either 3.6.18.4.3 or the Fact of 3.6.18.9 as well 
as the Chinese Reminder Theorem (as in the mentioned) proof, one tries to connect two 
Shimura cr-crystals through a global deformation which has some specific properties like 
(it is isom-constant, or has a constant Newton polygon, etc.). 

3.15.10. The second (Nevi^ton polygon) form of the purity principle. 3.6.15 

B was obtained independently of [dJO, §2-4]. However loc. cit. and the estimates of 
3.15.7 share one common think: they both use Dieudonne's objects of p — M{W{k) 
(i.e. Dieudonne's classification); but we would like to point out that we think it is more 
appropriate to use in general (in connect to 3.15.7-10 and loc. cit.) Dieudonne-Fontaine's 
objects instead of Dieudonne's objects (of p — A4{W{k)). Moreover, the ideas of 3.6.15 B 
(in the form of the Corollary of 3.15.8) can be combined with [Ka2, 2.7.4] to get slightly 
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better results (with much simpler proofs) than what [dJO, 4.1] gives. The goal of this 
section is to prove the following Theorem. 

Theorem. Let S he an integral ¥p-scheme. Let (£ be an F -crystal on S . We assume 
there isbo such that the h-number of all pull backs of€ through geometric points of S 
are all bounded above by bo. Let U be the maximal open, dense subscheme of S such that 
the Newton polygons of pull backs of through geometric points ofU are all the same (see 
3.15.8). We also assume that, locally in the Zariski topology of S , the normalization U"^ 
ofU in the field of fractions of S is regular in codimension 1 and any dominant, normal, 
affine -scheme which is finite above spectra of local rings ofW^ which are DVR, is the 
normalization of in a finite field extension of the field of fractions K of S. Then U 
is an affine S-scheme. 

Proof: Let r be the rank of <L. We can assume S = Spcc(i?) is affine and (cf. 
Exercise of 3.6.8.1.4) normal. So U = U"^. To prove that U is affine, we are allowed 
(as the conditions on U allow us) to replace S by its normalization in any finite field 
extension of K. Let €o be a Dieudonne object oip — A4{¥p) such that we have an isogeny 
€qx ^ ^K- Let b be the maximum of bo and of the maximal slope of Co- Let 

n := 1 + 6 + 2g{4r^, b, 2b) 

be as in the paragraph after 3.15.7 BP2. Its first role is: the Newton polygons of pull 
backs of C through geometric points of S depend only on their truncations mod p'^ (cf. 
BPO-1; here the role of b is the same as of max{/ii, /ijr} in 3.15.8). In what follows we 
take m G N, m > n (to be specified at the right time). 

Warning: till the end of the proof, in order to fully accommodate the context of 
non-perfect F^-schemes, we use the terminology F-crystals in the sense of (truncations) 
of objects of p — A40T>^{W{*)), with * standing for F^-algebras or affine Fp-schemes 
(this new terminology, is not an impediment from the point of view of Newton polygons 
as they can be computed via pull backs through geometric points); p — AiOV^ {W {*)) is 
interpreted as in 3.15.8 (so its objects are locally free of locally finite ranks Cspec(VK(*))" 
sheaves endowed with integrable, nilpotent mod p connections and with Frobenius en- 
domorphisms which satisfy the logical axiom connecting the Frobenius endomorphisms 
with the connections). We use right lower indices by schemes for pull backs of F-crystals. 

Localizing and using Witt rings, we can assume there is a finitely generated Fp- 
subalgebra Rq of R such that C/p^C is obtained as the pull back to S of an F-crystal 
£[m]o on Sq :— Spec(-Ro) in coherent sheaves annihilated by p"^. Warning: here we 
already use the convention of the previous paragraph. 

Using [Ka2, 2.7.4] we deduce that for any DVR, local ring V of U, there is a perfect, 
faithfully flat V-algebra Vi such that we have an isogeny iy^ : ^oVi of F-crystals. 

Let n^^ e N be the smallest number such that the inclusion p"^ Cy^ ^ factors through 
ivi- 

Claim 1. There is q & N, depending only on Co and not on V , such that we can 
assume ny < q. 
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The proofs of [Ka2, 2.6.1-2 and 2.7.1] (they are forming the ingredient needed to get 
[Ka2, 2.7.4]) imply that there is e N which does not depend on V {q depends only on 
the Newton polygon of Cq) such that we have an isogeny (t^y^ — > Cy^ whose cokernel is 
annihilated by p^, with an F-crystal on ¥p. But the /i-number (resp. the s-numbcr) 
of €q (resp. of End{€.Q)) is at most b + q (resp. at most b + 2q). So Claim 1 follows 
from 3.15.7 BPl. 

We can assume q is greater than 2b and 2(c + 1), where c e N is such that Cq is an 
object of p — A^[o,c](^(^))- We take (for instance) 

m := 7q + 2n + 1. 

Let 

be the truncation mod p'^ of iy^ ■ Using standard arguments of algebraic geometry we 
deduce the existence of a finite field extension Ky of K such that we can assume we have 
a similar morphism %i(\/)(?n), with Spec{Ui{V)) as an open subschcme of the normal- 
ization of U in Ky through which Spec(Vi) U factors, whose cokernel is annihilated 
by p'^ and which is the truncation mod p^ of a morphism Co[/i(v)/p"^^^'^^o(7i(\^) 
^Ui{V)/p"^'^'^'^^Ui{m)- But the number of morphisms ^qr/p^'^ok ~^ '^k/p^^k which 
are the truncation mod p^ of morphisms ^qk/p^^^^ok ~^ ^k/p^^^^k is finite (this 
follows from the fact that any such morphism lifts to a morphism Cgi? ^ cf. 3.15.8 
1) and the definition of n). So we can assume Ky does not depend on V and so we can 
assume Ky = K. 

We reached the following situation. There is a finite number of open subschemes Ui, 
z e /, of t/ such that: 

1) each point of U of codimension 1 belongs to some Ui; 

2) for each i e I, we have a morphism i[/^(m) : ^out/p^'^oUi ^Ui/p"^^Ui-, whose 
cokernel and kernel are annihilated by p^. 

What follows next is a method of "gluing" (m)'s, i E I (which we hope to be 
useful in other situations). It is enough to "glue" these morphisms generically. So let 

k{m) : Cok/p-^^ok ^ Cr/p'^^k, 

be the morphism naturally defined by zj/. (m), i E I. From 1) of the Corollary of 3.15.8 

we get that there is h : Cqr Cr such that its reduction mod p"^~^ lifts the truncation 
mod p'^~^ of li{M). liS are isogenics and in fact their cokernels are still annihilated by 
p^. Let / : ^qr Cr be an isogeny such that: 

3) its image lies inside the intersection of the images of all /j's (i e /); 

4) its cokernel is annihilated by p^'^. 

For 4) we need to point out that we can take as I any p'^li{m), with i E I. Let Si be 
the factorization of I through Zj. As in above part referring to Ky^s, we can assume that 
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the truncations mod p^~'i of / and of all Sj's are all definable over K and not only over K. 
As Sj'a are definable over finite fields, we can assume as well that Sj extends (uniquely) 
to a morphism S[/. : €ouJp'^~'^^oUi ^Ui/p^~'^^Ui- So we can glue the composite of 
with the truncation mod p"^"^ of iui{m), z e /, to get a morphism 

with Uq an open subschcmc of U such that the codimension of U \ Uq in U is at least 2, 
whose kernel and cokcrncl arc annihilated by p^'^. 

We consider the S'-scheme 5*1 parameterizing morphisms from €os/p^~'^'^^os fo 
^^^m-2(3^ It is an affine ^'-scheme, locally of finite presentation. Let U' be the nor- 
malization of the Zariski closure of Uq in Si defined naturally by iuoi"^ — q) and let 
Z[//(m — q) be the natural extension of i{7o(^' ^ q) it. From our hypotheses we get: U 
is naturally an open subscheme of U'. So the Theorem follows from the following Claim. 

Claim 2. U is an affine subscheme ofU'. 

Proof: We can assume U' is an open subscheme of S (otherwise we replace S by U'). 
Wc can assume U' and iwim — q) are obtained by pull backs from an open subscheme 
Uq of Sq and respectively from a morphism 

iu^im - q) : ^oc/^/p^^-^Cot/^ ^ CHo/p^-^^Ho. 

We can assume we have a similar morphism 

iu,{m - q) : tl^Jp'^-'^^tlu, - ^ujp'^~'^k^ 

whose cokernel is annihilated by p^*? (by shrinking, we can assume we have the same 
Uq). Here the right upper index t means (taking) the dual. Strictly speaking we have to 
perform first Tate twists: we need to tensor all these duals by the pull back of Fp(g) to S\ 
not to introduce extra notations we do not mention it. So, starting from it, we similarly 
define U\ Uq. Moreover, we similarly get that U' is affine and that U is naturally an 
open subscheme of U' . We can assume U' is as well an open subscheme of S. 

As S is separated, U'riU' is an affine scheme. So it is enough to show that U = U'ClU'. 
We assume this is not so. So there is a geometric point y : Spec(A;) ^ U' H If' \ U. We 
consider a morphism niy : Spec(/c[[T]]) ^ UqH Uq, whose special fibre factors through y 
and whose generic fibre factors through the generic point of Uq fl Uq. We consider the 
pull back morphism 

lyim - 2q) : ^ok/p^^-^'^ok ^ y*{€/p^-^'^€). 

We consider the composite co of iuo{inr>' — q) with the dual of iuoirn — q). The cokernel 
of y*{co) is annihilated by p^i+'^i+i = p^i; q > 2(c + 1) > c and as co is a morphism 
between constant F-crystals, this is checked (cf. b) of 2.2.4 B) by pulling back co via 
geometric, dominant points of Uq; an extra p'^ is added here due to Tate twists. So the 



412 



kernel of y*{co) is as well annihilated by p^'^. We conclude: the kernel and so also the 
cokernel of ly{m — 2q) are annihilated by p^^. 

From 1) of the Corollary of 3.15.8 we deduce the existence of a morphism : €ok — > 
y*{*t) lifting the truncation mod q£ _ As the cokernel of ly{m — 2q) 

is annihilated by p^'^ and as m — 2q — n > 5g + 1, is injective and so an isogeny. 
So y factors through U. Contradiction. This ends the proof of the Claim and so of the 
Theorem. 

3.15.10.1. Remarks. 0) The assumption on the existence of 6o G N such that the 
/i-number of all pull backs of € through geometric points of S are all bounded above by bo 
is automatically satisfied locally, as one can see by evaluating the r-th exterior power of 
€ at (the thickening of 5' defined naturally by) W{S). So the Theorem holds without it; 
however, without assuming it, the estimates of its proof on n, m, etc., hold only locally. 

1) The second assumption on U (of the Theorem) is satisfied, for instance, if is a 
KruU scheme (i.e. if it has an open cover by affine, open subschemes which are spectra 
of KruU Z-algebras); see [Sam, §3 and 4.5 of ch. 1]. In particular, the Theorem applies 
if S is (the normalization of) a locally noetherian, integral scheme NS in a finite field 
extension of the field of fractions of NS (cf. [Ma, rm. 2 at the end of ch. 7]). We have 
variants of the Theorem, by working (i.e. by putting conditions on C/) in the faithfully 
fiat topology (of S). 

2) The two conditions on U are not needed at least if we are in a context in which 
liftings of truncations (in a context involving connections) can be performed. To exemplify 
what we mean by this, we check that this condition is not needed for the context of an 
object C of p — A^[o i]('S') (and so, in particular, for the context of a p-divisible group over 
S). 

We refer to the above proof. For any point y of 5*0 of codimension 1, there is an open, 
affine subscheme If (y) of 5*0 containing it and an N-pro-etale morphism U {y; pro) — * U (y) 
such that ^[^]oc7(y pro) truncation mod of an object of p — i^{U {y;pro)) 

(cf. Fact of 2.2.1.1 6) and 3.6.18.6 and its p = 2 version; see the proof of 3.15.1). 
The Newton polygon stratification of U{y;pro) defined by such an object is obtained 
from a stratification of U{y) by pull back (cf. 3.6.20 1) and the fact that m > n). 
Let Uqq be the open, dense subscheme of Sq over which, using such lifts, we get the 
same Newton polygon as of Cq. We assume now y is a point of Uqq. Denoting by 
V the local ring of y, based on the mentioned lift, we can still construct morphisms 

*c/i(V) • ^ou,iV)/P"'^oUi{V) ^Ui{V)/P'^^u,{V)^ '^i^h ^i(^) as an open subscheme of 
the normalization of Uqq in a finite field extension of the field of fractions Kq of i?o, whose 
kernels and cokernels are annihilated by p'^. Once we have them, we can proceed as in 
the above proof to get that Uqq is affine. So, using pull backs we get U is affine. 

Similarly, using 3.15.6 D, we get that these two conditions on U are not needed if 
we are in a generalized Shimura context. Warning: for the context of p-di visible groups, 
we can use as well standard arguments of algebraic geometry and [II, 4.8] to reduce the 
situation to the context of a local, complete, noetherian S; but this is not possible for 
the generalized Shimura context. 
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3) The proof of 3.15.10 is one of the main extra ingredients needed to get global 
variants of 3.6.15 B. See §9-10 for such variants. 
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4 Applications of the basic results to integral canonical models of 
Shimura varieties of preabelian type, to p-divisible groups, 
and to abelian varieties 



4.1-8 and 4.11 form a sequence continuing 2.3. They represent a foundation of 
integral aspects of Shimura varieties of Hodge type in cases of good reduction. In 4.9- 
10 and 4.12-13 we extend this foundation from the Hodge type to the preabelian type. 
In 4.1-13, with very few exceptions, we assume p > 3. Some overviewing remarks are 
included in 4.14. In particular, 4.14.3 handles to a great extend the case p = 2. So 
in 4.1-14 we deal with many generalizations of classical theories (of Serre-Tate, Manin, 
Dwork, etc.). 

§3 contains much more than what is needed for applications to integral canonical 
models of Shimura varieties of preabelian type. In 4.1-9 and 4.11-14 we try to make as 
little use of §3 as possible. In particular, we avoid the use of 3.6, except of its independent 
Lemma 3.6.6; even the use of 3.6.6 is in fact entirely avoidable, cf. 3.4.14. By making as 
little use as possible of §3, inevitably parts of §3 are getting in §4 a second or third proof. 

We start with a SHS (/, -^^(p), v). We recall that conventions 2.3.7 and 2.3.9.2 apply. 
In all that follows /c is a perfect field of characteristic p. 

4.1. The Shimura-ordinary type. Let L* := L*^^ '^Z(p) ^p- We also view as 
a subgroup of GL{L*). Let T be a maximal torus of Gzj, such that: 

1) there is a cocharacter n : Gm ^ 2V(A;(i))) whose extension to C under an 
monomorphism W{k{v)) ^ C, is G(C)-conjugate to the cocharacters /i* : Gm ^ Gc, 

X e X; 

2) there is a Borel subgroup B of Gzp, whose Lie algebra is such that its elements 
take the F-'^-filtration of L* W{k{v)) defined by fi into itself, i.e. we have Lie{B) C 

FO(Lic(Gw(fc(.)))). 

We recall that /x gives birth to a direct sum decomposition 

L; <»z,W{k{v)) = F^®F'', 

with (3 G Gm{W{k{v))^ acting through n on as the multiplication with i = 0, 1. 

For instance, we can take B to be an arbitrary Borel subgroup of Gz., and T to be 
a maximal torus of B. So T (resp. T\y(^^y^^) contains a maximal split Zp-torus (resp. 
W{k{v))-tOTVLs) of Gz (resp. of Gw(k{v))) and TB(k{v)) contains a maximal split torus 
of GB{k(v)) (for instance, see [Ti2]). From the definition of the reflex field (for instance, 
see [Va2, 2.6]) we get (see [Mi3, 4.6-7]): B{k{v)) is the field of definition of the G{G)- 
conjugacy class of cocharacters //*, x e X, of the extension of Gq^ to C under the 
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composite of the inclusion Qp > B{k{v)) with an 0(„)-monomorphism B{k{y)) > C. So 
from loc. cit. and the fact that any two maximal split tori of GB{k{v)) ci.re G{B{k{y)))- 
conjugate (see [Bo2, 20.9 (ii)]) we get that we can choose a cocharacter ji as in 1); as any 
two Borel subgroups of Gw{k{v)) containing a fixed maximal split torus of Gw{k{v)) are 
conjugate under an element of Gw{k{v)){W (^{'^)) normalizing this torus (based on [Bo2, 
20.9 (i) and (ii)] this can be proved following the pattern of the proof of Fact 1 of 2.2.9 
3)), we can assume that 2) holds as well. 

In what follows, T and B are fixed subject to 1) and 2): we do not assume a priori 
that they are chosen as described in the previous paragraph. So B not necessarily contains 
T; however, it must contain the smallest subtorus of T with the property that the 
cocharacter ^ of T^(/j(-„)) factors through T'^vk(A;(v))' ^® maximal torus of 

the centralizer of in G-^^\ in particular, it is not necessarily unique up to Gzp(Zp)- 
conjugation. However, as any two maximal tori of B are -B(Zp)-conjugate and as any 
two Borel subgroups of Gj,^ are Gzp(Zp)-conjugate (these statements can be checked by 
just following the pattern of the proof of Fact 1 of 2.2.9 3), starting from [Bo2, 19.2 
and 20.9 (i)] applied over Fp), we get that and ji are uniquely determined up to 

(Zp)-conjugation. 

We refer to (Gzp , [yu]) as the Shimura group pair defined by (G, X, H, v). Wc similarly 
define the Shimura group pair defined by any Shimura quadruple {Gi,Xi,Hi,vi). 

4.1.1. The definition. The Shimura-ordinary type r associated to (or defined by) 
the SHS (/, L(p), v) is the formal isogeny type associated to the cr-crystal over k{v) 

defined by (p :— a"//(^). Here the Frobenius automorphism 

'■= (^k{v) 

of W{k{v)) is as well identified with the a-linear automorphism of L* W{k{y)) fixing 
L*. As the notation suggests, does not depend on the choice of L(p) (producing a 

SHS (/, L(p), v)) or on the choices of T or S (subject to 1) and 2) of 4.1): it depends only 
on T^, on ji and on the representation of T^q^ on -^^*[|], i-e. (cf. 4.1) it depends only on 
/ and V. 

Let r{f,v) e N U {0} be the multiplicity of its slope 1. Let FL{f,v), IL{f,v), 
SKL{f, v), CL{f, v) and SDL{f, v) be respectively the factor length, the isotype length, 
the skeleton length, the circular length and the slope denominator length of the extension 
of to F (cf. I of 2.2.22 3)). 

In 4.1 1) we can replace k{v) by any other finite field: such a field must contain k{v) 
and in fact fj, is automatically definable over W{k{v)), cf. [Mi3, 4.6-7]. Moreover, if in 4.1 
2) we replace -B by a parabolic subgroup PAR of Gzp, then we regain the same Shimura- 
ordinary type: this is a consequence of the fact that PAR contains a Borel subgroup of 
Gzp (cf. Fact of 2.2.3 3) and [Bo2, 21.12] applied to GqJ. 
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4.1.1.1. Simple properties. Let M :— Lp®Zp W{k{v)) and let t := hieiT-^ . 

Let 

be the endomorphism defined by: hi{x) = if a; G F° and hi{x) = x \i x & . hi is an 
element of t. Let d{v) G N be such that \k{v)\ = p'^'^'"^- so k{v) = Fpd(.) and F = k{v). 
In what follows, as d{v) is used very often, we denote it in a simpler way by d. For 
i e S{l,d-1), let hi+i := ip'{hi). We have: 

Fact 1. (fi'^ihi) = hi and hi+i ^hi,\/ie S{1, d-\). 

Proof: We have ip\hi) = (j'{hi). So, Fact 1 follows from [Mi3, 4.6-7]: [/x] can not 
be defined over W{ki)^ with ki a subfield of k{v) different from k{v). 

Let 

d 



We have: 



Fact 2. (fiihP) = a{hP) = h^ . Moreover, the slopes of the a-crystal {M,(f) are the 
eigenvalues of h^ (acting on M[^]) and the multiplicities are the same. 

Proof: The first part is obvious. The second part results from the fact that (p^ is 
a -B(/c(f))- valued of TVi/(fc(t,)) fixed by the action of a on T^y(fc(^)) and the cigenspaces 
of its action on M[-] are the same as the ones of dh^, the eigenvalues (counted with 
multiplicities) being p to those powers which are eigenvalues (counted with multiplicities) 
of dh^. This is a consequence of the fact that hi e t, Wi G S{l,d), and so of the fact that 
the endomorphisms /ij's are commuting among themselves. 

More precisely, if 5 G := {a; G M\h^{x) = ^x], with i G 5(0, d), and if 5 ^ pM, 
then (p^{x) = with y G Mi\pM . Moreover, we have M = 0o<i<fi check these 

last two statements, we first remark that each element of Lie(T) is fixed by (p; adding these 
elements to the family {vc()aej'j we get that (M, F^, T^(fc(„))) is a Shimura filtered 
(T-crystal. From Corollary of 2.2.9 3), we get that is the canonical split of (M, F^, ip). 
So the statements follow from 2.2.1.1 4) and the first paragraph of G of 2.2.22 3). 

4.1.1.2. The Lie counterpart. Let LieG(T) be the formal isogeny type associated 
to the Shimura Lie cr-crystal 

{lAe{Gw{k(v))),^) 

attached to the Shimura cr-crystal (M, (^^^(^(t;))? {'^a)aej')- As above, the slopes of it 
are the eigenvalues of (acting on lAe{GB[k{v))) via the rule: x is mapped into [/i°,a;]) 
and the multiplicities are the same. We call it the Shimura-ordinary Lie type associated 
to (or defined by) the SHS (/, L(p),u). Let riv"^^) G N U {0} be the multiplicity of its 
slope —1. Let SS{v^'^) be the set of its slopes; it is a subset of [—1,1] n Q, symmetric 
w.r.t. (cf. 2.2.3 1)); moreover, always G SS{v^'^). 
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4.1.1.3. Remark. Similarly to 4.1.1, LieG(T) depends only on the adjoint Shimura 
pair {G^'^,X^^), on the rank of G^^ and on v^'^. So, as the notations suggest, r{v^^) and 
SSiv^'^) depend only on {G^'^,X^'^) and on v^'^. 

4.1.1.4. Some decompositions. For any i e 5(1, d) and j G {0, 1} we denote by 
'^F^ the free ))-submodule of M on which hi acts trivially if j = and identically 
if j = 1. For any function / : S{1, d) {0, 1} we denote by 

Fj:= Pi 

ies{i,d) 

Let C be the set of functions / as above for which Fj ^ 0. We get a direct sum 
decomposition 

M = (BfejrFf- 

due to the fact that hiS are commuting among themselves. Let 

(f> : C ^ C 

be the bijection defined by the rule: (p{f){i) = f{i — 1); here /(O) := f{d). From the very 
definition of Fj's we get: 

a) ^(Fj) = if /(I) = 0; 

b) ^{Ff) = pF^^j^ a f{l) = 1. 

Let if> — Yliei '^i written as a product of disjoint cyclic permutations. We allow 
trivial cyclic permutations. So we have a disjoint union 

I e Icp belongs to iff ipi is a non-trivial permutation (and then any f & C such that 
(fi{f) 7^ / is said to be associated to (pi). So /? := {/ e >C|<^(/) = /}; any / e is said 
to be associated to (ff. /5 has either or 2 elements depending on the fact that r{f,v) 
is or not. As (^'^ = Ic, we get that the order di of the cyclic permutation (^i divides d. 
For any I & I^, we choose arbitrarily an element fi of C which is associated to <f>i. We 
have 

VP^'(F^-)=p^^(^')F^-, 

with 

i=l 

and (p^' acts on Fj^ as p'^-^^Mg-di^ 

pFfV-= {xeFjy^{x) = x}. 
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It is a well known fact that pF^^ is a W{¥pdi)-hee submodule of F^^ such that Fj^ = 
p-F/j ®w{¥ d( ) W{k{v)) (for instance, this follows easily from [Bo2, Prop, of p. 30] applied 

over S(f/.0 toF^-J^]). 

4.1.2. Proposition. The filtered a -crystal {M, F^ , Lp) is cyclic diagonalizable. 

Proof: We choose arbitrarily a VF(Fpd; ) -basis {is\s G J'l} oi pFj^.Ml G I^p. We view 
it as a W {k{v))-ha,sis of Fj^. For any cyclic permutation (^i of length > 2 (i.e. for when 
we deal with an Z e J^^) and for every element f & C associated to but different from 
/i, let j G N be the smallest number such that / = <f^{fi). We get a W{k{v))-hasis of F^ 
by taking of the images of (f^{is)-i s E Ji, with 

j 

i=l 

This expression of ejis is a consequence of the following iterating formula: 

{IT) <^^'=(n^'"(M-)))^^ 

m=l ^ 

where cr^in) := cr™ o /u(i) o a"™", Vm G Z. 

With respect to the VF(A;(t;))-basis of M obtained by putting together the chosen 
W{k{v)) -bases of Fj, f E C, (M, F^, gets the desired cyclic diagonalizable form. This 
ends the proof of the Proposition. 

4.1.2.1. Remark. By very definition (see 2.2.22 1)) the Shimura filtered cr-crystal 
(M, F-*^, T-[;i/(fe(t;))) is strongly cyclic diagonalizable. 

4.1.2.2. Remark. For what follows we refer to D and I of 2.2.22 3). All classification 
and standard invariants of (the extension to F) of are encoded in the permutation 
(p of C. For instance, the cyclic length is the maximum of the dis numbers, while the 
skeleton length is equal to In particular, the associated formal sum to this extension 
is of the form 

4.1.3. Example. C has 2 elements iff r is an ordinary type or a supersingular type, 
i.e. iff d = 1 or if d = 2 and (M , (p) does not have integral slopes. 

4.1.4. Proposition. The Shimura filtered a -crystal 

(Lie(GzJ W{k{v)), if, F\Ue{Gwik{v)))), F\Ue{Gw(kiv))))) 
and its adjoint are cyclic diagonalizable and of Borel type. 
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Proof: The fact that the mentioned two Shimura filtered Lie a-crystals are of Borel 
type results from the fact that ip{Lie{BiY{k{v)))) C Lie(i?i4/(fc(^))) (we recall that -B is a 
Borel subgroup of Gzp)- The proof of their cyclic diagonalizability is entirely analogous 
to the proof of 4.1.2 (we just have to deal with functions from S{1, d) to <S'(— 1, 1)), and 
so it is omitted. 

Above we wrote Lie(G'zp) ®Zp W{k{v)) instead of ljie{GyY {^k{v))) j^st to emphasize 
how if = cFl^i{^ acts on it: a fixes lAe{Gzp) and acts as the Frobenius automorphism on 
W{k{v))^ while /x(^) acts via inner conjugation. 

4.1.4.1. Remark. We assume B contains T; let i?°PP be the opposite of B w.r.t. 
T. As (/? takes Lie(r^(fc(„))) and Lie(i?vK(fc(i;))) into themselves, pip takes Lie(-B^^^^^^p 
into itself. 

4.1.5. a;'s types. Let N be the normalizer of T in Gzp- Let 

Wg:= {N/T){W(k{v))) 

be the Weyl group of G\4/(f) w.r.t. Ti^^^^y It depends only on and not on v. For 
ijO e Wg, let e N{Wi^)) be such that its image in Wg is oo. Let 

(t^ := {M®w{k{v)) W{^),F^ ®w{k{v)) W{¥),g^{(TiJi{^)®l),Gw{w)) 

be the Shimura filtered ^-crystal defined by g^^. We denote by Vuj (resp. by LieG('P^)) 
the Newton polygon of (t^^ (resp. of the Shimura Lie cr-crystal attached to C^^). Let 
be the formal isogeny type of C^^; we refer to it as the a;'s type associated to (or defined 
by) (/, L(p), w); if a; is the identity element of Wg, we regain the Shimura-ordinary type 
of 4.1.1. We have the following extension of 4.1.2 and 4.1.4. 

4.1.5.1. Proposition. is cyclic diagonalizahle, its attached Shimura (adjoint) 
filtered Lie a-crystal is cyclic diagonalizahle; moreover it (and so also Vui and LieG{Vuj) ) 
depends only on u and not on the choice of g^j ■ 

Proof: The proof of the cyclic diagonalizability of or of its attached Shimura 
filtered (adjoint) Lie cr-crystal is entirely analogous to the proof of 4.1.2, and so it is 
omitted. The cyclic diagonalizability results as well from 2.2.16, once we remark (cf. 
Fact of 2.2.9 1)) that (M ®w{k{v)) W{¥),F^ ®w{k{v)) W{¥), g^{aii{^) ® l),T^y(F)) is a 
Shimura filtered cr-crystal; so the last part of the Proposition is a very particular case of 
3.11.1 c). This ends the proof. 

4.1.5.2. Remark. In 4.1.5-6, instead of F, we can work as well with the small- 
est finite field extension k{v^) of k{v) over which Gfc(v) splits; warning: in general, in 
connection to 4.1.5.1 we have to replace accordingly the wording cyclic diagonalizahle by 
"potentially cyclic diagonalizahle" . 

4.1.5.3. Degrees of definitions. Let d^^ be the degree of definition of (t^u- The 
set SDD{f,v) of aU djs is precisely the set SDD{M <^w{k{v)) W{¥), aiJL{^) ® 1, Gwiw)) 
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defined in Problem 2 of 2.2.22 H. If Gz^ is a spfit group, then SDD{f, v) is a subset of 
the set of orders of elements of Wq (cf. 4.1.5.2). From 3.11.3.1 we get that d\dij. 

4.1.5.4. Simple properties. Let := g^jCi- It is a a"-linear automor- 
phism of M ®w{k{v)) W(¥). We have g^(aii(^) 1) = (t^I^w{¥){^)- The canon- 
ical split of is A*vK(F) itself (cf. the proof of 4.1.5.1 and the Corollary of 2.2.9 
3)). The elements of M ®w{k{v)) W{¥) fixed by a^j give birth to a Zp-structure 

of (M ^w{k{v)) W{¥),G\y(^Y-j, {voi)aeJ')'- from Lang's theorem we get it is precisely 
(L;,^^^, ivj)c,ej')- We deduce (cf. 2.2.9 8) applied to (M 0wik{v}) W{¥),F^ ®w{k{v)) 
VF(F), 5f^(cr/x(^) (8 1), T^yj-p))) that (C^^, {va)aeJ') is 1 j-/ -isomorphic to the extension to 
F of a strongly cyclic diagonalizable Shimura filtered F-crystal over ¥pd^ 

(M ® W{¥p,^),F^, ar^,^ fx^{^),Gwiw^,j, Maej')), 

where cocharacter of Gw{¥ a^) such that [ncj] — [a*vk(f a^)] and where is the 

maximal VF(Fpd„ )-submodule of M (E) W{¥pd^) on which fi^o acts as the inverse of the 
identity character of G^; its canonical split cocharacter is n^. The main property of /j,,^ 
is (cf. the cylic diagonalizability; see also Exercise of 2.2.22 1)): 

Fact. It commutes with a"| /Xt^cjj^r* , Vs G N. 

Let T^^ be the smallest torus of Gz^ through which ji^ factors. Let T'^ be a maximal 
torus of Gzj, containing it. 

Exercise. Let wi, uj2 G Wq. Show that {^^^,{ya)cteJ') and {*Zi^^,{va)cteJ') are 
1 j-/-isomorphic, ifi' the extensions to VF(F) of jjii^^ and //i^j are Gzp(Zp)-conjugate (and 
not only (VF(F))-conjugate), i.e. iff the extensions to F of ^i^^ and n^^^ are Gzp{¥p)- 
conjugate. Hint: an 1 j-/ -isomorphism between {^ijj^i{voi)a&j') and (^^2) (■^a)aGj'') must 
preserve their canonical lifts, i.e. it is given by an element of the centralizer of the image 
of Hw{¥) in Gw{¥)- 

4.1.5.5. The Faltings— Shimura— Hasse— Witt relation. Let Rg{v) be the equiv- 
alence relation on Wq defined by: wi, c<;2 G Wq are in relation Ra{v), iff the Faltings- 
Shimura-Hasse-Witt adjoint maps of and C^j^ are isomorphic, under an isomorphism 
defined by an element of G'I^(F). 

4.1.6. The minimal model. We view the alternating form ip of 2.3.1 also as a 
perfect alternating form ip : M ^w{k{v)) ^ ~^ ^(^('^))(i-)- 

MM := (M, F\ (p, Gw(k{v)), MaeJ'^-ip) 

is a principally quasi-polarized Shimura filtered a-crystal. From 4.1.4, as in 3.4.3.0, we 
get (cf. also 3.11.6 B)) that its attached Shimura filtered Lie cr-crystal is of parabolic 
type. From 3.1.0 a) we get that it is a Shimura-canonical lift. The cocharacter is the 
canonical split of (M, GvK(fc(«))) (cf- the proof of Fact 2 of 4.1.1.1 and 3.1.5). From the 
very definitions of 3.11.2 B we get that MM is the minimal model of its extension to F. 
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4.2. G-ordinary points. 

4.2.1. Theorem. There is a Gi^hF.) -invariant, open, dense subscheme U of ^^{v) 
such that for any point y : Spec(/c) A/a;(„) we have: 

a) T is the formal isogeny type of the Shimura Uk-crystal attached to it (cf. 2.3.10) 
ijf factors through U; 

h) LieG(T) is the formal isogeny type of the Shimura Lie ak-crystal attached to it (cf. 
2.3.10) iff it factors through U; 

c) the Shimura a^-crystal attached to it is Shimura- ordinary iffy factors through U. 

Proof: Let Vq :— W{¥). Let A/Vo '■— Xo{v) and let A/f be its special fibre. Let 
yo : Spec(F) ^ Af be a closed point and let zq : Spec(Vb) ^ A/vb be a lift of it. Let A/p 
be the connected component of Af containing yo. 

Let (Ao.PAo) ■= z^i^^'PA)- Let {Mq, F^,(po,Gvo:{ta)aej':PAo) be the princi- 
pally quasi-polarized Shimura filtered a-crystal attached to zq. So (cf. 2.3.10) Mq := 
if^^(Ao/Vo), Fq is its Hodge filtration defined by Aq and {ta)aeJ' is the family of dc 
Rham components of the family {wa,)aeJ' of Hodge cycles with which Aq is (cf 2.3.3) 
naturally endowed. From 2.3.13.1 we deduce that for any point zi : Spec(Vo) ^ -A/vb 
lifting an F- valued point yi of A/"ip , the Shimura filtered a-crystal attached to it is of 
the form {Mq, , ipi, Gvo, {tc)ceJ')- We have ipi = gicpo, with gi e G'vo(Vo) (cf the 
beginning of §3). From 2.3.16 we get: 

(4.2.1.1) For any ¥ -valued point gi of a non-empty open subscheme ofG^, there is 
gi G GvoiVo) lifting it and there is zi e A/Vo(^o) lifting a j/i e A/f(F) for which we have 

Let Uq (resp. Ui) be the open subscheme of A/p of whose geometric points have 
the smallest Newton polygon of their attached Shimura F-crystals (resp. Shimura Lie 
F-crystals). Uq and Ui exist, cf. the specialization theorem. 

As all CT-crystals (Mq, ^1(^0)5 with gi e Gvo{Vo), give birth to 1/2-symmetric isocrys- 
tals we get: 

(4.2.2) The fact that the a-crystal (Mq, <^o) attached to the point yo e A/'p(F) has 

the smallest Newton polygon among all a-crystals attached to ¥-valued points of A/p , 
is equivalent to the fact that the Lie a-crystal (End(Mo), </7o) has the smallest Newton 
polygon among all Lie a-crystals (End(Mo), <y?i) defined naturally by a-crystals attached 
to ¥ -valued points of Af^ ■ 

So, as the Newton polygon of (End(Mo), ipi) is obtained from the Newton polygon of 
(Lie(Gvo), Vi) and from the Newton polygon of (End(Mo)/Lie(Gvo), (fij, Uq is an open 
subscheme oiUi. (End(Mo)/Lie(GyQ), is not a Lie a-crystal; but the quadruple 

(End(Mo)/Lie(G,.J, FO(End(Mo))/FO(Lie(G'yJ), Foi(End(Mo))/Foi(Lie(G',.J), 

is a p- divisible object of A^.7-'[_i^i](Vb). 
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4.2.3. The use of Fontaine's comparison theory. In what follows we refer to 
[Va2, §5]. Loc. cit. was worked out under the condition (*) of [Va2, 5.1]. Such a condition 
is not necessarily satisfied in the context of our SHS (/, L(p),t') (cf. 2.3.8 1)). However, 
its role was just to reach to a reductive context as of 2.3.4 and 2.3.11 (see [Va2, 5.2.12]). 
So below we refer to parts of [Va2, §5] without any extra comment. Let Kq := Vo[^]. 

It is known that there is a K'o-isomorphism 

HlMoK^, Qp) Ko^Mo ®Vo Ko 

taking the p-component of the etale component Wq, of Wq, into t^, Va G J'', and taking 
into pAo (cf. [Va2, 5.1.4 and 5.2.17.2]). But i7]^(Ao^,Qp) and the family of ten- 
sors {uoi)cieJ' of T(i/j^(AQj^, Qp)) can be respectively identified (non-canonically) with 
LI Qp and the family of tensors {va)aej' of T(L* Qp) (cf [Va2, top of p. 473]). 
So we get a Ko-isomorphism 

po : M ®w{k{v)) Kq^Mq (gjvb Kq 

taking Va into tai^oi & J' , and taking -0 into paq- 

The isomorphism po allows us to identify the extension from B{k{v)) to Kq of the a- 
linear automorphism cp of M[^] defined in 4.1, with a ^-linear automorphism of Mo(8)vb-f^o- 
So we have ip <S) 1 — g(po, with g e G^{Kq). There is a cocharacter po • Gvo 
which produces a direct sum decomposition Mq = Fq © Fq , with (3 e Gm(Vo) acting 
through n on Fq as the multiplication with (cf. 2.3.10); under extension via an 
monomorphism Vq ^ C, po becomes G(C)-conjugate to the cocharacters p*, x e X. As 
Gko is a split group, jiq and fixo are in fact Gv'o(-^o)-conjugate. So we can assume 

po{F^ ^wik{v)) Kq) = Fl ®Vo Ko- 

4.2.3.1. The case of a torus. We first consider the case when G is a torus. A/Vo 
as a scheme is a disjoint union of copies of Spec(Vo), cf. [Va2, 3.2.8]. These copies are 
permuted transitively by G(A^), cf [Va2, 3.3.1-2]. So taking U = Nk{v), we just have 
to show that the formal isogeny type of the a'-crystal attached to yo is r. This is well 
known (for instance, this is implicitly contained in [Kol, §2]). However, we recall one 
way to prove this, using the language of this paper. As (Mq, Fq^, v^o^ G'vq) is a cyclic 
diagonalizable Shimura filtered cx-crystal (see 2.2.16), as in 4.1.1.1 we get that its formal 
isogeny type can be computed from the way <^o's, s e N, act on po (as G is a torus, /xq is 
uniquely determined, cf. Corollary of 2.2.9 3)). But from the identifications of 4.2.3 we 
get: this way is the same as the way o'^'s, s e N, act on hkq- This proves 4.2.1 in the 
case when G is a torus. 

From now on we assume G is not a torus. 

4.2.4. Some simplifications. We got 2 particular hyperspccial subgroups of 
G{Kq) : GvoiVo) (defined via the Vo-lattice Mq of Mq Kq) and Gz^^^ (M ®w{k{v)) Vo) 
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(defined via the Vo-lattice M ®w(k{v)) of M ®w{k{v)) Kq). But any two fiyperspecial 
subgroups of G{Ko) are conjugate by an element £ G^'^{Ko) (cf. [Ti2, p. 47]). Chang- 
ing the Shimura adjoint filtered Lie a-crystal attached to zq by the inner automorphism 
defined by go, it can be put in the form {Ue{G^^),(p'o,F^{Ue{G^^)),F^{Ue{G^^))), 
where (p'q — g{ip ® 1), with g G G^^{Kq). Warning: here, in accordance with the original 
notation Gj,^^^ (of 2.3.1), G^ is w.r.t. the second hyperspecial subgroup; we had no 
reason to write Lie(Gzp) ®Zp Vo instead of Lic(G'^). 

As n and /^o are Gy^ (-fCo) -conjugate, changing everything by an isomorphism (de- 
fined by an element of G^(Vo), cf. Iwasawa's decomposition of [Ti2, 3.3.2]), we can 
assume F^{Ue{G^J) = F°^{Ue(G^^)) and Fq^ (Lie(G'^J)) = F^{Ue{G^^)). As g nor- 
malizes Lie(G^) and as G^(Vo) is that maximal bounded subgroup of G^{Ko) (being 
a hyperspecial subgroup of it, see [Ti2, 3.2]) normalizing Ue{Gvo), 9 ^ Gvoi^o)- So 
{lAe{Gvo),g{'~p ® 1)) is ^ Shimura Lie d"-crystal attached to yo- 

This last fact allows us, via the first sentence of 3.5.5, to appeal to the results of 
3.1-3, 3.6.6 and 3.4. 

4.2.5. The use of (4.2.1.1). (4.2.1.1) implies: there is a non-empty open sub- 
scheme U of G^^ with the property that for any element go E U (F) , there is a Vb-valued 
point of N'vo lifting an F-valued point of A/p and such that its attached Shimura adjoint 
filtered Lie a-crystal is isomorphic to 

:= {Ue{G^4),g^g{^®l),F%Ue{G^^J),F\Ue{G^M^ 
with gi mod p equal to ^o- 

4.2.6. The definition of U^nAf^. Now 4.2.1 for A^o is a direct consequence of 
4.1.1.4, 4.2.5, 3.2.5, 3.4.3.0, 3.4.11, 3.4.13, 3.5.5, 3.6.6, 3.7.2 and 4.2.7 below. We present 
the details. From §3 and 4.1 we need: 

a) The fact (see 4.1.4) that the Shimura (adjoint) filtered Lie cr-crystal attached to 
(M, F^, if, Gw{k{v))) is of Borel type. 

b) 3.4.11 and 3.6.6 applied to the extension to F of (M, F^, Giy(fc(?;))) • We get (via 
3.5.5 1) and 2)) that there is a Zariski dense set C of F-valued points of G^ such that [^^ 
is (see 3.11.6.1) Shimura-ordinary and has the same Newton polygon as (Lie(G|:^), <^(8)1), 
V^i e G^(Vo) lifting an element of JC. 

c) As the intersection U{¥) fl £ is non-empty, from b) and 4.2.5 we get that there 
are F-valued points of A/Jp whose attached Shimura Lie d"-crystals are Shimura-ordinary 
and have LieG(r) as their formal isogeny type; we recall that Lie(Z(Gv'o)) contributes 
only with slopes to the formal isogeny type of (Lie(Gv;,), (7iV?o) i ^ G'^(Vo). 

d) The first sentence of 3.2.5 (applied to the class Cl{Mo,ipo,Gvo)) which together 
with c) implies that the F-valued points of Ui have LieG!(T) as the formal isogeny type of 
their attached Shimura Lie ^-crystals. The role of {q, (po) in 3.2.5 is that of a Shimura- 
ordinary Lie a-crystal (attached to a Shimura-ordinary cr-crystal), cf. 3.4.3.0, end of 3.5.5 
and 3.7.2 (see also 3.11.6 A) and B)). 
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e) The second sentence of 3.2.5 (applied to Cl{Mo, (fo, Gvq)) which (together with 
the fact that Uq is an open subscheme of Ui) imphes Uq =Ui. 

It is worth pointing out that in fact the use of 3.6.6 can be avoided, cf. 3.4.14. To 
define U it is enough to define Uw- We take Uf n jVp to be Ui =Uq. From 3.1.0 a) and 
c) (apphed to CI{Mq,lpq,Gvq)) and c) we also get that the Shimura ^-crystal attached 
to an F- valued point of is Shimura-ordinary iff it factors through Ui . 

4.2.7. A claim. The fact that the F-valued points of Ui give birth to Shimura- 
ordinary (T-crystals having precisely r as their formal isogeny type results from the fol- 
lowing Claim: 

Claim. Under the isomorphism pQ of 4-2.3, the slopes of {M,ip) together with their 
multiplicities, and the slopes of the Shimura a -crystal attached to an element of Ui{¥) 
together with their multiplicities, are computed using p-adic valuations of the eigenvalues 
(and their multiplicities) of two semisimple elements si and respectively S2 of Gko{Kq) 
which are G^{Ko) -conjugate, and so when viewed as semisimple elements of Gvo{Kq) 
are Gvq{Kq)- conjugate. Here eigenvalues are computed as endomorphisms of Mq<S)Vo Kq. 

Proof: As the homomorphism Gvo{Ko) — > G^{Ko) is surjective, we just have to 
deal with the G^(JCo)-conjugacy part. For being able to use the previous notations, 
wc assume yo factors through Ui. A sufficiently high power n of (f (rcsp. of (/?o) acts 
diagonally w.r.t. a VF(F)-basis of M(g);4/(fc(„)) VF(F) (resp. of Mq), producing (for instance, 
via 3.11.2 B or 2.2.24.1) a semisimple element si (resp. S2) of Gko{Ko) (we use the 
identification of 4.2.3 achieved by po). Choosing n big enough and a positive, integral 
multiple of d[kAo '■ IFp], where A;^„ is the finite field such that Aq and its family of Hodge 
cycles {wa)aej' are defined over VF(/c^q), we can define such semisimple elements without 
referring to 3.11.2 B or to 2.2.24.1, cf. 2.2.24. 

In what follows it is irrelevant if we use 3.11.2 B (equivalently 2.2.24.1) or 2.2.24 in 
order to define them provided, in case we define them via 2.2.24, we allow such semisimple 
elements to be replaced by a product of them with elements of Gv'o(^o) which do not 
change the p-adic valuations of the eigenvalues involved. However, to be short we assume 
Si and S2 are defined via 3.11.2 B. 

As the cocharacter of G^^ obtained by composing fixo with the natural epimorphism 
i^qu '■ Gkq ^Iq,' same as the one obtained by composing po with rUgu (as pkq 

and p,o are G^o (-^o)-conjugate), the images of si and S2 in G^^{Ko) are the same (cf. 
the constructions in 3.11.2 B and 4.2.3). 

Moreover, we can assume that the images of si and S2 in GJ^^{Ko) are G^^{Ko)- 
conjugate: this is a consequence of 4.2.6 b) and c) and of 3.11.6 A) (cf. also 4.2.5). So 
si and ^2 are G^^{KQ)-conjugate. Here q is the order of the isogeny G'^^'^ — > G^'^. This 
proves the Claim. 

4.2.8. End of the proof. The formal isogeny types r and LieG(T) depend only 
on / and v. So what we got for Af^ remains true for all other connected components of 
Nw. So (cf. also 4.2.6-7) the subscheme U of Afe(i;) defined by 4.2.1 a) exists and is open. 
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is also defined by 4.2.1 b), and it is dense in Nk{v)- Moreover, from the end of 4.2.6, we 
also get that 4.2.1 c) holds. From Fact 6 of 2.3.11 we get that U is G(A^)-invariant. This 
ends the proof of 4.2.1. 

Another way of passing from one connected component of Af to all others is to use 
the following fact: 

4.2.8.1.* Fact. The connected components ofNf are permuted transitively by G(A^) 
(cf. [Va2, 3.3.2] and the existence -see [Va3j- of smooth toroidal compactifications ofjv). 

Warning: If (G, X) is of compact type, then this Fact is a consequence of 2.3.3.1 and 
of [Va2, 3.3.2]. 

4.2.9. Definition. The points oiUk{v) (resp. oiUk{v)/ Hq) with values in fields are 

called G-ordinary (or G|y(fc(u))-ordinary or Shimura-ordinary) points of Mk{v) (resp. of 
Nk{v)/ Hq). Here Hq is an arbitrary compact (not necessarily open) subgroup of G(Ay). 

4.2.10. Corollary. The Lie algebra underlying the Shimura adjoint Lie at-crystal 
LIE attached to a k-valued point ofAfk(v) is naturally identified, up to inner isomorphisms 
(defined by elements of G^(^j^^{W{k)), with Lie(G^^^^). Under this identification, we 
have: 

- the automorphism class (see 2.2.11) of LIE is given by the at-linear Lie automor- 
phism o/Lie(G^(.^p = Lie(G|^) W{k) acting trivially on Lie(G|^); 

- the filtration class (see 2.2.11.1) of LIE is defined by F^{Uc{G'fJ W{k)) (i.e. 
is defined by the composite of niY(^k) with the epimorphism G\Y(k) '^w{k))- 

Proof: This is nothing else but 4.2.5 (or 4.2.4). The fact that we can assume k is 
just perfect is implied by the convention 2.3.9.2 and so by the fact that GvK(fe) is split; so 
the isomorphism po of 4.2.3 exists as well in this case (as it can be checked using standard 
properties of the Galois cohomology). 

4.3. Cyclic factors and (refined) Lie stable p-ranks. 

4.3.1. Cyclic factors. In what follows we apply 3.9-10 to the context of 4.2. Let 

be the product decomposition of G^"^ in Zp-simple factors. So any G^q is a Qp-simple, 
adjoint group. We consider a disjoint decomposition 

defined by: i e H belongs to H'^ iff the composite /x(z) of /j, with the natural epimorphism 
Gw{k(v)) Giw{k{v)) is trivial. H is the empty set iff dimc(^) = 0, i.e. iff G is a torus 
(cf. axiom [Va2, 2.3 (SV2)]). 

We fix a point 

y : Spec(A;) ^ J^k{v)- 
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The Shimura adjoint Lie cTfe-crystal (Lie(G^(^^-j), ipy) attached to it is a product 

n (Lic(G'ivK(fe)),¥'j/), 

each simple factor of it being a cychc Shimura adjoint Lie Ufc-crystal. In other words, 
E H (fy permutes (cychcally) transitively the Lie algebras of the S(fc)-simple factors 
of GiB[k)'^ this is a consequence of 4.2.10 and of the fact that Gi is the Weil restriction 
of an absolutely simple, adjoint group over an unramified, finite extension of Zp. Wc call 
these factors the cyclic adjoint factors attached to the point y; so in what follows we refer 
to the i-th cyclic adjoint factor attached to y as well as (cf. 3.9.1 and 3.9.6) to the i-th 
Faltings-Shimura-Hasse-Witt (adjoint) shift or map attached to y. Similarly, let 

: Lie(Gifc) Lie(Gifc) 

be the z-th Faltings-Shimura-Hasse-Witt adjoint map of the extension of (M, ip, Gw{k{v))) 
to k. Based on 4.2.10, we always write the i-th Faltings-Shimura-Hasse-Witt adjoint 
map of y in the form gy'i(j{i), with Qy G Gi{k) acting on Lie^Gi^) by inner conjugation; 
accordingly, by an inner isomorphism between two such i-th Faltings-Shimura-Hasse- 
Witt adjoint maps attached to A;- valued points of N'k{v) we always mean an isomorphism 
defined by an element of Gi{k). 

We also speak about the cyclic Lie factors attached to y (cf. def. 3.10.1). We 
naturally extend this terminology to points z : Spec{W{k)) — > jV as well as to the 
context of the quotient M/Hq. 

Warning: in the context of points of M /Hq with values in perfect fields, the adjoint 
groups whose Lie algebras are defining such cyclic factors are not necessarily products of 
absolutely simple ones and so (at least theoretically) we have to work with the notion of 
weakly cyclic factors (cf. 3.10.0.1); in other words, referring to 2.3.10, we do not know 
when (5^^^^ is a product of adjoint groups, each one of them with the property that the 

Lie algebras of simple factors of its extension to W{k) are permuted transitively by 
4.3.1.1. Notations and simple facts. We write 

Giw{k) = ^iieUiGji, 

with Gj^ an absolutely simple, adjoint VF(A;)-group and with Hi a set of indices. So 

^w{k) = '^ien ^^jiE-Hi Gj = x^£7^((5ad)G^, 

where Ip{G^) is the (disjoint) union of Hi, i E H. \lp{G^^)\ does not depend on p (or 
on k or y); however, it is appropriate to use the right lower index p in the definition of 
IpiG^''). 

(fiy permutes the factors Lie(G^), £ G /p(G'^'^), achieving a permutation 7p(G^'^) of 
Ip{G^'^)\ it does not depend on j/, cf. 4.2.10. ^p(G^^) is a product of |7i|-disjoint cyclic 
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permutations 7^ {i G 7i), where 7i is the cychc permutation of Tii defined logicaUy by 
the action of ipy on Lie{GiB(k))- For i &Ti, let 

di := iHil e N. 

From the structure of simple, adjoint groups over fields (see [Til]) we get: 

Gi = ResviA(F^^. 

with G^ an absolutely simple, adjoint Vr(Fpd^ ) -group. 
For what follows we refer to 3.11.2-3. 

Fact. The T-degree (resp., in case G is not a torus, the A-degree) of definition 
of any Shimura- ordinary a]^-crystal attached to a k-valued G-ordinary point of Hk{v) is 
dr := [k{v''^) : ¥p] (resp. is dA := [kiv""^) : ¥p]). 

Proof: We have a logical variant of 4.2.3 for any morphism z : Spec(W(k)) A/", 
cf. the proof of 4.2.10. So, not to introduce extra notations, we can assume A; = F. 
The part involving T-degrees is a consequence of their definition of 3.11.3 and of the 
Gv'o(-^o)-conjugacy of the cocharacters hkq and /xq of 4.2.3 (cf. also the definition of 
E{G^'^,X^'^)). 

The ^-degree of definition of {M,(p,G) is [k{v^^) : Fp], as it can be checked easily 
starting from very definitions (see Fact of 3.11.2 D and its logical adjoint version; see also 
[Mi3, 4.6-7]). So the part involving A-degrees results from 3.11.6 A) and 4.2.5-6 (see b) 
of 4.4.1 2) below for a second approach). This ends the proof. 

For i G Ti"'^, let k{vi) be the subfield of k{v) such that B{k{vi)) is the field of 
definition of the ^^(^(/^(f )))-conjugacy class of n{i) B{k{v)) (the initial group being Giq^). 

For i G we define as in 2.2.16.5 and 3.11.3, an A-degree of definition 

dA(i) := [k{vi):¥p]. 

As in the above proof, it is the A-degree of definition of the i-th cyclic adjoint factor 
attached to any A;-valued G-ordinary point of Afk{v)- 

If G is a torus, it is convenient to define := 1. So always dA is the least common 
multiple of dAii), i G H^^, while d = [dA,dT]. We refer to dA{i) as the z-th A-degree 
of definition of (the Shimura-ordinary type produced by) the SHS {f,L(^p^,v). We also 
denote dA (resp. dx) by dA{v) (resp. by dT{v)). 

4.3.1.2. Diflferent invariants. We denote by Ry (resp. by Ry) the Lie (resp. the 
refined Lie) stable p-rank of {Uc{G^^^y(fy) (cf. 3.9.1, 3.9.1.1, 3.9.4 and 3.9.6). We refer 
to it as the Lie (resp. the refined Lie) stable p-rank of y. 

We denote by R{t) (resp. R'^{t)) the Lie (resp. the refined Lie) stable p-rank of the 
Shimura adjoint Lie d-crystal attached to (^M,(p,G]Y(^k{v))) of 4.1.1.2. 
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For i G we denote by ei{v ) (resp. by aj(f )) the £-type (resp. the a-invariant) 
of the z-th cychc adjoint factor of the extension of to F (cf. 3.10.4 and 3.10.8.1). 

The concentrated e-type of ei{v^'^) is denoted by s1{v^^) (see 3.10.5.1). Let 

We refer to it as the a-invariant of {f,L^p^,v). 
For ieT-T^, let 

(resp. D~{v^^)) be the positive (resp. negative) p-divisible group of the z-th cychc adjoint 
factor of the extension of ^{f,v) to F (cf. 3.11.6.2 2)). 

4.3.2. The refined a-invariant. Ry is a non-negative integer. Fixing a bijection 

fn : n^s{i, \n\), 

Ry is a sequence of non-negative integers, indexed by elements of S'(l, |7Y|). These ele- 
ments "count" the Qp-simple factors of Gq^ . The n-th number of the sequence is the Lie 
stable 7?-rank of the cyclic Shimura adjoint Lie Ufc-crystal (Lie(Gj-i^^^) <SiZp W{k),(py) 
divided by (here n e S{1, \n\)). For i e W, let ai{v^'^) := 0. Let 

a^{v^^) := (a,-.(i)(^^^),...,a,-.(|„|)(^-'^)); 

we refer to it as the refined a-invariant of (/, -^^(p), v). 

4.3.3. Remark. The set SLSp — rk{J\f(^k{v))) oi Lie stable p-ranks of geometric 
points of Mk{v) is not necessarily a set of consecutive non-negative integers. For instance, 

if N" = M. the set of values of such Lie stable jj-ranks is {1, 3, 6, ... , ^^^^-^} (we recall 
that dimQ(W^) = 2e). 

4.3.4. Theorem. The following statements are equivalent: 

a) y factors through U; 

b) Ry = R{T)- 

c) i?^ = i?^(r). 

Proof: This is a direct consequence of 3.9.2, 3.9.4, 4.2.1 and 4.2 A, applied to any 

connected component of Af (cf. also 3.9.6). 

4.3.5. Corollary. R{t) (resp. R^{t)) is the greatest number (resp. the greatest 
sequence) among all numbers Ry (resp. among all sequences of numbers R^) associated 

to points y G Afk{v){k)) (with k a perfect field). 

Proof: This is a consequence of 4.2.1 c), 4.2.4 and 3.9.5. 
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4.3.6. Corollary. J\fk{v)\i^ is of pure codimension 1 inMk{v)- 

Proof: The proof of this is entirely analogous to the one in the case of the ordinary 
locus of M.k{v)- If dimc(X) = 0, then the Corollary is obvious: we have U — N'k{v) (cf- 
4.2.3.1). We assume now dimc(X) > 1. 4.3.4-5 assure us (to be compared also with 4.3.7 
below) that Afk{v)\^ is of pure codimension 1, if it is non void. 

To see that j\4(v)\Z^ is non void, we first treat the case when jV has the completion 
property, just to emphasize how 3.6.15 A can be applied in practice. So, assuming 
that k = k and that J\f has the completion property, the fact that A/fc(„)\W is non void 
can be checked, by just remarking: If (M^, Fj^, GvK(fe)) is the Shimura-canonical lift 
of the Shimura Ufe-crystal {My, (^y, Gw{k)) attached to a G-ordinary point y e U{k), 
then F^(Lie{Gw{k)) 7^ {0} (corresponding to the fact dimc(X) > 0) and there is ^ e 
^w{k)0^i^)) such that (My, g(fy,Gy[r(^k^) is not a GvK(fc)-ordinary cr^-crystal. 

To argue this let Iq e /p(G=^^) be such that F^{Ue{Gi^)) 0. Let T, B and 5°pp 
be as in 4.1.4.1. Let u) e G^^^^(VF(/c)) normalizing Tiy^^) and such that wB-^j^/ (k^^w~^ = 

We can assume that By^r^k) normalizes and that ipy takes lAeiTy^ (^k^) and 
Lie(S) W{k) into themselves (cf 3.2.3 and cither 3.6.15 A or 3.11.1 c)). The Lie 
stable p-rank of the cyclic Shimura adjoint Lie cTfc-crystal {lAQ{Gmr(^k))i ^Vy) (with i 
such that Ggg C Givi/(fe)) is 0. So {My,u>(py,GiY{k)) is not a Giy(fc)-ordinary Ufc-crystal, 
cf F4 of 3.10.7. 

To treat the general case, we use special quadruples (cf [Va2, 3.2.10]). Let T be a 
maximal Q-torus of G such that: 

i) the Zariski closure of Tq^ in Gzp is a maximal torus of Gzj, with the property that, 
Vi e H, its image in G^, when extended over W{¥pdi) has a quotient (via an isogeny) 
which is a product x T^, where (resp. where T?) is itself a product of tori which 
are 1 dimensional and non-split (resp. which are such that their extensions to W{¥p2di) 
have VF(Fp2<ii)-ranks); 

ii) over M it is the extension of a compact torus by a 1 dimensional split torus. 

The existence of such a torus is obtained by applying [Har, 5.5.3] to G: we just 
need to show the existence of a maximal torus of G^ (of 4.3.1.1) whose Weil restriction 
from W{¥pdi) to Zp is a torus of Gi to each i) applies. But this is a consequence of the 
following two simple Facts: 

Fact 1. Vz e ?Y, is either split or splits over W(¥p2di). 

Fact 2. We consider an absolutely simple, adjoint group S of classical Lie type over 
a finite field k of odd characteristic which splits over the quadratic extension /c2 of k. 
Then, if it is not a split group of or D2n+i Lie type or a non-split group of Lie 
type, with n>2 (resp. if it so), S has a maximal torus T which is isogeneous to a direct 
product of 1 dimensional non-split tori (resp. to a product ofl dimensional non-split tori 
and of tori whose ranks over k2 are 0). 
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Proofs: Fact 1 is trivial if is not of -D4 Lie type; but this special case is a 
consequence of the fact that no Shimura variety of D^^^^^ type is of Hodge type (see 
[De2]; see also [Se2, cor. 2 of p. 182]). 

Fact 2 can be proved easily, case by case. If S is of C„ Lie type, then it is split. So 
to check the existence of T, we can assume n = 1; but this case is trivial. If S is of Bn 
Lie type, then it is split, and again we can assume n = 1, which is already covered by 
the Ci Lie type case. If S is of Lie type, with n > 4, then S is the adjoint group of 
a special orthogonal group SO of a non-degenerate quadratic form on a 2n dimensional 
^-vector space. If S is split and n is even or if S is non-split and n is odd we can take 
as T the image in 5 of a product of tori of SO, each one of them leaving invariant a 
quadratic form in two variables xi and X2 which is of the form 2, with a22 G k 

not a square (argument: the quadratic form j/ij/2 + J/3J/4 is equivalent to the quadratic 
form x\ — a22X2 — xl+ a22x1). If S is split and n is odd or if S is non-split and n is even, 
then using a product of n — 3 tori of SO of the same type and considering the image in 
S of its centralizer in SO, the situation gets reduces to the split D3 Lie type case, i.e. to 
the split A3 Lie type case. 

If S is split of An Lie type, n > 2, then we can argue at the level of representations: 
Tn := Res^ ^^/k'^m/'^rm with kn+1 the finite field extension of k such that [/Cn+i '■ k] = 

n + 1, is (isomorphic to) a maximal torus of S; if n is even then Tn has rank over /c2 and 
if n is odd then is isogeneous to a product of a 1 dimensional, non-split torus with a 
torus whose rank over k2 is 0. If S is non-split of An Lie type, n > 2, then we can argue 
at the level of non-degenerate hermitian forms in a way similar to the On Lie type case; 
see [Ro, th. of p. 243] . This proves the two Facts. 

As in [Va2, 3.2.11], we deduce the existence of a special quadruple (T, {h}, Hf, v) ^ 
{G,X,H,v). We fix some i G Ti"^^. We consider the cocharacter fi^ of T^^y^^^ x T^\y(^^ 

defined naturally by h via extensions and logical composites. The A-dcgrcc of definition 
(i^(i) of (Lie(G'ip^/(-yt)), (/? ® l) is smaller or equal to the A-degree of definition dz{i) of 
the i-th cyclic adjoint factor Ci{z) attached to an VF(F)-valued point 5 of A/" factoring 
through the integral canonical model of {T, {h}, Hf,v) (this is the same as 3.11.3.1). 
From the proof of 2.2.18 we get that the Shimura filtered a--crystal (M, F^(M), (f, Gvf(f)) 
attached to z is cyclic diagonalizable. We first assume that the mentioned two ^-degrees 
of definition are not equal. So, if the special fibre of z factors through U, {M, (p, G'vf(f)) 
has two distinct lifts which are cyclic diagonalizable (cf. 2.3.17 and 3.11.1 a) for the second 
one). But it is an easy exercise to see that this is not possible (it is solved independently 
in 4.4.13.2-3 below). Contradiction. 

If Hi does not factor through T^^^y then dzii) > 2di\ on the other hand. Fact 1 
implies that dA{i) < 2(ii, and so we get dA^i) 7^ dz{i). So from now on we assume Hi 
factors through T^^^^y This implies (cf. ii); we need to use a formula similar to the one 

of (f^ in 4.1.2): Ci{z) has all slopes equal to 0. So (cf formulas of 3.10.6 and 4.2.1 a)) 
the special fibre of z does not factor through U. So N'k{v) \ U is non-empty. This ends 
the proof of the Corollary. 
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4.3.7. Examples. We concentrate just on one Zp-simple factor Gi of G^. We can 
assume Hi = <S'(1, di). Let z : Spec(VF(/c)) Af he a lift of y and let 

:= (Lie{Giw{k)),<Py,F°{Ue{Giw(k))),F\Ue{Giw{k)))) 

be the z-th cyclic adjoint factor attached to z. If F-*^ (Lie(Gjiy(fc)) = {0} -i.e. if z e H^- 
there is nothing to be done. From now on we assume i e Ti^'^ and that F-*^ (Lie(Gi)) 7^ 0. 
Let 

i/ji : Ue{Gik) Lie(Gifc) 

be the i-th Faltings-Shimura-Hasse-Witt adjoint map attached to y (so ipi is the Faltings- 
Shimura-Hasse-Witt map of {Lie{GiiY{k))j Vy))- 

Case 1. is without involution. The cr^*-linear map 

iV^^* : {Ue{Gi)/F%Ue{G^))) ^w(k) k ^ (Lie(G'i)/FO(Lie(G'i))) ®w{k) k 

obtained from '0^' by passage to quotients, still computes (in the sense of 3.5) ^ times 
the Lie stable p-rank of jC^. 

If moreover is of fi^, or Df type, then this Lie stable p-rank is di times the 

/■«(z)-entry of W{t) iff the af^-hnear map iV'i ' has a non-zero determinant (cf. the 
formulas of 3.10.6 i)). So if all simple factors of {G^^X^"^) are of B^, Ci or D^^ type, 
then the fact that for a point y G ■Afk{v){k) we have Ry = -R(t), can be expressed in terms 
of some determinants being non-zero. This is very close to the intuition provided by the 
(usual) Hasse-Witt matrices. 

Case 2. iCz is with involution. So iCz is of Ai or of Df type. The (j^^'-linear 

map 

^ijf''' : (Lie(G'i))/FO(Lie(Gi)) 0w{k) k ^ (Lie(G'i))/FO (Lie(Gi)) 0wik) k 

obtained from '0^^* by passage to quotients, still computes (in the sense of 3.5) j: times 
the Lie stable p-rank of jC^. 

So in the cases when is of Ai or of Df type, with or without involution, the fact 
that the Lie stable p-rank of this cr^'-linear map iipi"^\ with rrii G {di, 2rfi}, is (rcsp. is 
not) di times the /7^(i)-entry Ui of R^{t), can be expressed (cf. 4.3.5) in terms of some 
matrices of rank at most 1 being non-zero (resp. being zero); such matrices (with entries 
in k) are obtained by taking the n^-th exterior power of (cf. 3.9.1.0) dvT'T''^^^^^- As 
a conclusion: 

Property. We can always express the fact that for a point y G Mk{v){k^ we have 
Ry = R^{t), in terms of some matrices (indexed by i & Ti^'^) of rank at most 1 being 
non-zero. 
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4.3.8. Remarks. 1) We denote by p — Lieciy) by the Lie p-rank of y, defined 
as the multiphcity of the slope —1 of {Lie{G^ ^j^-^) , (fy). If p — Lieaiy) 0) then the Lie 
stable p-rank of y is different from and the p-rank of := y*{A) is different from 
0. But the converses of these two implications are not true, i.e. there are examples (in 
the case of the first implication, if y is a Shimura-ordinary point, then must have 
compact factors, cf. the formulas of 3.10.6) when the Lie stable p-rank of y or the p-rank 
of Ay is different from but the Lie p-rank of y is 0. 

2) If / is an isomorphism, i.e. if jV = to know is equivalent to know the 
p-rank Vy of Ay-, we have 

^ ry{ry+i) 
2 

But this is not true in the general context of Shimura varieties of Hodge type. 

3) In the computations of 4.3.7 involving ranks and determinants it is irrelevant 
which factor Gi of (^^^^(A;) we choose, subject to F^(Lie(Gi)) 7^ 0. 

4.3.9. Definitions. The cr^*-linear map itpi \ rrii G {di,2di\, defined in 4.3.7, is 
called the z-th Faltings-Shimura-Hasse-Witt reduced map attached to y, and the matrix 
defined by it (via the choice of some A;-basis) is referred as the z-th Faltings-Shimura- 
Hasse-Witt reduced matrix attached to y and to 1 e Tij. Exterior powers of such maps 
and matrices are called modified z-th Faltings-Shimura-Hasse-Witt reduced maps or 
matrices attached to y. 

Similarly, for any cyclic Shimura Lie F-crystal we define (cf. 3.9.1.1) such maps and 
matrices. The only difference: mj can be also 3(ij (cf. 3.10.0). It is 3.9.6 which points out 
that these Faltings-Shimura-Hasse-Witt reduced maps are the same as the ones defined 
in a semisimple (not necessarily adjoint) context. 

4.4. G-canonical lifts. 

4.4.0. Definition. A point y : Spec(/c) ■N'k{v) is called a parabolic (resp. a Borel 
or reductive) point, if there is a lift z : Spec{W {k)) A/" of it such that the Shimura 
filtered Lie Ufc-crystal attached to z is of parabolic (resp. of Borel or reductive) type. 

4.4.1. Theorem. 1) A point y : Spec(/c) J^k{v) factors through U iff y is a 
parabolic point. 

2) We assume now that y factors through U. We have: 

a) There is a unique lift z : Spec{W (k)) — >• J\f ofy with the property that the Shimura 
filtered Lie a^-crystal attached to z is of parabolic type; 

h) If k — k, then the Shimura adjoint filtered Lie (7k- crystal attached to this unique 
lift z is isomorphic to 

(Lie(Gg) w{k),a^Ji{^) ® l,F«(Lie(Gg) W {k)) , F\Ue{Gll) W{k))), 
and so it is cyclic diagonalizable and of Borel type (ji being as in 4-.1); 
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c) If k — k then the Shimura filtered Lie ak-crystal attached to z is isomorphic to 

and so it is cyclic diagonalizable and of Borel type. 

3) Let (^My, F^,(py,G\y^i^^, {tajaeJ' ■I'^y) the principally quasi-polarized Shimura 
filtered ak-crystal attached to z above. We have: 

a) There is a unique cocharacter jiy : Gm ^ Gw{k) which produces a direct 
sum decomposition My = Fj^ © F° such that the elements of the parabolic Lie sub- 
algebra of Lie{Gw(^k)) corresponding to non-negative (resp. to non-positive) slopes of 
(Lie(G'^(fc)), take F} (resp. F^) into itself. We have [ny] = [i-iw{k)\- 

b) If k = k, then the filtered ak-crystal {My, Fl, ipy) is cyclic diagonalizable and its 
isomorphism class does not depend on the choice of y. Moreover, the principally quasi- 
polarized Shimura filtered ak-crystal (^My,F^,ipy,Gw{k),{ta)aeJ':'^y) ^-^ isomorphic to 
any sextuple [My^ , F^^ , (py^ , G\Y(^k) ; {ta)a€j' ■, '4'yi ) defined similarly but starting from an- 
other G-ordinary point yi : Spec(A;) — > U factoring through the same connected component 
ofUk through which y factors; 

c) If k = k, then there zs n G N such that the principally quasi-polarized Shimura fil- 
tered a'^ -is ocrystal {^My[^],Fl[^],LPy,GB{k)A'ta)oieJ' ^''Py) ^ J' -isomorphic to the prin- 
cipally quasi-polarized Shimura filtered a^-isocrystal (M®vK(fc(i;)) B{k), F^ ®w{k{v)) B{k), 
{(fi (g) (t;a)ae:r',^); 

d) * (^My, F^,ipy,G\y(^k): {ta)aej' i'4^y) Ij' -isomorphic (in the sense of 2.2.9 6)) to 

(M ®w{k{v)) W{k),F'^ ®w{k{v)) W{k),(p®l,Gw{k), Ma€J'i'4^)- 

So in c) we can take n — 1. 

Proofs: 1) is a direct consequence of 3.1.0 b) and 2.3.17, cf 4.2.1 c). 

4.2.3-4 were stated for F. As these results remain obviously true by working with an 
algebraically closed field containing F, in what follows we refer to them (with no extra 
comment) in such an extended context. 

a) (resp. b)) of 2) follows from 3.2.8 and 2.3.17 (resp. from 3.11.6 A) and 4.2.5-6). 
We include here a second approach to b) of 2). We can assume (cf 4.2.4, 3.4.11 and 
3.5.5) that the Shimura adjoint filtered Lie Ufe-crystal attached to z is 

(Lie(Gg) W{k),g{a^iC-) ® 1), F«(Lie(Gg) W-(A;)) , (Lie(Gg) W{k))), 

with g e Po{W{k)), where Pq is the parabolic subgroup of G^^-^-j such that po Lie(P°) 
is Wo(Lie(G^(fc)),cT;u(i) ® l). Let (^^ := g{a^{j) ® 1). po is also V^o (Lie(G^(^)), </?y) 
(this is the same as 3.3.4). Let Uq be the nilpotent radical of po- The quadruples 
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(no, -F^(no), </?y) and [no, F^{no), afx{jj) l) are filtered Lie (Tfc-crystals as well as p- 
divisible objects oi MJ^[o i]{W (k)) . We have ^^(no) = F^{Ue{G^^^^)), cf. 2.2.12.1 
!)• 

Let po W^(0)(po,o-/i(i) ® 1) (resp. pi := W{0){po, ^y)). As C ^"(g), we have 
V'yiPo) C pI and so 

(1) n^eNV^y (Po) c p^. 

We have: 

Fact. pQ and pQ are both Lie algebras of two Levi subgroups Pq and respectively Pq 
of Pq (so Pq, as a W{k)-module, is a direct summand of po). Moreover, in (1) we have 
equality. 

Proof: The second part of the Fact is a consequence of the fact that (pg, (py) is a 
(Tfc-crystal having only slopes 0. We now consider the Zariski closure Pq in Pq of the Levi 
subgroup of PQB{k) having po[^] as its Lie algebra; it is a group scheme over W{k). Let 

Nq be the unipotent radical of Pq. 

For (po, cr//(^) ® 1) the first part of the Fact is obvious, cf its definition (cf also 
3.11.2 C and 4.1.6). For (po,¥'y) this first part follows from the fact that for any n e N, 
we have </?^ = a^^^ , with a„ e PQ{W{k)). In other words, for any m G N, taking n big 
enough, (/7^(po) mod p^ is on one side included in pp mod p^ (cf. (1)) and on the other 
hand it is the inner conjugate of pg mod p^ by On mod p^ . So p\ mod p^ is the Lie 
algebra of a Levi subgroup of PoWm{k) and so is the Lie algebra of a uniquely determined 
reductive subgroup Rm of PoWmik)- The uniqueness of Rm can be proved in many ways. 
For instance, we have: 

Subfact. Rm is the subgroup Nm of PoWm{k) normalizing pQ mod p^ . 

The argument for this Subfact goes as follows. As we are in an adjoint context, the 
arguments of the proof of the Claim of 3.6.18.7.3 referring to and to Tvt^(fe) gives us 
that 'L\e{Nm) is Po mod p^. So, as contains i?^, we get that is smooth, having 
Rm as its connected component of the origin. So to check that Nm = Rm^ we just need 
to show that Nm is connected. We can assume m = 1. But Ai is normalized by any 
maximal torus of Ri and so, as Aofe can be identified with the Lie algebra of rio/prio 
and as the group of connected components of Ai can be identified with a finite, etale 
subgroup of Aofe, we get Ai = 

The Subfact implies Rm = Rm+iWmik)- ^ contains a maximal torus of 

(fe) as m e N is arbitrary, the Subfact of 2.2.9 3) can be entirely adapted to 

the sequence (i?m)mGN- We get the existence of a Levi subgroup Rq of G^^^^ whose 

reduction mod p'^ is -R^n, Vm G N. As Lie(i?o) = Po) the generic fibres of Rq and Pq are 
the same. So Rq = Pq. This proves the Fact. 

Any two Levi subgroups of Pq are conjugate by an element qq G PQ{W{k)): this 
can be proved in the same manner as the Fact 1 of 2.2.9 3), starting from [Bo2, 14.19] 
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applied over k. Changing ipy (viewed as a (jfc-linear automorphism of lAe{G^ ^^j^-^)) with 

9o^^y9o ^^-s Po C -F'^(Lie(G'^^^~|))- changing it by one which is inner isomorphic to 

it), we can assume pg = Po- But this imphes g G Pg (cf. the uniqueness part of 

Ice. cit. apphed over B{k)). This means that g fixes (under conjugation) the image of 
hg in Lie(G^^^^), Vs e S{l^d). We consider the crfe-hnear automorphism ai := g{a ® 1) 

of Lie(G'^(^)). Let Gf^ be the adjoint group over Zp having 

^HGtik)Y' ■■= e Lie(G^(,))|ai(a;) = 

as its Lie algebra (as k — k, a Z^-basis of Lie(G^j-^-j)'^^ is a M^(/c)-basis of Lie(G^j-^-j)). 
Claim. is naturally isomorphic to G^. 

Proof: Let p, be the composite of fj, with the epimorphism Gw(^k{v)) Gw{k{v))- 
We recall that Vq = W{¥). is defined over Zp (for instance, cf. Fact 2 of 4.1.1.1). As 
g e Pq (VF(A;)), we have djl{Lie{Gm)) C Lie((5|:^); so we can assume k = ¥. As the map 
Po{¥) —>■ Pq{¥) defined by ^ — >^ g^{g)~^ is surjective (cf. [Bo2, 16.4]), we can assume 
that g mod p is the identity element of Po(F). Argument: as Pq commutes with the 
image of /ivK(F), when we replace fif(cr/i(i) (g) 1) Wiih. gig{aji{^)®l)g^^ , with ^fi e Pq{Vq), 

we get gig^{gi)~'^{crili^) (g) 1). 

g = 1 mod p implies Gj^^ = G'^'^. But two adjoint semisimple groups over Zp having 
isomorphic special fibres, are isomorphic. Argument: as the root datum of an adjoint 
group over W{¥) can be read out from its special fibre, from [SGA3, Vol. Ill, 5.3 of p. 
314] we get that they are isomorphic over VF(F); and so we can apply the fact that a 
torsor of a smooth group scheme over Zp having an Fp-valued point is trivial. 

So is isomorphic to under an isomorphism lifting the identity G^ = 
and taking the image of (of 4.1) in into the similarly defined (via jl) torus 
""^fji of Gg; cf. [SGA3, Vol. II, 3.6 of p. 48] for the last part. This proves the Claim. 

But now (Lie(G^), cri/i(i) ® l) w.r.t. the new Zp-structure defined by Lie((?|^), 
is exactly (Lic(Gy^), (T/i(^) ® l) with the old Zp-structure defined by Lie(G|^). This 
ends the second proof of b) of 2), as (Lie(G|^) (^z^ Vo,ajl{^) ® l,F°(Lie(Gg) 
Vb), -FHLie(G|^) V^)) is of Borel type and cyclic diagonalizable (cf. 4.1.4). 

c) of 2) can be obtained entirely as b) of 2): we just have to replace everywhere 
Lie(G|^) by Lie{Gzp) and to consider parabolic and Levi subgroups of Gw{k) instead of 
G^^^^ (Levi subgroups of G\Y{k) are in one-to-one correspondence to the Levi subgroups 
of G^^f^^ and so the part of the proof of the above Fact referring to the adjoint context 
of 3.6.18.7.3 still applies). 

For the proof of a) of 3) we first remark that Py, if exists, is unique {F^ is uniquely 
determined, cf. the argument of 3.2.8 for the uniqueness of F^) and so, due to the 
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uniqueness assertion, we can assume k — k. From Fact 2 of 2.2.9 3) we get: if Hy 
exists then [/ly] = [iJ,w{k)]- So the existence of /i^ results directly from b) of 2) (i.e. 
a cocharacter /ly of G\Y{k)j subject to [/ly] = [/ivK(A;)]) is uniquely determined by the 
cocharacter jly : Gm — ^^(fc) obtained by composing it with -see 4.2.7- qquw{k)^ 
(DER) of 2.2.6 1)). 

Using 3.4.11 and 2.3.13.1, for the part of b) of 3) not involving cyclic diagonalizability, 
we just have to show that for any g G Pq (VF(A;)), there is h E (^^(-^-^(^(/c)) normalizing 
/pF^ and such that g<fy = h(fyh~^: here Pq is the parabolic subgroup of G^^^-j whose 
image in G^j-^-j is Pq. But the existence of h can be obtained following entirely the proof 
of b) of 2) (i.e. following the above Fact and Claim). In other words, the same arguments 
as above involving Levi subgroups allow us to assume that the image of g in G^^j^-^ {W{k)) 

belongs to Pq (VF(/c)). Using this, we define Gz^ in the same way we defined G^^ above; 
as a reductive group over Zp is uniquely determined by its special fibre and as a torsor 
of a reductive group over Zp which is trivial over ¥p, is trivial, the proof of the Claim 
applies entirely in the context of the reductive group Gzp- So a natural variant of the 
first paragraph after the proof of the Claim, applies. 

It is an easy exercise to see that the Shimura filtered cxfe-crystal {My, F^, (py, (j'vK(fc)) 
is cyclic diagonalizable. Hint: Hy : Gvi/(fe) defines an element h\ e End(My) by 

hl{x) = X ii X e Fl and hl{x) = if a; e F°; denoting hi := </3^~^(/if), s e N, we 
again get that /i^^^ = /if, i.e. fyijii) = hf, and the whole argument of the proof of 4.1.2 
can be repeated, b) of 2) implies that the Shimura filtered Lie ajt-crystal attached to 
{My, F^,(py,Gw(^k)) is of parabolic type and so this exercise is (via 3.1.0 b)) as well a 
particular case of 3.11.1 a). 

To see c) of 3) we write ipy = ayiiy{^), with ay as a Ufe-linear automorphism of My. 

My and Gw{k) g^t a natural Zp-structure My{Zp) and respectively Gzp, by considering 
elements fixed by ay (see 2.2.9 8)). The degree of definition of {My, F^, (py) is d (cf. end 
of 3.11.2 D and the Fact of 4.3.1.1); so /ly can be viewed as a cocharacter of Gw{k{v)) 
and so we can view /i^'s as belonging to Lie{Gw{k{v)))- Moreover, ta £ T{My{Zp)[^]), 
VcK e J'. Gqp is (see 4.2.3) an inner form of Gq^, defined by a class 

7eiyi(Gal(Qp),GQ^(Q;)). 

Using standard arguments (to be compared with [Va2, 5.2.17.2] and the proof of 2.3.13), 

we get that the image of 7 in {Ga].{Qp'^) , Gq^{Qp)) is (i.e. is the trivial class), where 
Qp" is the maximal unramified algebraic extension of Qp. From the proof of b) of 2) we 
get that the image 7^^^ of 7 in i?-'-(Gal(Qp), Gq^(Qp)) is 0; this implies: Gq^ is naturally 
isomorphic to Gq^ (so Gzp is isomorphic to Gzp, cf. [Ti2]). 

We now check the following statement: there is n G N a multiple of d such that 
the extension to VF(Fpn)[i] gf the representation of Gq^ on L* becomes isomorphic to 

the extension to VF(Fpn)[i] of the representation of Gq^ on My{Zp)[^] and, under such 
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an isomorphism p{y,n), Va goes into ta, Vet G JT"', i/j goes into •0^, and hg goes into /if, 
Vs e 5(1, d). 

First we need (this takes care of the part of the statement not mentioning hs^s): 

- n to be a multiple of d such that the image of 7 in H^{Gal{W{¥pn)[^]), Gq^{Qp)) 
is and Gb(Fj,™) is split. 

It is the proof of b) of 2), which takes care of the part involving hg^s and /i^'s; the 
two obstacles of getting this, i.e. the fact that the map G'(B(Fpn)) — > G*'^(i?(Fp»)) is not 
necessarily surjective and the fact that we do not want to use the fact -it is argued in 
3.11.2 C- that the centralizer in GB{k{v)) of ^ is connected, are overcome by the fact 
that the centralizer C of hiS in the parabolic subgroup of GB{k{v)) whose Lie algebra is 
M^(Lie(GB(/j(„))), is reductive (cf. the above part pertaining to Levi subgroups) and 
splits (as Gq^ does) over B{¥p^). So the above considerations pertaining to 7 (and its 
images) apply to a similarly defined class 7c G H^{Gsl{B{k{v)))^C{Qp)). So second we 
need: 

- 7c has image in iyi(Gal(S(Fp«)), C(Q^)). 

The fact that the extension of p(2/, n) to B{k) takes {ip ® 1)" into ipy is obvious, as 
f^" and are expressible in terms of hiS and respectively of /if s. This proves c) of 3). 

From 4.1.2 we get that the isomorphism class of the extension of (M, F^,(/7) to k 
is determined by the elements hiS and can be computed working just with rational 
coefficients (like over B{k{v))). Using this and the above proof of c) of 3), we get that 
the isomorphism class of the cyclic diagonalizable filtered a"fc-crystal {My,Fl^ipy) is the 
same as of the extension of (M, F^, ip) to k and so it is independent of y. This ends the 
proof of b) of 3). 

The proof of part d) of 3) will be presented in §5 as it is related to Milne's conjecture 
mentioned in 1.15. Here we just remark that we do not need to assume k = k (cf. 2.3.9.2). 

4.4.2. Definition. The unique lift z : Spec{W{k)) M (resp. z : Spec(M^(/c)) ^ 
Af/Ho) of a G-ordinary point y : Spec(A;) — > Af (resp. of a G-ordinary point y : Spec(A;) — > 
Af/Ho) with the property that its attached Shimura filtered Lie CTfc-crystal is of parabolic 
type is called the G-canonical or the Shimura-canonical lift of y. 

4.4.2.1. Remark. The right translation by an element of G(Aj) of a G-canonical 
lift, is again a G-canonical lift (cf. a) of 4.4.1 2) and Fact 6 of 2.3.11). This allows us to 
replace Hq in the above definition by any compact subgroup Hq of G(Ay). 

4.4.3. Definition. Let y : Spec(A;) N'k{v)/HQ (resp. z : Spec{W{k)) U/Hq) 
be an arbitrary /c- valued (resp. VF(/c)-valued) point. Let Ay :— y*{AHo) (resp. Ag := 
z*{Aho))- endomorphism fy (resp. fz) of Ay (resp. of Ag) is said to be a G- 
endomorphism if, as an element of End(H^j^^{Ay /W {k))) , is an endomorphism of the 
quasi Shimura Ufc-crystal {My, ipy, Gi^(fe)) attached to y (sec end of 2.2.9 1') and 2.3.10). 
We denote the set of G-endomorphisms of Ay (resp. of Az) by Endc{Ay) (resp. by 
Endo {Az)). EiidciAy) and EndoiAz) have natural structures of Lie algebras over Z. 
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An automorphism ay (resp. az) of Ay (resp. of Ag) is said to be a G-automorphism 
if, as an automorphism of H^j.y^{Ay/W{k)), is an element of Gw{k){W{k)). Notation 
AutoiAy) (resp. AutoiAg)). AutoiAy) and AutG(^z) have a group structure. Warn- 
ings: 

- in general, AutG(*), as a set, is not a subset of EndG(*); here * e {Ay,Ag}; 

- EndoiAy), EndG(^2;), AutoiAy) and AutoiAg) depend on the choice of Ahq- 

Similarly we speak about G-i?z-endomorphisms (i.e. about elements oiEndG{Ay)<Siz 
Rz), with Rz an arbitrary Z-algebra, or about G-Q-automorphisms. 

4.4.4. Corollary. Let y : Spec(A;) — > U/Hq he a G-ordinary point and let z : 
Spec{W{k)) M/Hq he its G-canonical lift. Then 

EndG{Ay)^EndG{A,) 

and 

AutoiAy) ^ AutciAz). 

In other words, any G-endomorphism (resp. any G -automorphism) of Ay lifts to an 
endomorphism (resp. to an automorphism) of A^. 

Proof: This is a direct consequence of a) of 4.4.1 2). See also 3.1.1.2. 

4.4.5. Corollary. // (/, L(p), z;, i5) is a standard PEL situation, then any G- 
canonical lift z : Spec(VF(F)) N'/Hq of a G-ordinary point y : Spec(F) — * U gives 
birth to a special point zq : Spec(i?(F)) — > Sh.HoxH{G, X) (i.e. Ag has complex multipli- 
cation). 

Proof: We view End{Ay) as a Z-subalgebra of End(My), with My as in 4.4.3. So 
EndoiAy) is the intersection of the centralizer of B in Eud{Ay) with the normalizer of 
the S(F)-vector space of the principal polarization pAy of Ay, obtained from Va by pull 
back through y and viewed as a cycle in the crystalline context. So, as any abelian variety 
over a finite field has complex multiplication, the Q-group defined by invertiblc elements 
of EudoiAy) ®i Q contains a maximal torus of rank equal to the rank of G. So, from the 
identity EudaiAy) — EudaiAg) of 4.4.4, we get that the Mumford-Tate group of (the 
generic fibre) of Ag is a torus. This proves the Corollary. 

4.4.6. Remark. In §6 and §12 we will see that 4.4.5 remains true without assuming 
that (/, -^(p), v) comes from a standard PEL situation (/, L^p), v, B). This will easily imply 
that Z// is a locally closed subscheme of Aik{v) (cf- §13). 

4.4.7. Remark. We assume k = k. With the notations of the proof of c) of 4.4.1 3), 

My{7jp) := {x G My\ay{x) — x} is a, Zp-structure on M w.r.t. which ^y can be viewed as 
an injective cocharacter ^y : Gm ^ GL(^My{Zp) VF(A;(f ))); we have to, e T{My(Zp)), 
Vq: e J''. So (^My,F^,ipy, {ta)oi^ji) is isomorphic to 

(Mj,(Zp) W{k), 'Fl ®w{k{v)) W{k), aixy{-) ® 1, {t^)^ej')\ 
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here we stiU denote by a the a-Unear automorphism of My{Zp)^ZpW {k{v)) fixing My{Zp), 
while 'F^ := n M^(Zp) W{k{v)). 

Moreover, the Zariski closure in GL{My{Zp)) of the subgroup of GL{My{Zp) [^] fixing 

ta, VcK e J', is Gqp, and the degree of definition of (^My, F^,(py,Gw{k)) is d (we recall 
that k{v) = ¥pd). For all these cf. the proof of c) of 4.4.1 3). 

4.4.8. Exercises. 1) We assume 4.4.6. If y : Spec(F) — > U, prove that there is 
a unique lift (the G-canonical hft of y, cf. 4.4.6) z : Spec(VF(F)) Af such that 
has complex multiplication. Hint: if k{v) = ¥p this is well known, cf. 4.6 PI below and 
cf. the theory of lifts of ordinary abelian varieties over F to abelian varieties over 1^(F) 
having complex multiplication; if k{v) ^ Fp, first copy the proof of 2.2.18 and then use 
3.4.3.0. 

2) Show that the property expressed in 1) is a property of Shimura-ordinary F- 
crystals over perfect fields (we do need to work in the context of lifts of quasi CM type 
over an algebraically closed field of arbitrary positive characteristic). Hint: use 2.2.18 
and the proof of b) of 4.4.1 2). 

3) This is just a particular case of 1). We assume k — k. Let z : Spec(l^(A;)) — J\f 
be the G-canonical lift of a G-ordinary point y : Spec(A;) U. Let (Lie(G'^^^-j), ^Py) be 

as in 4.3.1. If Wo(Lie{G^^i^^),(py) is a Borel Lie subalgebra of Lie(G^(.^p, then z is the 
unique lift of y to W{k), whose attached Shimura filtered u/s-crystal is a lift of quasi CM 
type (cf. def. 2.3.17) of the Shimura cr/s-crystal attached to y. Hint: use 3.10.7. 

For a theory behind (and a complete solution of) 4.4.8 see 4.4.13.2. 

4.4.9. Remark. Coming back to 4.4.4, we would like to mention that not always 
we have End(Aj,) = 'E'n.d{Az). This is always the case when k{v) = Fp, cf. properties 
PI and 4.6 P2 below. But when k{v) ^ Fp, we can have End(Ay) D En.d{Ag) for some 

G-ordinary points y. For instance this is so when G is a torus and the Shimura-ordinary 
type we get is a supersingular type (concrete example: when Sh(GSp(VF, i/'), 5") is the 
elliptic modular curve, G is a torus and the prime v is such that the Shimura-ordinary 
type is (1,1)). There are many examples with G a torus such that End(Ay) E'n.d{Ag), 
and starting from this we can obtain examples with G a reductive group which is not a 
torus and when not always End(Ay) is equal to 'Eind{Az). 

However, in §14, we will see that 

End{Ay) 0zQ = EndaiAy) ®z Q © End{Ay)^'' ®z Q 

and similarly 

End(A,) ®z Q = EndG(A,) ®z Q © End(A^)^« ©z Q, 

where End(Ay)-'-^ (resp. End(y42)-'-^) is the set of endomorphisms of Ay (resp. of 
Az) with the property that inside End[H^^y^{Ay/W{k))[^]) they are perpendicular to 

Lie(GB(fc)) w.r.t. the trace form on Eiid{H^^y^{Ay/W{k))[^]). 
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4.4.10. Problem. Referring again to 4.4.4, study the structure of the Lie algebras 
EiidoiAy) ®z Q and EndG(Ay) for various G-ordinary points y : Spec(A;) — > U/Hq. The 
most interesting case is when A; is a subfield of F. 

4.4.11. Remark. Not only d{€) but also the numbers d-^{^) and gd{^) (de- 
fined in 3.13.1), with €. the Shimura filtered Ufc-crystal attached to a G-canonical lift 
z : Spec{W{k)) jV, do not depend on the choice of z (cf. c) of 4.4.1 3)). 

4.4.12. Remark. We assume that d) of 4.4.1 3) holds and that k = k. Let 
V{k) be a complete DVR which is a finite, faithfully flat extension of W{k). Let 
^v(fc): Spec(V(/c)) ^ A/" be a morphism. Let (Ay(fc),PAv(fe)) '-^ '^^) and let 

{'ta^^^)aeJ' be the family of Hodge cycles with which Ay(^]^^ is naturally endowed. From 
2.3.13.1 and the density part of 4.2.1, we deduce the existence of a F(A;)-isomorphism 

L; V{k) = M ®wikiv)) V{k)^Hlj,{Ay^u)/V{k)) 

taking into PAv(k) taking into ta^''\ Vo; e J^'. 

4.4.13. The ?7-ordinariness. 2.2.17.1 raises the question: when a lift of quasi CM 
type of a Shimura F-crystal over a perfect field is unique? To answer this question we 
start with some definitions. In what follows k is an arbitrary perfect field. 

4.4.13.1. Definitions, a) A potentially cyclic diagonalizable Shimura crfc-crystal 
(M, G) over k is called a [/-ordinary crfe-crystal, if its extension to k has a unique lift 
of quasi CM type. 

b) Due to this uniqueness, this lift of quasi CM type is defined (via natural extension) 
by a direct summand F^{M) of M. F^{M) itself or the Shimura filtered afc-crystal 
(M, F^{M), 0, G) is called the [/-canonical lift of (M, G). 

c) A [/-ordinary Shimura crfc-crystal (M, (p, G) is called T-ordinary if the Lie algebra 
T := VF(0)(Lie(G'), (p) is abelian (due to the potentially cyclic diagonalizable part implicit 
in the definition of [/-ordinariness, this is equivalent -cf. 2.2.19.2- to: T is the Lie algebra 
of a maximal torus of G). 

d) In the same way we defined G-ordinary points oiN'k{v)-i define [/-ordinary and 
T-ordinary points of it, as well as [/-canonical lifts of [/-ordinary points of A4(t>) (or of 
Mk{v)/HQ) with values in perfect fields. 

e) a) to c) extend naturally to the context of Shimura (filtered) Lie crfe-crystals or 
to the context of generalized Shimura p-divisible objects. In particular we speak about 
[/-ordinary Shimura Lie Ufe-crystals and about their [/-canonical lifts (to be compared 
with 3.11.6.1). 

We have the following characterization of [/-ordinary cr/,-crystals: 

4.4.13.2. Proposition. A Shimura ak-crystal {M,(p,G) over k is U -ordinary 
iff it can he extended to a Shimura filtered ak-crystal {A4,F^{M),(p,G) whose attached 
Shimura filtered Lie ak-crystal is (see def. 2.2.12 d)) of toric type. 
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Proof: We first assume the existence of an F^-filtration F^(M) of M such that 
the Shimura filtered Lie CTfe-crystal (Lie(G), F^(Lie(G)), F^(Lie(G'))) is of toric type. 
Let Z be the integral, closed subgroup of G such that the Lie algebra of its generic fibre 
is VF(0)(Lie(G)[^], <^). We can assume k = k. So, the generic fibre of Z has a natural 

Qp-structure Zq^: the Lie algebra of Zq^ is formed by elements of Lie(Z)[^] fixed by 0. 
Zq is a reductive group having a maximal torus of the same dimension as the rank of 
G'c''(cf. 2.2.3 3) and the Qp-version of 2.2.9 8)). 

Let fl : Grn G he the canonical split of (M, F^(M), G). As in the proof of 2.2.18 
we get that F^{M) is a lift of quasi CM type and that fiB(k) factors through the center 
of Z. Let now Fl{M) be another lift of quasi CM type of (M, (p, G). Let /ii : G 
be the canonical split of (M, Fl{M), (p,G). Its generic fibre factors through a maximal 
torus of ZB(k) cind so it commutes with p,. This implies p, = p,i (to be compared with 
Fact 2 of 2.2.9 3)) and so we have F/(M) = F^{M). 

To prove the other implication, we can assume k = k. Wc just have to show that for 
any cyclic diagonalizable Shimura filtered cr^-crystal {M,F^{M),(f,G) whose Shimura 
filtered Lie cTfc-crystal is not of toric type, there is a lift Fi(M) of quasi CM type of 
(M, (f, G) which is different from F^{M). Let Zq^ be as above. It is easy to see (using 
just topological arguments) that there is g E Zq^{Qp) which takes M onto itself and 
which does not normalize F^{M); as any such g is fixed by (p, it moreover normalizes 
F^{M)/pF^{M). But now, from the very def. 2.2.17, we get that g{F'^{M)) is another 
lift of quasi CM type of {M,<p,G). This ends the proof. 

4.4.13.2.1. Corollary. A Shimura Uk-crystal is U -ordinary iff its Shimura adjoint 
filtered Lie a -crystal is. 

This is a consequence of 4.4.13.2 and of the Fact of 2.2.13.3. 

4.4.13.3. Examples. From 4.4.13.2 and 3.1.0 a) we get: any Shimura-ordinary 
CTfc-crystal is [/-ordinary and any Shimura-canonical lift is a [/-canonical lift. This solves 
all 3 exercises of 4.4.8 (for 4.4.8 1) cf. also 2.3.17). But there are plenty of [/-ordinary 
(Tfc-crystals which are not Shimura-ordinary; below we present the simplest type of such 
examples, directly in the adjoint context. 

4.4.13.3.1. New examples. Let Go be a split, simple, adjoint group over Zp of 
some Cn, Bn, E-j or (with n > 4) Lie type. Let G := Resw{v^z)/ipGQW{v^z)'^ so Gq 
is naturally a subgroup of G. GvK(Fp3) is a product of three copies Gi, G2 and G3 of 
Gqw{¥^z)- Let jl : Gm G be an injective cocharacter factoring through Go and such 
that the pair (G, [fi]) is a Shimura group pair; if Go is of -D„ Lie type, we assume (G, [p\) 
is of type (i.e. the derived subgroup of the centralizer of fx in Gq is of -Dn-i Lie type). 
We consider a maximal torus T of G through which ft factors and a Borel subgroup of G 
containing T and such that Lie(i?) is included in the F'^-filtration of Lie(G) produced as 
usual -see 2.2.8 3)- by fl. Let w e G{W{¥p3)) be a Weyl element (w.r.t. T) such that 
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its component in G3 is trivial, while its component in Gi {i G {1, 2}) takes B-y^iv^z) ^ 
into its opposite (w.r.t. the maximal torus T^KCFps) l~l Gi of Gi). 

As in 4.1.5 we construct a Shimura adjoint filtered Lie ctf^s -crystal 

{Ue{Gw(w^,)).w{ali{^) ® l),F\Ue{Gw(w^,))).F\Ue{Gwiw^,)))) 

which is (to be compared with 4.1.5.2) potentially cyclic diagonalizable, is of toric type 
but, as its Lie stable p-rank is 0, it is not of parabolic type. So any generalized Shimura 
filtered ctf^s -crystal C having it as its attached adjoint is a t/-canonical lift, without 

being a Shimura-canonical lift; if G is of Ai Lie type, then the [/-ordinary crp g-crystal 
underlying € is in fact a T-ordinary (Jf^3 -crystal. 

Similar examples can be constructed modeled on some or D™^'^'^ type. 

There are plenty of examples involving as well adjoint factors which are included in the 
corresponding F°-filtration, as well as examples which involve other Weyl elements. See 
[Va8] for a minute analysis and classification of such examples. 

4.4.13.4. Remarks. 1) 4.4.13.2 implies that [/-ordinary points which are not 
Shimura-ordinary do not show up in the classical setting of Siegel modular varieties. But 
they do show up in the context of some of the classical standard PEL situations of [Ko2, 
ch. 5] (for instance, cf. the Cn Lie type part of 4.4.13.3.1 and 4.12.12.6 below; see also 
4.12.12.6.6 3) below). To our knowledge, not even one example of a [/-ordinary point 
which is not Shimura-ordinary has been previously identified as such. 

2) 4.4.3-4, 4.4.5-6 and 4.4.9-10 extend to the context of [/-ordinary points; in partic- 
ular, 4.4.5-6 give us completely new ways to construct abelian varieties having complex 
multiplication (in connection to 4.4.6 and 4.4.9-10 see §6 and respectively §14). 

3) The letter T in 4.4.13.1 stands for toric, while the letter U stands for uniqueness 
as well as for the way (serpent like) the Weyl elements (see 4.4.13.3.1 for a sample) have 
to act on different Lie algebras of (some) adjoint groups in order to produce [/-ordinary 
(Lie) (Tfc-crystals. 

4) We do not know when the [/-ordinariness is an isogeny invariant or when 3.11.5 
holds for [/-ordinary u^-crystals. Also we do not know when we can recognize a [/- 
ordinary (adjoint Lie) cr/j-crystal from its Newton polygon. It seems to us, that the 
answer would be: only when we arc in a Shimura-ordinary context. 

5) As in 3.11.3 we define the degree, the T-degree and (when appropriate) the A- 
degree of definition of a [/-ordinary cjfc-crystal (M, G). Following 3.1.5, the canonical 
split cocharacter pi of its U -canonical lift is also called the canonical split cocharacter of 
(M, (p, G). It has interpretations similar to the ones of 3.1.4-6: 

INT. jl is the unique cocharacter of G defining the filtration class of (M, 0, G) and 

such that its image fixes the elements 0/ VF(0)(Lie(G'), (^) (cf. the proof of 4--4-13.2). It 
is fixed by any automorphism of (M, G). Any endomorphism of {M,(f,G) is as well 
an endomorphism of its U -canonical lift. 
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Similarly we define the canonical split cocharacter of any [/-ordinary Shimura Lie 
CTfc-crystal It has an entirely similar interpretation as of INT. 

4.4.13.5. Remark. We have the following variant of the Proposition of AE.4: 

Corollary. Let g G Aut{G,X,H). If ag fixes an ¥ -valued U -ordinary point of M , 
then it fixes its U -canonical lift z : Spec{W{¥)) Af. 

Proof: In such a case go (defined as in [Va2, p. 495] starting from the non-trivial 
part of the Shimura adjoint filtered Lie UF-crystal (tf^ attached to z), is an automorphism 
of €^'^ itself (see 4.4.13.4 5)) and so (cf. the uniqueness part of 2.3.17) ag fixes z. 

4.5. Different stratifications. 

4.5.1. Definition. The stratification of A/'fc(„) in G'(Aj)-invariant, reduced, locally 
closed subschemes indexed and defined by Newton polygons of Shimura Lie Ufc-crystals 
attached to points Spec(/c) — > -Afkiv): is called the canonical Lie stratification. 

4.5.2. Definition. The stratification of Mk{v) G(Aj)-invariant, reduced, locally 
closed subschemes, indexed and defined by sequences of length \'H\ formed by Newton 
polygons of the cyclic factors (their number is \H\) of Shimura adjoint Lie a^-crystals 
attached to points Spec(/c) Afk{v)i is called the refined canonical Lie stratification. 

4.5.3. Remarks. 1) lA is the open, dense stratum of both stratifications of Mk{v) 
defined above (cf. 4.2.1 and 4.3.4). In the refined context, in all that follows we can as 
well replace Ti by Ti"'^. 

2) Let i E H. Let TTj be the projector of End(L*[^]) on Lie(Gi) having as its kernel 
the elements of End(L*[i]) perpendicular on Lie(Gi) with respect to the trace form on 
End(L*[^]) (to be compared with [Va2, 4.2] and AE.O). It is fixed by Gq^ and so it 
can be viewed (cf. [Va2, 4.1] and the identifications of [Va2, top of p. 473]) as a Qp- 
linear combination of Betti realizations of Hodge cycles of abelian varieties over fields 
of characteristic zero obtained by pulling back Ah^- We can assume as well that tt^ is 
a Qp-linear combination of f^'s of 2.3.1. So the G(Ay)-invariant part of 4.5.1-2 follows 
from this and the paragraph after Fact 4 of 2.3.11. 

4.5.4. p p-divisible objects. We assume k — k. Any representation 

p:Gz,^ GL{N), 

with a non-zero, free Zp-module of finite rank, allows us to attach to any point z : 
Spec{W{k)) — * J\f, a p-divisible object of A4J^[ap,bp]{W{k)); here ap,bp e Z are 
defined by the fact that 

Atp := Pw{kiv)) op-.Gm^ GL{N W{k{v))) 
produces a direct sum decomposition 

N®z^W{k{v)) = ®iexFl, 
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with all Fp 0, with ap, bp G Xp such that Tp C S{ap, bp), and where (3 e Gm{W{k{v))) 
acts through yUp on as the multiplication with /?~*. This goes as follows. 

Let y be the special fibre of z. We consider a 1 j-/ -isomorphism (in the sense of 
2.2.9 6)) of the quadruple {M <S)w{k{v)) W{k), iJ,iY{k)j i''^a)aej' jW) with the quadruple 
[My, fly, {ta)a£j'iPAy)i cf. d) of 4.4.1 3) and 4.4.12. If we do not want to use d) of 4.4.1 
3), then we can use Zp-structures as in 2.2.9 8): at the end we get the same thing. 

Here {A^,pA,) ■= z*{A,Va), Ay is the special fibre of and My := H^^y^{Ay/W{k)); 
{ta)aeJ' is the family of de Rham (crystalline) components of the family of Hodge cycles 
with which Az is naturally endowed. Hy : Gm — GL{My) is a cocharacter fixing ta, 
Va e JT"'; it produces a direct sum decomposition My = F^ © F^, with F^ as the Hodge 
filtration of My defined by A^ and with P e Gm{W{k)) acting through /ly on F* as the 
multiplication with /?~*. 

We can write the Frobenius Lpy of My, under this isomorphism, as g{aiJ,{^) (8) 1) with 
g e Gl^{W{k)) C GL{M){W{k)). Now we define 

:= (iV®z^ W{k), (F; ®w{Hv)) W{k))iej^,ifiy,p), 

with 

'fiy,p ■■= Pw{k){9)i(^l^pi-) ® !)• 

Obviously, pC^ is uniquely determined up to inner isomorphism (regardless of all choices). 
In §5 we will see that there is a p-divisible object 

of M.J^^ ^ ](-^) attached to p in such a manner that in z it becomes pC^. pC^ is called 
the p p-divisible object of M.!F[ap^hp\{^{^)) attached to z. 

The p-divisiblc object pCA/" defines a Newton polygon stratification of A/fc(«) inG(A^)- 
invariant, reduced, locally closed subschemes (cf. §5). We call it the p-stratification 
of A4(t))- As here we do not show the existence of pCA/", we briefiy indicate how we 
can define the p-stratification of Mk{v) directly, by just sketching the construction of 
p€N. We can work in the etale topology of Nw{k)i around the point through which 
y factors. In order to apply 2.3.15, we still denote by z the resulting VF(A;)-morphism 
Spec(iy(/c)) -> Mw{k)/Ho. Let a : y = Spec(i?) Mw{k)/Ho be as in 2.3.15. We 
assume a factors through an affine subscheme of N'w{k)/HQ whose p-adic completion 
has a Frobenius lift and it is compatible with the two Frobenius lifts. Let [My ®w{k) 
R^, FI ®w{k) R^i dri'Py <H) 1), V^a) have the analogue meaning of 2.3.15 d). Following 
the same pattern of the construction of p€z, we consider the following p-divisible object 
p€r ofA1.Fj^^,^](i2) 

(AT R^, (f; ^w{k{v)) R%eT,,PR{9Y){<Py,p ® 1), V^a). 
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Here, as Vr^ respects the Gfl-action, we still denote by V^a the connection on N R 
it defines naturally (via the Lie homomorphism Lie(G^p) — > End(A^) associated to p). 
Using Teichmiiller lifts Spec(W^(F)) ^ F, we get that the Newton polygon stratification 
of R/pR defined by pCi?, is the pull back via the special fibre of a of a Newton polygon 
stratification of the image IM of the special fibre of a in A/fc/i^o; it is nothing else but 
the Newton polygon stratification defined by the Newton polygons of pCg and so it is the 
pull back to IM of the p-stratification of Nw/Hq- Standard arguments (based on 4.5.6 
1) below and the part of 2.3.9 A referring to F) show that in the last sentence we can 
replace Mw/Hq by Mk{v)/Ho. 

4.5.5. Definition. The intersection of all p-stratifications of Nk{v) is called the 
absolute stratification of Mk{v)- 

4.5.6. Exercises. 0) The p-stratification of Nk{v) is trivial (i.e. formed just by one 
stratum) iff /i^ factors through the center of the image of Pw{k{v)) iii GL{N<^Zp W{k{v))). 
Hint: use 3.2.2 and the proof of 4.3.6. 

1) Any p-stratification is G(Ap-invariant. Hint: adapt 4.5.3 2). 

2) The canonical Lie stratification is the Ad-stratification, where Ad : Gz^ — > 

GL(Lic{G^)) is the adjoint representation. 

3) If Adi : — * G'L(Lie(Gi)), z G 7i, is the (irreducible) subrepresentation of 
Ad induced on the Zp-direct summand Lie(Gi) of Lie(G|'^) (see 4.3.1), then the refined 
canonical Lie stratification is the intersection of all Adi-stratifications, i ETi. 

4) The absolute stratification is well-defined, i.e. its strata are locally closed sub- 
schemes and their number is finite. In fact, always there is a p such that the absolute 
stratification and the p-stratification coincide. Hints: for the first part use that the set 
of G(i?(F))-conjugacy classes of semisimple elements obtained as in 2.2.24.1 but working 
with a C/(Mo, ^po, G'vv'(f)) as in 4.2.6 is finite; for the second part, starting from a finite 
number pi, p2,..., Pm of representations of Gi^ such that the absolute stratification is the 
intersection of the p^'s stratifications, i e /S'(l,m), use a sum YlT=i Ps{''^s)-, with all n^'s 
belonging to N and such that ni << n2 << ... << Tim', here Psins) is the tensor product 
representation of ps with the one dimensional representation achieving the Tate twist by 
Zp(ns) (variant, if all images of p^'s are semisimple, we can equally well work with a sum 

Em N 
s=l^sPs). 

5) li J\f — A4, the usual Newton polygon and absolute stratifications coincide. Hint: 
see 4.5.6.1 below. 

6) If po : Gzp ^ GL{L*) is the faithful representation introduced in 4.1, then the 
po-stratification is the stratification of N'kiv) defined by Newton polygons of Shimura 
F-crystals attached to points of A4(u) with values in perfect fields. 

7) Show by examples that 5) is not true for an arbitrary SHS (/, -£'(p), v). Hint: either 
use products of Shimura varieties of Hodge type or look at the case when \T-t'^'^\ > 2. 

8) U is an open subscheme of the open, dense stratum of any p-stratification and so 
it is the open, dense stratum of the absolute stratification. Hint: use b) of 4.4.1 2). 
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9) Show that the p-stratification depends only on the restriction of p to Gq . Hint: 
use the part of 4.2.7 involving abelianizations of groups. 

All the above Exercises are very easy. 

4.5.6.1. Proposition. We assume G'^'^ has no simple factor of: 

- An or Dn Lie type, n E N, n > 2, or of 

- Bn, n E N, n > 4, which has a simple factor over Qp corresponding to an i E H.^'^ 
such that is not an 1-tuple. 

Then the absolute stratification coincides with the refined Lie canonical stratification. 

Proof: Let yi : Spec(/c) J^k{v)j ^ = l^S, be two points of the same stratum of 
the refined canonical Lie stratification of Nk{v)- We need to show that they belong to 
the same stratum of any p-stratification oi N'k{v)- Let (M^, (yj^, G^y^/j)) be the Shimura 
CTfc-crystal attached to yi. Let m e N be such that <^|^ acts diagonally on elements of 
a i?(fc)-basis of MJ^]. We can assume that k = ¥ and so that the Shimura CTfc-crystals 
involved arc defined over finite fields; so we can always choose m so that 2.2.24 applies: 
we get a semisimple element hi e G{B{¥)), whose eigenvalues, as an endomorphism of Mi 
are p to powers m times the slopes of (M, multiplicities corresponding. For future 
references, from now on we still use the general notation k instead of F (cf. 2.2.24.1). 

We choose m to be a multiple of 6 times the product of the lengths of the cyclic 
adjoint factors of the Shimura Lie crfc-crystal attached to j/i (or j/2; 4.2.10 or 4.4.1 2) 
implies this product does not depend on j/i). The key fact is: 

Claim. Replacing m by a suitable multiple of itself, we can assume bi and 62 ore 
G{B{k)) -conjugate. 

To prove this claim, let G be the product of the simply connected semisimple group 
cover of G'^'^^ and of the connected component of the origin of Z{G). Replacing m by a 
multiple of itself, bi is replaced by a positive power of itself; so we can assume 6/ lifts to 
an element bi e G{B{k)). We consider a representation 

GB{k) GL{VB{k)) 

factoring through G^Yfc) such that when restricted to C^Yfc) ^ direct sum, indexed 
by the simple factors of G^^-^-j, of the standard embeddings (see [He, §8 of ch. 3]) of the 
classical groups defined by suitable group covers of these simple factors (these group covers 
are quotients of G^Yfe))- instance, if we have a factor Sp{VB{k)i'4'B{k)) of G'^slk)^ vjiilv 
{yB{k)i'^B{k)) symplectic space over B{k), then we get the natural representation of 
Sp(i^(A;)) V'b(A;)) l^B(fc)- Similarly, if we have a simple factor of G^^j^^ of Bi Lie type, 
we get the classical orthogonal faithful representation of dimension 2£ + 1 of the split 
SO{2e + l)-group (over B{k)). 

bi acts diagonally on VB(k)'i we can choose bi so that its eigenvalues, as an automor- 
phism of VB{k)j are integral powers of p. bi also acts diagonally (via inner conjugation) 
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on each simple factor T of the Lie algebra of the image of Lie(G^Yfc)) i'^ End(VB(/j)). 
With its eigenvalues, as an automorphism of we construct a Newton polygon NPi{J^). 
3.4.1 and 3.4.2.2 imply that the images of hi in a set of GL-groups of Lie algebras of sim- 
ple factors of G^^^^ which are permuted transitively by <^/, up to isomorphism of these 
groups, are the same. So, the fact that yi and 2/2 are points of the same stratum of the 
refined canonical Lie stratification of gets restated in: for each such simple factor 

T we have 

{EQ) NPi{T) = NP2{T). 

Fact. Let C he a classical semisimple, split group over B{k) which has a simple 
adjoint and is not of Ai Lie type with I > 2 (so C is SO{n) or Sp(n), for some adequate 
n e Nj. Let and be semisimple elements of C{B{k)) such that their eigenvalues 
(under the classical representation of C) are integral powers of p. We assume that the 
Newton polygons defined by the eigenvalues of their actions (via inner conjugation) on 
Lie(C) are the same. We have: 

a) if C is of Cn or B3 Lie type, then b^ and b^ are C{B{k)) -conjugate; 

b) if C = SO{2n) (i.e. if C is of Dn Lie type) and if the greatest eigenvalue of b^ 
and the greatest eigenvalue of b^ both have multiplicity greater than 1, then b^ and b^ are 
conjugate by a B{k) -valued point of the orthogonal group 0{2n); 

c) if C — SO{2n + 1) (i.e. if C is of B^ Lie type) and if the greatest eigenvalue of 
b^ and the greatest eigenvalue of b^ both have multiplicity greater than 1, then b^ and b^ 
are C{B{k)) -conjugate. 

The simple proof of this Lemma is left as an exercise. 

Let TOiso — 2 be the exponent of the kernel of the natural isogeny from GB{k) into 
the product of G^B{k) with the image of G^j^fc) in GL{yB{k))- As in 4.2.7, we can assume 
that the images of bi and 62 in G^B{k) same. Let i e H^'^ be such that Gi is of S„ 

Lie type. We take to be included in lAe{GiB{k))- If the i-th cyclic adjoint factor of y\ 
or of y2 is Shimura-ordinary, then from (EQ) and from 4.4.1 2) and 4.2.1 b) we get that 
we can assume the images of 61 and 62 in the simple factor of corresponding to JF 

are the same. If the i-th cyclic adjoint factors of yi and of 2/2 are not Shimura-ordinary 
and if e^^{v^'^) is an 1-tuple, then (easy exercise; it is implicitly solved by 4.12.12.6.4.1 a) 
below) we are in a situation where c) applies. So, from (EQ) and a) and c) we conclude: 

0^^"° and 0^^"° are G(5(A;))-conjugate. This proves the Claim. 

The Claim implies: yi and y2 are points of the same stratum of any p-stratification 
oi Nk{v) (cf- the constructions in 4.5.4). This ends the proof of the Proposition. 

4.5.6.2. Examples. A. It seems to us that the restriction on B^ Lie types in 4.5.6.1 
is not needed. If z G 'hC^'^ is such that Gi is of Bn Lie type, then is split and so it is the 
special orthogonal group of a perfect, symmetric bilinear form on a free M^(Fpdi )-module 
V{i) of rank 2n -|- 1. So, viewing V{i) as a Zp-module, we consider the representation 

pf : Gz, ^ GL{V(i)) 
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which factors through Gi inducing the tautological representation of Gi on V{i). From 
the proof of 4.5.6.1 we get: 

Corollary. If Gi is of some Lie type, Vi G Ti^'^, then the absolute stratification 
of N'k{v) is the intersection of the pi-stratifications, i e H'^^. 

B. On the other hand, 4.5.6.1 does not necessarily hold for the case when G^'^ has 
simple factors of Lie type, with n > 2, or of Lie type, with n > 4. Here is a 
very simple example, in the abstract context of Shimura crfc-crystals involving the Lie 
type: the proof of 4.12.12 (cf. also 4.12.12.6) below, tells us that this abstract context 
can be easily adapted to the context of a SHS. Let (M, F^{M), Lp, GL{M)) be a Shimura 
filtered cr^-crystal over k = k, with M (resp. F^(M)) of rank 4 (resp. of rank 2). Let 
fl'i)5'2 £ GL{M) be such that: 

- {M,gi(p) has slope ^ with multiplicity 3 and slope 1 with multiplicity 1; 

- {M,g2(p) has slope | with multiplicity 3 and slope with multiplicity 1. 

The Lie isocrystals {End{M)[^], gi<fi) and (End(M)[^], 5r2<^) are isomorphic. So the 
Newton polygon of 

(Lie{PSL{M)),gi<f) 

does not depend on i e {1, 2}. Similar examples can be constructed for any other A2+m 
(resp. Ds+rn) Lie type, with m G 1 + 2N (resp. m G N). For examples involving the A2m 
Lie types (m G N), we usually need groups over Zp whose adjoints are simple but not 
absolutely simple. 

Warning: in many situations 4.5.6.1 remains true even if G^^ has simple factors of 
some An or Dn Lie types; for instance, this is so if G^ is a split group and G^ = 

5t/(l,2)-d 

4.5.7. Some sets of Newton polygons. Let y : Spec(F) Mk{v) be an arbi- 
trary point and let (Mq, (^O; <^vk(f)) be its attached Shimura a-crystal. Let NP{J\fk{v)) 
be the set of Newton polygons defined by a-crystals of the form {Mq, gipo), with 
g G G^(-]p-|(VF(F)). Let LNP{Mk{v)) be the set of Newton polygons defined by Shimura 
adjoint Lie ^-crystals of the form {lAc{G''^,fjyj, gLpo) , with g G G^j-jp-j (VF(F)) . Similarly, 
we define RLNP^Mk^v)) as the set of sequences of length \H\ of Newton polygons at- 
tached to cyclic factors (their number is \H\) of the above Shimura adjoint Lie a-crystals. 
Let 

N{G-^,X-^v-^) :=|LiVP(A4(.))|, 

and let 

^^(^ad^^ad^^ad) _ \RLN P{Nkiv))\ ■ 

We also write N{J\fk{v)) = N{G^'^, X^'^, t;^^) and RLNP{Mk{v)) = RLNP{G^'^, X^^, v""^). 

4.5.8. Remarks. 1) The sets LA^P(A/'fe(^,)) and RLNP{J\f]^(^y^) and so also the nat- 
ural numbers N{G^'^, X^'^, v^'^) and Ni{G^^, X'^^, v^'^), depend only on the isomorphism 
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class of the Shimura group pair /U ), where n : Gm — ^ ^w{k{v^'i)) similar 

meaning as /x of 4.1 but associated to the Shimura variety Sh{G^'^, X^'^) (cf. b) of 4.4.1 
2)). This justifies our notations and shows that the set RLNP{G^'^, X^'^,v^'^) can be 
defined directly without any reference to some SHS. 

2) In §10 we will use different p-stratifications of A4(v) to compute the numbers 

4.5.9. The quasi-afRneness property. The canonical stratification of the special 
fibre Aik{v) of (cf- [EO] and [Oo3, 7.2]; in [Oo3] is also referred as the EO stratification) 
gives birth (by pull back) to an /-canonical stratification of N'k{v)i G(Aj)-invariant, 
reduced, locally closed, quasi-affine subschemes (as — > At is a finite morphism, Nk{v) ~^ 
A4k(v) is a finite morphism). We do not deal here with the interplay between the /- 
canonical and the canonical Lie stratifications of Mk(v)- We just mention that U is an 
open subscheme of the open, dense stratum of the /-canonical stratification of A/fc(„), cf. 
b) or d) of 4.4.1 3), the definition of the canonical stratification of M.k{v): cind (in case 
we do not want to use d) of 4.4.1.3) the following Exercise. 

Exercise. Let {AsjPaJ, s = 1,2, be 2 principally polarized abelian varieties over 
an algebraically closed field of positive characteristic. If Ai\p\ is isomorphic to ^2[p] then 
(Ai[p],pyiJ is isomorphic to (A2[p],PA2)- Hint: use the classification of [EO] and [Oo3, 
7.2] and Corollary of D of 2.2.22 3). 

3.9.3 suggests that this open, dense stratum should be U itself. As the quasi- 
affineness is well behaved under the operations of passing to finite morphisms or to open 
subschemes and taking quotients (via finite group actions), from [Oo3, 7.2] we get: 

Corollary. For any compact subgroup Hq of G(Aj), the G-ordinary locus of 
N'k{v)/HQ is a quasi-affine k{v)-scheme. 

The interpretation of the /-canonical stratification of N'kiv) in terms of finite, fiat 
group schemes over F annihilated by p (and liftable to VF(F)) and endowed with some 
endomorphisms and principal polarizations should lead (via the use of PEL-envelopes as 
defined in 2.3.5.3) to the definition of a refined /-canonical stratification of j\4(„). 4.5.6.2 
B implicitly points out that in general, the refined /-canonical stratification of Afkiv) once 
defined, can be different from the /-canonical stratification of A/fc(t,). 

4.5.10. Remark. We do not stop here to prove that if yi,y2 ^ ■^k(v){k) are two 
distinct points giving birth to the same point y G M.k{v){k), then yi and y2 are always in 
the same stratum, for any p-stratification of J\fk{v), as a proof of Langlands-Rapoport's 
conjecture for Mk{v) in the context provided by {f,L(^p^,v) (see [Mi2] and [Va2, 1.7]) 
implies that such a situation j/i — > y y2 does not occur (cf. §14; to be compared also 
with [Va2, 5.6.4] and 4.4.6). 

4.5.11. Toric points. Here k is again an arbitrary perfect field. The isomorphism 
of b) of 4.4.1 2) or just 4.2.10 leads us to define: 

a) a map fa '■ Wq LNP{Mk{v)) associating to a; e Wq the Newton polygon 
LieG(Pc.) (of 4.1.5); 
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b) the set of G(u;)-ordinary points y : Spec(/c) — > A4(v) by the rule: the Shimura 
adjoint Lie u/s-crystal attached to them, over are inner isomorphic to the extension to 
k of the Shimura adjoint Lie a-crystal of of 4.1.5; here inner refers to isomorphisms 
defined by elements of G'^(fc), cf. 4.2.10. 

4.5.11.1. Three open problems. If M has the completion property, then the set 
of G'(ci;)-ordinary points is non-empty. We assume that the set of G(c<;) -ordinary points is 
non-empty (in 4.12.12.6 below we prove that this is always so). The ^(a;) -ordinary points 
are points of a uniquely determined stratum of the refined canonical Lie stratification 
of Nk{v)] using the last part of 4.1.5.1 and the same argument as in the proof of the first 
sentence of b) of 4.4.1 3), we get that the G (a;) -ordinary points are points of a uniquely 
determined stratum of the absolute stratification of Hk{v)- 

We do not know (if or) when: 

ALL all points of s^j (or of 5^) are G (a;) -ordinary points, or when 

D{uj) G (a;) -ordinary points are points of an open, dense subscheme of (or of 5^), 
or when 

ECC (at the opposite pole) each connected component of s^j (or of s^) has G(a;)-ordinary 
points. 

4.5.11.2. Definition. The points of N'k(v) with values in perfect fields which are 
G (a;) -ordinary, for some u> e Wq, are called toric points of A4(„). 

4.5.11.2.1. Exercise. Show that toric points can be defined in terms of Galois 
representations: a point y : Spec(A;) N'k{v) is a toric point, iff there is a VF(A;)-valued 
point z oi N lifting y such that the natural p-adic Galois representation 

: ^ GL{HUz*{A),B{k)mp) 

factors through the group of Zp-valued points of a maximal torus of Gz^ ; here we view Gzp 

as a subgroup of GL(L;) and identify (cf. [Va2, top of p. 473]) L; with Hl^{z*{A),B{k)). 
Hint: use 2.2.13.3, 2.2.16^2, the Criterion of 2.2.22 1), 2.3.17 and the natural variant of 
4.2.4 with F replaced by k. 

4.5.11.3. Remark. We will see in §10 that toric points are "pillars" of the (refined) 
canonical Lie stratification oiMk{v) as well as of all other stratifications of 4.5.15-16 below. 
The most important ones are the [/-ordinary points introduced in 4.4.13. 

4.5.12. Problems. 1) The map fo is usually not injective. Compute the number 
of elements of its fibres. 

2) Compute the refined Lie stable p-ranks of toric points. 

4.5.13. CM levels of non-toric points. Let n e N. We consider a point y of 
Mh{v) with values in a perfect field k which is not a toric point. We say y is of CM 
level at least n if there is a morphism z : Spec(VF(A;)) M whose special fibre factors 
through y and whose attached Shimura filtered d^-crystal is (see defs. of 2.2.22 1)) cyclic 



452 



diagonalizable of level n. Based on the equivalent of 4.2.4 over k instead of F and on 
Corollary of 2.2.22 1), the second condition on z can be restated in a more practical form 
as: 

The truncation mod of the Shimura adjoint filtered Lie a^-crystal €z attached to 
z is isomorphic to the truncation mod p^ of the extension to k of the Shimura adjoint 
filtered Lie a-crystal attached to any one of C^, 's of 4- 1-5. 

We denote by 

n{y) e NU{0,l + 2dim(X)} 

the smallest supremum of the set of those n such that y is of CM level at least n; it is a) 
of 3.15.7 K and 3.15.7 BPO which motivates the use of 1 + 2dim(X) here. We refer to 
n{y) as the CM level of y. Based on 2.3.17, we get that n{y) is equal to the CM level of 
its attached Shimura cr/j-crystal (see 3.13.7). The Expectation of 3.13.7.1 gets restated 
as: we expect that n{y) > 1. 

4.5.14. Problem. Compute the number of strata and the dimensions of the con- 
nected components of the strata of the /-canonical stratification of J\fk{v) introduced in 
4.5.9. The first part of this problem is a particular case of Problem 1 of H of 2.2.22 3). 

4.5.15. Other Lie type stratifications. Using the (refined) Lie stable p-ranks 
attached to points of J\fk{v) with values in fields, we obtain a (refined) Lie stable strati- 
fication of A/fc(„) in G(A^)-invariant, reduced, locally closed subschemes (cf. 3.9.1.1 and 
the part of 2.3.11 referring to Q and to &Ho)- We can use as well Lie p-ranks (see 4.3.8 1)) 
to define another Lie type stratification of N'kiv) '■> but the refined Lie stable stratification 
is in general more refined than it. 

Example. The fact F5 of 3.10.7 points out that there are many situations when the 
stratification of N'kiv) by Lie p-ranks has only one stratum, while 4.3.5-6 point out that, 
if G is not a torus, this is not so for the refined Lie stable stratification of N'kiv)- 

We have many variants: using the maps iij^i^'' of 4.3.7 and their variants, or their 
exterior or symmetric powers, or Faltings-Shimura-Hasse-Witt (adjoint) maps, we can 
define a whole bunch of Lie type G(Ap -invariant stratifications of Nk{v)- Before pointing 
out one such stratification which is very useful, we explain what we mean here by "their 
variants". In 4.3.7 we have selected an absolutely simple factor of Giiy(A;) with the 
property that the F^-filtration of its Lie algebra defined -via 4.2.10- by any W{k)- 
morphism z : Spec{W{k)) N, is non-zero; but we have no reason to choose one 
particular such factor and so the choice of another one produces similar such maps (to 
be referred as variants of the maps of 4.3.7). 

For instance, using the ranks of images of the maps of 4.3.7 and of their variants 
and not just the ranks of their stable images, we get the Lie non-stable stratification: it 
is the intersection of as many stratifications of Nk{v) as non-compact factors of we 
have. In general it is different from (in some sense unrelated to) the refined Lie stable 
stratification of Nk{v) • 
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Here is an example in the abstract form. We refer to 4.4.13.3.1. We choose another 
Weyl element wi e G{W(¥p3)) (resp. W2 G G{W{¥p3))) whose component in Gi is the 
same as the component of w and whose components in G2 and 63 are trivial (resp. whose 
components in Gi and G2 are the same as the ones of w and whose component in G3 
is defined similarly to its other two components). Then the Shimura adjoint Lie crjr 3- 
crystals obtained as in 4.4.13.3.1 but using these two Weyl elements have the same Lie 

stable rank (equal to 0) but their set of three maps defined as ' of 4.3.7 are different 
(in the case of W2 they are all zero maps, while in the case of wi only 2 of them are zero 
maps). 

There are many questions arising and which involve these Lie type stratifications (for 
instance: how are they related?, what is the number of their strata?, when are all strata 
smooth or quasi-affine?, etc.). To us, the most interesting ones (and so worth stating 
them separately) are: 

Qi) When the connected components of a given stratum of the Lie stable stratifica- 
tion of J\fk{v) (or of A/jr) are permuted transitively by G'(A^)? 

Q2) Using all stratifications hinted at in this 4.5.15 or introduced in 4.5.1-5, we can 
define their intersection. We call it the pseudo-ultra stratification ofJ\fk(v)- It is easy to 
see that in general it is a significant refinement of the absolute stratification. Examples: 
one example is already provided in the paragraph above referring to 4.4.13.3.1; a similar 
example can be obtained without changing "the type" of the Weyl element w of 4.4.13.3.1: 
referring to 4.4.13.3.1, if we choose a similar type of Weyl element but whose component 
in Gi (or in G2) is trivial, then this change is fully "recorded" by the pseudo-ultra 
stratification. Can we in some way keep accurate track of this refinement? 

Qs) The above stratifications are very much related to the incipient theory of devia- 
tions of 3.13: the cjjt-linear maps of 3.9.1 and other ones constructed naturally from them 
-like the ones of 4.3.7- give birth (see above and below for samples) to a big bunch of 
stable, or of non-stable, or of anti-stable deviations of Shimura (filtered) (Lie) cTfc-crystals. 
Which other type of "points" of N'k{v) (besides the G-ordinary ones) and of their lifts (to 
A/"), can be singled out using the crfc-linear maps of 3.9.1 (and eventually some deviations 
similar to the ones introduced in 3.13)? Can we in this way single out all toric points 
(which are not t/-ordinary)? 

4.5.15.0. Anti-stability. To exemplify the ideas behind these new types of de- 
viations and what we mean by anti-stable, we refer to 3.4.5 (so we work in a context 
modeled on 3.9.1 and not on its simplified, i.e. reduced, form of 4.3.7). Let n, m e N 
and let Iq be a subset of Iq. As we do need to use explicitly iterates of functions, the 
CTfe-linear map of 3.4.5 is denoted here just by '^j. We consider the image 

*i(©ie/o^0i) CSo 

and we take it mod p"^: we get a Wm,(/c)-submodule lm(^n,m,i^) of 9o/p"^9o of finite length. 
Its length l[n,m,i^) is called the (n, m, /o)-deviation of the Shimura c/j-crystal (M, ipj, G) 
or of its cyclic factor (0O)</?j)- Similarly, for an arbitrary subset of the set / of the 
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paragraph before 3.4.0, we can define the (n, m, /*)-deviation of {M,(pj,G) or of the 
Shimura Lie crfe-crystal {Q,ipj). 

We can "comphcate" the situation even more, by working in a filtered context 
(M, F^,(pj, G) and considering the intersection 

Ini(n,^,z.)nFO(0o)/p"^F°(0o); 
we denote its length by /(n,m,/«,FO(go))- ^ kn,m,i-) ^ 0' 

If ^(n,m,/j^) = 0, then (i(n,m, 7,^, F°(go)) := 0. m, F°(go)) is called the (n, m,/^)- 
deviation of (M, F^, G) or of (go, -^^(So), -^^(flo))- We have logical variants when 
Iq is replaced as above by 

Working in the adjoint context, i.e. with the Shimura adjoint (filtered) Lie Ufc-crystal 
attached to (M, F^, <^j, G), we similarly define such deviations: they will be denoted by 
adding ad as an upper right index; like d^'^{n,m, Iq, 

F%Qo)), llim,^y etc. 3.9.6 points 
out: for any n e N and for every subset P of / we have 

yad 7 

'(n,l,/«) - KnA,I')- 

If Iq 7^ Iq or if I^ is not stable under 7, then these deviations are referred as anti- 
stable deviations. All the above type of deviations can be defined in the abstract context 
of Shimura (adjoint) (filtered) Lie F-crystals over perfect fields. 

4.5.15.1. A concrete description of the pseudo-ultra stratification of Nk{v) 
and some variants. For future references, we now include a canonical description of 
the pseudo-ultra stratification introduced in 4.5.15 Q2)- We consider two points y\ and 
j/2 of Mk{v) with values in the same algebraically closed field k. Let (see 4.3.1) 

V'i(«) = 9j,d{i) 

be the i-th Faltings-Shimura-Hassc-Witt adjoint map attached to y^, j = 1, 2, z e Ti. 
Here gj^i E Gi{k). For n, m G N and for a subset P of the set Ip{G^^) of 4.3.1.1, we can 
define a number ln,m,i'>,yj G N U {0} as in 4.5.15.0. Using these numbers we define the 
pseudo-ultra stratification of A4(v) ^ follows, yi and 1/2 belong to the same stratum of 
this stratification iff the following two conditions hold: 

a) They belong to the same stratum of the absolute stratification; 

In, 1,1^ ,1/2 J 

for any n G N and for every subset 7* of Ip{G^'^). 
In order to define a refinement of it, we need a basic assumption (approach): 
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Either we assume that the below Expectation holds or we allow stratifications of N'k{v) 
in potentially infinite number of strata (see 2.1; we recall that our convention in the last 
case is to describe the reduced, locally closed subschemes of Hk{v) or of Nw defined by 

such a stratification S of N'k{v)! o,s the passage to an arbitrary k -i.e. the description of 
the reduced, locally closed subschemes ofJ\f]^ which are implicitly part of the definition of 
S- is automatic). 

Expectation (the flniteness property). Fori G Ti, the set of inner isomorphism 
classes of Faltings-Shimura-Hasse-Witt adjoint maps of the form {Lie{Gik), Qiil^iii)), 
with Qi e Gi{k), is finite and does not depend on k. 

Based on 3.13.7.1, we do believe that this flniteness property always holds and that 
it can be proved (for instance) by just refining 3.5.3 slightly. Under this basic assump- 
tion we can define the ultra stratification in the same way we defined the pseudo-ultra 
stratification, by just replacing b) by the following requirement: 

c) For any i ■i^i(*) and V'2(^) are inner isomorphic. 

If we work only with c) (i.e. we do not impose a) as well), we speak about the 
quasi- ultra stratification or the Faltings-Shimura-Hasse-Witt stratification of A4(v); it 
is a stratification which depends only on adjoint Lie F-crystals attached to points of 
Mk{v) with values in perfect fields. The argument of why c) always defines locally closed 
subschemes of N'k{v) is presented in 4.5.15.2. The Expectation should be compared with 
[EO] (or [Oo3]), where a similar finiteness property in the context of the p-torsion of 
principally quasi-polarized 7?-divisible groups over k is used; in particular, loc. cit. implies 
(via 3.13.7.2 and 1) of 3.13.7.4 D) that the above finiteness property holds if all Gj's of 
4.3.1 are split of some Cn Lie type. 

We do not know what is the right connection between the quasi-ultra stratification 
and the refined canonical Lie stratification. Also, we do not know when the quasi-ultra 
(or the pseudo-ultra) and the ultra stratifications coincide. 

Warning: in what follows, whenever we refer to the (quasi-) ultra stratiflcation, we 
implicitly assume that we work under the above basic assumption (approach). 

4.5.15.2. Formulas pertaining to the quasi-ultra stratification. From their 
very deflnition, the pseudo-ultra and the quasi-ultra stratifications are (once checked to 
exist) G(A^)-invariant (see Fact 6 of 2.3.11). So from the part of 2.3.9 A pertaining to F 
we get: to show that the quasi-ultra stratification of Mk{v) is well defined, we can work 
with the quotient M^/Hq (in particular, in what follows we speak about the quasi-ultra 
stratification of Nkx/H^ for any compact subgroup H of G(Aj) and for every perfect field 
ki which is either algebraically closed or is an algebraic extension of k{v)). For the sake 
of convenience we keep working with k = k. 

The below Formula tells us that the quasi-ultra stratification is a very elementary 
concept (i.e. it can be easily studied, using few mathematical tools). Its proof is a trivial 
application of 2.3.15.1 (or of 3.6.14.4). We use the notations of 4.5.15.1. Let Pi{yi) be the 
parabolic subgroup of Gj^ having as its Lie algebra the F°-filtration of Lie(Gjfe) defined 
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naturally via any lift of yi to a -valued point of J\f (i.e. defined by the reduction 
mod p of the F°-filtration of Lie(G^^^p defined by any such lift; see 2.3.10 and 2.2.13). 
Let be an arbitrary smooth, unipotent subgroup of Gij^ such that we have a natural 
open embedding 

We denote by T° the action we get as in 3.13.7.1 starting from the Shimura cr-crystal 
associated to an arbitrary Shimura-ordinary /c- valued point of N'k{v)- It is 2.3.13.1, 4.2.1 
and b) of 4.4.1 2) which allow us to make this choice arbitrarily: we can assume that 
Vz e H, the i-th. Faltings-Shimura-Hasse-Witt adjoint map associated to any such point 
is (of 4.3.1). T*^ gets decomposed into |7i|-actions T°(z), i & Ti: T°(z) is the action 
of the centralizer Ci{fj,)k in Gij^ of the image of fj,k in Gifc on 

{SP{i)) := N+{fi)k \ Gij,/a{N-{f,))k 

defined by restricting T° to Ci{iJ,)k- Here (resp. N^) is the maximal unipotent sub- 
group of with the property that fx acts on its Lie algebra (via inner conjugation) 
via the identical (resp. the inverse of the identical) character of G^. 

We consider the locally closed subschcmc Vi{l) of Ui whose fc- valued points are 
those Ui G Ui{k) such that the pairs {Lic{Gik),ijji{i)) and (Lic(Gifc), tti'i/'i(i)) are inner 
isomorphic. Its existence is implied by the existence of T'^, as the condition on Ui can be 
reformulated as: Uigi^i'i/j{i) and gi^ii'ii) are inner isomorphic. Let 

diivi) 

be the dimension of the connected component of Vi{l) containing the origin of Ui. For 
i G Ti^, we have di{yi) = 0. Let z G J^k{v)i'^{k)) be an arbitrary lift of yi. Let a and Qy 
have the same significance as in 2.3.15.1 (applied to z, viewed as a VF(/c)-valued point of 
N'w{k)/Ho lifting the A;- valued point -still denoted by yi- of Nu/Hq defined by yi; soy of 
2.3.12.1 is denoted here by j/i), with N such that its special fibre is (naturally identifiable 
with) 

As the special fibre of a is an etale morphism, we get that the image under of 

is a locally closed subscheme of Mk/ Hq: it is the intersection of the stratum s{yi) of the 
quasi- ultra stratification of Afk/Ho to which yi belongs with the image of the special fibre 
of d. So the quasi-ultra stratification of A/fc/i^o is well defined and we have: 

Formula. The dimension of the stratum of the quasi-ultra stratification of Nk{v) to 
which yi belongs is equal to 

(1) dpsHwivi) ■=^di{yi) = ^ di{yi). 
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4.5.15.2.1. Variant. Using 2.3.15 instead of 2.3.15.1, we can express even better 
the numbers (ii(2/i)'s. To explain this we need some more notations. Let 

d{i) := dimkiGik/Piiyi)); 

for i G T-f^ it is 0. Let {Mi, (pi, G\Y(^k)) is the Shimura crfe-crystal attached to yi. From 
very definitions we get the second equality of 

(2) dimc(X) = dd{{Mi, <fii, Gwik))) = ^(^); 

the first equality is argued as in [Va2, end of 5.4.7]. We consider the group 

Inn(Lie(Gjfc),'i/;i(i)) 

of inner automorphisms of the z-th Faltings-Shimura-Hasse-Witt adjoint map attached 
to j/i. It is an algebraic group over k. Let d^{yi) be its dimension. We have: 

Proposition. di{yi) + d'^{yi) = d{i), eH. 

Proof: We use the notations of 2.3.15 (as above, the resulting W {k)-valued point of 
N /Hq defined by z is still denoted by z, the lift z\ mentioned in 2.3.15 a) is as well still 
denoted by z while its special fibre is denoted by yi instead of y) . The morphism a is of 
relative dimension dimQ(GQ) — dimc(X). So the pull back of s{yi) to Yj. is of dimension 

(3) dimQ(GQ) - dimc(X) + dpsHwiyi)- 
The key fact is that the special fibre of gy is etale. We get 

(4) dimQ(Gj) - dimc(X) + dpsHwiVi) = dimfc(5°(yi)), 

where S^{yi) is the connected component of the origin of the maximal reduced, locally 
closed subscheme S{yi) of whose /c- valued points are those g G G^{k) such that V-'i(^) 
and gijjiii) are inner isomorphic, Vz G Ti.. Defining similarly a reduced, locally closed 
subscheme Si{yi) of Gn^ (it is nothing else but the image of S{yi) in Gi^), the connected 
component of it containing the origin is the image of S'^{yi) in G^^. We get that 

(5) dimfc(5°(yi)) = dimk{Z{Gl)) + dimfe(5°(yi)). 

Combining the above formulas (1) to (5) and splitting up the discussion in terms of z G 7Y, 
we get 

(6) dimfc(Gife) - d{i) + di{yi) = dimfc(5°(|yi)). 
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Let Zi{yi) be the subscheme of Si{yi) centralizing (via left translations) we 
view it as a (non-necessarily reduced) group scheme over k. Si{yi) is invariant under 
right translations by elements of Zi{yi){k). The A;- valued points of the quotient variety 
Si{yi) / Zi{yi) are in one-to-one correspondence to the set of distinct maps hi(ji{i), with 
h G Gi{k), which are inner isomorphic to i^iii)- As hi/)i{i) and 1(^1(1) have the same kernel 
Lie(Pi(yi)), Wh G Gi{k), an inner isomorphism between them is defined by an element 
of Pi{yi){k) (cf. also a) of Step 2 of 3.13.7.3). So Si{yi)/Zi{yi) is naturally isomorphic 
to Pi(yi)/Inn(Lie(Gifc), V'i(i)). So all connected components of Si{yi) have the same 
dimension and are smooth and moreover we have 

(7) dimfc(50(|/i)) = dimfc(Pi(2/i)) - d\y^) + dimfe(Zi(2/i)). 
As dimvK(A;)(Gi) = dimfc(Pi(yi)) -|- d{i), from (6) and (7) we get 

(8) d{i) - d,{y,) - d\y^) = d{i) - dimfe(Z,(|/i)). 

We are just left to show that d{i) = dimfe(Zi(?/i)). From its definition, Zi{yi){k) 
is formed by those elements of Gi{k) centralizing the image of '0i(i). This image is 
isomorphic (under the inner isomorphism defined by Qil) to the image of '(/'(i). So the 
equality d{i) — dimfc(Zj(|/i)) follows from a) and c) of Step 2 of 3.13.7.3. This ends the 
proof. 

Remark. The above proof shows: we can read out which stratum of the quasi- 
ultra stratification of A4 specializes to which strata by just looking at which orbits of 
specialize to which orbits of it. 

4.5.15.2.2. Remark. Zi{yi) is connected, Wi G 7i, cf. a) of Step 2 of 3.13.7.3. So 
Sfiyi) = Si{y\), \/i G H; so if Z{Gk) is connected, S{yi) itself is connected. Moreover, 
as Si{yi) is smooth, Vz G Tt, we get that S{yi) is smooth. So, as a (rcsp. gy mod p) is 
smooth (resp. is etale), we get that s{yi) is smooth over k. We conclude: 

Corollary. The strata of the quasi-ultra stratification of Hk{v) 0.1^^ regular and for- 
mally smooth over k{v). 

4.5.15.2.3. Inequalities. Let P~ {jJi) (resp. P^{ii)) be the subgroup of Giw{k{v)) 
on which ^ acts via inner conjugation through the trivial and the identity (resp. the 
trivial and the inverse of the identity) cocharacter of G^.- So N~{n) (resp. N^{iJ,)) as 
defined in 4.5.15.2, is the unipotent radical of Pj^in) (resp. of P^{iJ,)). Let u be as in 
4.1.5. We denote by 

d\L0) 

the dimension of the automorphism group of the z-th Faltings-Shimura-Hasse-Witt ad- 
joint map w'4^{i) attached to 

We assume now that there is a A;-valued point of M such that the truncation mod p 
of the Shimura adjoint filtered Lie a-crystal associated to a lift z G N'{W{k)) of y, is inner 
isomorphic to the truncation mod p of the extension of the Shimura adjoint filtered Lie 
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cT-crystal associated to (of 4.1.5) to k. From the first sentence of 3.13.7.3.1, splitting 
(in our context) its statement in terms of i &Ti, we get 

(9) dimk{Pr{fi)) - dimk{Nr{i^)) > dimk{P+{fi) n wa{Ue{Pr {^,)))w-^) - d\y^). 

Combining (9) with the Proposition of 4.5.15.2.1 we get the second (the first one follows 
from very definitions) inequality of: 

(10) dimM.(fc)(w(iV-(/x))«;-iniV-(At)) < d,{yi) < dim^(fe)(w(i^-(/i))«;-i niV-(/x)). 

4.5.15.2.4. Remarks. 1) The quasi-ultra stratification is a refinement of the Lie 
stable stratification of Mk{v)- From 4.3.4 c) we get: they both have the same open, dense 
stratum (it is U of 4.2.1). 

2) It is crucial to define quasi-ultra stratifications in terms of inner automorphisms 
and not just in terms of automorphisms: otherwise, we obtain (in general) less refined 
stratifications, as 4.5.6.2 B points out. So, 4.5.15.1 c) implies 4.5.15.1 b) but, in general, 
the converse does not hold. For instance, if is split and = SU{1,2)^, 4.5.15.1 
b) defines only 2 strata of j\4(„), while 4.5.15.1 c) defines 3. 

3) It is worth pointing out that in the above study of the quasi-ultra stratification 
of J\fk(v)j the word Verschiebung does not show up at all (cf. also 3.13.7). So we view 
Faltings-Shimura-Hasse-Witt adjoint maps as the adjoint Lie analogue (in any relative 
context pertaining to p-divisible objects with a reductive structure) of truncations mod 
p of p-di visible groups over Fp-schemes, cf. 3.13.7.9. 

A great part of the theory (see 3.13.7 and above) of Faltings-Shimura-Hasse-Witt 
adjoint maps can be redone (particularly see 3.13.7.1.2) entirely in terms of truncations 
mod p of Shimura a"fc-crystals as defined in 2.2.14; but, in the context of a SHS (/, -^(p), v), 
till the proof of d) of 4.4.1 3) or at least of 4.2.8.1 is not written down, we can get into 
trouble with the possibility that a connected component of Afwiw) might have a special 
fibre which is not connected, and so the situation would not be satisfactorily enough. 
Moreover, the language of Faltings-Shimura-Hasse-Witt adjoint maps is universal (cf. 
3.13.7.8-9; for instance it applies immediately to other classes of varieties or to the Eq, 
and D™'^"'^ types). Also we do believe, that the computations are much easier (trans- 
parent) in the adjoint context (not involving any Verschiebung maps). 

4) We get significantly better estimates than (9) or (10) above, if we use the non- 
compact Faltings-Shimura-Hasse-Witt adjoint maps attached to points of Af^v) (they 
are definable as the usual ones, starting from 3.13.7.6 and 3.9.6). 

5) In general, the inner isomorphism classes of Fontaine truncations mod p of (pull 
backs via /c-valued points) of a global deformation (over a regular, formally smooth W{k)- 
scheme X) of ap-divisible object with a reductive structure of M^[a,b]{^ (k)) , do define 
locally closed subschemes of regardless of how a and b are: the proof is the same as 
in 4.5.15.2 (cf. 3.13.7.8-9). However, due to limitations explained in 3.6.8.9, presently 
we can not say when Proposition of 4.5.15.2.1 generalizes outside (cf. 3.15.6) of the 
generalized Shimura context. 



460 



4.5.15.2.5. A supplement to 4.5.9. Let {My,(py,Giv(^k)jPMy) be the principally 
quasi-polarized Shimura u/s-crystal associated to a point y e N{k). Let C be the center 
of the centralizer of in GL{My). We first assume there is a torus Cq of C 

containing Z{G'^fj^^) and contained in Sp{My,pMy)- So for any g e Z{G^^j^-^){W{k)) 
the truncations mod p of {My, ipy, Gw{k),PMy) and of {My, g^y, Gw(k)jPMy) are isomor- 
phic under an isomorphism defined by a fc-valued point of Cq (cf. 3.13.7.2). As the map 
^fe(^) ~^ ^k^i^) surjective, we get that any /c- valued point of the same connected com- 
ponent of Afe through which y factors and whose Faltings-Shimura-Hasse-Witt adjoint 
map is inner isomorphic to the one of y, maps (via the special fibre of i^v^ of 2.3.2) into the 
same stratum of the canonical stratification of Aik{v) as defined in [EO] (see also [Oo3]; 
if y is a toric point, then the use of Cq is entirely avoidable here, cf. Fact of 3.13.7.2). 

From b) of 4.4.1 3) and from the Exercise of 4.5.9, we get that this remains true 
even if such a torus Cq does not exist. So, as in 4.5.9, we get that each stratum of the 
quasi-ultra stratification of Afe(v) is a quasi-aflfine scheme. 

4.5.15.3. Automorphism invariants. We do not assume anymore k algebraically 
closed. Let zi e M/Ho{ki) be such that the group Gw{k) obtained as in 2.3.10 is Gw(k) 
itself. Denoting by yi its special fibre, let 'i/'i(i) and Inn(Lie(Gi/j), '0i(i)) be as in 4.5.15.1 
and 4.5.15.2.1 (cf. 3.9.1.1). If k is infinite (resp. finite), let Hi{yi) be the connected 
component of the origin (resp. be the trivial subgroup) of Inn(Lie(Gjfe), '0i(i)). The 
group 

auti(?/i) := Inn{Ue{Gik),'ijji{i)){k)/Hi{yi){k) 

is called the i-th automorphism invariant of yi. 

Such an automorphism invariant can be defined for any (Faltings-Shimura-Hasse- 
Witt adjoint map of a) cyclic Shimura (adjoint) Lie crfc-crystal. In particular, for any 
CO e Wq, we denote by auti{u>) the automorphism invariant of the z-th cyclic adjoint 
factor of the Shimura filtered ^-crystal (C^^-crystal of 4.1.5. 

In seems to us that these invariants are unrelated to the di{y i)^s 

dimensions introduced in 4.5.15.2. Often, auti(j/i) can be naturally interpreted as a 
subgroup of the group of Fp- valued points of a connected group scheme Ai{yi) over Fp; 
it seems to us that even in such cases the dimension of ^i(yi) is unrelated to di{y\). 

Example. We situate ourselves in the abstract context of 3.4.5; so the Eq and E'j Lie 
types are also allowed. We assume Iq = -^i = {1} and k = k. With the notations of 3.5, 

we consider the reductive subgroup Pqoa; of G'l^ of whose Lie algebra is fl pg^. Using 
the Zp-structures of 3.11.2 C, we get that it has a natural Fp-structure PooFp and that 
it makes sense to speak about elements of q^^ fixed by a. The group Inn(£io/p0O: '*Ao)(^) 
is naturally identifiable with the group of elements of Poo{k) normalizing the Fp-Lie 
subalgebra of qg^ of elements fixed by a. Using the Lemma of Step 2 of 3.13.7.3 we get: 
Inn(0o/p0O7 V'o)(^) is finite and is a subgroup of the group of Fp-valued points of the 
image of PooFp in the GL-group of this abelian Fp-Lie algebra. 

4.5.16. Fallings— Shimura— Dieudonne (adjoint, principal or standard) 
stratification. Again, in what follows we allow stratifications of Mk{v) in potentially 
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an infinite number of strata. Let n G N. We consider the equivalence relation on the 
set of F- valued points of J\fk{v) defined by the rule (again 4.2.10 allows us to use the word 
inner) : 

En yi, 1/2 £ A/'(F) are in relation iff the truncations mod (see 3.9.8) of their 
Shimura adjoint Lie a-crystals attached to them are inner isomorphic. 

The case n = 1, corresponds to the equivalence relation on J\f{¥) defined naturally 
by the quasi-ultra stratification of Mk{v)- It is easy to see that similarly, the equiva- 
lence classes of E^ define naturally constructible subsets of Mkiv)- We call En as the 
level-n Faltings-Shimura-Dieudonne equivalence relation on A/'(F); it is (cf. Fact 6 of 
2.3.11) G(A^) -invariant and so we still denote by En the induced equivalence relation on 
M /Hq{¥). We need an extra equivalence relation E^o on j\/'(F): 

Eqo Vi, 2/2 £ A/'(F) are in relation E^q iff their Shimura adjoint Lie a-crystals attached 
to them are inner isomorphic. 

Similarly we define the equivalence relations En{l) and Eoo{l) oiiJ\f{) or on J\f / Ho{l) , 
with I an algebraically closed field containing k{v). Let Eoo{k{v)) := E^. We have: 

Theorem. There is a uniquely determined stratification ST of Nk{v) in G(Ap- 
invariant, reduced, locally closed subschemes having the following properties: 

a) it has a stratum which is an open, dense subscheme of Hk{v)j 

b) its strata are regular and quasi- affine; 

c) all connected components of a given stratum have the same dimension; 

d) If I is k{v) or an algebraically closed field containing k{v), two l-valued points of 
Ml belong to a locally closed subscheme of Hi which is a stratum of ST iff they are in 
relation under E^(l). 

Proof: From 3.15.7 BP2 we get that there is n G N effectively computable and such 
that En = EoQ. We consider the adjoint variant C5|^ of the Lie p-divisible object of 
MJ^[-i,i]{M / Hq) introduced in 2.3.11 (cf. also the first proof of 3.6.18.7.3 A). From b) 
of 3.15.7 D and 3.15.7 E applied to it, we get: there is an affine A;(v)-morphism 

™ '■ Yk{v) H'k{v)/Ho X N'k(y)/HQ 

of finite type such that y2 G A/fc(i;)/-f^o(F) are in relation En iff the F- valued point 
{yii 2/2) of Hk{v)/HQ X Hk{v)/ lifts to an F- valued point of Let pi and p2 be the 

fc(f )-morphisms Y^i^^^ Mk{v)/HQ naturally defined by the projections of Hk{v)/HQ x 
Mk(v)/Ho on J\fk(y)/HQ, s = 1,2. So y2 is in relation Eoo with yi iff y2 is in the image 
ly^ of the restriction of p2 to Pi^{yi)- ly^ is a constructible set. As En — Eoo-, from 
the Theorem and Fact 4 of 2.3.11 we get that the local geometry of ly^ in each F- valued 
point of it is the same. So all connected components of ly-^ are regular and have the 
same dimension; so /j,^ has a natural structure of a reduced, locally closed subscheme of 
J\fk{v)/ Hq (and not just of a constructible set). From Fact 6 of 2.3.11 we get that the pull 
back of ly^ to Mkiv) is G(Ay)-invariant. 
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The same remains true if we work with an arbitrary algebraicaUy closed field I 
containing k{v). So ST exists, is uniquely determined by d), is G(A^) -invariant, its 
strata are regular, and c) holds for it. The second part of a) is implied by b) of 4.4.1 2). 
The quasi-afiineness part of b) is implied by 4.5.15.2.5. This ends the proof. 

4.5.16.0. Remarks. 1) We refer to ST as the Faltings-Shimura-Dicudonne adjoint 
stratification of N'k{v)- Warning: its number of strata is in general infinite (cf. 3.9.7.3); 
however, this is not a serious handicap, as often it is easy to see that locally in the Zariski 
topology, its strata which are locally closed subschemes of Mk are obtained as the fibres 
of a suitable finite number of fibrations. 

2) We have two main variants of the Theorem of 4.5.16. In the first (resp. second) 
one we replace Shimura adjoint Lie a-crystals by Shimura (resp. by principally quasi- 
polarized Shimura) a-crystals; the first one is stated in Theorem 6 of 1.6.3. Their proofs 
need only one modification: in the principally quasi-polarized context, if {-^) = 1 we 
can not say that we have G(Aj)-invariant equivalence relations and so we need to choose 
Hq small enough (for instance, we need Hq such that 2.3.3 (INCL) holds). We get the 
Faltings-Shimura-Dieudonne standard (resp. principal) stratification of Hk{v) • Often we 
drop the word standard. 

If the homomorphism Z{Gzj,){W{¥)) Z{Gzp){W{¥)) that takes an element a G 
Z{Gzp){W{¥)) into aa{a~^) is surjective and if 4.2.8.1 holds, then the Faltings-Shimura- 
Dieudonne adjoint and standard stratifications of ^^(x;) coincide. Moreover, if (^) = — 1 
they also coincide with the Faltings-Shimura-Dieudonne principal stratification of N'kiv) 
(to be compared with the proof of Fact 6 of 2.3.11). 

4.5.16.1. The third form (i.e. the isomorphism form for a SHS) of the 
purity principle. We have: 

Corollary. The Faltings-Shimura-Dieudonne (adjoint) stratification satisfies the 
purity property. 

Proof: It is enough to deal with the adjoint context: the arguments for the non- 
adjoint context are entirely the same. Let SN be the normalization of the Zariski closure 
s{yi) ihMw/Hq of a stratum s{yi) of the Faltings-Shimura-Dieudonne adjoint stratifica- 
tion defined by some y\ e M{¥). Let n e N be such that En = Eoo and let m e {n, n-|-3}. 
Let £(m) be the reduction mod p^ of the Shimura adjoint Lie a-crystal attached to yi] 
we view it as an object of M.[i),2\{W {¥)) whose imderlying VF^(F)-module has a natural 
Lie structure. We consider the scheme ISOm{SN) parameterizing inner isomorphisms 
between: 

i) the pull back of £(m) through the natural morphism SN — > Spec(F), 

ii) and the pull back of '5|fg(l)/p"^'S|^^(l), viewed without filtration, through the 
natural morphism SN — > N'k(v)- 

Here we view the pull backs of i) and ii) as F-crystals on SN in coherent sheaves 
endowed with Lie structures. ISOm{SN) is an affine S'A^'-schemes (even if SN is not reg- 
ular): locally in the Zariski topology of SN it is constructed via evaluations at Wm{SN); 
to be compared with the proof of 3.15.7 D). 
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We have a natural reduction morphism 

RE DUG : IS0n+3{SN) ISOn{SN). 

We consider the maximal reduced, closed subscheme of ISOn{SN)j-ed through which 
REDUCred factors. It is a quasi- finite, affine S'A'"-scheme SNn^n+s, the quasi- finiteness 
follows (via specialization) from b) of 2.2.4 B. 

From the part of the above proof referring to local geometry, we get that all connected 
components of SN^^n+a have the same dimension, are irreducible and normal. Moreover, 
the number of points of each fibre of SN^^n+s above an F-valued point of SN mapping 
into s{yi) (resp. not mapping into s{yi)) depends only on yi (resp. is 0). Let SN^ be 
the normalization of SN in the ring of fractions RF of SNn^n+3- Prom Zariski's Main 
Theorem we get that SNn^^+s is an open subscheme of SN'^. As SN^^j_^ and SN'^ are 
affine SN-schemes, the complement CO of SN^^_^_^ in SN^ is either empty or of pure 
codimension 1. The complement of s{yi) in s{yi) is the image of CO in s{yi); so it is 
either empty or of pure codimension 1. This (cf. also Exercise of 3.6.8.1.4) ends the 
proof. 

4.5.16.2. Remarks. 1) It seems to us that the types of 3.9.7 can be used as well 
to define a stratification of N'kiv) (automatically in a finite number of strata). 

2) The proof of 4.5.16.1 applies as well to give us that the quasi-ultra stratification 
of N'k(v) satisfies the purity property. 

4.5.17. Non Lie type stratifications. Forgetting the extra (Shimura) structure 

of F-crystals attached to points of ^/k{v) with values in perfect fields, we can define other 
(not necessarily of Lie type!) stratifications of A/fc(„), closer in spirit to the stratifications 
of A4k{v) (fike the one using p-ranks, see [NO], etc.). The slightly unpleasant feature of 
such stratifications of N'kiv) '■ very often they are not canonical (i.e. they depend on the 
SHS producing them; on the contrary the Lie type stratifications are canonical, see 4.9 
below) or they are not refined enough, as it can be seen through examples in which we 
have > 2. 

4.5.18. Artin— Schreier stratifications. By the sum of two systems of equations 
in ni and respectively in 77,2 variables, we mean the system of equations in ni+n2 variables 
obtained by "putting" them together. Let Xp be an arbitrary reduced Fp-scheme. A 
stratification S of it in reduced, locally closed subschemes is called an Artin-Schreier 
stratification (to be abbreviated as: an AS stratification), if there is m G N, such that 
locally in the Zariski topology of Xp, S is an AS stratification obtained as in 3.6.8.1.3, 
using quasi Artin-Schreier systems of equations in m variables (see 3.6.18.4.6 A for the 
definition of these systems of equations). Similarly we define a refined Artin-Schreier 
stratification (to be abbreviated as a RAS stratification) of Xp. The smallest such m is 
called the minimal degree of definition of S and is denoted by md{S). From the estimate 
of mi in 3.6.8.1 (with / — 1) and from the end of 3.6.8.1.3 we get: 

Fact. md{S) — 1 is greater or equal to the minimum number of strata we get by 
restricting S to open, affine subschemes of Xp. 
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Example 1. We assume Xp is a smooth, connected /c-scheme and there is a quasi- 
polarized p-divisible group {Dp^po^) over Xp. We consider the stratification S{Dp) of Xp 
defined by p-ranks of Dp over geometric points of Xp. Prom 3.6.18.4 B) and the moduli 
principle of 3.6.18.4.2 we deduce that it is a RAS stratification (we can take m to be 
dimk{Xp)r'k{Dp)'^) . Using a suitable direct sum of Dp with an etale p-divisible group of 
sufficiently high rank, based again on 3.6.18.4 B) and the moduli principle of 3.6.18.4.2, 
we get that S{Dp) is a RAS stratification, without assuming that Dp is quasi-polarized. 
Using Hasse-Witt invariants, we can reobtain this fact (we can take m = rk(Dp)), again 
without using that Dp is quasi-polarized. 

If Xp is a connected component of Aik{v) (of 2.3.2) and we are dealing with the 
standard principally quasi-polarized p-divisible group over it, from [NO, 4.1] we deduce 
that this RAS stratification is as well an AS stratification. 

Example 2. The Lie p-rank stratification of N'k{v) is a RAS stratification. As in 
Example 1, this follows from 3.6.18.7.0 and Corollary of 3.6.18.7.3 (via 3.6.18.4.2). 

Warning: not always a RAS stratification is an AS stratification. 

Example 3. Let R := k[xi,X2]. We consider the quasi Artin-Schreier system of 
equations in 2 variables with coefficients in R defined by the equations zi = xiX2z{-\-xiZ2 
and Z2 = X1X2Z1 + 2xiZ2- The RAS stratification of Spec(i?) defined by it is not an 
AS stratification: the complement of the open, dense stratum has 2 strata of the same 
dimension. 

Example 4. From 3.9.1.0, following the proof of 3.6.18.4.6 C, we get that the Lie 
stable stratification of J^k{v) is a RAS stratification. This is a particular case of the 
following principle. Let q E N and let Fx^ be the Frobenius endomorphism of Xp. We 
consider a locally free Ox -sheaf together with an Ox -linear map I : F|- *{J-) — > 
Working similarly to 3.9.1 we can define the stable p-ranks of / w.r.t. geometric points 
of Xp and use them to define a stratification S{Xp) of Xp in reduced, locally closed 
subschemes. As in the particular case, we get that it is a RAS stratification. Moreover, 
3.6.8.1.4 applies to it. Examples 1 and 2 are as well particular samples of this principle: 
using Hasse-Witt maps and their versions at the level of End's, in reduced forms similar 
to the ones of 4.3.7, we get that always a Lie p-rank (resp. a p-rank) stratification 
in a context involving Shimura p-divisible groups (resp. p-divisible groups) is a RAS 
stratification. 

In general, we can not perform the same construction, if we restrict / to 
with J^i an Cxp-subsheaf of which locally in the Zariski topology is a non-trivial direct 
summand: to compute similar stable ranks, we come across systems of equations of third 
type (see 3.6.8.9) and so (see 3.6.8.9.0) in general they can not be used to define (following 
the pattern of 3.6.8.1.3) stratifications of Xp. 

Example 5. We assume Xp is regular. Using systems of equations of the form 

£ P 
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i = l,m, with /j's as elements of some Fp-algebras of global sections of open, affine 
subschemes of Xp, we get that the natural stratification of Xp defined by any divisor of 
it with normal crossings, is a RAS stratification. Warning: Example 3 shows that not all 
RAS stratifications of an Fp-scheme can be obtained in such a way, i.e. starting from a 
divisor with normal crossings. 

Example 6. We consider two quasi Artin-Schreier systems of equations 5"! and 
5'2 with coefficients in a reduced Fp-algebra R; let Si and respectively ^2 be the RAS 
stratifications of Spec(-R) they define. Using the sum of ni copies of Si with n2 copies 
of S2, for suitable ni, n2 G N (which depend only on the number of variables of Si and 
S2), we get that the intersection Si fl 1S2 is a RAS stratification. We conclude: always 
the intersection of a finite number of RAS stratifications is a RAS stratification. 

4.5.18.1. Conjecture. Always a Newton polygon stratification associated to a p- 
divisible group over Xp (or to a p- divisible object of some Fontaine category) is a RAS 
stratification. 

The motivation for this Conjecture is based on: 

- examples; 

- on the proof of 3.15.10; 

- on 3.6.20 4); 

- and on the fact that taking different exterior powers of objects of M.J^[a,b]i*)-i 
we expect formulas similar to the ones of 3.6.18.4 B) and 3.6.18.7 and which involve 
(besides different pseudo-multiplicities) as well slopes which are not necessarily integral 
values; these different exterior powers should be able (at least in many cases; often we 
might have to use direct sums or products as in Example 1) to "capture the shape" of 
Frobenius endomorphisms of (the "involved") vector bundles modulo higher powers of 
p (we recall that in getting the formula of 3.6.18.4 B) only the value of ^» mod p'^ was 
important). 

We have a variant of this conjecture in the context (see 3.15.7 D and E) of isomor- 
phism classes of p-divisible objects with a reductive structure. So, using 3.6.8.1.4 we 
should be able to reobtain the forms of the purity principle presented in 3.15.10 and 
4.5.16.1. 

4.5.18.2. Remark. One of the advantages of AS or RAS stratifications in compar- 
ison with Newton polygon stratifications is: using different determinants or norm maps, 
wc can put different natural scheme structures on the strata, which are not a priori re- 
duced (there is always logic in the choice of m and of the quasi Artin-Schreier systems of 
equations involved). For instance, referring to Example 3, the third stratum of Spec(i?) 
is logically defined by the equation = 0. 

4.5.18.3. Question. Is it true that locally (in the Zariski or the flat topology) a 
RAS stratification is obtained from a AS stratification by pull backs? 

We hope to come back to the ideas of section 4.5.18 in a future paper. 
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4.6. Examples and main properties. Here we list the main properties of the 
theory of Shimura-ordinary types, of G-ordinary points and of their G-canonical lifts, 
and present some examples to illustrate them as well as the complexities which arise. 

PI T is the (usual) ordinary type iff k{v) = ¥p. 

Proof: From the description of r given in 4.1, we deduce (with the notations of 
4.1.1.1) that has only the eigenvalues and 1 iS hi = hi, Vz e S{l,d), and this is 
equivalent to cr(/j.i) = hi, i.e. it is equivalent to n being defined over Zp. So everything 
results from the paragraph of 4.1 referring to [Mi3, 4.6-7]. 

Example 1. In the case of a standard PEL situation (/, L(p), B), if {G^'^,X^'^) 
is of simple Cg type, we have E{G, X) = Q; here either £ > 2 or £ = 1 and all factors 
of are non-compact. So we get only usual ordinary types. Similarly, for the SHS's 
involving the classical Spin modular varieties of odd dimension and rank 2 considered in 
[Va2, 5.7.5], we get only usual ordinary types. 

P2 If k{y) = ¥p and ify and z are as in 4-4-^ then z*{A) is the (usual) canonical 
lift of (cf. PI) the ordinary abelian variety y*{A). 

Proof: This is a direct consequence of c) of 4.4.1 3) and of the description of the 
cr-crystal (M, (p) of 4.1.1 giving birth to r. 

P3 If T is e(l, 1), i.e. if t is the formal isogeny type associated to supersingular 
abelian varieties of dimension e, then G is a torus. 

Proof: If r is e(l,l), then the Shimura Lie Ufe-crystal attached to a G-ordinary 
point y e J^k{v)ik) has only slopes 0. Prom this and 4.4.1 1) we get that the deformation 
dimension of the Shimura cr^-crystal attached to y is 0. So dimc(^) = 0, cf. 4.5.15.2.1 
2). But G is a torus iff dimc(X) = 0, cf. axioms [Va2, (SVl-3) of 2.3]. This ends the 
proof. 

P4 The slopes of Shimura F -crystals attached to G-ordinary points of Nk{v) <3ire of 
the form ^, with i G S{0,d). 

Proof: This is a consequence of 4.2.1 a) and 4.1.2.2. 

Example 2. If k{v) = ¥p2 and if G is not a torus, then r is of the form r(l, 0) -|- 
s(l, 1) + r(0, 1), with r,sen (cf. PI, P3 and P4). 

Example 3. We consider the case of Picard surfaces, with / the map defined in 
[Go]. If k{v) = Fp2, then r is 2(1, 0) + (1, 1) + 2(0, 1). 

Example 4. This is the generalization of Example 3. Let E be an imaginary 
quadratic field. Let V he a (m + n) dimensional i?-vector space (with m, n G N) and let 
J'y : V X V ^ E he a, non-degenerate hermitian form on V which has signature (m, n) 
over R. We can assume m > n. Let Sh(G, X) be the Shimura variety defined as in 
[Go] , for this situation. Similarly to [Go] it can be embedded in a Siegel modular variety 
/ : Sh{G,X) ^ Sh(GSp(W,V),^) with dimQ(W^) = 2{m + n). We have E{G,X) = E ii 
m > n and E{G, X) — Q if m — n. Moreover G^^ — SU (m, n)]R. We have: 
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Fact. If V is a prime of E such that {v,2) = 1 and k{v) — Fp2 and if {f,L(^p^,v) is 
a SHS, thenr is 2n(l, 0) + (m - n)(l, 1) + 2n(0, 1). 

Proof: To check this we use 4.1. Giy(Fp2) is a spht group. We choose a M^(Fp2)-basis 
{ei, Cm+n, fi, ■■; fm+n} of M := L* W {¥ ^z) such that: 

- '^{ei, ej) = i^{fi, fj) = 0, \/i,j e S{1, n + m), while V^l^i, fj) is or 1 depending on 
i being different or equal to j; 

- the VF(Fp2)-submodule of M generated by all Cj's (resp. by all /j's) is Gw{¥ 2)' 
invariant; 

- there is a Borel subgroup B of normalizing the VF(Fp2)-submodule of M 
generated by ei,..., e^, Vz e 5(1, n + m), and having the property that the maximal torus 
of ByYCw^^) normalizing all e^'s is obtained from a torus of B by extension of scalars. 

We consider a cocharacter jj, : G^n -Siy(F 2) which acts trivially on e„+i,..., e„+^, 
/i,..., /n and as the inverse of the identical character on ei,..., e^, fn+i,---, fn+m- The nat- 
ural action of Gal(Fp2/Fp) on cocharacters of Gw{¥ 2) takes /j, into the cocharacter which 
acts trivially on em+i,---, en+m, fi,---, fm and as the inverse of the identical character on 
ei,..., Cm, fm+i,---, fn+m- Using these and 4.1, the Fact follows. 

P5 The slopes ofLieair) are precisely —1, and 1 iff G is not a torus and k{v^^) = 
¥p, where v''^'^ is the prime of E{G'^'^, X'^'^) divided by v. 

Proof: If G is not a torus and k(v''^'^) = Fp, then the image of hi in Lie(G'^^(-^^^-j~|) is 

non-zero and does not depend on i G 5(1, d); so acts on Lie{GB(k{v))) as hi does. So 
the "if part follows from b) of 4.4.1 2) and 4.1.1.2. If LieG(r) has precisely the slopes 
— 1, and 1, then G is not a torus; the fact that k{v^^) — Fp is argued as in the proof of 
PI. This ends the proof 

Let g := Lie(Gvt^(fe)) and let [g,(po,F^{g),F^{g)^ be the Shimura filtered Lie ak- 
crystal attached to a G-canonical lift Spec{W{k)) — > N'kiv)- Prom P5 and F2 of 3.10.7 
we get: 

P6 po ■=Woig,<fio) is FO(0) iffkiv-'')=¥p. 

P7 po can be the Lie subalgebra of a Borel subgroup of G\Y(k)- 

This is equivalent to: the rank of G is equal to the number of slopes of {g, (po). 
From the formulas of 3.10.6 we deduce that, if this is so, then all simple, adjoint factors 
of G^ are of Ag Lie type, £ E N. What we actually need is: any cyclic adjoint factor of 
{g,(po,F^{g),F^{g)) has maximal ^-spreading (cf F3 of 3.10.7). 

Concrete example. Let F be a totally real number field which is a Galois extension 
of Q. Let G be an absolutely simple, adjoint group over F of Ai Lie type, £ > 2, such 

r f+l 1 

that denoting G^"^ := Resp/qG, G^ is the adjoint group of YliJi SU{i,£+ 1 — i)-R. So 
[F : Q] = [^^^]. We assume the existence of a prime wi of F unramified over a rational 
prime p > 2 and such that: 
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- G is unramified over Qp, 

- Wi is the only prime of F over p, and 

" G over the completion F^^ of F w.r.t. wi is non-split. 

We consider an arbitrary Shimura pair of the form Its reflex field 

E{G^'^, X^^) is a totally imaginary extension of F. Let w be a prime of it dividing 
wi. We have [k{w) : k{wi)] = 2. Argument: G splits over the unramified quadratic 
extension of F^,^ (cf. Fact 1 of 4.3.6) and so this degree is at most 2; on the other hand, 
due to the assumed non-trivial involution, it can not be 1. 

So, from F3 of 3.10.7 we get that for any SHS (/, L(p),f), with v dividing w and 
/ : (G, X) ^ {GSp{W, -0), S), P7 holds. Such a SHS does exist cf. [Va2, 6.4.2] and 3.2.6; 
for p = 3 cf. also 2.3.5.1. 

Example 5. P7 holds for the case considered in Example 3. 

Example 6. If in Example 4 we have m + n > 4, then po is not the Lie subalgebra 
of a Borel subgroup. If m = n, then LieoiT) is always an ordinary type. 

P8 For any rational number r = a/d, with a G S{l,d), there are situations when 
the slopes of Shimura Lie F-crystals attached to G-ordinary points of Hk{v) o^f^ precisely 
— r, and r. 

Proof: We take (G, X) to be of (or or Df) type and such that G""^ = 
'R.qsf/qG^ , with F a totally real number field satisfying [F : Q] = (i and with G^ an 
absolutely simple F-group. We assume that for precisely a-embeddings of F into M, G^ 
is non-compact. We also assume the existence of a prime v of E{G, X) = F (cf. [De2, 
2.3.12]) such that k{v) = Fpd, with p > 2 a prime for which G is unramified over Qp. Now 
for a SHS (/, -^^(p), v) (cf. [Va2, 6.4.2] for p > 5; see §6 for p = 3) defined by an injective 
map / : (G, X) ^ (GSp(VF, ^fj), S), the slopes of the Shimura Lie F-crystals attached to 
G-ordinary points of A4(v) are precisely — ^, and ^ (cf. 3.10.6 i) and Case 1 of 3.10.6 
in); see also b) of 4.4.1 2)). 

Vr e Q n (0, 1], we can choose a number field F and a reductive group G^ over F 
such that the above assumptions are satisfied. For instance, if we are dealing with the 
Bi type, fixing F subject to the above requirements, we can take G^ to be the S'O-group 
of the quadratic form aixf + 02X3 + + x1 + ■■■X2£_^_i in 2£ -|- 1 variables over F, with 
ai, a2 e F such that (cf. approximation theory) for precisely a (resp. d — a) embeddings 
F ^ R, they are both negative (resp. positive). Starting from 3.10.6 iii) and iv), we can 
construct examples for P8 with (G, X) of Ai or type; we leave this to the reader. 

P9 // the slopes of Shimura F-crystals attached to G-ordinary points of Hk{v) c-i^^ 
rational numbers of the interval (0, 1), then no cyclic factor of the Shimura adjoint Lie 
a^-crystal attached to a k-valued G-ordinary point of Af^y^ is totally non-compact (see 
def. 3.10.5). The converse of this is not true. 

Proof: The first part is a direct consequence of F5 of 3.10.7. The second part can 
be seen through trivial examples. 
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As a corollary we get: 

PIO If there is a totally non-compact cyclic factor of the Shimura adjoint Lie a- 
crystal attached to an ¥ -valued G-ordinary point of Nk{v), then the abelian varieties ob- 
tained by pulling back A through G-ordinary points with values in algebraically closed 
fields, have non-zero p-ranks. 

For future references we now include an extra elementary property. We assume that 
the representation Gc GL{W C) is irreducible. So G^ has only 1 simple, non- 
compact factor. Let ?i/ be the number of simple factors of G^. It is well known that 
it is an odd number, that G^'^ is a simple Q-group, and that 2e is an n/-th power of a 
natural number (for instance, see [Pi, §4]). We refer to 4.3.1. H^^ has only 1 element; 
we denote it by i. As G^^ = Gm, we have E{G'"^,X^'^) = E{G,X). As Gf has only 1 
simple, non-compact factor, di\d\ so cZ e {di,2di\ (cf. Fact 1 of 4.3.6). 

Pll The abelian varieties obtained by pulling back A through G-ordinary points with 
values in algebraically closed fields, have non-zero p-ranks: in case d = di (resp. in case 

d = 2di), these p-ranks are equal to (resp. are 2^{'(^^) '■> ^^'^^ m E N is such 
that G^'^ is of A2m+i Lie type). So, these p-ranks are 1 precisely in the case when Gq^ 
is a simple Qp-group of Ai Lie type. 

Proof: Based on 4.2.1 a), we can work in the context of 4.1.1. The faithful rep- 
resentation of G^Yf) ^ ®VK(fc(i;)) B(¥) is the tensor product representation of n/ 
irreducible alternating representations Vi,..., Vn/, here Vi^s are 5(F)-vector spaces of the 
same dimension. So we can identify M®vK(A;(t))) -B(F) with Vi<^b{¥) V2 ®b{¥) ••• ®b(f) 1^/- 
The extension fiB{¥) to B(¥) of a cocharacter : Grn Gw{k{v)) as in 4.1.1, acts on 
M ^w{k{v)) B{¥) via one such irreducible representation Vi^ (with i^ G 5'(1, Uf)) and so 
we can identify /x with a cocharacter of GL{Vi^). Moreover, Gal(F) acts on the image 
of IJ,B{¥) via its quotient Gal{k{v)/¥p). U d = di (resp. ii d = 2di), then two different 
elements 71,72 G Gal(/c(f )/Fp) can not take this image to factor through the same irre- 
ducible representation (resp. can take this image to factor through the same irreducible 
representation V: iff 7i7;7^ the generator f of Gal(/c(f)/F d^) = Z/2Z). It is conve- 
nient to identify the set Ip{G^'^) with the set SS :— S{1, rif) in such a way that for any 
j e SS, Lie(G^YF)) ^^^^ ^3 '^^^ Lie(Gj); here we use the notations of 4.3.1.1 with 
k = ¥. 

We first treat the case di = d. We consider the natural direct sum decomposition 

Vj = Vl®V^', 

with Vj' (resp. with Vj^) as the maximal S(F)-vector subspace of Vj on which the 
extension to B(¥) of a^iJ,{^)a~^ acts trivially, Vs e S{l,d) (resp. on which at least one 
of these cr*/i(^)cr~*'s does not act trivially). Ii j e Hi, then diiiiB(j){Vj^) = dim.B(w){Vj')- 
So the case di = d follows by elementary computation, once we remark that the B(¥)- 
subspace of Vi <^b{¥) V2 ®b(f) ••• <8)b(f) Vn^ corresponding to the slope 1 for {M <^\Y{k{v)) 
W{¥),<fi^l) is 
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where aj is 1 or depending on the fact that j is or is not in Hi, Vj G SS. 

If d = 2di, then G^'^ is of A2m+i Lie type, with m G N, and the irreducible repre- 
sentations mentioned are associated to the minimal weight uirn+i of the A2m+i Lie type 
(for instance, see loc. cit.; see [Bou2, planche I] for weights). Similarly we get a direct 
sum decomposition 

1 

with Vj^ as above and with Vj'^ and Vj^ normalized by all above mentioned cocharacters, 

1 

such that Vj^ © Vj'^ is the i?(F)-vector subspace of Vj perpendicular on V^^ w.r.t. the 
alternating form on it centralized by the natural image of Lie{GjB{¥)) in End(V^). So 
this case follows, via a similar trivial computation, once we remark that ij,b{f) (resp. 
that the extension to 5(F) of the cocharacter f o o of G-[y(k{v)}) is associated to 
the first (resp. to the last) node of the Dynkin diagram of the A2m+i Lie type: for 
j e H„ dimB(]F)(V^') = C^m-, so the ;>ranks in this case are {C^J''^ {C^+i^T'-''^ = 

e ( m+1 \d 
V (2m-|-l) y • 

Remark. If d = di, then using the fact that Vj- and V^* have the same dimension, 

yj E Hi, we get that the number of slopes ^ of r is exactly 2^:^16; here / G S{0,d), cf. 
P4. Similarly, if d = 2di, we can express the number of slopes ^ of r as a sum involving 
combinatorial numbers. 

Example 7: The case of curves. We assume that dim.c{X) — 1, i.e. that 
Qa.d _ j^eSi?/QG-^, with F a totally real number field and with G^ an absolutely simple 
F-group of Ai Lie type such that for exactly one embedding of F into M, G^ is a non- 
compact (so split) group (cf. [De2, 2.3.4]). We impose no restrictions on (G^^ , X^^). Let 
{f,L(^p),v) he a SHS defined by an injcctive map / : {G,X) ^ (GSp(VF, '0), 5). Let v^*^ 
he the prime of E{G'"^,X''^'^) = F (cf. [De2, 2.3.12]) divided by v. 

Let Gq^ = Yl -^.^ Res FjQpGj, where F ©q Qp = Yli^^Fi, with Fi an unramified 
finite field extension of Qp, and where G] is an absolutely simple F^-group. Let io E H 
corresponding to the non-compact factor of G^. Let do := [F^^ : Qp] > 1. Then 

and the slopes of the Shimura adjoint Lie F-crystal attached to a G-ordinary point of 
A4(^) are precisely — and the multiplicity of —l/do (or of l/do) is do, while the 
multiplicity of is 3(dimQ(F) - do) + do = 3dimQ(F) - 2do (cf. 3.10.6 i)). So if do = 1 
PIO applies. 

We assume now that moreover the representation Gc GL{W <SiqC) is irreducible. 
So = Gm. So E{G,X) = E{G'"^,X^'^) is F itself (cf. loc. cit.). Then the p-rank of 
any abelian variety obtained by pulling back A through a G-ordinary point with values 
in an algebraically closed field, is precisely 2^^™^^^^~^° (cf. Pll). 
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4.6.1. Complements. 1) There are plenty of examples when the Newton polygon 
of the Shimura-ordinary type of a SHS (/, L(p),f) does not have integral slopes. Such 
examples can be constructed starting from [Va2, 6.5.1.1] and its proof. We briefly recall 
from loc. cit. how we can construct them, by restricting to very particular situations. 

Let F be a totally real number field such that it has precisely one prime v dividing 
p and this prime is unramified over p. We assume F ^ Q. Let E (resp. K^) be a totally 
imaginary quadratic extension of F in which v splits (resp. which has precisely one prime 
w unramified over v). Let (this is reviewed in 4.6.7.1 below) (5 be a simply connected 
group over F(p) such that: 

- it splits over E(^p^ ; 

- its adjoint is an absolutely simple F(p)-group of Ci Lie type; 

- all its extensions to R are either compact or split and precisely one such embedding 
is compact. 

Let (VFe^^j , '0) be a symplectic space over such that GE^^y = Sp{WE(^p^,'4^)- Let 
L{p) '■= ^S(p) ®F(p) and let W := L(^p) ®Z(p) Q- In loc. cit. it is constructed a 
perfect alternating form i/j : L^p) ®Z(p) -^'(p) ^(p) and an injective map / : (G, X) ^ 
{GSp{W, ip), S), such that: 

- the Zariski closure of G in GL{L(^p^) is a reductive group Gz^^^^ with G^^^^ = 
ResF(p)/Z(p)G, and 

- under this identification, the representation of G^^^^ on L(p) is obtained naturally 
via the tautological representation of G^j^^^ on WEf^^^ and 

-wehave E{G,X) = K^. 

We assume that the triple (/, L(p), w) is a SHS (for instance, this is so if p /(6{l + 1), 
cf. [Va2, 6.5.1.1 vi)]). We have a direct sum decomposition 

i^(p) <»Z(,) ^p = Ll(B Ll 

of Gzp-modules, corresponding to the 2 primes of E dividing v. Moreover, Lp®ip W{k{w)) 
is a direct sum of [k{w) : ¥p] absolutely irreducible Gvt^(/;(TO))-modules, whose simple 
factors are permuted transitively by (7k{w)-: s = 1, 2. From this and the fact that ^ of 4.1 
acts trivially precisely on one such simple factor (this can be read out -cf. loc. cit.- from 
[De2, 2.3.9]), we get that the Shimura-ordinary type defined by (/, -^^(p), w) does not have 
integral slopes. 

The examples hinted at above are such that the irreducible representations of the 
faithful representation G^^ ^ GL(W ®q C) involve no tensors products. So, in some 
sense, we are at the opposite pole of the situation of Pll. 

2) In [Va5] we will show that the results of 4.1-6 remain true (under proper formu- 
lation) for the integral canonical models to be constructed in §6 for quotients of Shimura 
varieties of Hodge type w.r.t. large classes of non-hyperspecial subgroups. 
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3) We reobtained the "ordinary theory" for special fibres of integral canonical models 
of Siegel modular varieties, w.r.t. primes p>2 (for p= 2, cf. 4.14.3 below). In particular, 
we obtained a completely new proof of the density (see [Kob], [NO], [FC] and [EO]) of 
ordinary points in these special fibres. 

4) The whole of 4.1 as well as properties PI to Pll above remain true under proper 
formulation in the context of Shimura -F-crystals over perfect fields (cf. 3.11.2). The only 
difference is: we have to change k{v) — F^d (with d E N) with the degree of definition 
(= (i), and k{v^'^) — F^do, with the ^-degree of definition (= do); moreover, in P3 (resp. 
P5) we have to change the condition G is (resp. is not) a torus to any one of the equivalent 
conditions 3.2.2 a) to d) (resp. with the condition that 3.2.2 a) to d) do not hold). 

5) In particular, 4.1 and PI to Pll can be applied to the context of abelian varieties 
with Hodge cycles without an a priori defined principal polarization (for instance, there 
is no problem if we have a polarization which is not principal), as long as we are in a 
context of Shimura F-crystals over perfect fields to which we can perform 4.2.3-4 (so 
we are in a reductive context even in the etale Zp-context; in §5 we will see that this is 
automatically so, cf. 1.15.1). 

6) It can happen that we have two standard Hodge situations {f,L(^p-^,Vi), i = 1,2, 
with Vi and V2 dividing the same rational prime p > 3, such that their attached Shimura- 
ordinary types are different. For instance, this is the case if k{vi) —¥p, while k{v2) — F^d, 
with d>2, cf. PI. 

4.6.2. An application. Let i? be a number field and let A be an abelian variety 
over E. Let Spec(O^) — > Spec(OE) be the maximal open subscheme of the spectrum of 
the ring of integers Oe of E, over which A extends to an abelian scheme A^. Let E{A) 
be the reflex field of the Shimura variety attached to A (cf. 2.1). 

4.6.2.1. The proof of Theorem 7 of 1.7. We now prove Theorem 7 of 1.7. So 

we assume E{A) ^ Q. We consider an embedding E ^ C; let Lz := Hi{Ac, Z) be the 
first group of the Betti homology of Ac. The Mumford-Tate group of A (of Ac) is a 
reductive subgroup Ga of GL{Lz ®z Q). There is A^o(^) G such that for any prime 
P > -^o(^): the Zariski closure of Ga in GL{Lz ®z ^(p)) is a reductive group over Z(p). 
If also p > max{dimB(^), 5}, then (cf. [Va2, 5.8.6 and def. 5.8.1]) there is a Z(p)-well 
positioned family of tensors of T{Lz <8)z ^(p)) for the group Ga- Let now v be a prime of 
dividing a rational prime 

p > max{A^o(^), 5, dim£;(A)}. 

Let V := O^^y So F is a finite, flat extension of Vq := W{¥). Let Ay be the abelian 
variety over V, obtained from A'^ through the logical morphism Spec(y) — > Spec(O^). 
All Hodge cycles of Ay are defined over Vi[^], with Vi a finite, fiat, DVR extension of V 
(cf. [De4] ; in fact it is very easy to see that we can take Vi = V but this is irrelevant here) . 
We choose a family (wa)^,^^-^^^) of Hodge cycles of Ay^ such that Ga is the subgroup of 

GL{Lz ®z Q) fixing the Betti realizations of its members. 
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Let e := [Vi : Vq]. In what follows, to simplify the presentation, we use similar 
notations as before, though the situation is entirely unrelated to a fixed SHS. Repeating 
the arguments of [Va2, 5.2-3], we get an abelian scheme A^- endowed with a family 
{wa^^)a€j{Vi) of Hodge cycles over the V^)-algebra Re used in [Va2, 5.2.1], such that: 

i) through the canonical Vo-epimorphism Re Vi defined by a choice of a uni- 
formizer of Vi (see [Va2, 5.2]), it becomes Av^, together with {wa)aej{Vi)''> 

ii) through the canonical Vo-epimorphism Re ^ Vq, it becomes an abelian variety 
Avq for which the quintuple (M, F^, (p, Gvq, ita)aeJ{Vi)) is a Shimura filtered crp-crystal; 
here M := H^j.-yg{A^/Vo), is the Hodge filtration of M defined by Avo, (f is the 
Frobenius endomorphism of M, (^a)aeJ'(Vi) family of de Rham components of the 

family of Hodge cycles {'w'^)c(eJ(Vi) ^Vo obtained naturally from ('Wa'^)a6j"(Vi)5 
Gvo is the Zariski closure in GL{M) of the subgroup of GL{M[^]) fixing t° , Ma e J{Vi) 
(see [Va2, 5.3.4]). 

Let V be the Newton polygon of a (any) Gvb "Ordinary crp-crystals produced by 
(M, (f, Gvo)- Prom 3.1.0 a) we get: 

(4.6.2.1.1) The Newton polygon of the abelian variety over k{v) obtained from A by 
reduction w.r.t. v, is above V . 

Let F\ be the composite field of F and Fi^A) and let be a prime of F\ dividing v. 
Let wa be the prime of Fi^A) divided by w. We have: 

(4.6.2.1.2) If k{wA) 7^ IFpj then V is not the Newton polygon of an ordinary type. 

This results from 4.6 PI: the principal polarization existing in the context of a SHS 
played no role in obtaining 4.1 and PI to Pll above (cf. 4.6.1 5)). It is also worth 
pointing out: as the Newton polygon is an isogeny invariant, [Mu, cor. 1 of p. 234] 
allows us to assume that A is principally polarized. 

Now Theorem 7 of 1.7 is a consequence of (4.6.2.1.1-2): there are infinitely many 
primes of Fi dividing primes of F{A) not having residue fields with a prime number of 
elements. 

4.6.2.2. Remark. We have the following precise form of Theorem 7 of 1.7. Let v 

be a prime of such that: 

a) it divides a prime p > 3 such that Ga is unramified over Q^; 

b) there is a prime w of Fi dividing v and dividing a prime wa of F{A) for which 
k{w a) has more than p elements. 

Then A has a non-ordinary reduction w.r.t. v (and moreover there is a Newton 
polygon V of an abelian variety B over F, with dimF(-B) = dimF(A), which is the Newton 
polygon of a Shimura-ordinary type -pertaining to Ga^ which is not an ordinary type 
and such that the Newton polygon of the reduction of A w.r.t. v is above V). 
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This will become transparent in the light of §5-8, cf. 2.3.8 2). In [Va5] we will see 
that in a), in most situations, we can allow p to be 2 as well. 

4.6.2.3. Questions. 1) Let O^^ be the normalization of in Ei and let be 
the abelian scheme over Spec(O^J, obtained from by pull back. We do not assume 
E{A) is not Q. Is it true that for an infinite set of primes C of O^^ , has a G^-ordinary 
reduction which is not ordinary? 

2) For V as in 4.6.2.2, let (M, F^, (/?, Gv„) be a Shimura crp-crystal constructed as in 
4.6.2.1. How is its CM-deviation (or ^CM-deviation) varying in terms of vl 

4.6.2.4. Remark. Property PI supports the ordinary conjecture. 

4.6.2.5. Remark. We regard the above non-ordinary reduction criterion as the 
natural generalization of the (well known) fact that any abelian variety over a number 
field E, having complex multiplication over E, has a non-ordinary reduction w.r.t. an 
infinite set of primes of E. 

4.6.2.6. Exercise. Let {f,L(^p),v) be a SHS. Let r be the Shimura-ordinary type 
attached to it. Show that there is an infinite number of standard Hodge situations 
(/, L(q),fq) (with Vq a prime of E{G,X) dividing an odd rational prime q) which have 
T as their attached Shimura-ordinary type. Hint: If the reflex field E{G, X) is a Galois 
extension of Q, this is obvious; now consider the Galois extension Ei{G, X) of Q generated 
by E{G,X), and use 4.1 and Tchebotarev's density theorem. 

This simple fact makes 4.6.2.3 1) an interesting question and suggests that the ordi- 
nary conjecture should admit variants for Shimura-ordinary types, which are not ordinary. 
See also 3.13.4 7). 

4.6.3. The case when the degree of definition is 1. For the sake of future 
references we point out the following two particular cases of PI and P2. 

A. The split case. If {f,L^p^,v) is a SHS and Gq^ is a split reductive group, then 
the Shimura-ordinary type we obtain is the ordinary type and the abelian varieties over 
Witt rings of perfect fields, obtained from A by pull back through G-canonical lifts of H , 
are (usual) canonical lifts. 

B. If (/, L(p),v) is a SHS and if an ¥ -valued G\Y(]^y ordinary point of Hk{v) gives 
birth to a Shimura a^- crystal whose degree of definition is 1, then all abelian varieties 
over W{¥) obtained from A by pull back through W{¥) -valued G^/^^^y canonical lifts of 
N , are (usual) canonical lifts and so have complex multiplication. 

4.6.4. An application to [Va2, 6.8.6]. We consider the situation and notations 
described in [Va2, 6.8.0 and 6.8.6] but we do not assume that we have a non-trivial 
involution (cf. end of AE.O). So i?(G^'^, X^'^) is a totally imaginary quadratic extension 
of a totally real number field (resp. is a totally real number field) if the involution is 
non-trivial (resp. is trivial). We assume we are dealing with a prime v^'^ of i?(G^**, X***) 
dividing a prime p > 2. Also we do not assume the Q-rank of G^'^ is positive: we just 
assume that all simple factors of G^ are non-compact. 
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A. Exercise. Show that the criterion b) of [Va2, 6.8.2] is satisfied. Hint: the 
situation gets reduced to a standard PEL situation; so we can use 4.4.5, the density part 
of 4.2.1 and [Mil, 4.11-2]. 

Solution. We use the notations of [Va2, 6.8]; so Vq '■= W{¥). The idea is: any Vq- 
valued Shimura-canonical hft z of M-'v^ lifts to a Vo-valued point of A/vb • If the generic 
fibre of 2: is a special point of the generic fibre of -M'v^, then this is a consequence of [Mil, 
4.11-2], cf. [Va2, 3.2.3.1 5)] (for the passage from Ko-valued points to Vo-valued points) 
and cf. the following Lemma. 

Lemma 1. Let fi : (Ti,{/ii}) — > (T, {/i}) be a cover between two dimensional 
Shimura pairs. Let p be an arbitrary prime such that the subtorus Tq of Ti which is 
the kernel of is unramified over Qp. Let Hip C Ti(Qp) be a compact, open subgroup 
containing the hyperspecial subgroup Hop o/To(Qp). Let Hp be the image of Hip in T{Qp). 
Then any Ko-valued point ofSh.Hp{{T, {h}) lifts to a Ko-valued point o/ShHip((Ti, {hi}). 

Proof: This is a consequence of the reciprocity map (for instance, see [Va2, 2.7]) 
and of class field theory, once we remark that we have a natural identification 

Ti{Qp)/HipTi{Q) ^T{Qp)/HpT{Q). 

This identification is a consequence of the fact that fi is a cover and of the fact (see [Mi3, 
4.10]) that To(Qp) = To{Q)Hop. 

We are left to show that the situation gets reduced to a situation in which we know 
that always the generic fibre of 2; is a special point. In other words, based on 4.4.5, we are 
left to show that the situation gets reduced to a standard PEL situation. But this is the 
statement of [Va2, 6.8.6], cf. end of AE.O: in what follows we present two ways to argue 
this (and so implicitly two solutions of the Exercise), in some general forms convenient 
for future references. 

First way. In what follows we mainly just recall parts of [Va2, 6.5.1.1] to explain 
the referred statement of [Va2, 6.8.6]. Working with totally independent notations, we 
have the following variant of 2.3.5.1 and of its p = 2 analogue. 

Lemma 2. Let (Gq, Xq) be an adjoint Shimura pair whose simple factors are of Cn 
or -DJJ type for some n E N. We assume Gqr has no compact factors. Let p > 3 (resp. 
p = 2) be a prime such that Gq is unramified over Qp . Then there is an injective map 
/: (G, X) ^ {GSp{W, V'), S), with (G'^'i, X'^'i) = (Go, Xq), and there is a Z^pylattice L^p) 
of W good w.r.t. f, such that for any prime v of E{G, X) dividing p we get a standard 
(resp. ap = 2 standard) PEL situation {f,L(^p^,v,B), for a suitable 'Zf^pysubalgebra B of 
End(L(p)). 

Proof: As in [Va2, 6.5.1], we can assume (Go, Xq) is a simple Shimura pair. [Va2, i) 
to v) of 6.5.1.1] tells us how to construct an injective map /: (G, X) ^ (GSp(VF, V'), S), 
with {G^^,X^'^) = {Go.Xq) and how to choose a Z(p)-lattice L(p) of W good w.r.t. /, 
such that, denoting by Gz^^^ the Zariski closure of G in GL{L(^p^) we have: 
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- the derived group GyJ is a product of isomorphic semisimple groups having abso- 
lutely simple adjoints, and 

- the faithful representation GpJ ^ GL{L(^pj Vq) is a direct sum of standard 
irreducible representations of rank 2n of the factors of this product. 

Warning: only [Va2, 6.5.1.1 vi)] is worked out under the assumption that p does not 
divide the number B{Go) introduced in [Va2, 5.7.2]; so, as we referred to [Va2, i) to v) 
of 6.5.1.1], we do not need to assume that p does not divide B{Go). So in what follows 
we take p >2. 

[Va2, 6.5.1.1] is a Z(p-) -version of [De2, 2.3.10]. So, as Gqr has no compact factors, 
[De2, 2.3.13] allows us to assume G^^ = Gm- So the double centralizer C (i.e. the 
centralizer of the centralizer) of G^^^^^ in GL{L(^p^) is such that its extension to Vq is a 

product of as many copies of GL{Vq'^) as factors of Gqr (for p = 2 cf . also the absolutely 
irreducible part of 2.3.18 B2); moreover, the representation of Cvo on L(^p) ®Z(p) Vq is a 
direct sum of standard irreducible representations of rank 2n of these factors. C contains 
and Lie(C) is stable under the involution of End(L(p)) defined by if). From the 
classification of [Ko2, top of p. 375] we get that the maximal integral subgroup Gi^^^^ of 
the intersection CnG5'p(L(p), ifj) has ^ subgroup and its generic fibre is generated 

by G'^'^^ and by a subtori of Z{Cq) (for p — 2 d. also 2.3.18 B2-3); so based on [Va2, 
3.1.6 and 4.3.9] we get that GiZ(p) is reductive. So we just have to replace: 

- G by the generic fibre Gi of G'iZ(p) ; 

- {G,X) by the Shimura pair {Gi,Xi) having the property that we have a natural 
injective map (G, X) ^ (Gi,Xi); 

- to replace / by the resulting injective map (Gi, Xi) ^ {GSp{W, S). 

Moreover, we have to take B as the Z(p)-subalgebra of End(L(p)) formed by all elements 
fixed by Gi. 

For p > 3 it is well known that the resulting quadruple (/, L(^p^, v, B) is a standard 
PEL situation (for instance, cf. [Va2, 5.6.3] and AE.l; see also 2.3.6 and 2.3.8 4)). For 
p = 2, it is 2.3.18 B which guarantees that the quadruple (/, L(^2)i -B) is a p = 2 standard 
PEL situation. This ends the proof of Lemma 2 and so of the first solution of the Exercise. 

Second way. This second way is in essence just an elaboration of the first way, 
which from some points of view is more convenient (and precise). It is entirely detailed 
in [ValO, 3.0-1 and the paragraph after 3.1]; though [ValO] is a continuation of this paper, 
the mentioned part of it, is entirely independent of it. However, for the convenience of 
the reader we recall most of the details, in the following two Steps. 

Step 1. Let F be the totally real number field such that G^ is the Weil restriction 
from F to Q of an absolutely simple F-group G. As p is such that G is unramified over 
Qp, F is unramified above p (see [Va2, 6.5.1]). Following the pattern of [Va2, 6.6.2], 
based on [Va2, 4.3.16] and on 4.11.3 below, we can replace F (resp. G) by any other 
totally real number field Fi unramified above p and containing F (resp. by Gi?J. To 
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avoid forwarding, we present a second reason why we can perform this replacement: we 
just have to apply the following general Lemma to the context (of Shimura triples) of 
[Va2, 6.2.1, 6.8.0 and 6.8.6]; its notations are entirely independent of the previous ones 
and it will be needed later on in connection to Shimura varieties of special type. For the 
meaning of EP, EEP and SEP we refer to [Va2, 3.2.3 3) and 4)]. 

Lemma 3. Let fi : {G,X,H) ^ {Gi,Xi,Hi) be an injective map of Shimura 
triples. We assum,e that H is a subgroup of G{<Qp), with p a prime which is relatively 
prime to 2 times the order of the center of the simply connected semisimple group cover 
ofG, that E{G,X) = E{G'"^,X'"^) and that G^''^ and Gf^ are products of isomorphic 
semisimple groups whose adjoints are simple. Let /2 : {G2, X2, H2) — > (Gi, Xi, Hi) be 
a cover (see defs. of [Va2, 2.4.O and 3.2.6]), with G'^'^'^ a simply connected semisimple 
group and with E{G2,X2) = E{Gi,Xi) (cf. [Va2, 3.2.7 10)]). Let be an 

arbitrary Shimura triple having the same adjoint as {G2, X2, H2) and such that G'2^^ is 
a simply connected semisimple group. We also assume that {G,X,H) and {G^-, Xl^^ H!^) 
have integral canonical models Af and respectively M2, thatM2 has the EP and thatAf^-^^^-p^ 
is quasi-projective and has the EEP. Then any Shimura triple having the same adjoint as 
{G,X,H), has an integral canonical model. 

Proof: We consider, as in [Va2, 3.2.7 3)], the fibre product fs : (G^jX^jH^) 
(G, X, H) and fs2 : (^3, X3, H^) ^ (G2, ^2, H2) of /i and /a. We have 

G3 := G G2- 

The kernel of /s : 6*3 — > G is the same as of /2 and so /s is a cover. Moreover, /32 is an 
injective map and G^^^ is a simply connected semisimple group. From the assumptions 
on J\f2 and [Va2, 6.2.3] we get that (^2,^25-^2) has an integral canonical model A/2 
having the EP. From the proof of loc. cit. and [Va2, 3.2.14-15] we get that the connected 
components of A2 and J\f2 are isomorphic over an ctalc cover of the normalization of Z^^^ 
in the composite field of £'(^2,^2) and E{G'2,X2). So M2W{¥) also has the EEP and is 
quasi-projective. From [Va2, 6.2.2 a)] we get that (Gi,Xi, Hi) has an integral canonical 
model Ml and the natural morphism (see [Va2, 3.2.7 4)]) q2 : N2 — > A/i is a pro-etale 
cover. 

We consider similarly the natural morphism q : M ^ A/i. Let ^32 : M2 be 

its pull back via 52- The resulting morphism q^ : — > A/" is a pro-etale cover, and 
so A3 is a regular, formally smooth Z(p)-scheme. From [Va2, 3.2.14-15] we get that the 
generic fibre of qz2 is a closed embedding and that qz2 itself is pro-finite. A/'g^^jp-) has 
the EEP, cf. [Va2, 3.2.3.1 5)]. Moreover, from [Va2, 3.2.14] we get that ^hmiGs.X^) 
is naturally an open closed subscheme of the generic fibre of M^. So the Zariski closure 
A/3 of ^\vh^[G^,X^) in A/'g is a pro-etale cover of M (as f^ is a cover, the morphism 
ShH3(G3, A:3) ^ ShH(G,X) is -see [Mil, 4.11-13]- surjective). Again from [Va2, 3.2.3.1 
5)] we get that Mzw{¥) has the EEP and that Hz has the EP. So, from [Va2, 3.2.3.1 1)] 
we get that A/3 has also the SEP; this implies the existence of a natural continuous right 
G3(Aj)-action on A/3 extending the canonical one on its generic fibre. We conclude: A/3 
is the integral canonical model of (G3, X3, H^). 
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From [Va2, 6.2.2-3] we get that any triple having the same adjoint as {G2, X^, H^) 
(and so as {G, X, H)) has an integral canonical model. This proves Lemma 3. 

Step 2. We come back to our context of the Exercise. Based on the replacement 
part of Step 1 and on [ValO, 3.0-1 and the paragraph after 3.1], we deduce that we can 
assume we have an embedding / : (G, X) ^ {GSp{W, ip), S) such that: 

a) the adjoint pair of (G,X) is (G^'^,X^'i); 

b) / factors through an injective map /i : (Gi,Xi) ^ {GSp{W,ip), S), which is a 
PEL type embedding (see 2.1); 

c) there is a Z(p)-lattice of W such that for any prime vi of E{Gi,Xi) dividing p, 
we have a standard PEL situation (fi, L^p^,vi,Bi), for a suitable Z(p)-subalgebra Bi of 
endomorphisms of L(^py, 

d) Gf^ is the Weil restriction from F to Q of an absolutely simple F-group of A21 

Lie type; 

e) the Zariski closure of G in GL{L(^p^) is a reductive group. 

We recall that the construction of [ValO, 3.0-1 and the paragraph after 3.1] is based 
on four things: 

f) standard Galois cohomology shows that by enlarging F (to Fi) we can assume G 
is obtained by pull back from a particular (see g) below) adjoint group G over Spec(Q); 

g) the part of [He, p. 445] referring to SO*{2n) (with n := / to fit the notations of 
[Va2, 6.8.6]) has a natural Z^^^-version and so we can take G to be the adjoint group of 
the generic fibre of the Z(p)-version SO*{2n)z(^p^ of SO*{2n)] 

h) the Z(p-)-version of [Sa, 3.3]: we have as well a natural Z(p-)-version SU{n,n)i(p) 
of SU{n,n)R and a natural monomorphism S0*{2n)z^p-) ^ SU{n,n)z^p^ which is a Z(p)- 
version of the standard one over R (described at the level of Lie algebras in loc. cit.); 

i) 2.3.5.1. 

Coming back to properties a) to e), from [De2, 2.3.13], as G^ has no compact factors, 
we deduce that we can assume G^^ = Q. But, from the explicit construction of [ValO, 
3.0 D)] and from 2.3.5.1, as in [Va2, end of 6.6.5.1] (see also the first way above), we 
can enlarge the center of G such that we get a standard PEL situation (/o, L^p), i3o), 
with / factoring through /o : (Go,-^o) ^ {GSp{W,ip), S) in such a way that we have 
{Gf,X^'^) = (G'^d,X*d) Yiaye E{Gq,Xq) = E{G,X) = E{G^'^,X^'^)). This ends the 
second solution of the Exercise. 

B. The types of Shimura varieties of preabelian type which are neither of abelian 
type nor of compact type and were postponed in [Va2] (cf. [Va2, 6.8.6] and AE.O), are 
among the ones treated in A above. This (cf. also [Va2, 1.4]) proves the Second Main 
Corollary of 1.14.3. 

C. Remarks. It is worth recalling (cf. [Va2, 6.2.7]) that any naive attempt of 
handling B just at the level of elementary arguments involving DVR's, is meaningless. 
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Also, one could try to get a proof of Lemma 2 of A or to solve 2.3.5.1, starting from 
the classification of [Sh, §5]: in our opinion such an approach would be much more 
complicated (if successful at all). 

4.6.5. Exercise. Prove d) of 4.4.1 3) for the case k{v) = Fp. Hint: use PI, P2 and 

Fontaine's comparison theory. 

4.6.6. Remark. Using the same ideas as in b) of 2.3.18 B3, d) of 4.4.1 3) follows 

immediately for the case of a standard PEL situation. We have no problems with the D 
cases, cf. 4.2.3-4 and the following simple fact: referring to the standard PEL situation 
(/, -Z^(p), V, B) of 2.3.5.1, each connected component of the extension to B{¥) of the inter- 
section of GSpCW^ip) with the centralizer of B in GL{W), has a Ko-valued point which 
extends to a Vo-valued point of GSp{L(^p^ Vq, V')- 

Using this, one can obtain a much simpler and shorter proof of 4.2.1 a) for standard 
PEL situations: a logical analogue of 3.1.8.1, 3.6.6.0, and [dJl] or [Fa2, th. 10] is all that 
is needed to complete a proof of 4.2.1 a) for standard PEL situations in a very small 
number of pages. 

4.6.7. A digression. We consider a Shimura group pair {Gq, [//q]) over Zp, with 
Go a simple Zp-group. Let g G N be the smallest number for which there is a cocharacter 
A*i : — GQW{¥pq) such that (Gq, [/j-q]) = (Gq, [/ii]) and there is a Borel subgroup Bq of 
Go with the property that Lie(i?ov7(Fpg)) is normalized by the image of ni and Gm acts 
on it through fii via the trivial and the inverse of the identical cocharacters (cf. [Mi3, 4.6- 
7] and 2.2.6). We assume that the Shimura Lie crp^, -crystal (Lie(Gov7(Fp9)); CTF^q A*i(|)) 
defined as in 4.1.1.2 is of G„, or type (see 3.10.5). We have: 

Lemma. 1) There is a Shimura quadruple (Gi, Xi, i^i, t;i) of adjoint, ahelian type 
such that its attached Shimura group pair (see end of 4-1) is (isomorphic to) (Gq, [/xi]). 

2) There is a Shimura quadruple (Gi, Xi, iJi, wi) of adjoint, compact, ahelian type 
such that its attached Shimura group pair has (Go, [//i]) as a product factor. 

Proof: Let m be the number of simple factors of Gqw{¥)- So Gq is the Weil re- 
striction from W{¥pm,) to Zp of an absolutely simple VF(FpTn) -group Gg. We start (cf. 
approximation theory involving unequivalcnt valuations) with a totally real number field 
Fi such that [Fi : Q] = m and there is a prime v of it dividing p and with k{v) = Fp^; 
so V is unramified above p. Let F2 be a totally real quadratic extension of Q in which p 
splits. Let F be the composite field of Fi and F2. We have [F : Q] = 2m. For 1) (resp. 
for 2)) we take Gi to be the Weil restriction from Fi to Q (resp. from F to Q) of (see 
below) a suitable absolutely simple Fi-group (resp. F-group) G{. 

Let F[ be the smallest Galois extension of Q containing Fi. We identify canonically 
the quotient set Gal(Fi7Q)/Gal(F{/Fi) with Gal{k{v)/¥p). So we also identify the set 

REi 

of embeddings of Fi into M with the set of embeddings of k{v) into F. Let U be the set 
of primes of Fi which are either archimedean or are v. For w & U, we denote by Fiyj the 
completion of Fi w.r.t. w. 
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Let Gi be the split, simple, adjoint group over Fi of the same Lie type as Go- Let 
Auto{Gi) be the connected component of the origin of Aut{Gi). Let Auti{Gi) be the 
subgroup of Aut{Gi) defined as follows. If Gq is not of D4 Lie type, then Auti{Gi) is 
Aut{Gi) itself. If Go is of Lie type (so Aut{Gi) is the semidirect product of Auto{Gi) 
and of 5*3), we take Auti{Gi) to be the semidirect product of Auto{Gi) by a ^2 subgroup 
of the symmetric group S3 such that the element of (Gal(Fi^), Aut{Gi) (-^iw)) defin- 
ing GqFi defined by an element of the image of H^{Gal{Fiy), Auti{Gi)Fj^^ (Fiw)) in it 
(cf. Fact''2 of 4.3.6). Let 

:^ H\G8.l{Fi),Auti{Gi)m). 

We first deal with 1). For each r G REi, (in order to have 1)) the pull back G\{t) 
of G\ to M via it is uniquely determined by the pair 

(<^OW(F)' [/^iW]) 

we naturally get from (Gq, [a*i]) via the embedding W{k{v)) ^ W{¥) corresponding to 
T. More precisely, GKt) is compact if [/iiCr)] is trivial, it is a split, simple, adjoint group 
of Cn Lie type if Go is of Cn Lie type and [/ii(T)] is non-trivial, it is S0{2, 2n — 1)k if Gq 
is of Bn Lie type and [/ii(T)] is non-trivial, etc. (see [He, p. 518]). 

It is known that the map 

m{Auh{Gi),U) : ^ ®^euH\Gal{F^^), Auh{Gi)F,jF^)) 

is surjective. If Auti{Gi) is connected, then the surjectivity of m{Auti{Gi),U) is a 
consequence of [Mil, B.3 and B.24]. If Auti{Gi) is the semidirect product of Auto{Gi) 
and of iJ,2, then the surjectivity of m{Auti{Gi), U) is a consequence of loc. cit. (applied 
to A?ito(Gi)) and of the structure of the Brauer group over Fi (i.e. of the fact that the 
similarly defined map m{iJ,2,U) is surjective). 

We deduce the existence of an absolutely simple Fi-group G\ whose pull back to 
Fly — B{k{v)) is Gq^/^j^^^^ and whose pull back to M via r is G\{t) (if Gq is of 1)4 Lie 
type we need to add that is the semidirect product of ji2 by a normal subgroup of it 
of order relatively prime to [C : R]; so the natural map iy^(Gal(C/R), ^ttti(Gi)(C)) 
iy^(Gal(C/M),^wt(Gi)(C)) is surjective). Let Gi ResFjqG\. 

If (Lie(Gow'(Fp,)),crFp,yUi(^)) is of Gn, Bri or D^j^4^ type, n G N, then there is a 
unique way to get a Gi(]R)-conjugacy class Xi of homomorphisms Resc/RGm. Gm so 
that (Gi,Xi) is a Shimura pair. In general, for each r G REi there are at most two 
Shimura group pairs of the form (Gir, [/ij]) (here Gir is obtained from Gi via r), cf. 
[De2, 1.2.7-8]. So we first choose 

^1= n ^1 

arbitrarily such that (Gi,Xi) is a Shimura pair; here XI is the GiR(]R)-conjugacy 
class of homomorphisms Resc/RGm Gir (defined via r and) naturally associated 
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to [/x^]. For each r G REi such that the pair (Gq^^^-j, [/xii(t)]) we naturally get 
from the triple (Gi,Xi,r) (here we use the identification of REi with Gal{k{v)/¥p)) 
is (Gq^^jp^, [(//i(t)~^]), we replace [//j] by [(/ii)""^]- After all such replacements we 
get that 1) holds for the prime vi of E{Gi,Xi) dividing p and constructed as follows. 
We consider an embedding B{¥pq) C and (via it) we view E{Gi,Xi) naturally as 
a subficld of B{¥pq); we take vi such that W{¥pq) is a faithfully flat 0(^;^) -algebra. 
This takes care of 1) (we can take as Hi the hyperspecial subgroup GQ{W{¥pm)) of 

For 2) we proceed similarly: just one modification needs to be made. We fix an 
embedding T2 of F2 into R. Let RE be the set of embeddings of F into R. We identify 
REi with the subset of RE corresponding to embeddings whose restriction to F2 is T2- 
For r G -Ri? \ REi (rcsp. for r G REi) we take G'j^(r) to be compact (resp. we take it 
to be defined as above). F Qp is identified naturally with two copies of Fi ®q Qp-. 
each such copy corresponds to primes of F dividing p and a fixed prime of F2 dividing 
p; identifying the two primes of F2 dividing p with the two embeddings of F2 in Qp 
and with the two emebeddings T2 and T2 of F2 and R, the mentioned two coppies of 
-^1 (SiqQp corresspond to the two disjoint subsets RE\REi and REi of RE. We get that 
the Shimura group pair attached to a Shimura quadruple (Gi, Xi, Hi,vi) constructed as 
above is the product of (Go, [/^i]) with the pair (Go, [A*triv]) defined by the cocharacter 
A*triv '• *Sm Go who has a trivial image. This ends the proof. 

Corollary 1. The extension 0/ (Lie(GovK(Fpq)), <7Fp9 io¥ is isomorphic to the 

Shimura adjoint Lie a-crystal attached to a principally quasi-polarized Shimura a-crystal 
{N,cpn,Gn,Pn). More precisely, {N,lpn,Gn,Pn) is attached to an ¥-valued Shimura- 
ordinary point of J\f, where Af is the integral canonical model of a particular SHS. 

Proof: This is a consequence of 1) and of the Existence Property of 1.10. For p= S, 
cf. also §6. 

Corollary 2. All group actions T° of 3.13.7.1 have dimfc(P^) - dimfc(iV^") = 
dimA;(P^) — dd{{M, </?, G)) dimensional orbits. 

Proof: Based on 2) and on Proposition of 4.5.15.2.1, this follows from the following 
Fact. 

Fact. For any SHS {f,L(^p^,v), with {G,X) of compact type, the quasi-ultra strati- 
fication of J\fk(y) has dimensional strata. 

As M / Hq is a projective scheme (see 2.3.3.1), the Fact follows from the quasi- 
affineness part of 4.5.15.2.5. From Lemma 2 of 4.6.4 A we get: 

Corollary 3. We assume the Shimura Lie aw^q-crystal (Lie(Goiv(Fpq)), CFp9A*i(^)) 
is either of Lie type or is of totally non-compact or type. Then in the second 
part of Corollary 1 we can assume we have a standard PEL situation. 

4.6.7.1. Back to 4.6.1 1). We come back to 4.6.1 1). Let U be as in the proof 
of the Lemma of 4.6.7. Based on the mentioned proof, we deduce the existence of an 
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absolutely simple F-group Gp of On Lie types which splits over Fy and whose pull backs 
to R (via different embeddings of F) are as desired in 4.6.1 1). G'p splits above all primes 
of F but a finite set FS not containing p. For vi e SF, G%^^ splits over a quadratic 
extension Ey-^ of the completion Fy-^ of F w.r.t. vi. We now consider a totally imaginary 
quadratic extension E of F such that no element of FS splits in it and moreover, for 
all Vi, the completion of E w.r.t. its prime dividing vi is Ey-^ (cf. Krasner's lemma and 
the approximation theory). We get: the pull back G% of G% to E splits at all places of 
E. So G% splits. So we can take (cf. [Va2, 3.1.3]) as G a simply connected group over 
0(i,) = F(p) having G% as the adjoint group of its generic fibre. 

4.6.8. Remark. Based on 3.13.7.4 B, to check that the finiteness property of 
4.5.15.1 holds if aU simple factors of {G^"^, X^^) are of some A^, Cn or types, we can 
assume (cf. Corollary 3 of 4.6.7) that in 4.5.15.1 we are dealing with a standard PEL 
situation; in such a context it is easy to check it starting from [Oo3] . We will come back 
to this in §9-10. 

So to check that the finiteness property of 4.5.15.1 holds in general, we can assume 
(cf. the above paragraph, 3.13.7.4 B and Corollary 1 of 4.6.7) that G^ has no compact 
factors and that (cf. also Fact 1 of 2.3.5.2) {G^^,X^^) has all its simple factors of some 
Bn or type and we can proceed in many ways (like: by induction on n, or by working 
in the context of symmetric objects of A4J-'[q^2]{W{¥)), etc.). However, the (presently 
abstract) context of Eq, E7 and Df'''"^ types (see 3.13.7.7) can not be that easily studied 
and so we defer to §10 for more of a principal approaches (then the one above relying on 
the use of relative PEL situations in a sense similar to the one of [Va2, 4.3.16]). 

4.7. Crystalline coordinates. 

4.7.0. G-deformations. We consider an arbitrary point y : Spec(A;) — > M /Hq. 
Let {Ay^pAy) '■— y*{AHQ,'PAHo)- ^ G-deformation of {Ay,pAy) over an artinian local 
W{k)- algebra, AL having k as its residue field, we mean a deformation which is obtained 
from {A, Va) by pull back via a morphism Spec(AL) — M/Hq lifting y. 

4.7.1. First properties. Let now y : Spec(/c) ^U/Hq be a G-ordinary point. For 
simplifying the notations we assume y has attached to it a principally quasi-polarized 
Shimura cr^-crystal of the form [My^ipy^Gy^Q;^, {ta)aeJ':'^y) (cf- 2.3.10). Let Hy : 
'^m Gw{k) be its canonical split (cf. 3.1.6). It produces a direct sum decomposition 
My = Fl © FO, with e Qrn{W{k)) acting through jjiy on Fy as the multiplication 
with Let N be the subgroup of G^^^^-j which acts trivially on Fy and on My/Fy. 
Let R be the VF(A;)-algebra of the formal completion of at the origin. We choose 
an isomorphism / : R^W{k)[[xij . . . , Xea]], with cq = dimc(X) (see [Va2, 5.4.7]). We 
are mainly interested in the case when k — k; but for a great part of what follows this 
is not needed. It is easy to see that the group N is isomorphic to (i.e. it can be 
identified with the group scheme defined by its Lie algebra via the exponential map). We 
can choose the coordinates xi, . . . , Xe^ (i.e. we can choose /) such that the i-th Ga copy 
of N is Spec {W {k)[xi]) . So N as a, scheme is Spec(VF(A;)[a;i, . . . ,Xeo])- We consider the 
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Frobenius lift of which at the M^(/c)-algebras level takes i — I^cq. It induces 

by completion a Frobenius lift of R. 

As the case of a torus (of a dimensional Shimura variety of Hodge type) is trivial, 
we assume from now on that G is not a torus. Let A^o be the smallest connected subgroup 
of GvK(A;) such that: 

i) it contains N; 

ii) its Lie algebra is taken by p(py into itself. 

For all that follows, we rely heavily on the terminology and formulas of 3.10.6. It is 
easy to see (to be compared also with 3.4.3.0 and 3.11.2 C) that: 

0) A^o is a product indexed by the number of simple factors of Gq^, cf. 4.3.1. 

1) A^o is a unipotent, smooth subgroup of G\Y(k)- 

2) We get aLie (Xfe-crystal (Lie(Aro), (py, F°{Ue{No)), F^(Ue(No))), with F^(Ue(No)) := 
F»(End(M)) n Lic(A^o), i = M- In fact F^{Ue{No)) = {0}, and Lic(A^o) is the Lie 
subalgebra of Lie((j'p^(yt)) corresponding to negative slopes of {Lic{Gw(^k^),ipy) (this 
and 1) can be read out -over k- from 3.4.3.0, via 3.11.1 c); see also 3.11.2 C and 
3.10.7). 

3) A^ = A'o iff the slopes of LieG(T) are precisely —1, and 1, cf. 2) and 4.6 P5. 

4) A^o is an abelian group iff the spreading of any cyclic adjoint factor attached to y 
is or 1, cf. def. in 3.10.4.4 and 4.3.1. This automatically happens if all simple 
factors of {G^^,X^'^) are of Bi, Ci or Df type; but it is not necessarily true if there 
are simple factors of (G^^^, X^<^) of A/, or Df type (£ e N). 

5) In general, A^o is a nilpotent group of order of nilpotency not greater than some 
m G N iff the spreading of any cyclic adjoint factor attached to y is not greater than 
m (this and the first part of 4) are a consequence of the characteristic analogue of 
3.5.4 (6), as it can be easily deduced from 3.10.7). 

6) A" is a normal subgroup of A^o (for instance, this follows from 3.1.4). 

So if (G^^, X''^'^) has only simple factors of Df type (£ G N), then A^o has the order 
of nilpotency at most 2. If (G^'^, X''^'^) is a simple, adjoint Shimura variety of Ai type, 
then the order of nilpotency of A'o is smaller or equal to I and equality can hold (cf. 4.6 
P7); in fact the order of nilpotency of Nq can be any integer in 5(1, £), cf. 5). 

We also regard y as a closed embedding y : Spec(/c) Mw{k)/HQ. Let Oy be 
the completion of the local ring of y in J\fw{k)/ Hq. Let (^^,p^.) be the principally 
polarized abelian scheme over Spec(Oy) obtained from (-4^0)^.4.^0 ) through the canonical 
morphism Spec(Oy) M / Hq. We consider the following principally quasi-polarized 
Shimura filtered F-crystal 

NMy := (My, F^, ipy, Gw{k), N, f, {ta)aej',i^y) 
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over R/pR. There is a unique connection atV^ on My ®vK(fe) R which is integrable, 
nilpotent mod p and such that the Frobenius endomorphism 

:= n{ipy (g) 1) 

of My ®vK(fc) R is ArVy-paraUel, cf. 2.2.10. Here n e N{R) is the universal element 
defined by the natural morphism Spec(i?) N; we view it as an i?-linear endomorphism 

of My <Siw{k} R- 

Similarly we define Qder My, starting from a Frobenius lift of the l^(A;)-algebra 

W(k) 

Ri of the completion of at the origin, which takes the kernel of the canonical 

VF(A;)-epimorphism Ri ^ R into itself, inducing on R. Let 

Co := dim^(fe)(A^o)- 

As a scheme Nq = Spec{W{k)[xi, a^g,,]), while as a group scheme Nq is obtained from 
Ga groups by a repeated process of forming short exact extensions defining semidirect 
products (cf. 1), or 5), or [SGA3, Vol. Ill, 4.1.2 of p. 172]). In other words, such 
an identification can be chosen so that each closed subscheme Spec{W{k)[xi]) of A^o, 
i E S{1, Co), is a Ga subgroup of Aq, to be referred as the z-th Ga copy of Aq. Let Spec(i?o) 
be the completion of Aq in its origin. So Rq = W{k)[[xi, ...,Xeo]], with Spec(VF(fc)[[a;j]]) 
as the completion of the i-th Ga copy of Aq in its origin, i = l,eo. We choose such an 
identification, so that (cf. also 6)) the natural epimorphism Rq ^ Ris defined by Xi goes 
to Xi, if z e S{1, Co), and into 0, if z e S{1 + eo, eo). We assume the Frobenius lift of 
i?i is such that it also takes the kernel of the natural epimorphism i?i Rq into itself, 
inducing a Frobenius lift of Rq which takes Xi into x^ , i = 1, cq. 

4.7.2. Lemma. The principally quasi-polarized filtered F-crystal over Spec{Oy/pOy) 
endowed with a family of crystalline tensors, defined by {Ay,pA^) and de Rham compo- 
nents of Hodge cycles with which Ay is naturally endowed, is isomorphic to NMy. 

Proof: This is a consequence of Fact 4 of 2.3.11 (via 2.2.21). For the sake 
of convenience we recall the details. As in 2.3.11, we start with a VF(/c) -morphism 
Spec(i?i) Spec(Oy) lifting the natural morphism Spec(/c) Spec(Oy) defined by 
y and such that the principally quasi-polarized filtered F-crystal over Ri/pRi endowed 
with tensors and associated to the pull back through ai of {Ay,pA^) and de Rham compo- 
nents of the mentioned Hodge cycles of Ay, is isomorphic to Qder My. But the pull back 

W(k) 

of Qdcr My through the canonical VF(fc) -mono morphism Spec(i?) ^ Spec(i?i) is atM^ 

(due to the compatibility of the Frobenius lifts of -Ri and R with the VF(/c) -epimorphism 
i?i -» R). But the VF(A;)-morphism ci := 6ioai : Spec(i?) — > Spec{Oy) is an isomorphism 
(this is the same as [Va2, 5.4.7-8]). This proves the Lemma. 

We denote by (^R/w{k) the free i?-module generated by dxi, i = l,eo. ^R/w{k) is 
naturally a direct summand of the i?-module ^R/w(k)- Let 5n be the connection on 
My ®w{k) R annihilating My. 
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4.7.3. Lemma. The connection atV^ is of the form Sn + Pn, where 

Pn e Lie(A^o) ®w(/c) ^N/w(k) ®iv(fc) R = Lie(iVo) <^wik) ^R/w{k)- 

Proof: Similarly to at My we define NoMy. is obtained from No^y by extension 

through the VF(/c)-epimorphism Rq -» R. As this M^(/c)-epimorphism is compatible with 
the chosen Frobenius lifts, the Lemma is a consequence of [Fa2, rm. ii) after th. 10] 
applied to {My, Fy ,ipy) and to the subgroup A^o of GL{My) (cf. also the formulas of 
3.6.18.4 B) and of 3.6.18.7.1). 

4.7.3.1. Notations. We write 

eo 

Pn = ^^rij® Ej, 

with {rij } a VF(/c)-basis of the Lie algebra of the j-th Ga copy of Nq and with Sj 6 ^R/w{k) 
(cf. 4.7.3). The elements rij, j e S'(l,eo), are viewed as endomorphisms of My <Siw{k) 

4.7.4. Levels of complexity. Let v^'^ be the prime of E^G'""^, X'""^) divided by v. 
To construct (good) G-multiplicative coordinates and then to extend them to the general 
case of 4.7.14.1 below, we distinguish five different cases (levels of complexity). They are: 

A. N = No. 

B. No is an abelian group different from N. 

C. Ao is a nilpotent group of order of nilpotency two. 

D. Ao is a nilpotent group of order of nilpotency greater than two. 

E. The general case referred to in 4.7.14.1 below. 

The condition A = Aq is equivalent to kiv""^) = F^, cf. 4.7.1 2) and 4.6 P5. First we 
describe the case A (so cq = eo); warning: 7.5-10 below refer just to this case. A quite 
general theory of crystalline coordinates is elaborated in 4.7.11. In 4.7.12-18 we deal with 
different aspects of it (in particular, we handle to a great extend cases B to E). 

From now on we assume k = k. 

4.7.5. Theorem. We assume N = Nq. We have: 

i) There is a W{k)-basis {ai\l < i < e} of Fy and a W{k)-basis {bi\l < i < e} of 
Fy and a permutation tt of {ai, . . . , a^jbi, . . . , b^} satisfying the conditions: 

(4.7.5.1) ivVy(ai) = 0, Vz e S{1, e); 

(4.7.5.2) NVyibi) = ^ji^i) ^ ^3, V^ e -S(l, e); 

(4.7.5.3) ^y{ai) = 7r(oi) if'K{ai) e {ai, . . . , Oe}; 

(4.7.5.4) $y(ai) = n{'K{ai)) if 7r(ai) G . . . , b^}; 

(4.7.5.5) ^y{bi) ^p7T{bi) if7T{bi) e {ai,...,ae}; 
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(4.7.5.6) %{b,) = pn{n{h)) if Ti{hi) G {61,..., 6e}. 

Furthermore Si 's are closed 1-forms verifying the following equations: 

(4.7.5.7) /fie S{1, e) is such that 7r(6j) e {ai, . . . , Oe}, t/ien 

eo 

(4.7.5.8) If i & S{1, e) zs such that 7r{bi) e {61, . . . , be}, then 

eo eo 

dn{7r{bi)) + ^ nj(7r(6i)) (g) e^- = ^ (p{nj){7r{bi)) (g) ci$ij*(£j); 
i=i j=i 

(4.7.5.9) If i E S{1, e) is such that Tv{ai) G {61, . . . , be}, then 

eo 

dn (7r(ai)) + '^^n(^nj (7r(ai))) Cg) Sj = 0. 



ii) There are formal power series fij G B{k)\[xi, . . . , Xeo]], j = 1, eo, 5uc/i that: 

(4.7.5.10) Ej = dnj, G S{l,e); 

(4.7.5.11) Vz G S{1, e) st<c/i t/iai 7r(6j) G {ai, . . . , Oe} we have 

eo 

(J](^(n,)(7r(6,))c?^H*(/^i))(0) = 0; 

(4.7.5.12) Vz G (5(1, e) such that n{bi) G {61, . . . , be} we have 

eo eo 

((n - lM,®H^(,)ii) (7r(6,)) +pY,nj (7r(6,))/x,) (0) = ^((/^(pnj) (7r(6,))c/$ii, (//j)) (0); 

(4.7.5.13) Vi G S{1, e) sitc/i t/iat 7r(aj) G {61, . . . , 6e} we have 

ep 

((log n)(7r(ai)) + ^ n,(7r(ai))//,) (0) = 0. 

Moreover //j(0, 0) = and i/ie series qj = exp(//j) belongs to R and satisfies 
g,(0,..,0) = l, VjG5(l,eo). 



4.7.6. Corollary. The elements qj — l G R, j — 1, cq, /orm together withp a regular 
system of parameters of R, i.e. the W {k)-homomorphism R ^ R sending Xj to qj — 1, 
j = l,eo, is an isomorphism. Moreover, if we take the Frobenius lift of R to be defined 
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by Qj — >• Qj, j — l,eo, then the Frobenius endomorphism of the underlying R-module 
M ®w{k) R of takes bj into p7r{bj) and takes aj into 7T{aj), \/j e S{1, e). 

4.7.7. Definition. The elements qj — 1 E R are called G-canonical or Shimura- 
canonical coordinates of Spec(i?) or of Spf(i?). 

4.7.8. Corollary. The moduli formal scheme M-aiy) of G- deformations of the 
principally polarized abelian variety {Ay^pAy), over (spectra of) artinian local W{k)- 
algebras having k as their residue field, is canonically isomorphic to the formal torus 7^^ 
of the completion of in its origin; the principally polarized abelian variety over (the 
spectrum of) W{k), obtained from [Aro^'Pahq) P'^^^ back through the G-canonical lift 
ofy, corresponds to the unit element of %g(W{k)). 

4.7.9. Corollary. We can assume that the permutation n is trivial iff k{y) = ¥p, 
i. e. iff Ay is an ordinary abelian variety. If this is the case then the formal torus of 
G- deformations of is a formal subtorus of the formal torus of deformations of 
Ay or of GSp- deformations of {Ay, p Ay) (i-e. of deformations of the principally polarized 
abelian variety {Ay,pAy))- 

4.7.10. About the proofs of 4.7.5-9. The proofs of 4.7.5-6 are entirely analogous 
to the proofs of [De3, 1.4.2 and 1.4.7]. As this is the only part of our work which is similar 
to the classical theory of ordinary points of special fibres of integral canonical models of 
Siegel modular varieties, here we just indicate which are the differences occurring. We do 
not bother to mention what happens when we choose different Frobenius lifts of R (see 
[De3]). 

The first part of b) of 4.4.1 3) guarantees that the filtered CTfc-crystal {My, Fy, tpy) is 
cyclic diagonalizablc. We deduce the existence of a VF(/c)-basis {a^jl < z < e} of Fy, of a 
VF(A;)-basis {bi\l < i < e} oi Fy , and of a permutation tt of BS :— {ai, . . . , tte, 6i, . . . , be} 
such that (py{bi) — p7T{bi) and (py{ai) = n{ai), Wi = l,e. We always make choices such 
that if a subset of be} or of {ai, ae} is permuted cyclically by tt, then this subset 

has only 1 element. 

The differences from [De3, 1.4] come from the fact that tt is not always the trivial 
permutation Ibs of BS. 

(4.7.5.1-2) just say what is the action of atV^ on the VF(/c)-basis BS of My, using 
the expression of atV^ given in 4.7.3.1. (4.7.5.3-6) just make explicit the action of $y 
on elements of BS, starting from the above expression of cpy. The proof of the fact that 
Ej are closed 1-forms is as in [De3, 1.4.2], starting from the fact that the connection 
jvVy is integrable. (4.7.5.7-9) just write down what means that $y is jyVy-parallel, the 
Frobenius lift of R being (cf. [De3, 1.1.3.3 and 1.4.2.5]; see also {Ei) and {E2) of 
3.6.1.1.1 2)). 

To see 4.7.5 ii), we follow closely the proof of [De3, 1.4.2.5 ii)]. First the Poincare 
lemma assures the existence of formal power series Hj G B{k)[[xi, . . . , Xe^]] such that 
dfj,j = Sj] they are unique up to a constant. Now (4.7.5.7-9) can be rewritten as: 

.10.1) d(Zjli^inj){'^{bi))d<^RM)) =0; 
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(4.7.10.2) (i(n(7r(6i)) +E;Li%(vr(fei))/^i-<^(n,)(7r(6i))(i$fl,(/^j)) =0; 

(4.7.10.3) d(log niriai) + E -li rij (7r(a,))/U,) = 0. 

ifiprij) e My ®w(k) R is non-zero mod p and is an abelian group; so we have 
no problems in defining logn. The equations (4.7.10.1-3) are of similar type: they are 
obtained by taking the d-operator of linear combinations of functions; (4.7.25) is an 
equation similar to the one obtained by taking the d-operator of [De3, 1.4.2.7]. The 
values of /Uj's at are determined by the equations (4.7.16-18). To see why this is 
so, let tj := njfXj{0), j G 5'(l,eo), and let t := EjLi^j. We have t G Lie(A^)[i]. To 
determine /Xj(0), j G S{1, cq), is equivalent to determine t. The equations (4.7.16-18) can 
be rewritten respectively as: 

(4.7.10.4) <f{t){7T{h)) =0; 

(4.7.10.5) ip{pt){n{h)) ^pt{7T{h)); 

(4.7.10.6) t{7r{ai)) = 0. 

Let -Bo := {oi, • • • , Oe} U {7r(ai), . . . , 7r(ae)}. t acts trivially on the subspace of My 
generated by Bq, i.e. on FyLi(py{Fy). It is easy to see that there is a unique t G End(My) 
such that t(F°) = {0}, t acts trivially on My/F^ and 4.7.27-29 hold. Argument: ^{t)-t 
is uniquely determined by these requirements and so (fi{t) = t; as t acts trivially on Fy 

and My/F^, we get t = 0. 

There is another way to see that t = 0: if tt is the trivial permutation this is obvious; 
but, as to be pointed out in 4.7.11 1) below, the situation gets reduced to such a context. 

The last fact of ii), to prove that qj G R (obviously gj(0, ...,0) = 1), is similar to 
[De3, 1.4.5], starting from (4.7.10.1-3) and using the element 

tR := ^rijUj G Lie(iV)[^][[a;i,...,a;eo]]- 

The proof of 4.7.6 is entirely analogous to the proof of [De3, 1.4.7]: we are in a 
context of a moduli scheme (A/V(fc)) oi principally polarized abelian schemes and so the 
Kodaira-Spencer map 

grN^y : fR/w{k) ^ iiomR{Fy ®w{k) R, Fy ^w{k) R) 

of AfVy (with T/j/vK(fc) ■= ^*R/w{k)) injective, having Lie(A^) ®w{k) R cts its image (we 
have a canonical injective l^(fc)-linear map Lie(A'") ^ Homw (k){Fy , Fy)). 

Now 4.7.8 is obvious. The first statement of 4.7.9 is just a restatement of 4.6 PI. 
The second statement of 4.7.9 is a particular case of the principle expressed in 4.7.17 
below: it is Fact 4 of 2.3.11 which allows us to be in a context involving just Shimura 
p-divisible groups; it reobtains in the case of a SHS (/, L(p), d), with k{v) = ¥p, the main 
result of [Nol]. 
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4.7.11. On the general theory of crystalhne coordinates for p-divisible 
groups over k. We itemize the ideas and results. We recall 2 is invertible in k. 

1) Based on [De3, 1.4] and on the results pertaining to a SHS and presented till 
4.7.4, the above part 4.7.5-29 is essentially trivial. What we did: we interpreted [Dc3, 
1.4] as a property of deformations of Shimura adjoint Lie a"/j-crystals. In other words, the 
p-divisible group over k associated to {My, ipy) (of 4.7.1) is a direct sum of two p-divisible 
groups Dy and Dy such that: 

- the slopes of Dy are precisely and 1, while Dy does not have integral slopes; 

- the G- deformations of {Ay,pAy) (see 4.7.0) correspond to deformations of Dy, while 
"keeping" Dy fixed. 

So, if 

My = Ml © M 2 

is the direct sum decomposition corresponding to Dy and Dy, then (cf. 4.7.1 2)) 

Lie(iV) C End(Myi). 

The main goal of including 4.7.5-29 here is: to get some familiarity with the new type 
of equations (differential or not) showing up when we pass from (Shimura) ordinary 0"^- 
crystals to cyclic diagonalizable Shimura Ufe-crystals. The equations 4.7.5.4-5, 4.7.5.7, 
4.7.5.9, 4.7.5.11, 4.7.5.13, 4.7.10.1 and 4.7.10.3 are typical to the cyclic diagonalizable 
situation: they do not show up in the classical setting of [De3, 1.4]. 

2) Let Z) be a p-divisible group over k. Let m be the product of the dimensions of 
D and of its dual D*. It is known (for instance, see [II, 4.8]; see also 4.12.13 4) below) 
that D has a universal deformation T> over 

Rm ■■= W{k)[[wi, ...,Wm]]- 
We assume m > 1. For any VF(/c)-epimorphism 

q:Rm-^Rn-= W{k)[[zi, ...,Zn]], 

with n e N, n < m, we get naturally (from T>) a p-divisible group Vq over If n = m, 
then Zi = Wi, \/i e S{1, m). 

The two goals. The first goal of the general problem of crystalline coordinates 
(for p-divisible groups) is to find a good description (if possible canonical) of the p- 
divisible object ©("Dg) of A^JF^ -^j(i?„), for epimorphisms q of interest; we have freedom 
(as part of the good description) for the choice of a Frobenius lift of Rn- If we have 
^R^^i) = (resp. ^R^{zi -I- 1) = {zi + 1)^), V? e S{l,ri), we speak about an additive 
(resp. multiplicative) type situation. These are the most common (and handable) type 
of situations. The second goal of the problem of crystalline coordinates is to compare, 
in the case we do not have a canonical description, the different descriptions obtained in 
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the process of achieving the first goal. In what foUows we essentiaUy concentrate on the 
first goal. 

The extra Shimura structure. Very often the crfc-crystal (M, (p) of D gets natu- 
rally the structure of a Shimura Ufc-crystal (M, G, {ta)^^j) with an emphasized family 
of tensors, and then we take q to be the maximal formally smooth quotient of preserv- 
ing (in the crystalline sense of 2.2.20 AX) the tensors involved (for concrete examples see 
[Va2, 5.4-5]); so n = dd{{M,(p,G)) (cf. 2.2.21 UP and 2.3.17.2). So we get a p-divisible 
object with tensors of M.T^^{Rn)., defined by g; forgetting the tensors it is ^}{T>q). 
Cq is uniquely associated to a uni plus versal Shimura p-divisible group over The 
Theorem 3.6.18.5 (as well as its relative counterparts of 3.6.18.7), in essence, achieves the 
first goal of the theory of crystalline coordinates. What we have to do is explained in the 
following two steps. 

a) First we choose, according to needs and desires, a Frobenius lift of Rn taking the 
ideal In '■— {zi,...,Zn) into itself, and a Frobenius endomorphism $ of M (E)w{k) Rn of the 
form gR^{(p ® 1), with g^^ G G{Rn) which modulo In is the identity. We choose also a 
filtration F^{M) of M such that {M, F^{M),(p,G) is a Shimura filtered ak-crystal. We 
get, as in 3.6.18, a p- divisible object with tensors 

€ := (M ®w{k) Rn, F\M) 0w{k) Rn,9Rr.i<f ® 1), iia)a&j) 
ofMT[0,i]{Rn). 

b) We determine connections which respect the Gn^-action and make ^jp<t to be 
viewed as an object of M.J-'^ ^-^{Rn). We look at the resulting Kodair a- Spencer maps (one 
for each such connection) and we pick up one such connection of whose Kodaira-Spencer 
map is injective (an isomorphism onto its image) modulo the maximal ideal {In,p) of 
Rn', the choices in a) should be made in such a way that such a connection does exist. 
Then using 3.6.18.7.0 we lift the picked up connection to a connection which respects the 
Gfi^-action and makes to be viewed as a p-divisible object with tensors of AiJ-^ -^T^^Rn) ■ 
So and Cg, as p-divisible objects with tensors of J^J^^ ^{Rn) , are isomorphic under an 
isomorphism which mod In is the identity (cf. 2.2.21 UP). Here and in what follows, the 
respecting of the G^^-action is in the same sense as of 3.6.1.1.1. 

Using these two steps a) and b), we regain (cf. 3.6.18.2) the results of [De3, 2.1], 
without any computational effort. After a brief digression on K3 surfaces, in 3) to 9) 
below we deal with cyclic diagonalizable contexts. 

2A) Digression: the case of K3 surfaces. A great part of the above ideas of 
4.7.11 and of 3.6.18 can be adapted to the context of alternating or symmetric p-divisible 
objects of M.T[-i^i]{Rn) (or of M.T\Q^2]{Rn)) which are versal (cf. also 3.6.1.6 Ph). 
Below, as a sample, we briefiy digress on the geometric context of K3 surfaces (see [Va6] 
for general abstract contexts; see [Val2] for other geometric context: of cubic fourfolds, 
etc.) 
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The case of (the existence of) crystaUine coordinates for the deformation space of 
an ordinary K3 surface S over an arbitrary algebraically closed field k of characteristic 
p > 2, is "settled" by [Fa2, th. 10 and the remarks after] (see also [De3, 2.1 B] for the 
case p > 3); for p = 2, "settled" is used in the sense of the first goal mentioned above: 
however, the Fact of 4.14.3 E and 2B) below can be combined to achieve as well the 
second goal. [Fa2, th. 10] is not stated as such; however, starting from [De3, 2.1.6] it can 
be checked it applies. 

To explain this, let d (resp. C^) be the symmetric principally quasi-polarized, uni 
plus versal, filtered F-crystal over k\\ti, ...,t2o]] of the universal deformation space of S 
over Spf (fc[[ti, t2o]]) (resp. over t2o]] constructed as the one of [De3, 2.1.7] 

having H as its underlying VF(/c)[[ti, t2o]]-niodule but for p = 2). Warning: the Frobe- 
nius lift of VF(A;)[[ti, t2o]] we work with takes ti into t?, Vi e 5'(1,20). We assume 
the canonical lift of S is defined by the W^(/c)-epimorphism VF(/c) [[ti, ^20]] W{k) 
annihilating all t^'s. Forgetting the symmetric principally quasi-polarization, € and €^ 
are objects of p — AiJ-'[Q 2]{W {k)[[ti, ...,t2o]])- Moreover, they are ordinary in the sense of 
[De3, 1.3.3]. So let iig "-^ ili "-^ C (resp. ilp » il]^ "— €) be the slope filtration in (filtered 
F-crystals) of €. (resp. of Ci) obtained as in [De3, 2.1.6] (see top of [De3, p. 109]). So 
il and il-^ are uni plus versal objects of p — MJ^[o^i]{W {k)[[ti, ...,t2o]]) and so we can 
apply [Fa2, th. 10] to them: we deduce the existence of a unique VF(A;)-isomorphism 
/ : Spcc(W^(A;)[[ti, t2o]])— *Spcc(l^(A;)[[ti, .... ^20]]) which as a VF(/c) -isomorphism of 
VF(/c)[[ti, ^20]] leaves invariant the ideal (ti,...,t2o) and which is such that /*(il^) is 
isomorphic to il under an isomorphism ISO which mod {ti, ...^20) is the natural iden- 
tification. Referring to [De3, 2.1.7], the element c of it is uniquely determined by a, 
bi,---, 620- So, as we are in a symmetric principally quasi-polarized context, there is a 
unique way to extend ISO to an isomorphism I*{€^)-^€; modulo {ti, ...,^20) is as well 
the natural identification. 

The case of polarized ordinary K3 surfaces over k of degree relatively prime to p 
(this excludes entirely the case p — 2) can be deduced as well from a) and b) (or from 
4.7.5 performed abstractly, i.e. in the context of Shimura-ordinary cifc-crystals having the 
^-degree of definition equal to 1; see Theorem of 4) below) and from 2.2.21 UP, by a 
natural process of moving (i.e. of lifting things) from the context of SO{2, 19)-groups to 
the context of GSpin(2, 19)-groups. In other words, we can work entirely in the context 
of a Shimura filtered cr^-crystal (M, F^(M), ip, G, (ta)aeJ^^ such that: 

- {M,(p) is ordinary and {M,F^{M),(p) is diagonalizable; 

- G^^ is an absolutely simple, split W(k)-gTOup of Bio Lie type; 

- G^^ = Gm', 

- the faithful representation G'^^'^ ^ GL{M) is the spin representation of the simply 
connected group cover of G^*^ (so dimvi/(fc)(M) = 2^°). 

We consider a direct summand Mi of T(M) normalized by G and such that: 
a) Mi[^] is normalized by (p\ 
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b) the representation of G on Mi factors through giving birth to the symmetric 
faithful representation of G^^ of dimension 21; 

c) there is a symmetric perfect form V'l on Mi fixed by G^^ and (p at the same time. 

The existence of Mi can be deduced easily by considering Zp-structures as in 2.2.9 
8) and applying arguments as in 2.3.9 B and E. The mentioned lifting process can be 
stated as (see §7 and [Val2] for general forms of it): 

2B) Proposition (the lifting process in a K3 context). We assume k is 
just perfect of odd characteristic. Let R be a local, henselian, regular, formally smooth 
W{k) -algebra having k as its residue field and let be a Frobenius lift of R. Then any 
symmetric p- divisible object (Mi?, (F*(Mi?))ig{o,i,2}, ^Af^.^ V, pAfH.) of MJ^^^^^{R) , with 
F'^[Mr) of rank 1 and with Mr of rank 21, is isomorphic to the symmetric p-divisible 
object of M.J-'^ obtained from a filtered F -crystal with tensors of the form 

C'ift = (M ®^(^) R^, F\M) i?^, ^fl(^ ® 1), Vo, {io)^^j), 

with qr G G{R^), by moving from M to (Mi(l), ■0i(l)) (in a way similar to the Fact 2 
of 2.2.10 but involving the Tate twist W{k){l)). 

Proof: We can assume is of additive type in the maximal point of Spec(i?). 
"Ignoring" V and Vo, the existence of is a consequence of the henselian assumption: 
any element of G^'^{R^) lifts to an element of G{R^). The existence and uniqueness of 
Vo are implied by 3.6.18.4.4 1) and 3.6.18.8. But 3.6.18.8 also implies that under the 
process of moving from M to Mi(l), Vq "becomes" V. This ends the proof. 

3) We look closer at [De3] to understand the real principles underlying the main 
results of loc. cit. We see that there are precisely three main ideas. We formulate them 
in the language of this paper. 

a) We have a Shim,ura ak-crystal which admits a "canonical split": with the notations 
of 2), this is a cocharacter ^ : Gm — G with special properties; in particular, it produces 
a direct sum decomposition M = F^ ® F^ , with (3 G Gm(VF(/c)) acting through n on F^ 
as the multiplication with (3~^ , s = 0, 1 (to be compared with 3.1.4). 

b) The resulting Shimura filtered a^-crystal (M, F^, ip, G) is cyclic diagonalizable. 

c) We can construct good additive coordinates. By this we mean [De3, 1.4.2] (see also 
5) below). 

3') Using the cocharacter n, we get a natural Z^-structure of (M, F^, G), as in 
4.4.7. So M = Mzp ®Zp W{k), with Mz^ a free Zp-module; under this identification, G is 
obtained, by extension of scalars, from a reductive subgroup Gzp of GL{Mj^^). Moreover 
jjL is defined over a finite unramified DVR extension W{k^) of Zp; we always choose the 
smallest such extension. Let T be the smallest torus of Gz^ such that ^ is obtained 
by pull back from a cocharacter of (^^^(A:^) factoring through T^^(jt^) (cf. b) of 3) and 
2.2.16.1). Let A;^'^ be the smallest subfield of k^ such that the cocharacter of the image 
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of T in G naturally defined by /x, is defined over W{k^). Let C be the centralizer of 
T in (jZp- It is a reductive group over Zp. 

The principle behind the choice of W {k)-ha&es in [De3, 1.4.2] and in 4.7.5 is: 

We pick up a maximal torus Tc of C^^^ ; only the C{Zp)-conjugacy class of Tc matters, 
jj^ (jdev split, then the most natural choice for Tc is: a split maximal torus of C^^^ . 

When C'^'^'^ is not split, still we have quite natural choices for Tc- For instance, 
we can take Tc to contain a maximal split torus of C^^^ and to split over the smallest 
unramified extension of Zp over which C^^^ splits (cf. [Ti2, 1.10]); more concretely, we 
can take Tc as a maximal torus of a Borel subgroup of C^^^ . For the most general 
applications it is important to take Tc arbitrarily. Let T^ be the maximal torus of 
generated by Tc and by the maximal subtorus of Z{C)\ as in the proof of 3.11.1 we get 
a Shimura filtered cr/s-crystal (M, F^, Tq). We have 

^(Lie(T^) W{k)) = Ue{T^ W{k)). 

Let {ti, •••,^dimvK(fe)(Ti)} be a W{k)-hs&is of Lie(T^) W{k) formed by elements fixed 
by (p. 

4) It is easy to see that choosing a multiplicative type Probenius lift of i?^, in 2) 
we can not, for an arbitrary cyclic diagonalizable Shimura (T^-crystal {M,(p,G), choose 
QRn to be the identity element of G{Rn)- Even for the case of the p-divisible group of a 
supersingular elliptic curve over k (so m = n = 1) we can not choose gii^ = ^m^^^^^^ji^- 

To get out from this deadlock, in general we have to either use the additive situation (see 

5) below) or to work with the multiplicative situation, with a carefully chosen gn^ (see 

6) below). In what follows we assume dd{{M, (p, G)) > 0. 

By G-canonical (multiplicative) coordinates for (M, G) we mean that, referring to 
a) and b) of 2), we can choose simultaneously the following five things: 

i) a lift of it of quasi CM type; 

ii) n = dd{{M,(p,G))] 

iii) a multiplicative type Frobenius lift of Rn ($ii„ (^i + 1) = (-^i + 1)^, Vi e S{1, n)); 

iv) gn^ = '^M®w(k)Rr,'-' 

v) a connection which respects the G-action and of whose Kodaira-Spencer map 
modulo {IniP) is injective. 

If the choices i) to v) are possible, we say (M, G) has G-canonical (multiplicative) 
coordinates. We have: 

Theorem. We consider a cyclic diagonalizable Shimura ak-crystal {M,0,G). The 
following three statements are equivalent: 

a) it has G-canonical (multiplicative) coordinates; 

b) its attached Shimura adjoint Lie ak-crystal £ is ordinary, with its multiplicity of 
the slope —1 being maximal, i.e. equal to dd{{M,(fi,G)); 
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c) it is a G -ordinary ak-crystal and its A-degree of definition is 1. 

Proof: If b) holds, then the cyclic adjoint factors of any (5-ordinary CTfc-crystal 
produced by (M, G) are either trivial or are totally non-compact of constant type (cf. 
3.1.0 c) and 3.10.6). Prom this and 3.9.2 we get: {M,(p,G) is a (5-ordinary cjfc-crystal. 
As its attached Shimura adjoint Lie crfc-crystal is ordinary, we get (cf. P2 of 3.10.7 and 
Pact of 3.11.2 D): its ^-degree of definition equal to 1. So b) implies c). Obviously c) 
implies b) (to be compared with 4.6 P4). 

Prom the proof of 3.6.18.4 B) (see P6 of it) we get (cf. also 2)), that b) implies a). 
In other words, choosing ii) to iv) to hold and choosing to be the G-canonical lift of 
(M, (p, G) (4.4.13.2 shows that in fact we have no other choice for F^), based on 3.6.18.4 
P6 (see also 3.6.18.2), we get that we can assume that v) holds as well. 

We assume now that a) holds. Prom 3.6.18.4 P5 we get that subject to the choices i) 
to iv), the image modulo {In,p) of the Kodaira-Spencer map of any G-invariant connec- 
tion, is a /c- vector space of dimension at most equal to the multiplicity of the slope —1 
of the Shimura adjoint Lie cTfc-crystal attached to {M,(p,G). So from ii) and v) we get 
that this multiplicity is equal to dd{{M,(^,G)). But this implies that all cyclic adjoint 
factors of €o are either trivial or are totally non-compact of constant type. As above, we 
get that {M,(p,G) is a G-ordinary crfe-crystal. Prom P2 of 3.10.7 we get that b) holds. 
This proves the Theorem. 

In particular, we reobtain in a much faster manner the results of 4.7.6-7. 

5) We come back to the general context of 3'). Let N be the commutative, unipotent 
subgroup of G acting trivially on and on M /F^ . We take Rn to be the completion of 
N in its origin (so n — dimvi/(fc) (iV) = dd{{M, (p, G))). N has a natural VF(/c^'^)-structure; 

let iV^(;.ad-) be the subgroup of (j^^(fcad) which over VF(/c) is N . If is of additive type, 
then we speak about additive coordinates. Due to the condition on the Kodaira-Spencer 
map of b) of 2), we do not have too many choices in connection to additive coordinates: 
the p-divisible object with tensors £g of M-J^^^^-^Rr^ is a Shimura filtered F-crystal of 

the form {M, F^,(p,G^N, f) (cf. 2.2.21 UP); so the only choice we have is in choosing 
(the automorphism) / (of -Rn)- The choice of / corresponds to a choice of an additive 
type Frobenius lift of Rn- [Fa2, rm. iii) after th. 10] tells us that it does not matter 
which choice we make. We propose one such choice, which to us looks convenient (at 
least from the point of view of 8) below). 

The maximal subtorus of contained in G^^^ (resp. the image of T in G^) 
might not be split. It splits over an unramified finite DVR extension W{k2) (resp. 
W{ki)) of Zp. As before, wc choose the smallest such extension. We have natural 
Zp-monomorphisms W{k^^) > W{ki) > W{k2)- Let A^o be the smallest integral, closed 
subgroup of G such that it contains N and its Lie algebra is taken by p(f into itself. We 
consider two variants. 

Variant 1. Let Ga(«), i G 5'(l,n), be different Ga subgroups of AvtA(fc^), whose Lie 
algebras are normalized by 7V(fcj). Most common, they are not uniquely determined. 
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Variant 2. Let Ga{i), i G 5(1, n), be the different Go subgroups of NiY(^k2^, whose 
Lie algebras are normalized by T^^^^^^^^. They are uniquely determined. 

Under both these variants, we feel inclined of choosing such that it takes the 
subring 

i?(i) := Wik2)[[zi]] 

of Rn defined via (completion in the origin of) the projection (it is a group homomor- 
phism) of Nw{k2) on Ga(i) having njes(i n)\{i} ^aU) ^ kernel, into itself; it is also 
natural to take 

Vz e S{l,n). Under both these variants, we can use Tc (and so Tq) to determine uniquely 
Zi^s, through different considerations but this (presently) looks irrelevant to us. 

6) We move now to the case when ^ji^ is of multiplicative type (i.e. it is as in iii) 
of 4)). We work under one of the two variants of 5). Two natural questions arise: 

Q What happens if the conditions of the Theorem of 4) o-fe not satisfied? Is there a 
best choice of gn^ in such a case? 

We propose here one good choice of g^^ working out in all cases (i.e. in the case 
of the mentioned Theorem, provided we work under Variant 1, the element gn^ to be 
introduced below is the identity). We consider 

ai e Lie(Ga(i)) 

generating this Lie algebra. Warning: we always assume that the VF(A;)-subbasis 
{ai, an, ti, tdimvv.(fe)(T^)} of Lie(G) extends (by adding elements at the "end") to 
a l^(A;)-basis {ei, ^^irnw{k){G)} Lie(G) as in 2.2.12 c). Up to multiplying each ai by 
some invertible element of W{k)^ this is automatic so under Variant 2; under Variant 1 
we need to use the cyclic diagonalizability property in a way entirely similar to 3.4.3.0 
(1) (but without having good "control" on the exponents of p), in order to make suitable 
choices so that this assumption is satisfied. 

For i G 5(1, n), let ni G N U {oo} be the infimum of the set of numbers rn^ G N such 
that (p'^'{ai) C FO(Lie(G'))[^]. Let 

5(1, n)° := {i G S{l,n)\ni G N}. 

For each i G 5(1, n) \ 5(1, n)° we consider an element hi G Lie(G) subject to the 
requirements: 

Rl (p{phi) = bi; 

R2 the W{k)-span of bj^s is the same as the W{k)-spaii of a^'s, where j G 5(1, n) \ 
5(1, n)0. 
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Let qr^ G N{Rn) be defined by the formula 

ie5(l,n)0 

We have: 

Theorem. W^e can choose a connection on M(8)|y(fc) respecting the Gn^-action, 
making 

(M ®w{k) Rn,F^ ^wik) Rn^gnS^®'^)) 

to he viewed as a p-divisihle object of A4J-'^ ^{Rn) and whose Kodaira-Spencer map is 
an injection (modulo {I„,p)). 

Proof: As {M,F^,(p) is cychc diagonahzable we choose a VF(/c)-basis of M as in 
2.2.1 d). Using it, we consider the convenient matrix form (as in 3.6.8.6 (CMF)) of the 
equations describing connections on M ®\Y(k) Rn/pRn which respect the Gi^^-action and 
make (M ^w(k) Rn/pRm ®w(k) Rn/pRm QR^i'^ ® 1)) to be viewed as an object of 
MJ-"^ ^-^(Rn). We view (cf. 3.6.8.6.1) this convenient matrix form as an equality between 

two elements of LIE/pLIE, where LIE := Lie{G) <S)w{k) ^R^/w(k)- 

We consider the i?Ti-basis {ei(S)(i2j I i G 5'(1, dim^y(fc)((5)), j G S{l,n)} of LIE. Due to 
the cyclic diagonalizability assumption on {ei, e^^^^ ^ (G)J'' identifying the coefficients 
w.r.t. its reduction mod p of the mentioned two elements of LIE /pLIE and taken them 
mod {In,p), we come across systems of equations of first type very close in spirit to the 
ones of (27) of 3.6.18.4 B). More precisely, if tt is the permutation of S'(l, dim|y(fc)((5)) 
obtained as in 2.2.12 c) (so (p{ei) = p^'e^(i) for some Si G S{—1, 1)), the equations (with 
coefficients in k) are of the form 

{CYCLIC) d^(^i)j + x^(^i)j = hijxl^, 

i G 5(1, dimv^^(fe)(G')), j G 5(1, n). This is in conformity with 3.6.8.6 (CMF) and 3.6.8.6.2 
(so the right hand side of (CYCLIC) corresponds to the right hand side of 3.6.8.6 (CMF), 
etc.). We have: 

i) fey = iff z ^ 5(1, n) (cf. the definition of 7r(F°) of 3.6.8.6 and the fact that 
is of multiplicative type); 

ii) dij iff z = j G 5(1, n)° (cf. the shape of gu^ and the definition of CiEq^ in 
3.6.8.6). 

We fix jo G 5(1, n)° and i G 5(1, dimvi/(fc)(G)) and we look just at the equations 
involving x^jg, X7r(i)jQ,..-, x^u^-i^^^^^^., with -u^ G N as the smallest number such that 
7r"i(z) = i. If z ^ 5(1, n) \ 5(1, n)° and if jo ^ {h {i) , ■ ■ ■ , t^^''^ {i)} then from i) and 
ii) we get Xij — 0. Warning: if i G 5(1, n) \ 5(1, n)^, then be non-zero. 
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So based on the previous paragraph and on ii), we easily get: Vi e S{l,n)^, the 
endomorphism of My/pMy defined by evaluating any such connection at ^ and taking 

everything modulo {In,p), is of the following "F°-truncated" form 
(TRUNC) {J2bs{i)as{i)) + Yl 

s=0 ieS{l,n)\S(l,n)0 

where bs{i) G k, with bo{i) 7^ 0, where Ci & k (are not necessarily zero), and where ds{i) 
is the reduction mod p of ea(i,s), with a{i,s) e dim;^(fc)(G)) uniquely determined 
by the property that <^^(ai) G B{k)ea{i,s)- We choose one such connection V + p with 
the property that for any i e S'(l,n)\S'(l,n)°, the similarly defined endomorphism of 
My/pMy is a non-zero multiple of hi/ phi (cf. Rl and the proof of 3.6.18.2). 

The Kodaira-Spcnccr map of V^: its image modulo the ideal (^1, ...iZn) of Rn/pRn 
contains the fc-span ofbi/pbi^s, i G 5'(1, n) n)°, and by induction on the (increasing) 
possible values of n^'s, with i G S'(l,n)°, it contains (cf. (TRUNC)) ai/pai. So the 
Theorem follows (cf. a) and b) of 2)) from the standard way (see 3.6.18.7) of lifting Vp 
to a connection on M <^w{k) Rn having all required properties. 

Corollary. Spf(-R^) has a natural structure of a formal torus: it is defined by the 
coordinates Zi + 1, i & S{l,n). 

In the case of the Theorem of 4), we have ki = ¥p and so Nq = N. So S'(l, n)° is 
the empty set and we have 

9Rn = lM(8)vK(fc)-Rn" 

Moreover, we can choose a^'s such that (p{pai) = ai, Mi G S'(l,n). For such a choice 
of aj's we can choose the connection V on M ®vK(fe) Rn to have the following standard 
logarithmic form 

[LN) V = 5+ aid{ln{zi + l)). 

ieS{l,n) 

Here 5 is the connection on M<Siw{k) Rn that annihilates M. Obviously such a connection 
has all the properties mentioned in the Theorem. Accordingly, we view Theorem as the 
generalization of [Ka3, 3.7.1-3 and 4.3.1-2]: if G = GL{M) and if (M, F\ (^) is the filtered 
(T-crystal associated to the canonical lift of an ordinary p-divisible group over k having 
its dimension equal to half of its rank, then for a very particular choice of a^'s -subject 
to the equalities 0{pai) = ai- we get exactly loc. cit. 

In the general case it is still arguable which are the best choices for a^'s and Zi^s. Of 
course the Oj's and ^j's are interrelated. We leave this problem of the best (i.e. the most 
natural) such choices to get matured on its due time. 

7) The ideas of 3.6 (for instance see 3.6.1.3 and 3.6.8.1.2) suggest that VF(/c) -algebras 
of the form R^ and R^ are not always the right ones for getting crystalline coordinates. 
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Often they should be replaced by the p-adic completion of ind-etale algebras over smooth 
VF(/c)-algebras. For instance, we can work with the p-adic completion of the henselization 
of the localization of VF(A;)[2;i, -Sn] w.r.t. its maximal ideal (p, zi, Zn) (cf. also 3.6.20 
5)). But these henselizations are still "loosing" a lot of information. 

Very often the VF( A;) -algebras we "can get", have "plenty" of /c-valued points (i.e. 
their spectra are regular, AG /c-schemes). For instance, working with Shimura CTfc- 
crystals which are ordinary, using the Fact of 3.6.18.9 (and of 3.6.19), we can construct 
canonical crystalline coordinates for VF(A;)-algebras whose spectra are the p-adic com- 
pletion of N-pro-etale covers of the p-adic completion of open, aflfine subschemes of 
Spec{W{k)[zi, Zn]), like the one obtained by inverting all ^^'s; so we have uni plus 
versal deformations of Shimura p-divisible groups over these spectra which are ordinary 
(in the usual way): they are defined or associated to "prescribed" (see 3.6.1.3 and 3.6.11) 
filtered F-crystals with tensors. 

More generally, referring to the Corollary of 6), instead of VF(A;)[[2;i, ...,2;„,]] we can 
work with the p-adic completion of an N-pro-etale cover of the spectrum of 

R-':=W{k)[z^,...,Zn][^ — )], 

cf. Fact of 3.6.18.9 applied to 

with ^fjjai having the same expression as gji^ but being "viewed" as an element of G{R^). 
This opens a completely new horizon: variation of crystalline coordinates in families. 

When we are in the context of a principally polarized abclian variety, we do not know 
for which "prescriptions" we still get (principally) polarized abclian schemes over the 
spectra of these VF(A;)-algebras (in some variants we might have to deal with polarizations 
which are not necessarily principal). We recall: we do need a polarization in order to get 
abelian schemes over such spectra (cf. [FC, 1.10 a)]). 

We do expect that the study of variations of crystalline coordinates will lead to nice 
modular properties. We hope to come back to this idea in a future paper. 

8) In 3) to 6) we had some choices: 

- oi ji (and so of and of iV); 
-ofTc; 

- and of Zi and Oj, i e S{1, n). 

We do not stop to see if we can make all these choices to result in something canonical 
(up to isomorphisms of {M,<f,G)). However, two samples are in order. 

U. If (M, F^, (f, G) is t/-ordinary, then F^ is uniquely determined and so ji too. 

T. If in fact {M, F^,<f>,G) is T-ordinary, then Tc is as well uniquely determined. 
Implicitly, all and ^j's are uniquely determined up to multiplication with elements of 
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One can go even further on (see [Va9]) in the T-ordinary case, to get a canonical 
choice of a^'s and Zi''s. Moreover, we have: 

Corollary. The G -canonical multiplicative coordinates of the Theorem of 4) ("de- 
fined" by Zi-\-l 's of Hi) of 4)) are canonical ( up to isomorphisms of the form: Zi-\-l goes 
to YYj^ii^j + 1)"'*^, where Uij e Zp are the entries of an invertible n x n matrix). 

Proof: This can be checked in the same manner as in the case of an ordinary 
p-divisible group (i.e. of when we have G = GL{M)). 

First, the need to allow changes by isomorphisms is implied by the fact that in v) 
of 4), we did not specified which connection we choose: the set of such connections is 
in one-to-one correspondence to the set of invertible n x n matrices with coefficients in 
Zp (this can be deduced from 3.6.18.2 -see equation (24) of it- by remarking that, due 
to iv) of 4), -in our case- all fcy/'s are 0; see also 3.6.18.7.0). Of course, we can always 
choose the connection as in (LN) of 6). However, for the sake of flexibility we think it is 
important not to fix a priori a connection subject to v) of 4) . 

Second, there is a unique multiplicative type Frobenius lift of Rn for which gi^^ is 
the identity element (here a fixed choice in v) of 4) is implicit). This is entirely the same 
as [Ka4, A2.2 (2)]: using the direct sum decomposition My = My © My of 1), we can 
add extra variables (their number is Uy — n, where Uy is the number of slopes —1 of 
(End(M^), (py)) so that the situation gets reduced to loc. cit. (see Fact of 4.14.3 E below 
for a more of a principle approach; the mentioned place is stated in terms of p = 2 but 
a) of it holds for any prime) . This ends the proof. 

This Corollary motivates the terminology: G-canonical. 

Coming back to the general case of 3) , 6) gives us natural good structures of a formal 
torus of the moduli formal scheme M(M, (f, G) of deformations of (M, (p, G) (see the proof 
of 3.12.1): we do not stop to see if there is a unique such group structure on M(M, (p, G) 
(the origin being fixed; it is defined by the F^-filtration of M). However, the part 
of the above Corollary and of its proof referring to isomorphisms and connections still 
applies to 6); we get that the coordinates of the Corollary of 6) are determined by the 
choice of F^, a^'s and z^'s, i e 5'(1, n)*^, up to suitable isomorphisms of Rn which satisfy 
the following 2 properties (see also 9) below for the second one): 

PI. is mapped into z^ + Zi, with Zi e (2j)jes(i,n)\s(i,n)o, Vz G 5'(l,n)^; 

P2. Zi + 1 is mapped into Zi + Ylj(zs(i,n)\s{i,n)o(^J + l)"''^ with Zi e (zj) 
Vi e 5(1, n) \ 5'(1, n)°; here rriij e Zp are the entries of an invertible \S{1, n) \ S'(l, n)°| x 
\S{l,n)\S{l,n)^\ matrix. 

Due to the fact that c^'s of the proof of 6) can be non-zero, we presently can not 
be more precise (than Pl-2) on the structure of the isomorphisms of Rn up to which the 
coordinates of the Corollary of 6) are determined. 

We assume now that there is a reductive subgroup Gq of G such that (M, <f,Go) is 
also a Shimura CTfc-crystal. It is not difficult to see (in connection to 6)) that by working 
under Variant 1 of 5) we can make all choices to be functorial w.r.t. the monomorphism 
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Go ^ G, so that the moduh formal scheme of deformations of (M, (/p, Gq) is a subtorus 
of the formal torus M(M, G). 

9) We come back to the general case of 6). Let r be the Lie p-rank of (M, G). We 
have r < dd{{M,<f,G)). If equality holds then we are in the situation of the Theorem 
of 4). We assume now that 1 < r < dd{{M,(p,G)). In this case there is a uniquely- 
determined quotient 

qn,r -.Rn^Rr := W{k)[[xi, Xr]] 

such that (in the sense of 4)) we can take, for a suitable Frobenius lift (^^^ of i?^, Qr^ to 
be the identity. The uniqueness is obtained immediately, by writing the connection on 
M®w{k)Rr in a logarithm form h{'r)d{ln{xi + l)), with hi{r) G Lie(G)®vK(fe) 

i?^; as we are dealing with injective Kodaira-Spencer maps and as qr^ is the identity, 
has to be of essentially multiplicative type and so (cf. 3.6.18.1.1) we can assume 
that it takes each Xi -\- 1 into {xi + 1)^. We get immediately that all 6i(r)'s belong to 
Lie(G) and are fixed by pi^. Based on the proof of 6), we conclude: 

Kev{qn,r) = (^i)iGS(l,n)0- 

Corollary. Regardless of the choices made, there is a canonical subtorus of 
M(M, (f, G) of dimension r. 

10) All of 1) to 9) can be entirely adapted (limitations do apply) to the case when 
k is just perfect. For instance, the part of b) of 2) involving liftings still makes sense if k 
is just dimp^(fc) (G)-simply connected (to be compared with 3.6.18.5.4 3)). 

4.7.12. Definition. We come back to the situation described in 4.7.5. The lifts of 
y (to DVR's which are finite extensions of W{k)) corresponding to torsion points of the 
formal torus of G-deformations of Ay, are called G-quasi-canonical lifts of y. 

4.7.13. Exercise. We assume 4.4.6 and we refer to 4.7.12. If k — ¥, prove that 
the G-quasi-canonical lifts of a G-ordinary point y : Spec(/c) — > U are giving birth to 
special points of A/" (i.e. the abelian varieties obtained from A by pull back through these 
G-quasi-canonical lifts have complex multiplication). Show that they are the only lifts 
of y to DVR's of mixed characteristic, which are special points of A/". Hint: if k{v) = Fp, 
this is well known; if k{v) ^ Fp then use 4.4.6, 4.7.11 1) and just imitate the standard 
arguments of the case k{v) = Fp. 

4.7.14. Remark. We do not assume anymore N — Nq. From 4.7.11 3), 4) and 
6) (resp. from 4.7.11 5)) we deduce that for any toric point yi : Spec(/c) A4(i>) there 
are good G-multiplicative (resp. G-additive) coordinates of the moduli formal scheme 
of G-deformations of {Ay-^,pAy_^) '■= yl{A,Vj\,)- The same thing remains valid if we do 
not work in a principally polarized context involving (as well de Rham components of) 
Hodge cycles. Some particular situations are listed below. 

a) For any point yi : Spec(/c) — > N'kiv) whose attached Shimura adjoint Lie (Xfc-crystal 
is isomorphic to the extension to k of the Shimura adjoint Lie Ufc-crystal of €ui of 4.1.5 
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(i.e. for any /c-valued -ordinary point yi ofJ\fk{v)): we get good G (a;) -multiplicative 
coordinates of the moduli formal scheme of G-deformations of 

b) For any point y : Spec(/c) — > U, we get good GS'p-multiplicative coordinates 
(resp. good multiplicative coordinates) of the moduli formal scheme of deformations of 
the principally polarized abelian variety {Ay,pAy) (resp. of deformations of Ay). 

c) For any supcrsingular elliptic curve Eg over k we get a good additive coordinate t 
of its moduli formal scheme Mi of deformations. This reobtains [Og, 3.15]. Warning: in 
loc. cit., in order to keep track of principal quasi-polarizations, the cjfc-crystal (Mi,(/?i) 
of Eg is described by a W{k)-hasis {a, 5} of Mi such that (fi{a) — pb and (fi{b) ~ —a, 
and not by a VF(A;)-basis {ai, bi} such that (fii{ai) = pbi and (fi{bi) = ai; as we can take 
ai = aa and bi — ab, with a G W{k) such that crl{a) = —1, the passage from {a, b} to 
{ai, bi} is automatic. 

This suggests, that in the case of perfect fields, we can work as well with variants 
of the notion of cyclic diagonalizability: for instance, referring to 2.2.1 d), by allow- 
ing (p{ei) to be plus or minus ]3^'e^(j) we get the notion of almost cyclic (or circular) 
diagonalizability. 

4.7.11 6) provides us as well with a good multiplicative coordinate t of Mi. It is worth 
pointing out: in both additive and multiplicative cases, the Frobenius endomorphism of 
Ml (g) VF(/c)[[t]] takes a into pb and b into a + tb (of course the Frobenius of VF(/c)[[t]] 
depends on which case we are). 

d) For any abelian variety over k which is a product of abelian varieties Ay-^ as in a) 
or b), we get good multiplicative coordinates of its moduli formal scheme of deformations. 

4.7.14.1. Remark. More generally than d) we have the Corollary of 1.8. It is a 

direct consequence of 2.2.18 and of 4.7.11 6). 

4.7.14.2. Remarks. Corollary of 1.8 is the most general abelian varieties context 
in which we presently can prove the existence of useful (crystalline) (additive or multi- 
plicative) coordinates. From 2.2.19 we get that it does not handle the case of all abelian 
varieties over k. In the cases left, the hopes of obtaining any theory of multiplicative 
coordinates which has any significance at all (i.e. it is useful and motivated), are based 
on 3.13. So the problem 13 from [Ool, p. 13] is still open for the cases left. We leave 
it to the reader to formulate 4.7.14.1 in the relative context (of abelian varieties over k 
whose attached afc-crystals have the extra structure of a cyclic diagonalizable Shimura 
CTfe-crystal) (cf. 4.7.11 5) and 6)). 

4.7.14.3. Study problem. In what follows we refer to 4.7.14 a). For any good 

G(a;)-multiplicative coordinates, we can define G(a;)-quasi-canonical lifts of j/i. It looks 
to us interesting to study them. In particular, if yi is a G-ordinary point and N Nq, 
(as we had choices in 4.7.11) we do not know if (or when) these G-quasi-canonical lifts 
are uniquely determined or if (or when) the facts of 4.7.13 remain true. 

4.7.15. Exercise. Coming back to 4.7.3, prove that Vn G N, ArVy mod p"^ is 
algebraic, i.e. the differential forms Sj of 4.7.3.1, j = l,eo, are algebraic over Nw^(^ky 
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Hint: use 4.4.7 to reduce to the case k — k{v); then use the fact that everything, hke the 
bases (oi)i<i<g i^i)i<i<e^ t^y definable over (the Witt ring of) a finite field 

containing k{v); another way: cf. 3.6.1.3. 

4.7.16. Problem. Obtain the general form of the main result of [Nol] and of [No2] 
and show that all of [No2, section 2] remains valid in the context of G-ordinary points. 
Hint: if = A^o use 4.7.5-29, 4.7.13 and 4.7.17 below and just imitate the arguments of 
[Nol-2]; if 7^ A'^o then use 4.7.11 and work formally (i.e. abstractly). 

4.7.17. Formal subtori. Every formal subscheme of M.G{y) of 4.7.8 which can 
be "defined" starting from a smooth subgroup A'^i of A^ whose Lie-algebra is taken by 
pipy into itself is a formal subtorus. This can be checked using 4.7.5-29 or 4.7.11 8). The 
same thing remains true in the general context of 4.7.11 4). Here, for the sake of future 
reference, we state this principle explicitly, just for the abstract context of Shimura a^- 
crystals. We use the notations of 4.7.11 2) to 4) and assume that the equivalent statements 
of the Theorem of 4.7.11 4) hold. We have: 

Theorem. // there is a reductive subgroup Gi of G such that (M, Gi) is also a 
Shim,ura- ordinary a^-crystal, then the formal torus of dimension ni := dd{{M,(f,Gi)) 
of deformations of (M, F^, ip, Gi) is canonically a formal subtorus of the formal torus of 
deformations of (M, F^, 0, G). 

Proof: We consider a family of tensors {ta)^^j_^, with Ji a set containing J, such 

that (M, Gi, {ta)^^j^) is a Shimura Ufc-crystal with an emphasized family of tensors. 

We first remark, that the F^-filtration of M defining the Gi-canonical lift of (M, Gi) 
is cf. 4.4.13.2-3 and 3.11.1 a). Based on 2.2.21 UP, it is enough to show that there 
is a filtered F-crystal over the special fibre Spec(A;[[2;i, ...,2;^]]) of Spec(i?^), with n as in 
4.7.11 4), such that: 

- it is a p-divisible object of M.J^^ {Rn) of the form (M(8)vk(A;) Rm ®iv(fe) Rni'f>® 
1, V), with the connection V on M ®w{k) Rn as in v) of 4.7.11 4); 

- the Frobenius lift of i?„ takes 2;, -|- 1 to {zi + 1)^; 

- V modulo the ideal of Rn generated by 2;ni-i-i) -^n respects the Gi-action (i.e. it 
annihilates fa, Vck e Ji). 

The construction of such a filtered F-crystal is trivial: Lie(A^) has a VF(/c)-basis 
formed by elements fixed by pip an such that a VF(/c)-subbasis of it is a VF(A;) -basis of 
Lie(iVi), where Ni := Gi fl iV; so we just need to "apply" (LN) of 4.7.11 6) to it. This 
proves the Theorem. 

4.7.18. Problem. State a theorem similar to 4.7.5 in the general case, i.e. when 
k{v^) is not Fp. Hint: use 4.7.4 and 4.7.11 2) to 6). 

4.8. The Galois property of G-ordinary points. 

4.8.1. Notations. We continue to assume k = k. We start with a morphism 
y : Spec(/c) ^ U/Hq. Let Spec(F) ^ X/Hq be a lift of y, with V a DVR which is a 
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finite, flat extension of W{k). Let K :— V[^]. Let {Av,PAv) '■— ^v{'^Hoj'Paho) 
{AkiPAk) be its generic fibre. Let 

p : Gal(K) ^ GL{hUAp:,Qp)){Qp) 

be thep-adic Galois representation associated to Ak- Let Gq^ ^ GSp(^Hl^{A^, Qp),PAk) 
be the subgroup fixing the p-components of the ctalc components of the family of Hodge 
cycles {wce)aeJ' with which Aj^ is naturally endowed. 

4.8.2. Theorem. There is a finite field extension Ki of K such that the restriction 
pi := p|Gal(Ki) factors through the group of Qp-valued points of a connected solvable 
subgroup ofGq^. 

Proof: We can assume Ki is big enough so that the family {wcc)ceeJ' is defined over 
Ki. In fact, as we assumed k — k, for this part we can take Ki — K; argument: as V is 
strictly henselian, Ay has level-m structure, Vm e N, {m,p) = 1. So pi factors through 
Gq^. We can assume G is not a torus. 

Let {My^ Fy , Lpy,Gw{k)) be the Shimura filtered Ufc-crystal attached to the G- 
canonical lift z : Spec(VF(/c)) M / Hq of y. Let : Gm — * GL{My) be its canonical 
split. Let hi, i = 1, d, he the elements of Lie(Gvt^(fe)) defined as in 4.1 but working with 
Py (cf. also 4.4.7). 

Let Ni be the smallest subgroup of Gw(^k) such that Lie(A^i) contains Lie(A^o) (-^o 
was def. in 4.7.1) and the Lie algebra generated by hi, i — l,d. Ni is an integral, solvable 
subgroup of G\Y(k)- Let B^^ be a Borel subgroup of G\Y(k) containing A^i and such that 
its Lie algebra is taken by p(py into itself. The solvability of A^i and the existence of such 
Borel subgroups is a consequence of 4.1.4.1 and of b) of 4.4.1 3). Let Ni be the Zariski 
closure in (^^^(A;) of the connected component of the origin of the generic fibre of the 
intersection A^i of all such Borel subgroups -BjVi of Gy[^(^k) containing Ni. Lie(A^i) and 
Lie{Ni) are taken by p{py into themselves. 

With the notations of 4.7.1 we get that Lie(A^i) ®vK(fe) R a^nd Lie(i?Ari) ®vK(fe) R ^-re 
taken by n{(py (g) 1) into themselves. So for the morphism Spec(yi) — > Spec(i?) (with Vi 
the ring of integers of Ki), defined naturally by zy, wc get (cf. 4.7.2) that the Galois 
representation pi leaves invariant Lie(A^2)) Lie(iV2) and Lie(SiV2), with 

N2 C C Bn, C Gq^ 

such that is a Borel subgroup of Gq^ and N2 and connected, solvable sub- 

groups; here N2, N2 and Bi<[^ are respectively the Qp-etale correspondents (via Fontaine's 
comparison theory; see [Fa2, th. 5]) of the crystalline ones A''!, and B^^. In order 
to apply loc. cit. (mainly we need [Fa2, th. 7]), we just have to remark that the 
VF(fc)-homomorphism R Vi lifts to a VF(/c)-homomorphism R — > Ry^-, where the 
VF(/c)-algebra Ry^ is defined as in [Fa2, §2] starting from an arbitrary uniformizer of Vi. 

But as is its own normalizer in Gq, , we get that pi factors through the group 
of Qp-valued points of -Btvs- Repeating the argument for any Borel subgroup of Gw[k) as 
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above, we get that, by extending again Ki by a finite cover (as Ni might be different from 
iVi), pi factors through the group of Qp- valued points of iV^ . This proves the Theorem. 

4.8.3. Remarks, a) 4.8.2 solves a question of C.-L. Chai. It was R. Pink who 
pointed out the construction of Ni (of the proof), provided 4.7.2, c] of 4.4.1 2) and a) 
and b) of 4.4.1 3) were known. Always the unipotent radical of iV° is the unipotcnt 
radical A^o of ^i- Argument: from 4.7.1 2) wc get that Nq is the unipotent radical of 
the parabolic subgroup P<o of G\y(^k) whose Lie algebra is Wo{Lie{G\Y(k))i '^y)i so, as 
the integral, closed subgroup P£o of G^w(fe) whose generic fibre has Wo(Lie{GB(k)):^y) 
as its Lie algebra is reductive and has a natural Zp-structure -P°oz (^®® 3.11.2 C), we 
just have to remark that: 

- the intersection of all Borel subgroups of -P£oZp ^ finite, flat group scheme over 

Zp; 

- A^i is contained (cf. 3.11.2 C) in Z(P=o)^^o- 

Warning: not always we have Lie(7V°) = Lie{Ni) + Lie{Z^ {Gw{k))) ■> with Z^{Gw(k)) 
as the maximal torus of Z{Gw{k))- 

b) Using [De4, 3.1 and 3.2 a)] and Fontaine's comparison theory (in a way similar to 
the proof of the Fact of 2.2.9 1)), we get that we do not need to use Ni as an intermediary: 
pi factors through A^2(Qp), without having to replace K hy Ki. 

c) There are plenty of examples in which iV° is a Borel subgroup of Gw{k) (for 
instance if we are in the context of 4.6 P7; if moreover, is a Zp-simple group then 
A^iflG^^^^^ is a Borel subgroup G^^^^^) and plenty of examples when it is not (for instance, 
if is a simple, split group of Lie type, with £ >2). 

d) A result similar to 4.8.2 can be proved for an arbitrary toric point Spec(A;) — > 
Afk{v)- Warning: in such a general context A"i is not necessarily a solvable group. So, if 
we still want Ni , then we have to define it using parabolic subgroups containing Ni . 

There are many cases when the image of A^i in is not contained in a Borel 

subgroup of G^f^j^y, for instance, this is the case if we are in a context modeled on 

4.4.13.3.1, with Gq of the mentioned place of Ai Lie type: in such a case the image of 
N^ in is G^^^,^ itself. 

e) 4.8.2 and d) are properties of Shimura-ordinary (jfe-crystals (instead of 4.7.2 we 
have to use 2.2.21). Moreover the condition k = k can be weaken: we just need the 
existence of a Borel subgroup B^^ of GvF(fc) of the type mentioned above; warning: in 
such a situation we can not (in general) replace N2 by A^2- 

We assume now that A; is a finite field, that we are in the context of 4.8.1 and that 
4.4.6 holds. We have: 

Theorem. Up to a passage to a finite field extension of k, the existence of such a 
Borel subgroup Bj^^ is automatic. 

Proof: We use the previous notations. Based on 4.4.6, by passage from /c to a finite 
field extension of it, we can assume that the generic fibre of P<q has a maximal torus 
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whose Lie algebra is generated by elements fixed by Lpy. Let A^3 be the connected subgroup 
of Gs^k) generated by this maximal torus and by the generic fibre of the unipotent radical 
P<o of P<o. Let P^Q C A^4 C P<Q C be the subgroups corresponding to P<o, A^s 
and respectively P<o via Fontaine's comparison theory (applied to zy)- So the algebraic 
envelope ALE of p is a subgroup of P<q such that its image in 

P<o/P<o belongs to the 
image of A^4 in it. So ALE is a subgroup of A^4. This ends the proof. 

Using this Theorem, we obtain (for instance, cf. 4.4.5 and 4.6.3 B) plenty of quasi- 
ordinary crystalline representations in the sense of [Pi, 2.10]. 

f) We stated this section 4.8 in terms of Qp-valued points; but everything can be 
restated in terms of Zp-valued points. 

4.9. The passage from Shimura varieties of Hodge type to Shimura va- 
rieties of preabelian type. Very often (like in the study of K3 surfaces, of cubic 
fourfolds, etc.), we have to consider integral aspects of Shimura varieties of preabelian 
type which are not of Hodge type. So here we extend a great part of 4.1-8 to the (often 
abstract) context of integral canonical models of Shimura quadruples of preabelian type; 
on the way we show that many properties pertaining to a SHS (/, L(p),v) are canonical, 
i.e. are properties just of jV itself, not depending on who or how / is. 

4.9.1. The initial setting. We start with an arbitrary Shimura variety Sh(Go5 ^o) 
of adjoint, abelian type. Let {Gq, Xq, Hq,vo) be a Shimura quadruple with vq dividing 
a rational prime p > 3. We fix a connected component Xq of Xq (it does not matter 
which one, cf. [Va2, 3.3.3]). Let {Gi, Xi, Hi,Vi), i = 1,3, be Shimura quadruples having 
{Go, Xq, Hq,vo) as their adjoint quadruples and such that Xq C Xi (cf. [Va2, 2.4]). 
We assume the existence of two standard Hodge situations {fi, Li(^p-),Vi) defined by fi : 
{Gi,Xi) ^ (GSp(Wi,^i),5i), i = M, such that = Gi{Li^p) ®Z(^^ Zp) (for p > 5 cf . 
[Va2, 6.4.2]; for p = 3 cf. §6]). For them we use the standard notations of 2.3.1-3, except 
that we put a right lower index i everywhere, i = 1, 2. 

We denote by Ao and A/3 the integral canonical models of {Gq, Xq, Hq,vq) and re- 
spectively of (G3, X3, iifs, V'i) (cf. [Va2, 6.4.1] for p > 5; for p = 3 see §6). We get natural 

O(„o)-morphisms Ni ^ Nq (cf. [Va2, 3.2.7 4)]), i = T73. 

4.9.1.1. The definition of d's. Let Vq := W{W) and let 

Co := rijgeFM j3(-A/3Vb)) 

where FM is the set of all finite maps : {Gs, Xs, Hs,V3) — > {Gq,Xo, Hq,vq) such that 
Xq C X3. The fact that Cq is non-empty is implied by the fact that Cq Xvq jC is non- 
empty (with _7 : Vq C an arbitrary 0(^,g)-monomorphism). The fact that Cq is an 
open closed subscheme of A/ovb is implied for p > 5 by [Va2, 6.4.5.1] (for p = 3 cf. §6). 
Similarly, working with the connected component Xq of Xi, we define an open closed 
embedding Cj > Aiy^, i = 1, 3. 
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4.9.2. The new SHS. Let (G4, X4, H4, V4) be a Shimura quadruple which together 
with maps hi : (G4, X4, H4, V4) {Gi,Xi, Hi,Vi), z = 1, 2, is a quasi fibre product of the 
below finite maps qi and q2, i.e. we have a commutative diagram 

(G4, X4, 1)4) {Gi, Xi, Hi.vi) 

2 11 

{G2,X2,H2,V2) {Go,Xo,Ho,v) X {Gm,{xo},Gmi'^p),p) 

in the category qf — Sh defined in [Va2, 3.2.7 3)], with G4 as the connected component 
of the origin of G2 XGoxGm ^1! ^^^^ diagram satisfies a quasi universal property as in 
[Va2, 2.4.0]. Here q^ is defined by the adjoint map {Gi, Xi, Hi, Vi) {Gq, Xq, Hq^vq) 
and via the canonical map hi : {Gi,Xi) (GSp^^ , S'^^) defined via /i, z = 1,2, where 
{xo} := and GSp^"" = Gm- We assume X^ C X4, cf. loc. cit. and [Va2, 3.2.7 3)]. 

We call {G4,X4) as a Hodge twist of {Gi,Xi) and (6^2,-^2) and denote it by 
{Gi,Xi)x{G2,X2). 

We consider a Hodge quasi product (Gi x-^ G2, Xi x^X2) of (Gi, Xi) and (G2, -^2), 
and a Hodge quasi product (GSp(W^i, Vi) XhGSp(W^2, V'2), 81X^82) oi (GSp(W^i, ipi),Si) 
and (GSp(W2, V'2), 'S'2), cf. [Va2, Example 3 of 2.5]. We use similar notations for quadru- 
ples. We can assume that 

X4 c Xi x-fi X2 c Si x-j-i 82- 
So we get (see 4.9.2.0 below) a new SHS 

(/4,-£'l(p) ® -£'2(p),1^4) 

defined by the composite injective map /4 

(G4,X4) ^ (GSp(Wi,^i) XHGSp(Vr2,V'2),^i XHS2) ^ (GSp(meW^2,^i®V'2),^), 
where 14 ■= {h h) ° with 

i4 : (G'4,X4) (Gi Xh G2,Xi Xh X2) 

and with 

/i x^/2 : (Gi x^G2,Xi XnX2) (GSp(W^i,Vi) x^ GSp(W^2, ^^2), -5i x^ ^2) 

as the natural inclusions, and where z is a Segre embedding, as used in loc. cit. 

Let A/4 be the integral canonical model of (G4, X4, i/4, W4) and let C4 be the open 
closed subscheme of A/4V0 defined similarly to Cq. We have a natural 0(^Q)-morphism 
H4 — > Hi X A2. It is defined via the composite of 14 with the natural injective map 

(Gi Xh G2,Xi Xh X2) (Gi x G2,Xi x X2), 
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cf. [Va2, 3.2.16 and 3.2.7 4)]. So we speak about points of A/4 mapping into points of A/^, 

ze {1,2}. 

4.9.2.0. The argument. The fact that the triple (/4, -^i(p) © -^2(p), V4) is indeed a 
SHS, is related to the proof of Milne's conjecture (see 1.15.1, d) of 4.4.1 3) and 4.4.12). 
Let A^4 be the integral canonical model of the Shimura quadruple associated naturally 
to the SHS (l(GSp(Wi©W2),Vi®V'2),S)' -^i(p) ® L2^p),p). Prom constructions we have 

So, from [Va2, 3.2.7 4)] we get a natural morphism 

rh: 

We need to show that for any morphism z : Spec{W{k)) — > A/4, working with m, the 
condition (*) of 2.3.4 is satisfied. The idea behind checking this is rooted in [BLR, th. 1 
of p. 109] and the density part of 4.2.1. To explain it, we index the main paragraphs by 
capital letters. 

A. [Va2, 3.3.2] allows us to assume z factors through C4. Moreover, 2.3.12-13 makes 
sense even without knowing that we are in a reductive context: using canonical splits 
of filtered (jfc-crystals endowed with tensors, we can perform [Va2, 5.4-5] directly in the 
context of abelian unipotent groups. This goes as follows. Let {M, , ip^, {to()aeJl) 
the p-divisible object with tensors of M.T[o^i]{W{k)) naturally associated to z and m (to 
be compared with 2.3.4; of course some choices -like of a family of tensors {va)aeJl '^^ 
T{{Wi (8)Q W2)*) such that G4 is the subgroup of GL{Wi W2) fixing them, like of a 
Z-lattice of Wi (X>q etc.- are in order: they can be made as in 2.3.1-2). 

We consider the reductive subgroup G^Bik) of GL{M[^]) fixing to,, Va G J!^. Let 
G^wik) be its Zariski closure in GL{M). Using the canonical split cocharacter of 
(M,F\ v'4) (see also 2.2.1.2), as in 4.7.1 we define a subgroup N of (j4vi/(fe)- N is always 
a smooth group over W{k), identifiable with the affine group scheme defined by Lie(A^), 
even if by chance G4VK(fc) is not a reductive subgroup of GL{M). So, 2.2.10 can still be 
performed in the context of the 7-tuple (M, F^,(f4, Gw{k)j fi ita)aej^)j ^ind so we can 
still perform 2.3.12-13 in this context (even if the maximal integral subgroup of Gxy(A;) 
normalizing is not smooth). The last thing we need to add: we have a variant of the 
Theorem of 2.3.11 in the context of (M, F^, ip^, Gw{k)j f 1 ifa)aeJ!^i ^ ^^e result [Va2, 
4.1.5] (used in [Va2, 5.4.5]) involves arguments purely in characteristic 0. 

B. Coming back to our concrete situation, from the above paragraph and the density 
part of 4.2.1, we deduce that it is enough to check condition (*) of 2.3.4 for z lifting a 
G4-ordinary point of C^^y^). The set of such points is the same, regardless of which 
morphism A/4 — > A/i or A/4 A/2 wc use to define them -by being mapped into a 
Gi-ordinary point of Mik{vi), i G {li2}-: the arguments of 4.9.3 below, at the level 
of isocrystals, apply, as the fact that a Shimura F-crystal over a perfect field is or is 
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not Shimura-ordinary can be "read out" (cf. 3.1.0 c)) from the Newton polygon of 
its attached Shimura adjoint Lie isocrystal. 4.9.2.1 to 4.9.3 below are stated in terms of 
Shimura adjoint Lie ^-crystals, starting from the fact that the triple (/4, Li(p) ©L2(p), ^4) 
is a SHS; however, without assuming this, it can be performed independently but in the 
context of adjoint Lie isocrystals over k. Of course, if we desire to simplify the things, we 
can define such G4-ordinary points of A/4fe(v4), ^ points mapping into G^-ordinary points 
of J^ik{vi): £ {l?^} (sort of intersection of subschemes of G^^y^y. [Va2, 6.4.5.1] and 
4.2.1 guarantee that this intersection is still an open, dense subscheme of N'A^Vi))- 

Moreover, we can assume z maps into a G,-canonical lift of A/i, Vz e {1, 2} (again cf. 
4.9.3 below, performed with filtered isocrystals over k; b) of 4.4.1 2) implies: Shimura- 
canonical lifts can be "read out" from attached Shimura adjoint filtered Lie isocrystals). 
This implies that the Galois representation defined by z (working with m) factors through 
the Zp-valued points of a torus of Gz^ (see also 4.5.11.2.1). This is the context in which we 
can prove directly Milne's conjecture referred to in 1.15 (for details see §5). So condition 
(*) of 2.3.4 is satisfied for z. 

C. To avoid referring to §5, we now present an alternative (independent) proof of why 
(*) of 2.3.4 is satisfied for z. We consider the Shimura filtered Lie isocrystal (definable 
as in 2.3.10) 

iLh[-],^,,F\Lh[-]),F\Ll4-])) 
P P P 

associated to z (via m); here LI4 := Lie{G4B{k))- It is identifiable with a filtered Lie 
subisocrystal of the direct sum 

{Lh[^],^^,F%Lh[^]),F\Lh[^]))®{LI2[^],^2^ 

where [Lli, (pi, F^{LIi), F^{LIi)), with Lli := Lie(G'iVK(fc)); is the Shimura filtered Lie 
(Tfc-crystal associated to the morphism Spec(VF(/c)) Mi defined by z (via fi), i E {1, 2}. 
Under this identification, using projections, ([L/4[^], L/4[^]] , 1^4) can be identified with 

([L/jf^], ) 'Piji ^ = 1, 2. We just need to show that 

Lh := LI[-] n (Lh e Lh) 
P 

is the Lie algebra of a reductive subgroup (it is G4vi/(A:)) of G^ivy(fc) ^ G2w{k) 
[Va2, 4.3.13] takes care of the maximal torus of Z(G4vy(fc)), while [Va2, 3.1.6] allows us 
to concentrate just on the "der" part of G4w{k)j ^ind so on the "adjoint" part of G4w(k)- 
But for the adjoint context, as ) does not depend on z e {1,2,4}, we can appeal to 
4.2.3-5. So, the Galois representation 

Ffe ^ GlUZp) ^ Aut(Lie{Gll)){Zp) 
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defined naturally by the W {k)-valued point of A4i x M.2 obtained naturally from z (we 
recall that, cf. 2.3.7, M.i is the extension to 0(„.) of the integral canonical model of the 
SHS (l(GSp(W'i,i/)<),Si)) defines, (by inverting p and) via Fontaine's comparison 
theory, a Shimura adjoint Lie isocrystal 

(LIE,^) (Lie(G2i(,)),^4) C {Lh[^l^^) 

over k. Moreover, using 2.3.10 for the VF(/c)-valued point oi Ni defined by z (via /i), we 
deduce (via the above identifications) the existence of a W^(fc)-lattice LIE^ of LIE, such 
that the quadruple (LIE|;^, F°(LIE|y), F^(LIE^)) is (naturally identifiable with) the 
Shimura adjoint filtered Lie a"fc-crystal attached to (L/j, F°(Lzi), F^(L/j)), i = 1,2. 
Here F^{LIEiy) := LIEl^ n F-?(L/i[i]), j e {0, 1} and i e {1, 2}. We have: 

D. Claim. LIE^ = LIE^. 

Proof: Let B+{W{k)) and /3o have the same significance as in [Fa2, §4]: the nota- 
tions to be used are as in 2.3.18.1 E (but this time {W {{k)) is defined by completing 
using the PD-topology) . We have (cf. the logical passage in [Fa2, th. 7 of §6] to 
End^s) regardless of what odd prime p we are dealing with, the following B~^{W{k))- 
monomor phisms : 
(2) 

LIEV ^wik) PoB+{W{k)) LieiGliJ B+{W{k)) LIE^ ^wik) Po'B+{W{k)). 

Strictly speaking, the mentioned passage gives us such an inclusion at the level of Lie 
algebras of derived groups and not of adjoint groups: it is 3.1.8.1 (TOR) which allows 
us to move from the derived context to the adjoint context (if Tq is a maximal torus of 
a semisimple group G over W{k), then Lie(G), as a VF(A;)-module, is the direct sum of 
Lie(TG) and of a M^(A;)-submodule of Lie(G) which depends only on G^^, cf. the existence 
of Weyl's decompositions). 

So for p > 5, the Claim is a consequence of [Fa2, th. 7 of §6]. To see that it is also 
true for p = 3 we rely on loc. cit., on 2.3.18.1 E and on 3.11.8.1. So, based on 3.11.8.1, 
we start with the etale slope type direct sum decomposition 

LieiGtl) = Ue{G^,l) = Lie(G^^J = (BcssslL^, 

where 5'5'L is the set of slopes of {LIE,(f), and with the slope type direct sum decom- 
positions 

{LIEly,F''{LIEly),F\LIEly),^) = ©aesSL^L, 

i e {1,2}. From the adjoint form of 3.11.8.1 (ZERO) we get that Lq W{¥) can be 
naturally identified with W{Q){LIE\^,(p), i e {1,2}. So we have €q — €.q. Similarly, 
as (2) is obtained from a similar S+(VF(A;))-monomorphism associated to a p-divisible 
group over W{k), by passage to the adjoint context, if {—1, 1} C SSL we get that PqLi 
(resp. /3q^L-i) is naturally identifiable with the Lie subalgebra of LIE^ corresponding 
to slope 1 (resp. -1) of {LIEl^, (f), i e {1, 2}. So (t\ = and Cl-^ = C?.!. 
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We recall from [Fa2, §4] that has an image in gr^ := {B+ (V)) / {B+ {W (k))) 



-A 



which is 3 times a generator of this free W{k) -module of rank 1. So using entirely 
the same arguments as in 2.3.18.1 E, from (2) we get that is determined by the r^- 
module L^, i e {1, 2}, Va e (0, 1) U (-1, 0). We conclude = Cl, Va e SSL, and so 
LIE]^ = LIE^. This proves the Claim. 

E. Gjvt^(fe) is the connected component of the origin of the group of Lie automor- 
phisms of LIE\y, i e {1,2} (cf. end of 2.2.13). From this and the Claim we get that 
the Zariski closure in G^'^^j^^ x G2W^(A;) °^ subgroup of G^^^-^-j x whose Lie 

algebra is LIE, is an adjoint group G^iY{ky projections on Gf^^^,-^ and on G^'^^f^^ are 
isomorphisms (for instance, cf. [Va2, 3.1.2.1 c)]). This takes care of the adjoint part of 
Gw{k)- The passage from adjoint groups to derived groups is trivial: as the normaliza- 
tion of G^^j^^-j in the field of fractions of Gf^^j^^ is a semisimple group, we get a natural 
homomorphism from it into Gf^^j^-^ x ^2^^^^^, and again loc. cit. implies that it is a 

closed embedding. We conclude (based on [Va2, 3.1.6]): Gw{k) is a reductive group. This 
ends the argument of why (/4, -£'i(p) ® L2(p), V4) is a SHS. 

4.9.2.1. Pro-etale covers. For the SHS (/4, i^i(p) © L2(p), ^4) we use the standard 
notations of 2.3.1-3, except that we put a right lower index 4 everywhere. We (naturally) 
get a commutative diagram of pro-etale covers: 

L4 — > Li 
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C2 ^ Co 

(cf. the definition of C^, i G {0, 1,2,4}, and [Va2, 3.2.7 4) and 6.4.5.1]). 

4.9.3. Points. Let zq G Co(Vo). Let Zi G Ci(Vo) be such that ni o Zi = zq, i = 1,2. 
Let Z4 G C4(Vo) be such that mi 0Z4 — Z2 and let z^ :— m2 o Z4. We denote by j/j G C^. (F) 
the F-valued point defined by Zi G Cs.(Vo), with z = 0,4, with = z if z 7^ 3 and with 
S3 = 1. Let €y'^ be the Shimura adjoint Lie a-crystal attached to j/j, z = 1,4, obtained 
using the SHS {fsi, Ls^^pyVsi), with L4(p) := Li(p) © -£'2(p)- Prom the construction of f^, 
we deduce the existence of a monomorphism €y'^ ^ © €y'^ between Shimura adjoint 
Lie a-crystals, which produces (via its composite with the natural projections on the 
factors of © C^^; see 4.9.2.0 E) isomorphisms of Cy"^ with and with Cyf. 

4.9.4. Lemma. C^f, i = 1^, are all isomorphic. 

Proof: We have just seen that Cy^ is isomorphic to €y^ and €y^. The fact that Cyf 
and are isomorphic results from the fact that zi and zs are two lifts to Ci of zq and 
so Z3 = ia{zi)h, with h G Gi(Ap and with 

a : {Gi,X^,Hi,vi) ^ {Gi, Xi, Hi,v^) 
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an automorphism defined by an element of Go(^(p)) '■— Gq{Q) fl Hq (cf. [Va2, 3.3.1]); 
here as weU as below we denote by ia the automorphism of J\fi naturally defined by a (cf. 
[Va2, 3.2.7 4)]). But the Shimura adjoint Lie ^-crystal attached to j/i is isomorphic to 
the one attached to iaivi) (the argument of this is entirely analogous to the ones which 
produced isomorphisms of with ^.nd with we need to "put together" the SHS 
(/i, Li(p), t^i) and the SHS (/i o ai, Li(p), f i), where we denote by ai the isomorphism 
(Gi,Xi)^(Gi, Xi) defined by a), and so (see Fact 6 of 2.3.11) it is isomorphic to the 
one attached to j/3 = ia{yi)h. 

4.9.5. Terminology. We refer to as the Shimura adjoint Lie ^-crystal attached 
to dq. The above Lemma guarantees that it is well defined. For any algebraically closed 
field k of characteristic p and for every j/01 £ Co (A;), we define similarly the Shimura 
adjoint Lie cr^-crystal attached to j/oi- 

4.9.5.1. Remark. In all above operations, we can keep track of inner isomor- 
phism classes as in 4.2.10: so in 4.9.4 (as well as in 4.9.7 below) we can speak replace 
"isomorphic" by inner isomorphic. 

4.9.6. Translations. If now Zq G A/o(Vo) is the translation of zq by an element 

to G Go('^/) and we work with (the assumed to exist) z^, Z2, z^, z^, and y^*, 1/3, ^4 
having a similar meaning, we get similarly that z^ = iao{zi)h^, with G (j'i(A^) and 

with : {Gi,Xi, Hi,vi) — > {Gi,Xi, Hi,vi) an automorphism defined by an element of 
G'o(Z(p)). We have: 

4.9.7. Proposition. The Shimura adjoint Lie a-crystals attached to i/i, 1/2, and 
j/4 are all isomorphic to €y'^. 

Proof: The argument that the Shimura adjoint Lie a-crystals attached to yi, y2, 
j/3 and j/4 are isomorphic to each other is as in 4.9.4. The fact that the Shimura adjoint 
Lie CT-crystal attached to y° is isomorphic to Cy'^ can be checked, without any reference 
to 1/2 to 1/3, as follows. Based on [Va2, 3.3.2] and Fact 6 of 2.3.11 (applied to the 
SHS {fl, -^i(p), ^-'i)) we can assume Zq G Ci(Vo). We start working with a finite morphism 
Mi/Hqi — > J\f/Hoo, with Hoi as in 2.3.3 and with Hqq a compact, open subgroup of 
Go(A^) containing the image of Hqi. As Go(^(p)) is dense in Go(Aj) (cf. the strong 
approximation theorem; see [Pr, Theorem A]), we can assume to mod Hoo is naturally 
defined by an element a G Go(^(p))- Choosing Hqi and Hqo to be small enough, we can 
assume a leaves invariant Xq. So the part of 4.9.4 referring to automorphisms applies 
once more: we can assume the images of zo and Zq in Mq / Hoq^Vo) are the same. We can 
assume Hoi and Hqo are such that Ci/Hoio Co/Hoqq is a Galois cover, with i^oio as 
the subgroup of Hoi leaving Ci invariant, z = 0, 1. So, as in [Va2, 6.2.2 F)] (see also AE.4) 
we can write Co/Hqoo as the quotient of Ci/Hoio through the action of a subgroup of 
automorphisms of {Gi,Xi, Hi). So there is ai G Aut((Gi, Xi, Hi)) such that the images 
of Zi and of iax{zi) in Ci/i^oio are the same. So the Proposition follows from the proof 
of 4.9.4 and from Fact 6 of 2.3.11 (applied to SHS (/i, Li(p), t^i)). 

4.9.7.1. Remark. A second proof of 4.9.7 can be obtained by combining 2.3.5.6-7. 
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4.9.8. Theorem. For any integral canonical model M of a Shimura quadruple 
(G, X, H, v) of preabelian type, with v diving a rational prime p > 3, there is a unique 
G{A]j) -invariant stratification (called the refined canonical Lie stratification) of Hk{v) 
reduced, locally closed subschemes such that: 

a) ifG is not a torus, its strata are indexed by a subset of the set RLNP{G^'^,X^'^, v^'^) 
(defined in 4-5.7 and 4-5.8 1)); if G is a torus, then we have only one stratum; 

b) it is functorial w.r.t. finite maps between Shimura quadruples; 

c) it has a unique open stratum lA (solA is dense in Hk{v))j 

d) any point y : Spcc(A;) U, with k a perfect field, has a uniquely determined 
G-canonical lift z : Spec{W{k)) Af (here the uniqueness part is implied by e) and f) 
below; however, see also 4-9.17.1 below); 

e) the G-canonical lifts are functorial w.r.t. finite maps between Shimura quadruples; 

f) if Af and {G, X, H,v) are related to a SHS {f,L(^p),v) as in 4-1, then it is the 
refined canonical Lie stratification of 4-5.2 and we reobtain the G-canonical lifts of 4-4-^! 

g) it is invariant under isomorphisms, i.e. it is invariant under the natural action 
of the group Aut{{G,X,H)) (defined in [Va2, 3.2.7 9)]) on Nk{v)- 

Proof: For the case p = 3 we refer to §6. We assume now p > 5. If G is a torus, 
then the Theorem is trivial (cf. [Va2, 3.2.8 and 3.3.3]). We assume now G is not a torus. 
Let 

{Gq,Xo,Hq,vo) := {G^,X^,H^,v^''). 

We use the notations of 4.9.1-7. We recaU: in order to define the set RLNP{Gq, Xq, f o), 
a bijection ff^ as in 4.3.2 is chosen. 

A point yo E Af{¥) belongs to the stratum indexed by some s e RLNP{Gq,Xq,vo) 
iff there is to £ Go(A^) such that the right translate j/g of j/o through t^ belongs to Co(F) 
and the sequence of Newton polygons defined by cyclic factors of the Shimura adjoint 
Lie a-crystal attached to y^, is the same as that of s; 4.9.4 and 4.9.7 guarantee that this 
is well defined. The fact that the things do not depend on the connected component Xq 
of Xq we chose is implied by [Va2, 3.3.3]. So, from very definitions the refined canonical 
stratification of Afk{v) is G(Ap-invariant. 

To see that the partition of A/'o(F) in disjoint subsets defines locally closed sub- 
schemes of MQk{vo) we just have to remark that the pull back (of these disjoint sets) to 
A/i(F) through the morphism ji (of 4.9.1) are forming the partition of A/i(F) in subsets 
corresponding to the refined canonical Lie stratification of Afik^vi) defined (see 4.5.2) by 
the SHS (/i, Li(p), t;i). So [Va2, 6.4.5.1] applies. This takes care of a) and f). 

The stratification of J\fk{v) is obtained from the one of Afokivo) t>y the pull back 
operation through the natural morphism Af — > Afo (see [Va2, 3.2.7 4)]). This takes care 
of b), while c) results from 4.2.1, via [Va2, 6.4.5.1]. The existence and uniqueness of 
G-canonical lifts is a direct consequence of the following remark (it is just a particular 
case of the filtered versions of 4.9.4 and 4.9.7, cf. 4.4.1 1)): 
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(4.9.8.1) If in 4-9.4 (resp. in 4-9.7) Z2 (resp. Z2) is a Shimura- canonical lift, then 
z\ and Z3 (resp. z^ and z^) are also Shimura- canonical lifts. 

So it makes sense to say that zq is a Go-canonical lift of j/o- For a point y : Spec(/c) — > 
Mk{v) of the open stratum, with k just a perfect field, we first get a G-canonical lift 
z : Spec{W{ki)) — > Af (with ki a pro-finite Galois extension of k) of the point y e Af{ki) 
factoring through y, which due to the uniqueness property asserted by c) and to (4.9.8.1), 
it is defined over W{k), i.e. we get a G-canonical lift z : Spec(M^(/c)) J^kiv) of y. This 
takes care of d) and e). 

To check that the refined canonical Lie stratification of N'k{v) is invariant under the 
action of Aut((G, X, i?)), we can assume G = Gq (cf. the definition of Aut((G, X, H))). 
But in this case the arguments of the proof of 4.9.4 apply entirely; we just need to: 

- replace inner automorphisms ai of (Gi, Xi) by isomorphisms 02 : (Gi, Xi)^(Gi, X2) 
(with X2 uniquely determined by Xi and 02), and to 

- point out that we can always choose /i such that 2.3.6 applies to it (cf. the 
Existence Property of 1.10); so 2.3.6 applies as well to / o a^"^. 

This takes care of g) and ends the proof. 

4.9.8.2. Corollary. We assume dimc(X) > 0. Then the complement in J\fk{v) of 
the open, dense stratum of the refined canonical Lie stratification is a G{KF^) -invariant 
closed subscheme ofN'k{v), different from Hk{v) c-i^d of pure codimension 1. 

Proof: [Va2, 6.4.2 and 6.4.5.1] makes the reduction (cf. the proof of 4.9.8) of the 
situation to the case when we have a SHS. But this case is handled by 4.3.6. This ends 
the proof of the Corollary. 

This Corollary fulfills the promise of the end of the first paragraph of [Va2, 3.2.12]. 

4.9.9. Variants. A result entirely similar to 4.9.8 can be stated in the context of: 

i) canonical Lie stratifications (defined for a SHS in 4.5.1); 

ii) (refined) Lie (non-) stable stratifications (defined for a SHS in 4.5.15); 

iii) quasi- ultra stratifications (defined for a SHS in 4.5.15.2); 

iv) Faltings-Shimura-Dieudonne adjoint stratifications (defined for a SHS in 4.5.16). 

The same proof applies (it is the simple Lemma 4.10.0 below which allows us to 
speak about the quasi-ultra stratification of Hk{v) and not only of A/f)- In §10 we will 
see that this remains true, even in the context of the absolute and so in the context 
of the ultra stratifications: using 4.5.6.1 and 4.9.8 we get this just for the G„ types 
(and for other particular situations pertaining to the types), n G N. Here we just 
mention, that the argument (of the proof of 4.9.4) used to get 4.9.8 g), applies entirely 
to give us that the p's stratifications (and so also the absolute, the pseudo-ultra, the 
ultra and the Faltings-Shimura-Dieudonne adjoint or standard stratification) of 4.5 are 
Aut((G, X, iy))-invariant. 
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Also 4.5.16 a) to c) and 4.5.16.1 extend automatically to all these Faltings-Shimura- 
Dieudonne adjoint stratifications. 

4.9.9.1. Ultimate type of stratifications. For what follows we refer to (the proof 
of) 4.9.8; see also 2.3.3.2 and 2.3.5.4. We consider the Faltings-Shimura-Dieudonne ad- 
joint stratification of A/oa;(uo)- Ks pull back to Mi is the Faltings-Shimura-Dieudonne 
adjoint stratification as defined in 4.5.16. By the ultimate adjoint stratification oi N'k{v) 
we mean the pull back to N'k{v) of the maximal (i.e. the most refined) Go (A^) -invariant, 
Aut(Go, -^0: -f^o)-iiivariant stratification of Nokivo) whose strata are open, closed sub- 
schemes of the Faltings-Shimura-Dieudonne adjoint stratification of Mokivo)- 

We now refer to 4.5.16. By the ultimate stratification of Mkiv) we mean the most 
refined G'(Aj)-invariant, Aut(G, X, iy)-invariant stratification of Mk[v) whose strata are 
open, closed subschemes of the Faltings-Shimura-Dieudonne stratification of N'k(v)- 

Based on 4.5.16 and 4.5.16.1 and the last sentence of 4.9.9, 4.5.16 a) to c) and 4.5.16.1 
extend automatically to all these ultimate (adjoint) stratifications. 

4.9.9.2. Grothendieck's specialization category. We refer to 4.5.16 (resp. to 
4.9.8). By Grothendieck's specialization category (resp. adjoint category) 

QSC{Nkiv)) (resp.G§AC(A4(^))) 

of Nk^v) we mean the category: 

1) whose objects are the reduced, locally closed subschemes oiNk{v) which are strata 
of the ultimate (resp. ultimate adjoint) stratification of Mk{v)', 

2) whose set of morphisms from one object (stratum) si to another object (stratum 
S2) is empty or has precisely one element depending on the fact that each (it is enough 
one) connected component of si specializes to some connected component of S2- 

GSAC(A/'fc(«)) depends only on the integral canonical model of (G^*^, X**^, i?^*^, v"^"^). 
However, there are many very important ways to look at it (and its subcategories) and 
so it is relevant to think of it of being "of Afk{v)" ■ We have a canonical functor 

G§C(A4(.))^GSAC(A4(„)) 

which takes a stratum of the ultimate stratification to the corresponding stratum of the 
ultimate stratification of N'k{v)- We do not know when it is an isomorphism of categories. 

We have a variant of GSC(A/fc(„)) (resp. of G§AC(A/fc(„))): we allow the strata to be 
in the sense of 2.1; so the objects are elements of the class of the ultimate (resp. ultimate 
adjoint) stratification of N'k{v)- Another variant, we fix an algebraically closed field k 
containing F and we define GSC(A'fc) (resp. GSAC(A/fc)) using reduced, locally closed 
subschemes of Hk which are strata of the ultimate (resp. ultimate adjoint) stratification 

of A/a;(„). 

4.9.9.3. Remark. One might worry that the ultimate adjoint stratifications are 
too refined, i.e. that too many strata of them have very low dimensions. We think this 
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is not relevant, as one of the main goals of them is to solve the Real Problem of 1.6.5; 
so the categories of 4.9.9.2 do "capture" all the information one might think is lost by- 
passing to too refined stratifications (providing -in the same time- a lot more). On the 
other hand, from the Example of 3.15.7 H we get (cf. also the regularity part of 4.5.15.6; 
the passage from SHS's to the preabelian type context is achieved via the proof of 4.9.8): 

Corollary. The dimension of the stratum of the ultra stratification of J\fk(v) to 
which an ¥ -valued toric point y of Afk(v) belongs is at least the negative sp-invariant of 
the Shimura adjoint Lie a-crystal attached to (see 4-9.5 and 4-9.17 below) y. 

4.9.10. Definition. The points with values in perfect fields of the open, dense 
stratum of N'k{v)/ Hq (with Hq a compact subgroup of G{hF^)) are called G-ordinary (or 
G^(fc(„))-ordinary or Shimura-ordinary) points. 

4.9.11. Corollary. We have a natural functor from the full subcategory of qf-Sh of 
whose objects are Shimura quadruples {G, X, H,v) of preabelian type, with (f,2) = 1, to 
the category of stratified schemes (in reduced, locally closed subschemes) whose morphisms 
are morphisms of schemes such that the pull back of any stratum is a stratum, taking such 
a quadruple into the scheme defined by the special fibre of its integral canonical model 
and endowed with the refined canonical Lie stratification (the action of the functor on 
morphisms being the logical one, cf. [Va2, 3.2.7 4)]). 

This is a consequence of the proof of 4.9.8. We have variants of it: cf. 4.9.9. 

4.9.12. Corollary. Under the right translation by an element of G{A^), a G- 
canonical lift of M is taken into a G-canonical lift. 

4.9.13. Remark. Let Hq be an arbitrary compact subgroup of G(A^). As in 

4.4.2.1 we define uniquely the G-canonical lift Spec(VF(/c)) M /Hq of a G-ordinary point 
Spec(/c) — > N'k{v)/HQ. In §12 we will see (cf. 4.4.6) that a G-canonical lift Spec(Vr(F)) 
M /Hq gives birth to a special point Spec(i?(F)) Shj^^^(G, X). 

4.9.14. Refined canonical stratifications. We start with a question. With the 
notations of 4.5, is it true that the /-canonical stratification of Nk{v) defined in 4.5.9 is 
indeed canonical, i.e. it does not depend on the SHS (/, I'(p), v) producing it? 

The expectation (cf. 4.5.9) of the existence of a refined /-canonical stratification of 
Hk{v)i suggests (in general) a negative answer to this question. It seems to us, that the 
supposed existing refined /-canonical stratification of Nk{v) (cf- 4.5.9), still depends in 
general on the SHS producing it (and so that we can not stop mentioning "/-" ) . However, 
one could proceed as in 4.9.8 to define a refined canonical stratification of A4(v) which 
does not depend on / (sort of intersection of all refined /-canonical stratifications of 
Hk{v))'i using this one could define the refined canonical stratification of the special fibre 
of any integral canonical model as in 4.9.8. 

4.9.15. An expectation. Even before one truly defines the refined canonical 
stratifications modeled on [Oo3] (i.e. in the sense of 4.5.9 and 4.9.14), we formulate here 
our feelings: 
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Expectation. The quasi-ultra stratification of J\fk{v) coincides with or is a refine- 
ment of the refined canonical stratification ofHk{v)} whenever this last stratification can 
he satisfactorily defined. 

For instance, it is easy to see that in the case of Siegel modular varieties they coincide 
(cf. [Oo3] and 1) of 3.13.7.4 D)). 

4.9.16. Exercise, a) Show that the theory of good G-multiphcative (or G-additive) 
coordinates presented in 4.7.14 extends to the case of Shimura-ordinary points of an 
integral canonical model M as in 4.9.8. 

b) If the prime v^"^ of E{G^^, X^'^) divided by v has Fp as its residue field, then the 
G-multiplicative coordinates we get are canonical (i.e. are uniquely determined). 

Hint: for the canonical part, use 4.7.11 4) and the idea of the proof of 4.9.4. 

4.9.17. Some extensions. Let {G,X,H,v), p and jV be as in 4.9.8. Let y e 

Af{k), with k an algebraically closed field of characteristic p. Till the end of 4.9.17.5, 
we assume G is not a torus. Let A/q be the integral canonical model of the quadruple 
{Go,Xo,Ho,vo) := (G^'^, X^^, ii"^^, t'^'^) and let yo E Mo{k) be the composite of y with 
the natural morphism J\f — > Ao- Let Cq be the open closed subscheme of A/q defined as in 
4.9.1.1, starting from a fixed connected component of X. Let h e G^'^(A^) be such that 
the translation j/oi of Vo by h belongs to Co{k) (cf. [Va2, 3.3.2]). The Shimura adjoint 
Lie CTfc-crystal C^^^ (cf. 4.9.5) is called the Shimura adjoint Lie Ufc-crystal attached to y. 
It is attached to a Shimura cTfc-crystal. 

The reason why is this well defined is nothing else but 4.9.4, 4.9.7 and the proof of 
4.9.8 (performed for W{k) instead of Vq). In the case of a SHS (/, L^p^,v) we recover the 
definition (see 2.3.10) of a Shimura adjoint Lie cifc-crystal attached to a point y e J^{k). 

4.9.17.0. The quasi-afflne, regular property. We have: 

Corollary. Each stratum Sq of the quasi-ultra (or ultimate adjoint, or Faltings- 
Shimura-Dieudonne adjoint) stratification of Nk{v) is regular and quasi-affine. Moreover, 
any stratum of the ultra stratification of Afk{v) is quasi-affine. 

Proof: The regularity part follows from 4.5.15.2.2, 4.5.16 and the proof of 4.9.8 (cf. 
also 4.9.9). The quasi- affineness part follows from 4.5.15.2.5 and the proof of 4.9.8 (cf. 
also 4.9.9). 

4.9.17.0. 0. Remark. Based on global forms of 2.3.9 and on 2.3.15.1 (or just based 
on the existence of actions T as in 3.13.7.1; their orbits are always integral subschemes of 
reductive groups and so are quasi-affine), in §5 we will reobtain the quasi- affineness part 
of the above Corollary, without appealing (see 4.5.9) to [Oo3]. 

4.9.17.1. Remark. In the situation of 4.9.17, we similarly define the Shimura 
adjoint filtered Lie cr/j-crystal attached to a point Spec(VF(/c)) Af. So the canonical 
lifts Spec(VF(/c)) A/" can be recognized (see 4.4.1 2)) as follows: their Shimura adjoint 
filtered Lie d/s-crystals are (cyclic diagonalizable and) of parabolic (and Borel) type. 
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4.9.17.2. Definitions. A point y : Spec(/ci) — J\fk{v), with ki a perfect field, is 
called a toric point if the Shimura adjoint Lie cr^crystal attached to the fci-valued point 

of N'k{v) naturally defined by y is isomorphic to the extension to ki of the Shimura adjoint 
Lie CT-crystal attached to a Shimura o'-crystal showing up in 4.1.5, for an adequately 

chosen SHS {f,L(^p-^,v). If is a [/-ordinary (resp. T-ordinary) cj-crystal, then y is 
called an [/-ordinary (resp. T-ordinary) point. Similarly to 4.4.0 we define Borel and 
reductive points of J\fk{v)- 

4.9.17.2.1. Some implications. 3.11.6 B) implies that any /ci-valued Borel point 
is a Shimura-ordinary point and the converse holds if ki = ki. Also 2.2.19.2 and the 
Criterion of 2.2.22 1) imply that any toric point is a reductive point. 

4.9.17.3. Extension of 4.5.11 and 4.5.13. 4.9.4 and 4.9.7 show that the notion 
of toric point is intrinsic (canonical). In particular, if (G, X, H, v) is obtained from a SHS 
(/, L(p), f), then we "regain" the toric points defined in 4.5.11.2. Moreover, 4.12.12.6 be- 
low shows that there are plenty of toric points which are not G-ordinary. As in 4.5.11.2.1, 
the toric points can be defined in terms of Galois representations (for p = 3 cf. also the 
Criterion of 2.2.22 1)). 

Moreover, due to the same reasons, we can speak about CM levels of non-toric points 
of Afe(^) with values in algebraically closed fields and so, by natural extension, with values 
in fields. 

4.9.17.4. Remark. Based on 4.9.17, it makes sense to speak, as in 3.6.16 1), about 
M having the completion property: we just have to rephrase 3.6.15 A in terms of Shimura 
adjoint Lie crfe-crystals attached to geometric points of M. 

4.9.17.5. [/-canonical lifts. From 4.4.13.2 we get, as in the part of the proof 
of 4.9.8 referring to G-canonical lifts, that any [/-ordinary point y : Spec(/ci) N'k{v)-, 
with k\ a perfect field, has a uniquely determined lift z : Spec{W{ki)) — > (called the 
[/-canonical lift of y) with the property that the Shimura adjoint filtered Lie u^crystal 

attached to the VF(/ci)-valued point of Af factoring through is of toric type. As in 4.9.8 
b), [/-canonical lifts are functorial w.r.t. finite maps between Shimura quadruples. 

4.9.18. Comment. We think the terminology (refined) canonical Lie stratification 
is justified. The word Lie is meant to distinguish it from the other p-stratifications 
introduced in 4.5.4 (for a SHS), while the word canonical is meant to emphasize that 
in the case of a Shimura quadruple {G,X,H,v) emerging from a SHS {f,L(^p^,v), the 
(refined) (canonical) Lie stratification we get for J^kiv) does not depend on the SHS 
(/> L(^p-),v) producing it. 

4.9.19. Exercise. Let {Gi, Xi, Hi,Vi), i — 1,2, be two Shimura quadruples of 
preabelian type, with vi and V2 dividing the same prime p > 3. Let be a prime of 
E{Gi X G2,Xi X X2) dividing vi and V2. We get a Shimura quadruple 

(Gi X G2,Xi xX2,Hi X H2,w). 
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Let Mi be the extension to Spec(0(^)) of the integral canonical model A/i of (Gj, Xi, Hi, Vi), 
i = 1,2. It is known that 

M := Ml XO(^) M2 

is the integral canonical model of {Gi x G2,Xi x X2, Hi x H2,w) (cf. [Va2, 3.2.16]). 
Show that the refined canonical Lie stratification of Mk{w) is the product stratification 
of the refined canonical Lie stratifications of Mik{v) and of M2k{v)- Hint: first reduce to 
the case when Gi x G2 is an adjoint group and then use [Va2, 6.5.1]. 

4.9.20. Exercise. With the notations of 4.9.17, let Hq be a compact subgroup 
of G'(A^) such that either p ^t(G'^^) and Hq x H is a subgroup of G{Af) smooth for 
{G,X) or p\t{G'^'^) and Hq x H is p-smooth for (G,X). Show that for any morphism 
fs : Spec(-R) — > M / Hq, with R a faithfully flat, regular, formally smooth VF(/c)-algebra, 
we can define uniquely the Shimura adjoint filtered Lie F-crystal (over Spec(i?/pi?)) 
attached to /«. 

A proof of this exercise will be given in §5. In what follows we need it only in the 
case when R/pR is integral and the first fundamental group of Spec{R/pR) is trivial: 
this case can be treated entirely as in (the filtered versions of) 4.9.3-4 and 4.9.7 (where 
we had R/pR = F). 

4.9.21. The relative Oort— Moonen problem. Let {G, X, H,v) be a Shimura 
quadruple of prcabclian type, with v dividing a prime p > 2. Let N be its integral 
canonical model (cf. [Va2, 6.4.1] for p > 3 and cf. §6 for p = 3). Let F be a number field 
containing E{G, X). Let Hq C G'(Aj) be as in 4.9.20. Let Z be an irreducible subvariety 
of ShHoxH(G, X)f- Let Z(^y) be the Zariski closure of Z in [N /Hq)^^ ^, with as the 
normalization of 0(„) in F. 

Problem. We assume there is a prime w oi F dividing v and a G-ordinary point 
y : Spec(/c(f)) J\fk(w)/Ho factoring through the special fibre of Z(^^y such that Z'(^) has 
(see below) formally quasi-linear components at y. Show that Z is of preabelian type, 
i.e. for any embedding F ^ C, every irreducible component of Z x C is a subvariety of 
Mc/Hq of preabelian type (in the sense of [Mo, 3.7]). 

Due to the existence of G-multiplicative coordinates (see 4.9.16) the notion of having 
formally quasi- linear components at y can be defined as in [Mo] . It seems to us that we 
can use 4.7.11 and 4.7.17, to prove that this notion is independent of all choices referred 
to in 4.7.11 8); if this turns out not to be the case, then we have to define this notion by 
working w.r.t. all -allowed, i.e. logical- choices mentioned in 4.7.11 8). 

For not being too long, we simplify the things by just giving an example (without 
being particular about the precise choices defining G-multiplicative coordinates) in the 
case when w is unramified over v. If the closed subscheme (defined naturally by Z(^y-^) 
of the spectrum of the completion of the local ring of the point yi : Spec{k{v)) — > 
•^w(k{v))/ defined by y, is a formal subtorus of the formal torus (of G-multiplicative 
coordinates) defined (see 4.9.16) by the G-ordinary point yi, then (by very definitions) 

has formally quasi-linear components at y. 
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4.9.21.1. Exercise. Using [Mo, 5.2] sliow that tlie relative Oort-Moonen problem 
is true if kiv""^) = ¥p (here v^"^ is the prime of E{G^,X^) divided by v). Hint: use 
4.7.11 4) and [Va2, 6.5.1.1] (referring to the Existence Property of 1.10, if k{vo) = ¥p, 
then based on arguments of loc. cit. we can assume k{v^) = ¥p). 

4.9.22. Definition. A simple, adjoint Shimura variety Sh(G, X) is said to be 
of Z-End type if there is a principally polarized abelian variety {A,pa) over C, with 
End(A) = Z, whose attached (see 2.1) Shimura variety has Sh(G, X) as its adjoint variety. 

We refer to the situation of 4.9.2. Let i? be a number field. Let Hqq be the subgroup 
of Go{A^j-) generated by the images of Hqi and H02. We recall, cf. 2.3.3, that i^oi is a 
compact, open subgroup of Gi(Aj) subject to some conditions, i G {1,2}. Accordingly, 
we assume Hqq is compact as well. We consider two morphisms 

a{i) : Spec(£;) ShnoixHiiGi, Xi), 

i e {1,2}, giving birth to the same morphism Spec(£') — > ^^HooxHq{GqtXq). Let Ai 
be the abelian variety over E naturally associated to a{i) and the embedding fi of 4.9.1 
(implicitly, a Z-lattice Li of Wi such that we get a perfect form ■^j : Lj ®z Li ^ Z, is o, 
priori chosen; see 2.3.2). We have: 

4.9.23. Corollary. The ordinary conjecture is true for Ai iff it is true for A2. 

Proof: We can assume E is big enough so that Gf^^ i = 1,2, are split tori. We 
consider only those primes of E such that: 

a) they are unramified over rational primes; 

b) their residue fields have a prime number of elements; 

c) Ai X A2 has good reduction w.r.t. them. 

The set of such primes has Dirichlet density 1. Let w be such a prime. Above, the 
role of p is just to fix some notations (without introducing others); so, based on [Va2, 
5.8.6] (to be compared with the proof of 4.6.2.1) we deduce that we can assume k{ w) = Fp. 
From a) and c) we deduce the existence of a 0(„.) -morphism b{i) : Spec(VF(F)) — Mi 
whose generic fibre factors through a{i). Prom 4.9.4 we get that the Shimura adjoint Lie 
o'-crystal attached to 6(1) is ordinary iff the Shimura adjoint Lie ^-crystal attached to 
6(2) is so. From b) and 4.3.1.1 we get that at the level of T-degrees of definition we have 
drivi) — dT{v2) = 1. So from end of 4.3.1.1 and 4.6 PI we get: Ai has an ordinary 
reduction w.r.t. w iff A2 has. The Corollary follows. 

The ordinary reduction is true for a (finite) product of abelian varieties over a number 
field ifi^ it is true for each member of it. Based on this and on [Va2, 6.5.1], from 4.9.23 
and [Pi, 7.2] we get: 

4.9.23.1. Corollary. Let A be an abelian variety over a number field E. We assume 

the Shimura variety attached to it is such that all simple factors of its adjoint variety are 
of Z-End type and are not of type with n > 3. Then the ordinary conjecture is true 
for A. 
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4.9.23.2. Exercise. Show that there are situations to which 4.9.23.1 applies, with 
A an absolutely simple abelian variety such that End(A^) Z. Hint: use Mumford 
curves and 2.3.5.1; for more sophisticated examples, use [Va2, 6.4.2 and 6.5-6] and move 
from the Ai Lie type to the Bn Lie types, with n eN congruent to 1 or 2 mod 4. 

4.10. Hecke orbits of G-ordinary points. Let (G, H, v) be a Shimura quadru- 
ple of preabelian type, with (v, 2) = 1, and let H be its integral canonical model over 
0(„). Let U ^ Mkiv) be the open, dense subscheme of G-ordinary points (cf. 4.9.8). We 
have: 

4.10.0. Lemma. The field of fractions FF(Cq) of any connected component Cq of 
Hk{v) contains F. 

Proof: For p = 3 we refer to §6. Let now p > 5. From 2.3.9 A wc get that the 
Lemma holds for a SHS. We can assume {G,H,H,v) is adjoint. So, from [Va2, 6.4.1-2, 
6.2.2, 6.2.3.1 and 6.2.3] we get that FF{Cq) contains a subfield of F whose Galois group 
is an M-torsion group for some M e N. As such a subfield must be F itself, the Lemma 
follows. 

4.10.1. Conjecture. lA is the smallest non-empty open subscheme of J\fk{v) which 
is G{A^)-invariant. 

4.10.1.1. Reformulation. Standard arguments (based on 4.10.0) show that an- 
other way to formulate 4.10.1 is: the Hecke orbit o{y) of a fc- valued G-ordinary point y (of 
Uj^) with values in k, i.e. the set of points obtained from y through G(A^)-translations, is 
dense in A/^. In other words, o{y) is never contained in a closed subscheme of J\f^ which 
is not Aff^ itself. 

4.10.2. Motivations. The expectations of the validity of 4.10.1 are based on: 

a) 4.2.8.1; 

b) exercise 8) of 4.5.6; 

c) the part d) (or c)) of 4.4.1 3), and b) and c) of 4.4.1 2); 

d) the validity of 4.10.1 in the case when Sh(G, X) is a Siegel modular variety [Ch2]; 

e) 4.10.3 and 4.10.5.1 below. 

4.10.3. Proposition. The above conjecture is true i/dimc(X) < 1. 

Proof: If dimc(X) = 0, i.e. if G is a torus, this is obvious (cf. [Va2, 3.2.8 and 
3.3.1]). If dimc(X) = 1, then 4.2.8.1 holds: the case of non-compact Shimura curves, 
i.e. of Shimura curves having the same adjoint curve as the elliptic modular curve, is a 
consequence of [FC, ch. IV, 5.10 and 6.12]. From 4.9.12 and from the fact the G(Aj)- 
orbit of the i?(/c)-valucd point of Sh(G, X)^^^-) defined by the G-canonical lift of y is 
dense in Sh(G, X)^^^), we get that o{y) is dense in J\f^. This ends the proof. 

4.10.4. Variants. There are variants of 4.10.1. For instance by working not with 
the full group G(Aj) of Hecke operators but just with G(Qq), where g is a rational prime. 
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different from p and such that G is unramified over Qq (cf. [Ch2]), or more generaUy 
with an adequate (i.e. of interest) subgroup of G{A^). However in such a variant we 
have to be careful: G{Qq) might not permute transitively the connected components of 
ShniG, X)c (for instance, this happens when Gq^ is anisotropic). 

Another variant consists in replacing G-ordinary points and U respectively by G{uj)- 
ordinary points and by the s^^ (or by the ) stratum (of 4.5.11.1). Again some precautions 
have to be taken: (theoretically) we might not get dense Hecke orbits. So in some of these 
variants 4.10.1 needs to be reformulated. 

4.10.5. Remark. The gluing principle of 3.6.19 D can be interpreted as a local 
Hecke correspondence. Using this we will prove in [Va7] the following IOTA (if one then 
all) criterion: 

4.10.5.1. Criterion. Let {G,X,H,v) be a quadruple of preabelian type, with 
k{v^'^) = ¥p. We assum,e that either p > 3 or p = 2 and the Shimura quadruple 
{G, X, H, v) is associated to a p = 2 SHS. Let U he the G-ordinary locus of the inte- 
gral canonical model N of {G, X, H, v) (for p — 2 cf. 4-^-3 A below). If the G{A^j)-orbit 
of a (one given) ¥-valued G-ordinary point ofU is dense in Hk{v) (i-^- it is dense in U), 
then the G{A^)-orbit of any G-ordinary point oflA is dense in Hk{v)- 

This criterion recovers all previous known cases of density of Hecke orbits in positive 
characteristic and provides plenty of new examples of such densities (like the case of 
classical Spin modular varieties, see [Va2, 5.7.5] and [Va4]). The philosophy behind it 
can be roughly formulated as follows: 

Ph. We refer to 4-7.11 7) and we assume 5'(l,n)'^ is the empty set. Under the 
mentioned interpretation, in the N-pro-etale topology of Spec{R^ / pR^) , the Hecke corre- 
spondences associated to Cg' and two distinct k -valued points yi andy2 ofSTpec{R^/pR^), 
are "very close" to the translation by the k -valued point " ofS'pec{R^/pR^) (w.r.t. 

its natural group structure as a torus). Here "very close" refers to the fact that we need 
to change the initial Frobenius lift of (thep-adic completion of) R^ in order to get exactly 
the mentioned translation. 

4.11. The functorial behavior of G-ordinary points. 

4.11.1. Two questions. We consider now a SHS (/, -C'^p), v) defined by an injective 
map / : (G, X) ^ (GSp(VF, V-'), which factors as the composite /i o /2 of two injective 
maps, with : (G,X) ^ (Gi,Xi) and /i : (Gi,A:i) ^ {GSp{W, i;) , S) . Let vi be the 
prime of £^(Gi,Xi) divided by v. We assume the triple (/i,L(p),fi) is as well a SHS. 
We still use for it the standard notations of 2.3.1-3 but everything having a right lower 
index 1, except i^(p). We have a natural morphism zi : jV — > A/i (cf. [Va2, 3.2.7 4)]). 
Two natural questions arise: 

Ql. When i\ takes G-ordinary points of Hk{v) "ii^to Gi-ordinary points of Hik{v-i_) ^ 

Q2. If ii takes G-ordinary points of Mk{v) ^''T'to Gi- ordinary points of Mi ^{v 1)7 
it true that a G-canonical lift of a G-ordinary point y of Hk{v) mapped by ii into a 
G-canonical lift of ii oy? 



522 



Ql can be reformulated (cf. 4.2.1): when the open, dense stratum of A4(v) is the 
pull back through zi of the open, dense stratum of A/ife(„^)? 

The case k{vi) — ¥p is completely handled by 4.6 PI and P2: the answer to Ql is 
yes when k{v) = Fp, and then Q2 also has a positive answer. What about k{vi) = Fp<;i 
with qi eN, qi>21 As p> 3, by combining 4.4.8 2), 2.3.17 and 3.1.1 c) we get: 

4.11.1.1. Corollary. The answer to Q2 is always yes. 

Related to Ql we have: 

4.11.2. Theorem. The morphism ii maps G-ordinary points of Nk{v) 'iiT'to Gi- 
ordinary points of J\fik(vi) (and so G-canonical lifts of M into Gi-canonical lifts of Mi) 
iff there is a triple (T, /x, Si), with T a torus of Gzp, with /x an injective cocharacter of 
Tw{k{v)) and with Bi a parabolic subgroup of Gii^, such that: 

i) Under extension via an O (^^ymonomorphism W{k{v)) ^ C, /j, becomes G{C)- 
conjugate to the cocharacters fi*,x&X; 

ii) Under the direct sum decomposition L* W{k{v)) = ® produced by ji 
(P & Gm{W{k{v))) acts through ji on as the multiplication with P~'^), F^ is normalized 
by Biwik{v)) (i-e. Lie(5i) W{k{v)) C F°{Ue{Giw{kiv))))); 

Hi) B\ n Gzp contains a Borel subgroup B of Gz^- 

Moreover, if such a triple (T, (U, i?i) does exist, then k{v) = k{vi). 

Proof: Let (T, /x, Bi) be a triple of the mentioned form, such that i) to iii) hold. 
The fact that ii takes G-ordinary points of J\fk{v) into Gi-ordinary points of J\fik{vi) 
results from 4.1-2: the Shimura-ordinary type of the SHS {f,L(^p'),v) (resp. of the SHS 
(/i, L(p), vi)) can be computed, cf. 4.1.1, starting from the data of the triple {T,fi,B) 
(resp. (T, fi, Bi)); so these two Shimura-ordinary types are equal. 

We now assume ii takes G-ordinary points into Gi-ordinary points. Let z : 
Spec(VF(F)) A/" be a G-canonical lift of a G-ordinary point y : Spec(F) — > N'k{v)i 
and let <t := {My, F^, (py, Gvi/(f)) be the Shimura filtered a-crystal attached to z. We get 
another Shimura filtered ^-crystal := (M^, Fj^, (^j^, Givk(f)); it is the one attached to 
z and (cf. 4.11.1.1) is a Shimura-canonical lift. 

The canonical split cocharacter /ly : Gw(k) of £ when composed with the 

monomorphism Gw(k) ^ Gn^(fc), is the canonical split of (ti (cf. 3.1.5). So the degree 
of definition of €. is equal to the degree of definition of (Ei and so (cf. 4.4.7) k{v) = k{vi). 

Writing ipy = ajjby^^), a becomes a (jfc-linear automorphism of My. Then My := 

\x G My\a{x) = x| is a Zp-structure on My. We get monomorphisms Gz^ ^ GiZp ^ 
GL{My) and a cocharacter jiy : Gm ^ Gw{k{v))- AH these are as in 4.4.7. Let 5 be a 
Borel subgroup of Gzp normalizing F^ and such that fiy factors through B\Y^i~(^y^y Let 
Bi be a parabolic subgroup of Gi Zp normalizing F^ and containing B. The existence of 
S is a direct consequence of b) of 4.4.1 2), while we can take Bi such that the extension 
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to VF(F) of its Lie algebra is the Lie subalgebra of Lie(Givi/(F)) corresponding to non- 
negative slopes of (Lic(G'ivi/(F))5 V'y); cf. the parabolic property of 4.4.1 1) and cf. the 
existence of the Zp-structures of 3.11.2 C. Let T be a maximal torus of B such that fiy 
factors through TVk(;j(„)), cf. 3.11.2 B. 

Gzp is an inner form of G^p (argument: Fontaine's comparison theory implies Gq^ is 
an inner form of Gq^). So it makes sense to speak about inner isomorphisms Gzp—^Gzp 
or G^^G^^. The same applies in the context of and Giz„- 

Claim*. We have inner isomorphisms Gzp—^Gzp and Giz^^GiZp, through which 
f2 becomes the natural monomorphism /2 : Gzp Gii^ as subgroups of GL{L*). 

So i) to iii) hold for the triple (T, /i, Bi) corresponding to the triple (T, Hy,Bi) under 
these isomorphisms. The Claim is implied by d) of 4.4.1 3) (applied to {f,L(^p-^,v) and 
z), via Lang's theorem; as we postponed the proof of d) of 4.4.1 3), we present another 
argument for why a triple (T, ^u, Bi) of the mentioned form exists such that i) to iii) hold. 

The fact that in c) of 4.4.1 3) we can take n = 1 or not for the SHS (/, -^v(p), v) and 
for the point 2/, is expressed in terms of a torsor of Gq^ being trivial or not. But the 
resulting torsor of Gq^ (i.e. of Gq^) is trivial, cf. b) of 4.4.1 2). So it corresponds to a 
torsor of the group Z{Gq^) — Z{Gq^). As this last group is included in Tq^ (and so in 
Bq^ and BiQ^), we can consider the twist (Tq^, Bq^, BiqJ of the triple (Tq^, Sq^, Siq^). 
We view Tq^, Bq^ as subgroups of Gq^ and Biq^ as a subgroup of Giq^. Let B (resp. 
-Bi) be the Zariski closure of Bq^ (resp. of Biq^) in Gz^ (resp. in GiZp)- It is a Borel 
(resp. a parabolic) subgroup of Gz^ (resp. of GiZp), cf. Fact of 2.2.3 3). Let T be the 
Zariski closure of Tq^ in Gzp- It is a maximal torus (based on [Va2, 4.3.9] this can be 
read out from the adjoint context). But there is a unique cocharacter /x of T^(fc(^)) with 
the property that i) to iii) hold for (T, /x, 5i) (this can be checked easily in the adjoint 
context). This ends the proof of the Theorem. 

4.11.3. Example. We consider the case when /2 satisfies the conditions: 

a) The connected components of the origin of Z{G) and of Z{Gi) coincide; 

b) G^"^ — Kesp/qG^ , with F a totally real number field and with G^ an absolutely 
simple F-group; 

c) /2 induces an injective map /f'^ : {G^'^, X^'^) ^ [Gf^, Xf^) which is the injective 
map /2Fi : ShiG'^'^.X^^) ^ Sh^^ (G^<^, X^<i) defined in [Va2, 6.6.1] (with Fi a totally 
real number field containing F) (i.e. Gf^ = Res pj^/qGp^ and /l*^ : G^"^ ^ Gf^ is the 
canonical inclusion). 

Then E{Gi,Xi) = E(G,X) and 4.11.2 i) to iii) hold for the triple (T,/x,5i), where 
(T, /i, B) is a triple constructed as in 4.1 for the SHS (/, L(^p^,v) and such that B contains 
T, and where Bi is the unique Borel subgroup of GiZp containing B. We get (cf. also 
4.11.1.1): 
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Fact, ii takes G- ordinary points of Nk{v) in'to Gi- ordinary points of J\fik{vi) '^iT'd 
G-canonical lifts of Af into Gi-canonical lifts of Mi- 

This Fact will be used in §6 and §12 (in connection to 1.15.8). 

4.11.4. A third question. There is an extra natural question related to 4.11.2: 

Q3. Does ii automatically take G-ordinary points into Gi-ordinary points if we know 
only that k{v) = k{vi)? 

4.11.5. Remark. If k{v) — k{vi) ^ Fp the answer to Q3 is (in general) no. 
There are many examples with G a torus which provide a negative answer to Q3. If 
k{v) — k{vi) — ¥p then a triple (T, /x,i?i) such that 4.11.2 i) to iii) hold, automatically 
exists and this motivates the form of 4.6 PI and P2. 

4.11.6. Example. Here we concentrate just on Shimura d-crystals (4.12.12.6 below 
tells that everything below can be realized geometrically). What follows is very much 
related to the part of the proof of 4.3.6 involving the completion property. We assume 
Gj^ is a split torus and is an absolutely simple, non-split group of Ag Lie type (so 

£ > 2); so Gl*^ splits over W{¥p2). Let i? be a Borcl subgroup of Gzp- Let T be a 
maximal torus of it. As Gz splits over W{¥p2), so does B and T. We assume we have 
a SHS (/, L(p), v) such that^G^^ = SU{a, a)^^, for some a G S{1, 1) \ {^}. We 

also assume that the reflex fleld i?(G, X) (it is a quadratic totally imaginary extension of 
Q) has precisely one unramified prime v above p; so k{v) = ¥p2. Let fj, : Gm Tw(j^^) 
be a cocharacter such that the conditions of 4.1 are satisfied (for (/, L(p), v)). 

Let uj e (VF(Fp2)) normalizing T^j-p^^) ^ind taking S^yj-p^^) i^i^o its opposite 
■^VF(F 2) (^^^ 4.1.4.1). Let (Ti := ua; we view it as a ^-linear automorphism of L*^^ 

11^ (F). Let Ti ^ Gzp be an inclusion of reductive groups which over W{¥) becomes the 
inclusion T^yq^^ ^ Gw(j^ and which is defined at the level of Lie algebras by 

Lie(Ti) := Lie(T^(F))'^' Lie(GvK(F))'^' =: Lie(Gz^) 

(the upper right index ai means we take the elements fixed by ai). We get: 

- the Shimura a-crystals {L* W{¥), aiiJw{¥){l),Ti w{¥)) and (L; W{¥), 
^A*(p) ® Ij G\Y(p^) are both Shimura- ordinary, with the degree of definition equal to 2. 

But the Newton polygon of (L* W{¥), aifiw(¥)i^)iTmr(w)) is different from 
the Newton polygon of (L* W{¥),aii{^) (g) l,Gi w(¥))- Argument (cf. 3.9.2 and 
3.1.0 a)): the Lie stable p-ranks of (L* VF(F), cr/i(i) (g) l,Gw{¥)) and of (L* (8)^^ 
W{¥),aiiJ,w{w){^)iGw{¥)) are different, the second one being 0. 

4.11.6.1. Remark. Always ii takes G-ordinary points into toric points, cf. 
4.5.11.2.1. It is quite common, even if k{v) ^ k{vi), that ii takes G-ordinary points 
into CZ-ordinary points; see §6 for examples. 
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4.11.7. Example. We assume that, as in 4.3.1, we have a product decomposition 
^lip ~ ^ieuGu indexed by the same set H as for G. We also assume that the image of 
Lie(Gi) in Lie(G^2p) ^^^^ ^^e direct summand Lie(Gii). As in 4.3.1.1 we define, for i e 
T-f^^, the z-th A-degree cii^(z) of definition of (/i, L(p), vi). We can have k{v^^) = k{vi^), 
without having dA{i) — diA{i), Vi G Ti"'^; easy examples can be obtained with (G^^, X""^) 
a simple, adjoint Shimura pair of type with non-trivial involution and with {Gf^, Xf^) 
a simple, adjoint Shimura pair of type. We have the following general result: 

Fact. // there is i E Ti^'^ such that dA{i) 7^ diA{i), then a G-ordinary point of Hk{v) 
is not mapped by ii into a Gi-ordinary point ofJ\fi^y^y 

This is implied by the cyclic diagonalizability part of b) of 4.4.1 3) and by 4.4.13.3. 

4.11.8. Exercise. We assume that k = k, that ii takes G-ordinary points of 
Mk{v) into Gi-ordinary points of N'ik{vi_)j that neither G nor Gi are tori and that the 
A-degree of definition of a (any) Gi-canonical lift Spec(VF(F)) A/i is 1. Show that: 
if y : Spec(/c) — > A4(v) is a G-ordinary point, then the formal torus (of the moduli 
formal scheme) of G-deformations of (Ay^pAy) is a subtorus of the formal torus of Gi- 
deformation of (Ay^pAy), here we use the language and notations of 4.7.0 and 4.7.14. 
Hint: use 4.11.2, 4.7.17''and 4.7.11 4). 

This is a generalization, in the case of an arbitrary SHS whose ^-degree of definition 
is 1, of the main result of [Nol]. There are variants (cf. 4.7.11 8)) of this exercise for an 
arbitrary A-degree of definition; warning: we do not know yet how useful they are (as 
they are not a priori canonical). 

4.12. Integral and generalized Manin problems and applications. Let e e N 

and let p be a rational prime. Let k be an algebraically closed field of characteristic p. 

The (original) Manin problem asked for the proof of the predicted classification of 
isocrystals over k attached to (principally polarized) abelian varieties over k of dimension 
e. This problem was positively solved by the Honda-Serre-Tate's theory (cf. [Ta, p. 98] 
and [Mu, cor. 1 of p. 234]). For a second, more recent proof, see [Oo2]; see also 4.12.12.4. 

4.12.0. Overview of 4.12. The main goal of this section is to formulate (and 
solve in some cases: sec 4.12.4, the proof of 4.12.12, and 4.12.13 2) and 3); see §11 for the 
general case) diff'erent integral Manin problems for (special fibres of) integral canonical 
models of Shimura varieties of preabelian type w.r.t. primes dividing an odd rational 
prime. For the solution of these integral problems in the cases in which we know the 
completion property, we rely heavily on 3.6.15 A and 4.4.1. 

It turns out that the combination of the proof of 4.12.12 (we have in mind its applica- 
tion 4.12.12.6) with 3.9.7.2 and with a refinement of 4.3.6, implies the strong form of the 
generalized Manin problem for the integral canonical models of 4.9.8 (see 4.12.12.6.4; see 
4.12.12.6.3.4 for the abstract extension to the generalized Shimura context); it is one of 
the main four ingredients needed to solve all these integral Manin problems (see 4.12.12.7 
i) to iv)). 
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Though we first treat the case ^' > 3, as a roundabout we show that (see 4.12.12.1 
and 4.14.3 J below) the same ideas apply for p = 2. 

These integral Manin problems have many applications: below we include relatively 
few of them; see §9-14 for many more. 

From now on, except for a special reference, p > 3. 

4.12.1. The integral Manin problem for Siegel modular varieties. De- 
termine all isomorphism classes of principally quasi-polarized crfc-crystals attached to 
principally polarized abelian varieties over k of dimension e. 

4.12.2. The integral Manin problem for a SHS (/, L(p),?;). Determine all 
isomorphism classes of principally quasi-polarized Shimura crfc-crystals and of Shimura 
Lie (Tfe-crystals over k attached to /c- valued points of A/fe(„). 

4.12.3. The integral Manin problem for a Shimura quadruple {G,X,H,v) 
of preabelian type, with v dividing a rational prime p > 3. Determine all isomor- 
phism classes of Shimura adjoint Lie afc-crystals attached (cf. 4.9.17) to A;-valued points 
of the special fibre N'kiv) of the integral canonical model J\f of the quadruple (G, X, H, v). 

4.12.4. Solution of 4.12.1. Let {GSp(W, i/j) , S) define a Siegel modular variety, 
with dimQ(l^) = 2e. Let L(p-) be a Z(p)-lattice of W such that ip : L^p^ -t'(p) ^(p) is 
a perfect form. We get a SHS (l(GSp(iv,V'),S)7 -^(p)?^)- Let {lOilz G 5'(1, 2e)} be a Z(p)-basis 
of L^p^ such that for i,j e <S'(1, 2e) satisfying j > i, ijj{wi, Wj) is equal to 1 if j — i = e 
and is equal to otherwise. Let Mq := L*^^ ®Z(p) W{k) and let C Mq be the W{k)- 
submodule of Mq generated by Wi, i G S'(l, e). Let be the cTfc-linear endomorphism of 
Mq defined by: ip{wi) = pWi, if z G 5'(1, e), and (p{wi) = Wi, if z G S'(e 4- 1, 2e). We have: 

Answer: The setSe{k) of isomorphism classes of a k- crystals attached to principally 
polarized abelian varieties over k of dimension e is precisely the set of isomorphism classes 
of principally quasi-polarized ak-crystals defined by elements of the set 

{{Mo,g<p,i^)\g e Sp{Mo,i^){W{k))}. 

To argue this answer, we recall the following obvious isogeny property: 

The isogeny property. If {Mq, gif^ij;) , with Mq a W (k) -lattice of Mo[^], is the 
principally quasi-polarized a^-crystal attached to a principally polarized abelian variety 
{A',pa') overk, then there is a principally polarized abelian variety {A^pa) overk, Z[^]- 
isogeneous to {A' ,pA') and of whose associated principally quasi-polarized ak-crystal, un- 
der this Z[^]-isogeny, is identifiable with {Mq, g(p,%lj). 

From [Ta, p. 98] and [Mu, cor. 1 of p. 234] we deduce the existence of an abelian va- 
riety A over k whose attached isocrystal is (Mo[^], gip) and which has a principal polariza- 
tion p^. But for any two principal quasi-polarizations t/ji and 1/^2 of {Mq[^], g(p), the triples 
(Mo[^], (7V, V'l) ciiid (Mo[^], (7V?, V'2) are isomorphic. Argument: using Dieudonne's classi- 
fication of isocrystals and duals, the situation gets reduced to the case when {Mq[^], gip) 
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is of pure slope |; in such a case, using the standard argument which shows that any two 
non-degenerate alternating forms on an even dimensional -B(/c)-vector space are isomor- 
phic, we can write (Mo[|] , g(p^ as a direct sum of principally quasi-polarized isocrystals 

of rank 2 (for them the statement is trivial). So we can assume is defined by pA- So 
the above answer follows from the mentioned isogeny property. 

If we assume 3.6.15 A, then the answers to 4.12.2-3 are provided by 4.4.1 as follows. 

4.12.5. Solution of 4.12.2 in the case M has the completion property. Let 

Mo := M ®w{k{v)) Fq := ^w{k{v)) W{k) and let cpo (p <Si I he the Frobenius 

endomorphism of Mq, where M, F^ and ip have the same significance as in 4.1. Using 
4.1.6, we have: 

Answer*: The set S(^f^L^^^^y-j{k) of isomorphism classes of principally quasi-polarized 
Shimura ak-crystals attached to k-valued points of N is precisely the set of isomorphism 
classes of principally quasi-polarized Shimura Uk-crystals defined by elements of the set 

{(Mo 

Answer: The set Lie(iS(j ^^^^^ „))(fc) of isomorphism classes of Shimura Lie ak- 
crystals attached to k-valued points of J\f is precisely the set defined by elements of the 
set {{Ue{Gwik)),9<Po)\9 e G%^^^{W{k))}. 

The proofs of these two answers are a direct consequence of 3.6.15 A and of d) of 
4.4.1 3) (resp. and of c) of 4.4.1 2)) for the first answer (resp. for the second one), 
cf. also 4.4.12. As we postponed the proof of d) of 4.4.1 3), we invite the reader to 
formulate a version of the first answer, inspired from 3.6.15 A, for /c- valued points of a 
fixed connected component C of A4 (in fact 4.2.8.1 takes care of all connected components 
of A4 at once); we can also use 4.4.7 and 2.3.13.1: we get the above starred answer (for 
C) but with (M, F^, G^r(^k{v))^ {'^oi)ceeJ') replaced by another Shimura-canonical lift of 
a Shimura-ordinary cTfc-crystal with an emphasized family of tensors indexed by J'' (so 
we do not know a priori that it is 1 j-/ -isomorphic to (M, F^, Gp7(A;(t,)), {va:)aeJ'))- 

4.12.6. Solution of 4.12.3 in the case the integral canonical model J\f^'^ 
of the adjoint quadruple of {G, X, H, v) has the completion property. We refer 
to 4.9.17.4 for terminology. Let Gz(p) be the reductive group over Z(-p) whose generic 
fibre is G and whose group of Z(p)-valued points is H, cf. [Ti2, 3.4.1] and [Va2, 3.1.3]. 
Let v^^ be the prime of E{G^'^,X^'^) divided by v. Let /i^^ : Gm ^ G^^^^^^d)) be a 
cocharacter which under an 0(^,ad-)-monomorphism W {k{v^'^)) ^ C, is G'^'^(C)-conjugate 
to the cocharacters fix : Gm ^ G^, with x e X^'^, defined in [Va2, 2.2]. We have: 

Answer: The set S(^G,x,H,v){k) of isomorphism classes of Shimura adjoint Lie Ufe- 
crystals attached to k-valued points of M is precisely the set of isomorphism classes of 
Shimura adjoint Lie ak-crystals defined by elements of the set 

{(Lic(G^(,)), <7(a/|-^(-) ®l)\ge G^(fe)(M^(fc))}. 
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To argue this, we consider a SHS (/i, Li(p), t^i) such that {G'f-, X^'^, H'^'^,vl) = 
(^Q^d^ j^ad^ ^ad^ ^ad^^ ^£ [Y^2, 6.4.2] and 2.3.6 (for p = 3 cf . §6). The connected compo- 
nents of are permuted by G*'*(A^), cf. [Va2, 3.3.2]. So the answer foUows from 
4.9.17.4 and b) of 4.4.1 2), once we remark that each connected component of N'wiw) is 
naturaUy a pro-etale cover of a connected component of jV^^jp^ (cf. [Va2, 6.4.5.1]). 

4.12.6.1. Fact. J\f^'^ has the completion property, provided 3.6.15 A is true for 
a standard Hodge situation, involving a Shimura quadruple having the same adjoint as 
{G,X,H,v). 

Proof: We first assume G^*^ is a Q-simple, adjoint group. Let o{G^'^) be the order 
of the center of the simply connected group cover of G^. The proof of the Fact in the 
case when p J(o{G^'^) is a direct consequence of 4.9.17 and of b) of 4.4.1 2): if p J(o{G^'^) 
then the natural homomorphism G^^^f^-^{W (k)) Gw(k)(^(^)) surjective. 

As we assumed p > 3, p divides o(G^'^) only in the case when (G^*^, X^'^) is of 
Ai Lie type, with p dividing I + 1. But in such a case there is an injective map 
/ : (Gi,Xi) ^ (GSp(W^,V),-5), with {Gf,Xf) = {G^'^,X^'^) and with Gf"' a simply 
connected, semisimple group, such that we have a standard PEL situation (/, L(p), t^i, B), 
with vi dividing v^"^ and with the homomorphism Gip^(fc)(VF(/c)) G^vK(fc) (^(^)) 
jective, cf. 2.3.5.1. The surjectivity part results from the fact that for any simple factor 
of G^j-^-j there is a general linear group over W{k) which is included in Guy^j^^ and 
which has the given factor as its adjoint group, cf. 2.3.5.1 and [Ko2, (A) of p. 395]. The 
completion property in the context of A/i is stated (see 3.6.15 A) in terms of elements of 
^iVK(/c)(^(^))' from the proof of 2.3.16 we deduce that provided we ignore the prin- 
cipal quasi-polarizations, it can be stated as well in terms of elements of Gm/^k){W{k)). 
So, again directly from def. 4.9.17 we get the validity of the above statement in this 
case, provided jVi has the completion property. This proves the weaker form of the Fact 
obtained by replacing "for a standard Hodge situation" by "for a certain standard Hodge 
situation" (it is [Va2, 6.5.1] and 2.3.5.2 which allow us to eliminate the assumption that 
G""^ is Q-simple). 

We now prove the Fact in its general form, without making any distinction on how 
p is and without assuming G'^'^ is Q-simple. Let T be the image of T of 4.1 in G^ . We 
have (cf. (DER) of 2.2.6 1); see 4.2.7 for the def. of mqu) 

G-^^^^iWik)) = m^^^^,^iGw(w)iWikmfiWik)). 

From this and the adjoint variant 3.11.7 of 3.11.1 c) (see also 3.5.5) we get (the notations 
are as of 4.12.6): 

Subfact. Any Shimura adjoint Lie ak-crystal (Lie{G'^^j^-^), g{an^'^{^) 1)), with 
g E G^(^j^-^{W{k)), is inner isomorphic to {Lie{G^^j^^), g^{aiJ,''^'^{^) ® 1)) for some g^ G 

From this Subfact the Fact follows. 
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4.12.7. The Manin problem for a SHS {f,L(^p^,v). Classify all principally 
quasi-polarized Shimura isocrystals (resp. all Shimura adjoint Lie isocrystals) over k 
defined by principally quasi-polarized Shimura cr/j-crystals (resp. by Shimura adjoint Lie 
CTfc-crystals) attached to fc-valued points of jV. 

4.12.8. The Manin problem for a Shimura quadruple {G.X^H^v) of pre- 
abelian type, with v dividing a rational prime p > 3. Classify all adjoint Lie 
isocrystals over k defined by Shimura adjoint Lie dfe-crystals attached to /c-valued points 
of the integral canonical model of (G, X, H, v). 

4.12.9. Remarks. 1) To our knowledge the result (answer) of 4.12.4 has not been 
stated as such for Siegel modular varieties of dimension greater than 3. It says: 

Fact. Any principally quasi-polarized ak- crystal (i.e. any principally quasi-polarized 
p-divisible group) over k, is associated to a principally polarized abelian variety over k, 
and any principally quasi-polarized filtered a^-crystal (i.e. any principally quasi-polarized 
p-divisible group over W{k) ), is associated to a principally polarized abelian scheme over 
W{k). 

2) 4.12.5-6 form implicitly a solution of the problems 4.12.7-8, provided we assume 
the completion property. But it is very much desirable, to have a more concrete (and 
finite) answer to 4.12.7-8, similar to the answer of the (original) Manin problem in terms 
of formal isogeny types. From numerical point of view, we will deal with this in §10 (see 
4.12.10 below for a sample); from the point of view of toric points, solutions of 4.12.7-8 
can be obtained starting from 4.12.12.6.4 below. 

4.12.10. Example. Let n > m be natural numbers and let I := m -\- n. Let 

{f,L^p),v) be a SHS such that G^^"" = SU{n,m)R, Gfj = SL{N), with N a free Zp- 
module of rank and Af has the completion property. Then the set of isomorphism 
classes of Shimura adjoint Lie isocrystals over k defined by Shimura adjoint Lie Ufe-crystals 
attached to A;-valued points of jV, is the set obtained by taking sl{*) of isomorphism 
classes (*) of isocrystals (T, (px) over k having only slopes which are rational numbers of 
the interval [0, 1], whose total sum (involving multiplicities) is m, and with I a free B{k)- 
vector space of dimension I. This is a consequence of 4.12.6 and of Subfact of 4.12.6.1 
(cf also 4.9.17). 

For more examples see §10 and [Va4]. 

4.12.11. Problems. 1) Let {G,X,H,v) be a Shimura quadruple of preabelian 
type, with v dividing a rational prime p > 3. Let ki{v) be a finite field extension of k{v) 
and let Hq be a compact, open subgroup of G(A^) as in 4.9.20. Let cxi be the Frobenius 
automorphism of W{ki{v)). Determine all Shimura adjoint Lie cri -crystals over ki{v) 
attached (see 4.9.20) to /ci(t')-valued points of JV/Hq, where Af is the integral canonical 
model of the quadruple (G, X, H, v). In particular, determine conditions on Hq and ki{y), 
which assures J\f / Ho{ki{v)) is not empty. 

2) For a fixed subgroup Hq of G(A^) as in 1), determine the smallest algebraic field 
extension ki{v) of k{v) with the property that any isomorphism class of Shimura adjoint 
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Lie a-crystals (resp. isocrystals) over F attached to F-valued points of A/", is defined (by 
extension to F and by inverting p) by a Shimura adjoint Lie cri-crystal (resp. isocrystal) 
attached to a A;i (v)- valued point of M /Hq. 

3) The same problems 1) and 2) but for a SHS (/, L(p), v) (in this case the reference 
to 4.9.20 can be substituted by 2.3.10). 

4.12.11.1. Remark. If there is a SHS (/, L^p), v), with H = G{L(^p^ ^p)' 
if either all Hodge cycles of A are as well Hodge cycles of Aho or ki{v) is big enough 
and we have restrictions on the Lie types of the simple factors of G^'^ similar in nature to 
the ones of 2.3.9, then in §14 we will see that the answer to problem 4.12.11 1) is of the 
same form as the one given in 4.12.6 but with k replaced by ki{v) and with g running 
through a subset Q(ki{v),M / Hq) of G'^^^,^^^^.{W{ki{v))). Also in §14 we wiU deal with 
the problem of determining this subset and or what can be said when no assumption on 
Hq is made. 

4.12.12. Theorem. Any p-divisible group D over k has a uni plus versal deforma- 
tion (to a p-divisible group) over a smooth, affine W{k)-scheme A4d- 

Proof: Let (M, ip) be the cjfc-crystal defined by D and let (M, F^, ip) be the filtered 
CTfc-crystal associated to an arbitrary lift of D to a p-divisible group over W{k). If 
is not a proper summand of M we can take Aio = Spcc{W{k)). So we can assume 
we have a Shimura filtered afc-crystal {M,F^ ,ip,GL{M)). Let a := dim^y(fc)(F^) and 
b := dim|y(fe)(M/F^). We have ab ^ 0. We can assume <f — g<fo, with g G SL{M){W{k)) 
and with ipo a Probenius endomorphism of M such that (M, F^, <y?o, GL{M)) is a GL{M)- 
canonical lift. So is left invariant by (po and the slopes of the isocrystal defined by 
{M,ipo) are and 1 with multiplicities b and respectively a. If ab — 1, then D is the 
p-divisible group of an elliptic curve and so the Theorem is well known. We assume now 
that ab>2. 

We consider a SHS {f,L(^p),v) such that: 

a) is SU{a,b)^; 

b) G splits over Q^; so k(v) = ¥p and Gfj = ,5L(Z^+^); 

c) there is a torus T of G of dimension or 1 depending on the fact that a is or is 

not equal to be 6, such that is compact and the monomorphisms Resc/jj'G^rri ^ Gr 
defining elements of X factor through Gim, where Gi is the subgroup of G generated by 
G'^^'^ , by T and by the 1 dimensional split torus of scalar automorphisms of W; 

d) E{G, X) is Q or a totally imaginary quadratic extension of Q depending on the 
fact that a is or is not equal to b; 

e) there is m e N such that the representation Gz^ — GL{L*^^^ ^p) ^ 
direct sum of 2m irreducible representations pi, P2,---, P2m such that the restriction of 

Pi to G^'^'' is the representation associated to the minimal weight (vi (resp. Oa+b-i) if 
i E S{lj m) (resp. if z G 5'(m+l, 2m)): here we use the standard notations for weights (see 
[Bou2, planche I]); in other words, we have a direct sum decomposition as Gz^-modules 
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^(p) = ©f^ii^', with U = Z^+^ such that A e Gi'JiZp) = SL{Z^+''){Zp) acts 

as A on L^,---, L'^ and as the inverse of the transpose of A on L"^"*"^,..., L^"^; 

e') moreover, pi is the dual of Pi+m w.r.t. ';/', i.e., for i, j G 5(1, 2m), with |j — i| ^ m, 
is perpendicular on U w.r.t. 

f ) (G, X) is of compact type. 

Argument. The existence of such a SHS is just a particular case of 2.3.5.1: in 
fact we get a standard PEL situation (/, L^p), w, with B as the Z(p)-subalgebra of 
End(L(p)) formed by endomorphisms fixed by Gz^^y We just have to remark a couple 
of things. To explain them, we start with an arbitrary adjoint Shimura pair {Gq, Xq) of 
compact type such that Gq splits over Qp and Gqm is SU (a, b)^. It can be constructed 
as follows. Let / be a prime different from p and let Ki be a totally imaginary quadratic 
extension of Q splitting at p and /. Let {G^,X^) be a Shimura pair constructed as in 
[Go] starting from a non-degenerate hermitian form on a Ki-vector space V of dimension 
a + b which has signature (a, b) over M (i.e. when extended to F (g)QR). Gi splits over Qp 
and over Qi. We twist G^^^ by an inner form, corresponding to a central division algebra 
over Q of dimension (a + 6)^ which splits at p and at oo and which is ramified at /: we 
get Go- Go splits over Qp, has rank over Q; (for instance, cf. [Bo2, 23.1]), and so over 
Q; moreover, as Gqk = G^, we get a Shimura pair (Gq, -^o); with Xq := X^^^. 

The reflex field E{Go, Xq) is Q if a = 6 and a totally imaginary quadratic extension 
Kq of Q splitting above p ii a ^ h (cf. [De2, 2.3.6] and the fact that Gq is absolutely 
simple). We apply 2.3.5.1 to (Go,Xo): we get a standard PEL situation (/, L(p), t;, i3), 
with / : (G, X) ^ {GSp{W,tlj), S) an injective map for which we have {G^'^^X^'^) ~ 
{Gq^Xq). This takes care of a) and f) (cf. [BHC] for the f) part). As 2.3.5.1 is just a 
restatement of [Va2, 6.5.1.1 and Case 2 of 6.6.5.1] (which refers to the case p = 3 as well), 
we just need to point that we can arrange the things so that b), c), d), e) and e') hold as 
well. In loc. cit. we considered a totally imaginary quadratic extension of Q: we take it 
to split above p and in case a 6 (in order to get c)) we need it to be Kq. 

We first treat the case a = b. In this case c) and d) follow from [De2, 2.3.13]: 
the centralizer Gi in GSp{L(^p),il)) of the Zariski closure GiZ(p) of Gi in GL{L(^p^) is a 

reductive group over Z(p) which splits over Zp (we need to choose '0 in [Va2, 6.5.1.1 v)] 
in the similar way to the one mentioned in [Va2, Case 2 of 6.6.5.1], so that e') and c) 
hold mod p); so we take G to be generated by Gi and (cf. [Har, 5.5.3]) by the generic 
fibre of a maximal torus of Gi which splits over Zp (as in the proof of Lemma 2 of 4.6.4 
we argue that Gz is reductive). So Gz is split and so b) follows. As G^ is split, e) and 
e') follow directly from their mod p versions. 

From now on, till the end of the argument, we assume a ^ b. d) is a consequence 
of [Va2, 6.5.1.1 c)]: the Q-algebra Kg of the proof of [De2, 2.3.10] and used in [Va2, 
6.5.1.1 and Case 2 of 6.6.5.1] is Kq itself; so, cf. [Del, 2.3.9], E{G^^,X^^) = Kq and 
so E{G,X) — Kq. c) follows from [Va2, 6.5.1.1 iv)]: we take T to be the subtorus of 
dimension 1 of the torus defined by invertible elements of Kg (S)q Kq which over M is 
compact and c) holds (the fact that we can take T to be of dimension 1 and not 2 is 
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implied by our choice Kg — Kq); obviously Gi splits over Qp. To get b) and e), we just 
have to take G to be defined as above, via Ci. This ends the argument of the existence 
of a SHS subject to the requirements a) to f). 

The completion property. We assume Hq is small enough so that all Hodge cycles 
of A are Hodge cycles of Ahq as well. So B ®Z(p) acts on the p-divisible group of the 

extension of Ah„ to Mwi^k) / Hq. We deduce (cf. e)) that this p-divisible group is a direct 
sum of 2m p-divisible groups T>i,..., ©2™, of rank a + 6: Vi "corresponds" to U. Each 
one of them is a uni plus versal deformation in each /c- valued point of Mwik)/ Hq and has 
dimension a or 6; moreover, Vz e 5'(l,m), is Pi+rn (cf. e')). We can assume V\ has 
dimension a in each A;- valued point of Hw{k)/ Hq. 

Let /i be the restriction of / to Gi. The triple (/i,L(p),v) is as well a SHS (the 
argument is the same as the one of b) of Fact 1 of 2.3.5.2). Let Mi be the integral 
canonical model associated to it. 

We start checking that M has the completion property. Mi is naturally an open 
closed subscheme of M (cf. [Va2, 3.2.15]). From this, [Va2, 3.3.2], and the fact (see 
2.3.3.1) that M /Hq is a projective 0(„)-scheme we get: it is enough to check that Mi has 
the completion property. So based on e) and e') we can treat the situation as if m = 1: 
the representation of GiZp on L^,..., L"^ are isomorphic, cf. above constructions (this can 
be checked over C and so we just have to trace Kg and Kq in the proof of [De2, 2.3.10]). 
Accordingly, in what follows, not to complicate the notations we keep in mind that we 
can treat situation as if m = 1 but we still deal with the checking that M itself has the 
completion property. We follow the ideas of 4.12.4. First, the analogous isogeny property 
can be easily checked in this context. With the notations of 4.12.4, we obviously have: 

The isogeny property for (/, L(p), ,B). We assume we have a triple {A' .,pA' iB) 
which is obtained from {A.VjC) and its natural family of Z(^pyendomorphisms (still de- 
noted by B) by pull back via a k-valued point y' of M. If any invertible element of B, 
when viewed naturally (via de Rham components) as an automorphism of Mq, is also an 
automorphism of Mq, then all these elements (assumed to be de Rham components of 
Zf^py automorphisms of A) are de Rham components of "Lfj^y automorphisms of A. 

We consider a lift {A-^i^i^^^pA^^^yB) to W{k) of the triple {A.,pAiB) we get (its 
existence is argued using Grothendieck-Messing's theory of [Me, ch. 4-5] and stan- 
dard arguments on representations of products of matrix VF(A;)-algebras; see also [Va2, 
4.3.11], AE.l and e) of Exercise of 2.3.18 B3). For s G N, with (s,p) = 1, we endow 
(AviA(fc-),]3yivK(fc)) with the Icvcl-s symplectic similitude structure obtained naturally from 
the one (see 2.3.2) of (A',p^/) via the mentioned Z[i]-isogeny. The fact that the triple 

(^VF(fc))PAvi/(fc) ) ^) together with the mentioned level-s symplectic similitude structures is 
obtained from {A,Va,B) and its natural level-s symplectic similitude structures by pull 
back through a W{k)-valued point of jV, is a consequence of the following four things: 

- the Hasse principle holds for G even if o -|- 6 is even, see the first two paragraphs of 
[Ko2, ch. 7] (referring to the notations of loc. cit., in our case Fq = Q and so D = F^; 
our Kq is nothing else but F of loc. cit.); 
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- the triples {H^j.y^{A' /W{k)),pA' , B) and {H^^yg{A/W{k)),pA, B) are isomorphic 
(this is just the simplest case of the equivalent for p of b) of 2.3.18 B3); so (cf. also 
4.6.8 and Lang's theorem) the triples (see 2.3.1 and 4.1 for the first one) {L'pi(;,B) and 
{Hl^{A-^^,Zp),pAy^r(^^,yB) are isomorphic: this takes care of the Qp-context; 

- [Ko2, 4.3] takes care of the R-context; 

- the choice of the level-s symplectic similitude structures takes care of the Q^- 
context, for any prime I different from p. 

Conclusion: the triple {A,pA, B) is as well obtained from {A, Va, B) by pull back via 
a A;- valued point y of A/". 

Dieudonne's classification of isocrystals over k implies that any isocrystal over k of 
a p-divisible group E is isomorphic to the isocrystal of a cyclic diagonalizable filtered 
CTfc-crystal over k whose F^-filtration has the same rank as the dimension of E. So, from 
this and from the above isogcny property, as we can treat the situation as if m = 1, 
we get: to show that A/" has the completion property, we just need to check that for 
any cyclic diagonalizable Shimura cTfc-crystal Cat = {N,F]^,(^n,GL{N)), with a free 
VF(A;)-module of rank a + b and with a direct summand of it of rank a, there is a k- 
valued yN point oiNw{k)/Ho such that the Shimura crfc-crystal of y*j^(Vi) (see 2.2.9 9)), 
is isomorphic to (A^, (/^^v, GL{N)). It is 2.3.17, which allows us to pass on to a Shimura 
filtered context: there is a VF(/c) -valued point zn of JV lifting i/tv and such that the 
Shimura filtered cjfc-crystal of z'^{Vi) is isomorphic to (A^, F^, (pN, GL{N)). 

Let T/v be a maximal torus of GL(N) such that (A^, F^, ip^, T/v) is a Shimura ak- 
crystal (cf. 2.2.16). We consider the Galois representation associated to it; it can be 
viewed as a homomorphism 

pjv : Ffc ^ TAr(Zp), 

where Tn is a suitable maximal torus of the image GL^ of Gzj, in the GL-group GL^ 
of the first Zp+^'-summand of L^^^ ®Z(p) ^p- Tnw{w) is naturally equipped with a 

cocharacter yLijv: identifying Tjv with TjvvK(fe) (cf- 2.2.16.2.1), it is the cocharacter defining 
the canonical split of {N, F^, (pN^T^); it acts trivially on a VF(/e)-submodule of 
W{k) of rank h. Let (cf. [Har, 5.5.3]) Tq be a maximal Z(p)-torus of Giz^^^ such that: 

g) over R it is the extension of a compact torus by a 1 dimensional split torus; 

h) its extension to Zp has an image Ti in GL^ which is GL-'^(Zp)-conjugate to TV. 

Let g e GL^{l^p) be such that gTNg~^ = Ti. We consider a cocharacter 

//(To) : Gm Toe 

such that: 

i) viewed as a cocharacter of Gc it is G(C)-conjugate to cocharacters /ixi x E X; 

j) viewing Tic as a quotient of Tqc, its natural cocharacter defined by /i(To) is 
obtained from the cocharacter giJ,Ng~^ of Ti^(f) by extension of scalars (under an 
monomorphism 14^ (F) ^ C). 
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/x(To) is uniquely determined: if a — b then Ti = Toz^; if a ^ 6 then this is a 
consequence of the structure of GiZp (it is naturally isomorphic to GL^ x G^). 

As To is the extension of a 1 dimensional split torus by a torus which is compact 
over R, from i) we deduce that the image of //(Tq) is defined over R. We consider the 
subgroup of Tor generated by this image and by the split subtorus of Tqr. It is nothing 
else but Resc/RGm, cf. i). So we get naturally a monomorphism 

ho : BBSc/mGm ^ Tor. 

From [De2, 1.2.8] (see also the general result of [Ko2, 4.3]) we get: the G(R)-conjugacy 
class of ho (viewed as a cocharacter of Gr) is X itself; in fact the map 

(G'i,Xi) ^ {G'"^,X'"^) = {Gf,Xf) 

is a cover (cf. its construction; the kernel of Gi — > Gf^ is Res^o/QCm) and so Xi = X = 
X^^ (see [Mil, 4.11]). We deduce the existence of a special quadruple (see [Va2, 3.2.10]) 

(Tqq, {ho}, To{Zp),Vp) ^ (G, X, H, v), 

with Vp a prime of E{Tq, {ho}) dividing v, which has the property that the cocharacter 
of TovK(fe(L.p)) we naturally get (as in 4.1) is modeled on iin (i.e. its extension to C via 
an inclusion W{k{vp)) C C extending the natural inclusion Of^^p) C C, is //(Tq) itself). 
Now we can easily check (cf. 4.1.1 and 4.2.3.1) that any A;-valued point of N'w{k)/Ho 
factoring through the integral canonical model of this special quadruple, can be chosen 
as the desired fc-valued point y^. We conclude: H (and so -as we can treat the situation 
as if n = 1- also Ni) has the completion property. 

So there is y G Afw{k)/Ho such that y*{Vi) is isomorphic to D (cf. 4.12.5); as 
k{v) — ¥p, to get 4.12.5 for our SHS's {f,L(^p^,v) and (/i,L(p),f) we can refer to 4.6.5 
instead of d) of 4.4.1 3. This ends the proof. 

4.12.12.0. Variants and comments. If we do not require 4.12.12 f) to hold, we 
can take m = 1, i.e. we can work out the things in the context of (G^, X^) itself, without 
performing any inner twist. 

What was important in 4.12.12? Answer: that over Zp we get a "right" direct sum 
decomposition of L*^^ '^Z(p) i^to irreducible -representations so that we can "single 
out" a p-divisible group Vi as above which is "related to" D. In fact we do not need 
a direct sum decomposition: we just need an adequate irreducible subrepresentation; 
however, if we do have such a "right" direct sum decomposition of L^^^ then it 

is much easier to check that an isogeny property (analogue to the of 4.12.4) holds. So 
4.12.12 e) can be replaced by more general versions, inspired from [Va2, 6.5-6]. 

In future we will use the above paragraph to show that 4.12.12 remains true (under 
proper formulation) for any generalized Shimura p-divisible object (Mo,(/?o,Go) over k: 
for the case when Go together with its filtration class is related to Shimura varieties of 
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preabelian type see §7; for the case when the situation is related to Shimura varieties of 
special type see [Va6] (cf. also 3.15.6). Moreover it seems to us that the condition k = k 
is not (really) needed: in other words, (at least) in many situations it is enough to work 
with a perfect field (as the combination of Theorem 2 of 3.15.1, 3.15.3 1) and 4.12.12 
suggests). 

4.12.12.1. The case p = 2. The natural question arises: what about the case 
p = 21 Defining the completion property for p = 2 as in 3.6.16 1) and 4.9.17.4, we have: 

Answer: 4- 1^-4 remains true for p = 2. Also, 4- IS. 5 remains true for the case of a 
p = 2 SHS (/, L(2),f) whose integral canonical model N has the completion property. 

Moreover, the general case of the proof of the Fact of 4.12.6.1 involving a Subfact, 
holds as well for p = 2. The same proofs (for p > 3) apply to get these results for p = 2. 
We also have: 

4.12.12.2. Corollary. The result of 4-12.12 remains true for p = 2: any 2- 

divisible group over an algebraically closed field k of characteristic 2 has a uni plus versal 
deformation (to a 2-divisible group) over a smooth, affine W{k)-scheme. 

Proof: This is a consequence of 4.12.12 and 2.3.18. We just need to remark that 
we can still define pN so that it can be used in the same manner, cf. the part of 2.3.18.2 
referring to "isolating aside" the slopes and 1 (in 4.14 A below it is pointed out that 
we can still appeal to 4.1.1 and 4.2.3.1 for p = 2). 

Similarly, the variant of 4.12.12 mentioned in 4.12.12.0 and involving m = 1, holds 
as well for p = 2. The surjectivity part of the Claim of 2.4.1 implies (cf. also 2.3.18.1 D) 
that 4.12.9 1) holds for p = 2 (even for principally quasi-polarized filtered afc-crystals). 

4.12.12.3. Tate deformation Hopf algebras and Shimura p-divisible groups. 

Let /c be a perfect field of characteristic p > 2. Let (M, F^, i^, G, {ia)aej) be the not nec- 
essary quasi-split Shimura filtered cr^-crystal associated to a Shimura p-divisible group D 
over W(k). Let d := dd{{M, (p,G)). Let R be the p-adic completion of the henselization 
R{h) of the localization of W{k)[x\., w.r.t. its prime ideal (a;i, a;j). There is (cf. 
Theorem 2 of 3.15.1) a uni plus versal Shimura p-divisible group Ddef(-D) over Spec(-R), 
which in a VF(fc)-valued point z of Spec(i?) is D. Warning: D^q^^D) is not uniquely 
determined; here uniqueness is up to automorphisms of Ddef(-D) and of R. 

We refer to Ddef (-D) as a Tate deformation Shimura p-divisible group of D. Writing 
Ddei\p^] — Spec(-R^(-D)), we refer to Rn{D) as a level-n Tate deformation Hopf algebra 
of D. We think it is an interesting (and extremely important) problem to study (classify) 
these finite, flat, Hopf ^-algebras. 

We have a similar problem (much harder) to understand (classify) the similarly 
defined Hopf i?(/i)-algebras (for this problem we assume that at least one such Ddef (-D) 
is definable over R{h) itself). 

4.12.12.4. Exercise. Use the proof of 4.12.12 to get a proof of the original Manin 
problem. Hint: using products of principally polarized abelian varieties, the problem gets 
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reduced to the case when we are deahng with a Newton polygon NP having only the 
slopes a and 1 — a, with a e (0, ^); writing a = with (a, b) = 1, a,b & N, b > a, we 
can assume the multiplicities of a and 1 — a for NP are both a + b and so we can use 
the SHS's mentioned in the proof of 4.12.12 (or in 4.12.12.0). 

It is worth pointing out that this proof does not appeal to [Mu, cor. 1 of p. 234]. 

4.12.12.5. Corollary. Let ki be an algebraically closed field of arbitrary positive 
characteristic p. Let Ri be a complete, noetherian, local W{ki)-algebra having ki as its 
residue field. Let Di be a p- divisible group over Spec(-Ri). Then Di is a direct summand 
of the p-divisible group of a principally polarized abelian scheme over Spec(i?i) 
of dimension not greater than the rank of Di . 

Proof: If Di is etale or of multiplicative type, then we can take to be the 

pull back (via the morphism Spec(i?i) — > Spec(Zp)) of the canonical lift of an ordinary 
abelian variety over ¥p which has a principal polarization and is of dimension equal to the 
rank of Di. The other cases are a consequence of the part of 4.12.12.0 and of 4.12.12.2 
referring to m = 1; so based on Serre-Tate's deformation theory we can take {Ai,pAi) 
such that: 

a) its principally quasi-polarized p-divisible group is isomorphic to the direct sum of 
Di and of its dual, together with its natural principal polarization; 

b) the projector which achieves the direct sum decomposition of a) is a Zp-linear 
combination of endomorphisms of Ai which preserve this decomposition. 

4.12.12.6. The existence of toric points. The proof of 4.12.12 can be adapted 

to show the existence of "as many types of toric points as expected". Let {f,L(^p^,v) be 
a SHS. Let iv and be as in 4.1.5. Let {Gi, Xi, Hi,vi) be a Shimura quadruple having 
the same adjoint as {G, X, H, v). We have: 

Corollary. Any connected component Ci of the extension to W{¥) of the integral 
canonical model Mi of {Gi, Xi, Hi, vi) has ¥-valued points whose attached Shimura ad- 
joint Lie a-crystals are isomorphic to the Shimura adjoint Lie a-crystal attached to (t^j- 

Proof: As the connected components of A/ivk(f) are permuted transitively by Gi (A^) 
(see [Va2, 3.3.2]), based on 4.9.2.1 and the proof of 4.9.8, we can assume Gi is an adjoint 
group. We can assume {f,L(^p),v) is such that / is a good embedding w.r.t. p, cf. 2.3.6 
(see [Va2, 6.4.2] for p > 5 and §6 for its p = 3 analogue). Starting from the pair (T"^, fj,^) 
of 4.1.5.4, we construct as in the proof of 4.12.12, a Shimura quadruple 

with Tq a maximal torus of G which is a Q-form of the generic fibre of and whose 
Zariski closure in G^^p^ is a torus, and with Tq (Zp) as the hyperspecial subgroup of 
(Qp). Let XP""^ be the G'(M)-conjugacy class of /iP""^ We get a Shimura pair 
(G^XP^^^). The resulting injective map (cf. [Del, 1.6]) 

{G,xr'')-^{GSp{W,i;),S) 



537 



is denoted by Denoting by v^°^^ the prime of E{G, X^""""") divided by we 

get another triple 

(/r^^(p),^r^); 

2.3.6 and our assumption on / imply that it is still a SHS. Let A/J"^^ be its integral 
canonical model. 

j^poss jjiight not be X itself; however, from [De2, 1.2.7-8], as and n are 
G'z(p)(W^(F))-conjugate, we get that (G^^^, X?"*^"^^) = (G'^^,^^'^). So the Corollary fol- 
lows, once we show that any VF(F) -valued point zq of A^p"^^ factoring through the integral 
canonical model of (T^, /iP°"", T'^(Zp), -^^(0))?°"") (see [Va2, 3.2.8]), has attached to it a 
Shimura adjoint Lie ^-crystal isomorphic to the Shimura adjoint Lie o'-crystal attached 
to 

As this is a statement which can be reformulated purely in the etale Zp-context, in 
order to benefit from previous notations, we argue it by working in the context of the 
SHS (/, L(p),t;) itself. So we use the notations of 4.2.1-4, with zq factoring through the 
integral canonical model T of a special quadruple (T, {h}, Ht, vt) ^ {G, X, H, v) having 
the property that the Zariski closure of T in Gz^^^ is a maximal torus. So Vq := 1^(F). 
Denoting by f\T the restriction of / to (T, {h}), the triple (/|T, L(p), f^) is a SHS (cf. 
2.3.6 and [Va2, 4.3.13]). We apply 4.1.1 and 4.2.3-4 to it. Let {vc,)j^, with Jt a set 
containing J'' , be the set of tensors of T{W*) formed by adding the elements of Lie(T) 
to J'. Working in the etale context we construct abstractly (as in 4.1.1) starting from 
(/|T, L(p), Vt), a Shimura filtered ^-crystal 

(Mt '^W{k{vT)) ^0, -Pt '^W{k{vT)) ^0, ^PT, 7Vo5 (^^a)aeJT)- 

Working in the crystalline cohomology context, we consider (as in 4.2.3-4) the Shimura 
filtered a-crystal {Mq, Fq,(Po,Tvo, {ta)a€jT) attached to the Vb-valued point (defined 
by) Zq of T. Using the fact that two maximal tori of are G^(Vo) -conjugate and 
that A^Ti(-^o) = -^Ti (Vo)Ti(Ko), with Ti as the image of Ty^ in G^ and with A^^i as 
its normalizer in G^^, we deduce that we can assume that, in the present situation of 
(/, v) and zo, go of 4.2.4 is a -f^o-valued point of Ti. So the Shimura adjoint filtered 
Lie CT-crystal (Lie(G'^), v?o) defined by the natural inclusion of Gvo in GL{Mq) is inner 
isomorphic to the Shimura adjoint filtered Lie ^-crystal {\Ae{G^^), g(fT) defined by the 
natural inclusion of Gv^^ in GL{Mt ®w{k{vT)) ^o), with g G Ti(Vo). Using Zp-structurcs 
(as in 2.2.9 8) and as in the proof of b) of 4.4.1 2)), we can assume g is the identity 
element of Ti(Vo) (variant: the proof of 3.11.1 c) can be entirely adapted to get that 
(Lic(G^), (/?t) and (Lic{Gy^), gipr) are isomorphic under an isomorphism defined by an 
element of Ti(Vo)). This ends the proof. 

4.12.12.6.0. Remarks. 1) If any homomorphism hg : Rcsc/rGto — > GSp{W ®q 
M.ji/j) defined by an element of S (we recall that / : {G,X) ^ {GSp{W,^|J), S)) and 
factoring through Gr, is defined by an element of X, then X^°^^ = X, Va; G Wq- 

[Ko2, 4.3] points out: this is always the case if / is a PEL type embedding, with all 
simple factors of G^'^ of some An or Cn Lie type. Using [De2, 1.2.8] we can construct 
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many more examples. For instance, the above paragraph apphes in the context of [Va2, 
5.7.5]. Warning: [Va2, 2.5.1] points out that not always hg is defined by an element of 
X. 

2) [Va2, 3.2.7.1 f) and 3.3.3] imply that replacing the injective map 

by its composite with an isomorphism 

{G,xr\H,vriMG,X,H,v) 

defined by an element of (^(p)), we can always assume X^°^^ = X and so v^°^^ = v. 
So in the above proof of 4.12.12.6, references to 4.9.8 can be entirely avoided, as long as 
we are just dealing with (/, L(p), v). 

The operations of the proof of 4.12.12.6 keep track of inner automorphisms of 
Lie(G^(^)) (cf. the def. of T^^ in 4.1.5.4 and 4.2.10) and so we conclude (cf. 4.1.5.5): 

4.12.12.6.1. Corollary. The number of strata of the quasi-ultra stratification of 
•^ik{vi) is least equal to the number of elements of the quotient set Wg / Roiv) ■ 

4.12.12.6.2. Examples. A. We first consider the case when all simple factors 
of G^"^ are of Ai Lie type. So the number of non-compact simple factors of G^ is 
dimc(^) = dimc(Xi). From 3.13.7.6.0 and 4.12.12.6.1 we get that the number of strata 
of the quasi-ultra stratification Mik{v-^) is precisely 2'^^"^c(^i)_ 

These strata are in one-to-one correspondence to functions 

/, :5(l,dimc(Xi))^{0,l} 
in such a way that the dimension of the stratum s corresponding to fs is precisely 

dimc(Xi) 

dimc(Xi)- 

1=1 

(cf. 3.13.7.6.0 and 4.5.15.2.1). A stratum S\ corresponding to fg^ specializes to another 
stratum S2 corresponding to fs^ iff fs^{l) > fsi{l), V/ E 5(1, dimc(Xi)) (cf. 3.13.7.6.0). 
In particular there is only one open (resp. closed stratum: it is of dimension 0). In 
fact this closed stratum has a non-empty intersection with each connected component 
of M'ik{vi)- ^^^^ enough to show that the connected components of J^ik{vi) 

are permuted transitively by Gi(Ap. It is enough to show -cf. [Va2. 3.3.2]- that each 
connected component of N'lwiw) has a connected special fibre. 

We can assume {G^^^X^'^) is (cf. the proof of 4.9.8) simple and is not (cf. [Va2, 
6.4.11]) of compact type. So [BHC, 11.4 and 11.6] implies: (G^'^,X^^) is the adjoint 
variety of a Hilbert-Blumenthal variety. Based on the proof of 4.9.8 we can assume 
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{f,L(^p^,v) is a SHS associated to a Hilbert-Blumenthal variety. But this case follows 
from [Chi]. As a conclusion: for the Ai Lie type, the star of 4.2.8.1 can be removed. 

This example represents the logical generalization of [GO]: loc. cit. deals only with 
Hilbert-Blumenthal varieties. 

B. We assume all simple factors of (G^'^, X^'^) are such that: 

ASS \/i G TY"'^, the i-th cyclic factor of a Shimura- ordinary point of is one among 

the list of 3.13.7.6.2. 

For instance this is the case if: 

EX All simple factors of (G^*^, X^'^) are of S^, Cn or type, or of A21+1 Lie type such 
that all non-compact, simple factors of are isomorphic to SU{1 + 1, / + 1)^, or 
of type which involve groups which split over Qp, or of A21 or -D^;_|_i type which 
involve groups which over Qp are absolutely simple but do not split (/ G N). 

From 3.13.7.6.1 C, 4.5.15.2.1 and 4.12.12.6.1 we get (under ASS; cf. also the list of 
3.13.7.6.2 and the cyclic diagonalizability property of 3.13.7.6.3): 

Corollary. There is a reduced, closed suhscheme of Afik{vi) of dimension such 
that any stratum of the quasi-ultra stratification o/A/ia;(x;i) dimension is a scalar 
extension of s\. All points of s\ are toric. Moreover, the Shimura adjoint Lie a^-crystals 
attached to k-valued points of Sq are all inner isomorphic. 

Similarly, all Shim,ura aj^-crystals endowed with natural families of tensors (indexed 
by the set J' of 2.3.1) attached to k-valued points of belonging to a fixed connected 
component of J\fk(v) o-f^ Ij' -isomorphic; here 5^ has the same significance for Mk{v) 
as s? forMik{v^). 

C. We briefly go through two examples of pivotal points which are not among those 
of B, just to illustrate what type of computations we will have to perform in §9-10 in 
order to handle the cases not covered by B. We consider a SHS (/, L^p), i?). We assume 

is SU{a,hY'^ and that G^"^ splits over Zp. 

If c := I G N, then any VF(A;)-valued toric point of Nk{v) whose Shimura adjoint Lie 
CTfc-crystal is isomorphic to (End(Mi), tpi), where (Mi, is the direct sum of a copies of 
the (T/t-crystal (M2, (p2) which has a lift (M2, F^, 992) which is (isomorphic to) the circular 
diagonalizable filtered cr/;-crystal having (see B of 2.2.22 3)) the type (1,0,0, ...,0) (the 
number of O's is c), is pivotal. This is a consequence of the Proposition of 4.5.15.2.1. We 
just need to remark that: 

- the group of automorphisms GA2 of the truncation mod p of (M2, (/P2) has (this 
is an easy exercise) dimension c (and so the group of automorphisms of (Mi,(^i) has 
dimension ca^ = ab = dimc(X)); 

- the group of automorphisms GA2 of the Faltings-Shimura-Hasse-Witt map of 
(M2, <f2, GL{M2)) has the same dimension as GA2 (the natural homomorphism GA2 
GA'2 has finite kernel and from 3.13.7.1.1 and 3.13.7.2 we get that it is an epimorphism) . 



540 



Similarly, if (a, b) = (2, 3) one can check that starting from the type (1, 0, 1, 0, 0) and 
taking (Mi, (pi) = (M2, we get pivotal points. 

4.12.12.6.3. The null strata. We refer to 4.9.8. The stratum of the refined 
Lie canonical stratification of N'kiv) whose geometric points are such that the Newton 
polygons of their attached Shimura adjoint Lie F-crystals are having only the slope 0, 
is called the null stratum of N'k{v)'i its points with values in fields are called null points 
(of A/fc(i,)). It is the natural generalization of the usual supersingular strata of special 
fibres of integral canonical models of Siegel modular varieties. We now prove 1.12.1 A) 
(in some sense we just refine a little bit the proof of 4.3.6). 

Based on the proof of 4.9.8, we can assume we are dealing with the integral canonical 
model J^4(^;) of a SHS (/, L^p), f). So we refer to 4.1 and 4.3.1 with A; = F; we assume B 
contains T. Based on 4.12.12.6.0, it is enough to show the existence of uq G N{W{¥)) 
(see 4.1.5) such that the Shimura Lie (Tp-crystal attached to £(^„ has all slopes equal to 
0. First, we consider the examples provided by EX of 4.12.12.6.2 B. For each i e H"^^, 
let lJq G Gi\Y{¥){W{¥)) normalizing the image of T^y^F) in GiVK(F) and such that: 

- looking at the simple factors of Gm/{¥) only one component in them of Uq is non- 
trivial; let Gig be this factor corresponding to the non-trivial component lOqq of lOq (it is 
defined by picking up an element iq of the set Tii of 4.3.1.1) (warning: we do not assume 
Gi^ is such that the image of fiw(¥) in it is non-zero); 

- ujqq takes the image of B^^g^^ in Gj^ into its opposite w.r.t. the image of Tvi/(f) in 

We take ujq e N{W{¥)) such that its image in Giw{w) is u}l,yi e W"". The Newton 
polygon of the Shimura Lie cxF-crystal attached to (t^^g has only one slope: it is 0; this is 
an immediate consequence of the choice of ujq (see the numbering in 3.4.3.2 and the item 
XI in [Bou2, planche I to IV]). This takes care of the S^, and types entirely. To 
take care of the other types, we can assume (G^'^,X^'^) is simple of An (n > 2) or 
{n > 4) type. It is enough to deal with a fixed i e H^'^. 

Second, we assume that G* of 4.3.1.1 is either non-split (i.e. we are in the case when 
the i-th cyclic adjoint factor associated to a G-ordinary point of Afk{v) is with involution) 
of An or D2n+i Lie type or it is split of D2n Lie type, with n >2. In this case the same 
choice of Ui (and the same argument) makes the thing work as in the case when we were 
working with the examples provided by EX of 4.12.12.6.2 B. 

So we are left with the cases: G' is split of An or -D2n+i Lie type or is non-split of 
D2n Lie type, with n > 2. We use the same type of Weyl element ojq: we assume io has 
been fixed and we still denote by lvqq G Gi^iWiW)) the (unique) non-trivial component 
of lvq. Let ji E N he the smallest number such that the cocharacter c<;oAiiTV(F)('^o)~^ of 
2V(F) is fixed by It is enough to show that we can choose u>qq such that the product 

PDIT ■.= \{a'ui^Ji,wiw)Hr^^-' 

8 = 1 
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is trivial (one can view this additively as well). Warning: here, in order to benefit from 
4.1.2 (IT), we choose a Frobenius endomorphism of M®pv'(fc(i;)) W{¥) of the form aujQiJ,{^) 
and not of the usual form a;QCT//(^). 

Third, we assume is split of An Lie type. We identify Gi^ with the adjoint 
group of the iS'Ln+i-group G^^ of a free VF(F)-module Mj^ of rank n+1. We consider a 
VF(F)-basis {ei, ...,6^+1} of Mj^ such that: 

- each element of it is normalized by the maximal torus of Gf^ which has the same 
image in Gi^ as Tw{wy, 

- Vz e 5(1,71+1), < ei, ...,ej > is normalized by the Borel subgroup of Gf^ which 
has the same image in as Bvf(f)- 

We take uj'qq to be the image in Gi^{W{¥)) of any element a;^'° of G^^{W{¥)) which 
takes < Cj > into < ej_|_i >, i = 1, n + 1, with e^_|_2 '■= ci. The fact that PDIT is trivial 
is a consequence of the circular property of u^f^ as well as of 3.4.2.1-2. 

Last, we assume Gi is split of D2n+i Lie type or non-split of D2n Lie type, with 
n > 2. The proof of 4.3.6 (via the proof of Fact 2 of it) allows us to shift our attention 
to the non-split A3 Lie type and so the above part applies. This ends the proof of 1.12.1 
A). 

4.12.12.6.4. The strong form of the generalized Manin problem. We now 
prove 1.12.1 B) and C). The arguments of 4.12.12.6.3 were presented in the abstract 
form. So they apply in the general context to give us that in each class of Shimura 
CT/c-crystals there is an element defined by a Shimura crfc-crystal whose attached Shimura 
Lie (jfc-crystal has all slopes 0. We have: 

Corollary. We refer to the notations of 3.9.7.2 (with k = k). There is wq G 

Ro(W{k)) normalizing T which depends only on the Shimura adjoint Lie ak-crystal at- 
tached to (M, g(p, Rq) such that the Newton polygons of (M, (/?) and of (M, hg(p) are the 
same as of the cyclic diagonalizable Shimura ak-crystal {M^wogtp.T) . 

Proof: Let wq e Ro(W{k)) normalizing T be such that the Shimura adjoint Lie 0"^- 
crystal attached to the Shimura cTfe-crystal (M, wog(f, Rq) has all slopes 0. The Corollary 
follows from the Corollary of 3.9.7.2 and from the class invariant part of 2.2.24.1 applied 
to Gl{M,g(fi,Ro). 

Corollary can be entirely adapted to the generalized Shimura context provided by 
the p-rcprcsentations of 4.5.4 (cf. 3.9.7.2.1 1)). So 1.12.1 B) follows from it and from 
4.12.12.6.0. To detail this, as in 4.12.12.6.3 we can assume we are dealing with the integral 
canonical model Mk{v) of a SHS (/, -^(p), v). We refer to 4.5.4. We can assume y is not a 
null point (cf. 1.12.1 A)). We can assume that the parabolic subgroup Py of GvK(fc) whose 
Lie algebra is Wo(Lie{Gw{k)):¥^y) has a maximal torus Ty normalizing (cf. 2.3.17 and 
3.9.7.1). We can assume Hy factors through Ty. Let Ry be the Levi subgroup of Py 
containing Ty. Let URy be the unipotent radical of Py. Let gy G Py{W{k)) be such that 
the quadruple {My, , gy(py,Ty) is a Shimura filtered (jfc-crystal. Let Wy e Ry{W{k)) 
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normalizing Ty and such that all slopes of {Lie{Ry),Wygy(py) are 0. Writing (py = ayHy{^), 
we consider a Z^-structure (A^^, G^^, {ta)aeJ') ^ 2.2.9 8) (so Ny is the Zp-submodule 
of My formed by elements fixed by ay); w.r.t. it we can write instead of ay. 

For what follows, (in connection to the p-stratifications of 4.5.4) it is more convenient 
to work directly with the Zp-structures provided by 2.2.9 8), without appealing to d) of 
4.4.1 3). p€:, (of 4.5.4) is isomorphic to {Ny W{k), akPB(k){fJ'y{^)))- So its Newton 
polygon is the same as the Newton polygon of the following generalized Shimura p- 
di visible object 

^^mod ._ ^j^^ W{k),pw(k){Wygy)(TkPB(k){l^y{^))J^{PW{k))) 

(cf. the mentioned adaptations of the Corollary; so this is a consequence of the P>o(-B(A;))- 
conjugacy part of 3.9.7.2 -P>o of 3.9.7.2 is denoted here by UPy- and of 2.2.24.1 applied 

to {Ny Ozj, W{k),pw(k){*)(^kpB{k){fJ'yi^))^Ry): with * G {gy.Wygy}), for any p as in 
4.5.4. The upper index "mod" stands for modification (of the non-filtered version of 

Prom 4.12.12.6 we deduce the existence of a A;-valued toric point yi of Afk{v) such 
that its attached Shimura adjoint Lie Ufe-crystal is inner isomorphic to the one attached 
to {My,F^jWygy(pyjGw{k)) {^^^ Zp-structur cs of 3.11.2 B applied in the context of 
{My, Fl ,Wygy(py,Ty) dllow US to work over k and not just over F; of course, here we 
can assume that k ~ ¥). But it is an easy exercise to see that the Newton polygon of 
p'tz^i with zi a VF(/c)-valued point of H lifting yi and such that its attached Shimura 
filtered Ufc-crystal is cyclic diagonalizable, is the same as the Newton polygon of pC™"*^, 
for any p as in 4.5.4. It can be solved as follows. If we assume d) of 4.4.1 3), then we 
just need to use arguments with semisimple elements as in 2.2.24.1 and as in the proof 
of 4.2.7, in the context of the class C/(pC™°^). If we do not assume d) of 4.4.1 3), then 
we just need to add that the rational variant of 4.4.12 obtained by combining c) of 4.4.1 
3) with 2.3.13.1, allows us still to appeal to the mentioned arguments. We conclude: y 
and yi are A;- valued points of the same stratum of the absolute stratification of Hk(v)- 

1.12.1 C) follows from 1.12.1 B) and the above paragraph (cf. also 4.1.5-6, 4.2.10 
and 4.5.11). As in the elimination process of 3.13.7.3.1 B, we get that in fact in 1.12.1 
C) we can replace the Weyl group of by the Weyl group of the extension to C of the 
product of the simple, non-compact factors of G^^. 

Exercise. Show that the map fa of 4.5.11 a) is surjective. Hint: combine the 
Corollary with 4.5.15.2.5 or with the arguments of the proof of 4.4.1 referring to the 
independence part of b) of 4.4.1 3). 

4.12.12.6.4.1. Examples. The estimate of 1.12.1 C) is very gross in general. 
However, there are examples in which its bound is attained (for instance, this happens 
when all factors of Gf^ are split of Ai Lie type and l-C^ is the empty set). We assume 

now that we have a SHS (/, L(^), p), with (G^'^, X''^'^) simple of Bn Lie type and with 
having at most 2 non-compact factors. We have: 
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Corollary. The absolute stratification of Mk{v) has: 

a) n+1 strata if has only one non- compact factor ; 

b) in + 1)^ strata if has two non-compact factors and H^'^ has 2 elements; 

^) "-([f] + 2) — [f]([f] + 1) strata if G^ has two non- compact factors and H^^ has 
1 element. 

Proof: We use 4.5.6.2 A and 4.12.12.6.4. Let m (resp. /) be the number of simple 
(resp. of non-compact, simple) factors of G^. We refer to [Bou2, planche II] for the 
description of the Weyl group of the Lie type; below we use it freely. Everything boils 
down to the following situation. For s G 5'(l,m), we consider a free VF(F)-modulc Vg of 
rank 2?i + 1 and a VF(F)-basis Bg = {ef, €2, e|^^i} of it. We consider a cocharacter /j, 
of GL{Vi ®w(¥) ••• ®w{¥} Vm) which: 

- acts trivially on ej, if j > 3 or if s > /; 

- acts as the multiplication with on e%_j , if s G S{1, 1) and j G S{1, 2). 

We have a permutation tt of S{l,m) and we look at the Newton polygons of hiJ,{p) 
where 

h G GL(Vi (Bw{w) - ®w{w) Vm){W{¥)) 
fixes el^^^ and takes each pair (elg^-i, el^^) into a pair of one of the following two 

forms (e2g!-''i, e2g^'') or (e2q'''*, e2g!_\), with q, qi G S{l,n), Vs G S{l,m). Here hfi{p) is 
viewed as a i?(F')-valued point of GL{Vi (Bw(¥) ••• ®w(¥) Vm) and Newton polygons are 
obtained as usual (using i times valuations of the eigenvalues of /i*^, with q E N big 
enough). For each non-empty subset C of S{l,m) permuted transitively by n we want 
to first count the number n{C) of Newton polygons of the restriction r(C) of hiJ,{p) to 
V{C) := {®secVs)[^]^ with h varying as described, and second we want to take the 
product of all these numbers n{C). All Newton polygons we get are 0-symmetric and so 
it is enough to deal with non-negative slopes. 

If C n 5'(1, /) is the empty set, then n(C) = 1. If C fl 5(1, /) has only one element 
So, then the Newton polygon of r(C) has either only slope or the only positive slope of 
it is 1^ with multiplicity |C| s, where s is the number of pairs of the form (e2q_i, 63^), 
q G S{l,n), or of the form (e2°,e2°_i), q G 5(2,77,), which are in the orbit or {el°,e2°). 
So n{C) = n-\-l. This takes care of a) and b). 

If Z = 2 and 5(1,2) C C, then we split the computation of n{C) as follows. We 
count: 

i) 1 for the Newton polygon having all slopes 0; 

ii) n for Newton polygons which have only one positive slope j^^^ with multiplicity 

a\C\, a E 5(1, n); they correspond to the case when e\ and ef are in the same orbit under 
h but this orbit does not contain 62 (and so does not contain 63); 

iii) n — 1 for Newton polygons which have only one positive slope j^j^ with multi- 
plicity a\C\, a G 5(1, n — 1); they correspond to the case when the orbit of ej under h 
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does not contain e2_j or e| or e\_j but e\_j and are in the same orbit under h for 
some fixed j e 5(1, 2); 

iv) 1 for each pair (a, h) e S{1, n) x S{1, n), with a + 6 < n and a < b. 

For each pair as in iv) we get a Newton polygon which has 2 positive slopes j^j^ 
and with multiplicities a\C\ and respectively b\C\; it corresponds to the cases when 

the orbit of e{ under h does not contain or e^"-' or 62 but has aj elements, j = 1,2, 
with (ttj, bj) equal to (a, b) or with (b, a). Warning: the case corresponding to a = 6 gives 
birth to Newton polygons which were already counted (see ii)). We end up with 

[f] 

l + n+(n-l) + J](n-2j) 

distinct Newton polygons. This sum is exactly the number of c). This ends the proof. 

If n = 1 (or n = 2 or n = 3 or n = 4 or n = 5) then in c) we get 2 (or 4 or 7 or 10 
or 14) strata. 

4.12.12.6.4.2. Remark. We refer to 4.5.8 1). 7V(G'*d, X^^^ ^ad) ^^le number of 
strata of the canonical Lie stratification of Mk{v) and NiiG^'^, X^'^, v^"^) is the number of 
strata of the refined canonical Lie stratification of Mk{v)- This follows from 1.12.1 B). So, 
in 4.9.8 a) we can replace "indexed by a subset of RLNP{G^^, X^^, ^ady^ j-^y. i^jgxed 
by RLNPiG""^, X^^, v""^). 

4.12.12.6.4.3. Remark. We consider ap-divisiblc group with a reductive structure 
(M, G) of j9 - MT[a,b\{W{k)). Then there is ^ G G{W{k)) such that (M, ~g(p, G) has a 
lift which is cyclic diagonalizable and all the slopes of its attached b — a-Lie crfc-crystal are 
zero. The proof of this is entirely the same as 4.12.12.6.3. We can assume (jB(fc) is adjoint 
and the Lie algebras of its simple factors are permuted transitively by (p. As in 3.2.3, 
we can assume there is a maximal torus T of G such that its Lie algebra is normalized 
by (f; so we look for ^'s normalizing T. If G is of G2, -^4, -E'7, -E's, or C„ Lie type, 
then (cf. item IX in [Bou2, planches II, III, and VI to IX]) we can use the same type of 
Weyl elements as in the part of 4.12.12.6.3 referring to 4.12.12.6.2 EX. If G is of An or 
Dn Lie type, we can use the same type of Weyl elements as in the cases of 4.12.12.6.3 
corresponding to the same Lie types. 

If G is of Eq Lie type we refer to [Va6] and [Va8]. Here we will just mention that 
in many cases, the situation gets reduced to the Lie type and so we can apply the 
previous paragraph (the "embedding" of A5 into Eq is provided by "removing" the second 
node of the Dynkin's diagram of the Eq Lie type). In particular, this reduction is possible 
if (Lie(G),(^) is a cyclic Shimura adjoint Lie a^-crystal of Eq type. So we conclude: 

Corollary (the abstract strong —Weyl— form of the generalized Manin 

problem). The Corollary of 4-12.12.6.4 holds for the generalized Shimura context. 

4.12.12.6.5. Extra types of points. We refer to 4.12.12.6. A point y of Afik{vi) 
with values in an algebraically closed field is called: 
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- non-integral, if its Lie p-rank (defined as in 4.3.6, via 4.9.17) is 0; 

- quasi-pivotal, if it is a toric and a non-integral point at the same time; 

- super-null, if it is a toric and a null point and the same time; 

- pivotal, if it is super-null and belongs to a stratum of the quasi-ultra stratification 
of dimension 0; 

- non-null, if it is not a null point; 

- partially null, if there is i e Ti"'^ such that the i-th cyclic adjoint factor attached 
to y has all slopes 0; 

- totally non-null, if it is not partially null; 

- partially tZ-ordinary (resp. partially Shimura-ordinary), if there i e Ti"^^ such that 
the i-th. cyclic adjoint factor attached to y is [/-ordinary (resp. has a lift which is of 
parabolic type); 

- quasi [/-ordinary, if it is a toric and totally non-null point at the same time; 

- zsom-canonical, if its attached Shimura adjoint F-crystal is zsom-canonical; 

- quasi-final, if its attached Shimura adjoint F-crystal is quasi-final. 

By natural passage, we use the same terminology for points of N'ik{vi) with values 
in a field. Each null point is non-integral and so each super-null point is quasi-pivotal. 
The toric points of the Corollary of 4.12.12.6.2 B are pivotal. 

Definition. A lift z e J^iwik) of a partially [/-ordinary point y e Afik is called a 
partial [/-canonical lift, if Vz G Ti.^'^ such that the i-th cyclic adjoint factor attached to y 
is [/-ordinary, the lift of it defined naturally by z is a [/-canonical lift. 

4.12.12.6.6. More on quasi [/-ordinariness and on the Ai Lie type case. 

1) 4.4.13.2 implies: any [/-ordinary point of M\k{vi) is quasi [/-ordinary. This gen- 
eralizes 4.6 P3. 

2) If all factors of are of Ai Lie type, then the converse of 1) holds. More 
precisely, we have: 

Fact. Any quasi U -ordinary point of Hik{v-i) ^ T-ordinary point. 

Proof: We assume k = k. As we are dealing with the Ai Lie types, for any fc-valued 
quasi [/-ordinary point y of N'ik{vi)i the Lie subalgebra p=o of Lie(G^^^^) corresponding 
to the slope of its attached Shimura adjoint Lie cr/s-crystal (Lie(G^^^^), (py), is (cf. also 
2.2.19.2 and the Criterion of 2.2.22 1)) the Lie algebra of a maximal torus of G^^f^y So 
(Lie(G^^^P, <^y) has lifts which are of toric type. So the Fact follows from 4.4.13.2 and 
def. 4.4.13.1 c). 

3) We refer to 4.12.12.6. We denote by 

NSU{Af^kiv,)) 
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the number of strata of the quasi-ultra stratification ofJ\fik{vi) having [/-ordinary points. 
If G^"^ has all simple factors of Ai Lie type, based on 2) it can be computed as follows (see 
[Va9] for general computations). We can refer just to the context of a SHS (/, L(p),v), 
with aU factors of G^'^ of Ai Lie type (cf. 4.12.12.6.2 A). We use the notations of 4.3.1.1, 
with k = ¥. 

We fix z G Ti^'^. Let d{i) be as in 4.5.15.2.1: it is the number of elements 
j G Tii such that the image of the composite of the cocharacter fiw{k) of G'vK(fc) 
with the natural projection of Gvt^(fe) on Gj is non-trivial; let Si be the subset of 
Hi formed by such j's. We consider the i-th. cyclic adjoint filtered Lie ^-crystal 
(Lie(G'j^(jr)), F'^(Lie(G'i^(']f))), F-'^(Lie(G'ivi/(F))) attached to a Shimura-canonical lift 
z : Spec(VF(F)) Af (see 4.2.4). Based on b) of 4.4.1 2), we can assume (^^ is <^(8) 1 (see 
4.1.1). We work under 4.1.4.1. 

Based on 2) and 4.12.12.6.2 A, we need to determine the number of elements Ui of 
the Weyl group Wo{i) of YljeSi^j ^^^^ that, denoting by (7^. G YljeS- 
arbitrary representative of it normalizing the image T{i) of Tiy{¥) in Gi\Y(¥)j 

£{uji) := (Lie(G iw{¥))i QiVii'P ® 1)) -^°(Lie(Gjvi^(F))), F^(Lie{Giw(^))) 

is of toric type. We consider an arbitrary j E Si. Let Hj be the Ga subgroup of Gj which 
is normalized by T{i) and such that Lie{Hj) C F°(Lie(GjVK(F)))- Let x be an arbitrary 

generator of Lie{Hj). (^g^^. {(p ® i))^'^'-*-' takes x into a multiple of p^i^i)x by an invertible 
element of VF(F); here 

n{ijJi) G S(-d(i), d(i)). 

Based on the circular property expressed by 3.4.2.1 and on the 0-symmetric property 
of 2.2.3 1), we have: £(0;^) is T-ordinary iff n(a;i) 7^ 0. The number of elements cji G 
Wg(z) such that n{(jJi) 7^ is precisely the number of 2ci(z)-tuples {xi, ■■■■,X2d{i)) formed 
by elements of the set / := {—1, 1} and having the following three properties: 

PI. The product XgXg^fK^i^ does not depend on s G S{1, d{i)); 
P2. The sum of its entries is non-zero; 
P3. Its first entry is 1. 

PI just expresses that Qi^^ has just d{i) non-zero components in the simple factors 
of Giw(j), while P3 pays attention to the choice of Hj. So we need to find the number 
na{i) of d{i) — 1-tuples formed by elements of the set / such that the sum of their entries 
is different from —1. If d{i) is odd, we have: 

M,) = 2'^W-^ 

If d{i) is even, we have: 

n,(.)=2^W-i-C,(^)_,. 
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Allowing i G H^^ to vary, we conclude: 

4) Referring to 3), the Newton polygon of ^(cji) is uniquely determined by the sum 
Ylf3i^ Xi- So to count the number of strata of the refined canonical Lie stratification of 
Hk{v)i we need to count the number of such sums which are non-negative, for 2ci(z)-tuples 
(xi, X2d{i)) which are subject to PI and have entries in /. As this number is obviously 
[^^^], from 4.12.12.6.4.2, 4.5.6.1 and the proof of 4.9.8 we get that the number of strata 
of the absolute stratification of Nik(yi) 

4.12.12.6.7. piv-invariants. We refer to 4.5.15.2.1. From its proof we get that 

locally in the Zariski topology of N'f/Ho, the F- valued pivotal points define a locally 
closed subscheme. As the Weyl group Wq of 4.1.5 is finite, the number of isomorphism 
classes of Shimura adjoint Lie a-crystals attached to F-valued pivotal points of Mr is 
finite (4.12.12.6.2 B already points out many situations in which it is 1). We deduce that 
the number of F-valued pivotal points oiMw/Ha is finite. Based on 4.9.9, this extends to 
Afiw/Hoi, with Hqi an arbitrary compact, open subgroup of Gi(Ap. We denote by 

the number of F-valued pivotal points of A/if / -f^oi and refer to it as the piv-invariant of 
Hqi w.r.t. the triple Its independence on Hi is checked as in [Va2, 6.4.6 3)]. 

4.12.12.6.7.1. The case of curves. We assume dimc(X) = 1. So Sh{G,X) 
is a Shimura curve; in particular, G^*^ is a simple Q-group of Ai Lie type. From 
4.12.12.6.2 A we get that the quasi-ultra stratification of M^v) has precisely 2 strata: the 
Shimura-ordinary locus and its complement, to be referred as the pivotal locus. Based 
on 4.12.12.6.2 B), this matches 4.12.12.6.5; we get that all points of Mk{v) with values 
in fields are toric. We also get that piV(Gi,Xi,i;i)(-^oi) counts the number of F-valued of 
Miw/Hqi which are not Shimura-ordinary. See [Ih, (6) of p. 17] for the computation of 
pi'^(Gi,Xi,iii)(-^oi) in many particular cases. 

4.12.12.7. A second approach to (integral) Manin problems. Besides the 

above approach (see 4.12.4 and 4.12.12) to solving integral Manin problems and based 
on: 

i) the isogeny property stated in [Va2, 1.7] (see also 1.15.7), on 

ii) Theorem 14 of 1.12.1, on 

iii) d) of 4.4.1 3), and on 
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iv) the passage from the Hodge type to the preabehan type (see 4.9.4, 4.9.7-9 and 
4.12.5-6), 

there is a second approach. As there is nothing else to be done to replace iii) or iv), we 
need to refer just to a second approach to the completion property of 3.6.15 A. It relies 
on: 

v) the possibility of determining which strata of the ultimate adjoint stratification 
of Nk{v) are closed; 

vi) the assumed existence of pivotal points (based on 4.12.12.6 and on 3.13.7.3, in §10 
we will include computations pointing out that -at least in majority of cases- 4.12.12.6.2 
B holds in general); 

vii) the Expectation of 3.13.7.1. 

The use of pivotal points is an idea first developed (in connection to Newton poly- 
gons) for Siegel modular varieties in [Oo2]. Part of the philosophy behind v) to vii) can 
be formulated as the following question: 

Q When the category G§C(A/'/c(„)) has a final object? 

The density part of 4.2.1 and b) of 4.4.1 2) can be interpreted as: 

Corollary. GSC(A4(t,)) has an initial object. 

4.12.12.8. Dieudonne's invariants. Let (Gi, Xi, ffi, vi) and Hqi have the same 
significance as in 4.12.12.6 and 4.12.12.6.7. Let e N be such that k{v\) = Fp<ii . Let 
g e N. The number 

i?,(Gi,Xi,ifi,^i,ifoi) 

of strata of the ultimate adjoint stratification of Mik{v^) containing F-valued points lifting 
Fp95ii -valued points of J\fik{vi)/Hoi, is referred as the level-g Dieudonne invariant of Hqi 
w.r.t. the triple (Gi,Xi,fi). 

4.12.13. Variants. We take p>2. 

1) Theorem 2 of 3.15.1 (or 3.6.7.1 and 3.11.1 for p > 3) can be interpreted as the 
solution of an integral Manin problem: Any Shimura filtered cjfe-crystal (M, F^, ip, G) can 
be connected (through the p-adic completion of an N-pro-etale scheme over a smooth, 
affine W^(/c) -scheme, having a special fibre which is a connected, AG /c-scheme) with a 
(5-canonical lift (M, F^, G). Moreover, Theorem 2 of 3.15.1 and 3.6.18.8.3 point out 
that often there are variants of these over any perfect field of characteristic p. 

We have as well variants for quasi (even pseudo) Shimura filtered F-crystals over 
perfect fields (cf. 3.6.1.6). 

2) The proofs of 4.12.12 and 4.12.12.2 show that (cf. also 2.3.3.1), in 4.12.12 and 
4.12.12.2, if D and its dual are not etale, then instead of an affine W{k)-schem.e M.d 
we can work with a connected, projective, smooth scheme Vd over VF(A;), such that the 
p-divisible group over it is uni plus versal in each /c-valued point of Vd- In other words, 
in the case when D is the p-divisible group of an elliptic curve, we can still use the first 
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paragraph of 4.12.12.0 in the context oi a, {p — 2) SHS (/, L(^p^,v), with G an absolutely 
simple Q-group of Ai Lie type whose Q-rank is and which splits over Qp. 

This usage goes as follows. It is 2.3.5.1 (and 2.3.18 A for p = 2) which guarantees 
the existence of such a (p = 2) SHS. Moreover, as its construction (see [Va2, 6.5.1.1 
and 6.6.5]) is based on [De2, 2.3.10], from [De2, 2.3.13] we get that we can assume 
G^b = Q^_ So Gz^ is the GL- group of a free Zp-module of rank 2. We consider a non- 
trivial subrepresentation of it of its representation on L^^^ which is defined by a 
direct summand DS of rank 2. It is 4.3.6 (or 4.12.12.6.1) which guarantees that there are 
A;-valued points of jV, such that the p-divisible groups associated to them via Fontaine's 
comparison theory and this DS (see 4.12.12.0), are isomorphic to the p-divisible group 
of an arbitrary a priori given elliptic curve over k. 

Moreover, choosing Hq small enough, we can assume Vd is of general type (for 
instance, see [Mi4, 1.2 of §2]). 

3) We have a variant of Theorem 13 of 1.12 in the principally quasi-polarized context: 
its proof is entirely the same (though slightly easier due to the fact that we do not have 
to split the discussion -see the proof of 4.12.12- in terms of some reflex field being Q or 
not; we always can assume it is Q). 

4) There are simple proofs of Serre-Tate's deformation theory: for instance, see 
Drinfeld's proof in [Ka3, ch. 1]. Also in [MFK, ch. 6.3] a simple theory of deformations 
of abelian varieties is presented. So, based on this last two loc. cit. and 4.12.12.5 we 
reobtain the local deformation theory of p-divisible groups over a perfect field ki, i.e. we 
reobtain [II, 4.8] (standard Galois descent allows us to descend from ki to ki). Warning: 
this approach avoids entirely the use of [Me], [BBM], [BM] or of [II]. 

Let m e N U {0}. Let R := W{k)[[xi, Xm]] and let be a Frobenius lift of it. 

4.12.14. The general local integral Manin problem for Siegel modular 
varieties. We consider a SHS of the form (l(GSp(-vi/,^/,),s), -Z^(p),p)- So, with the standard 
notations, M. — Af. The problem is to determine all principally quasi-polarized p-divisible 
objects of A^.7-'[o,i](-R) associated to principally quasi-polarized 7>-divisible groups over R, 
obtained from the one of {A, VX) by pull back through morphisms Spec(i?) — > M. 

4.12.15. The general local integral Manin problem for a SHS (/, L(p),t;). 
Let {f,L(^p^,v) be a SHS. The problem is: which principally quasi-polarized p-divisible 
objects with tensors of A^jF[oj](-R) are associated to the pull back of the principally 
quasi-polarized p-divisible group of {A, V_a) and of (de Rham components of) Hodge 
cycles {w^)aej' of A through morphisms Spec(i?) J\f? 

4.12.16. The general local integral Manin problem for a Shimura quadru- 
ple {G,X,H,v) of preabelian type, with (f , 2) = 1. The problem is to determine 
which Lie p-divisible objects of M.T[-\^\-\{R) are isomorphic to Shimura adjoint filtered 
Lie F-crystals over R/pR attached to (cf. 4.9.20) morphisms Spec(i?) — > jV. 

4.12.17. The solution of 4.12.14. The answer is: any principally quasi-polarized 
p-divisible object of 7VfjF[o,i](-R). Argument: 3.6.18.7.1a) (applied in the context of a prin- 
cipally quasi-polarized pseudo Shimura (j^-crystal {Mq, gip, Sp{Mo,ilj),ilj)), allows us to 
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assume we are dealing with a principally quasi-polarized p-divisible object of A4J-'^ ^-^{R). 
So the answer follows from 4.12.4, the deformation theory of abelian varieties and 2.2.21 
UP. 

4.12.18. The solution of 4.12.15 in the case J\f has the completion property. 

We use the notations of 4.12.5. The answer is: any such p-divisible object of the form 

(Mo ®wik) R,Fo (^w{k) R, 9r{^o ® 1), {Va)aeJ',i^), 

with gji an arbitrary element of ^{R)- As in 4.12.17, this is an easy consequence 
of 3.6.18.7.1 a) (applied in the context of a principally quasi-polarized pseudo Shimura 
CTfe-crystal (Mq, gcpo, G'^(fc), {va)aej' ,4')), 4.12.5 and 2.2.21 UP (cf. also Fact 4 of 2.3.11). 

4.12.19. The solution of 4.12.16 in case A^^"^ (of 4.12.6) has the completion 
property. We use the notations of 4.12.6. The answer is: any such p-divisible object of 
the form 

with ^f^"^ G G|^^^(i?). Here F^{Lie{G'^)) and F^(Lie(G^'^)) are obtained as usual from 
(the extension to R of) the cocharacter n^'^ of 4.12.6. 

To argue this, we consider a SHS (/i, -^i(p-), f i) as in 4.12.6. Using the same ar- 
gument as the one of 4.12.6.1 handling the general form of its Fact, we can assume 

is of the form gig"^"^, with g'^'^ liftable to an i?-valucd clement gR of con- 
gruent to the identity modulo the ideal (xi, x^,) of R and with gi G G^,^AW{k)). 
Using this we deduce the existence of a principally quasi-polarized p-divisible object 
a = (Ml ®w{k) R, Fi ®VK(fc) R^gni^i ® l), {via)aej',^) with tensors of MT[q^i\{R) as 
in 4.12.18 (the index being replaced by 1), and whose attached Shimura adjoint Lie 
-F-crystal is isomorphic to the one of the above answer. We can assume the Shimura 
filtered (T^-crystal {Mi,Fl,Lpi,Giy^r(^k),{via)aeJ') is attached to a VF(/c)-valued point 
Zi of A^i, cf. 4.12.6. As in 4.12.18, 3.6.18.7.1 a) allows us to assume the existence of 
a Gi;y(fc)-invariant connection on Mi ®w{k) R making C to be viewed as a principally 
quasi-polarized p-divisible object with tensors of MJ^^ -^i^{R). So the answer follows by 
passage to associated Shimura adjoint F-crystals, once we remark (cf. 2.2.21 UP and the 
Fact 4 of 2.3.11 applied to (/i, -^i(p), fi)) that C is obtained via pull back from a imi plus 
versal Shimura filtered F-crystal of the form (Mi, , <^i, GivF(fe)) -^i; {'^lajaej')- 

4.12.16-18 admit a non-filtered version (cf. 2.2.1.6). Not to be too long this is not 
going to be presented here. 

4.12.20. Exercise. State and prove the analogues of 4.12.14-15 and 4.12.17-18 for 
p = 2. Hint: just use 2.3.18, 3.14 B and 4.12.12.1. 

4.12.21. General (integral) Manin problems. Given an arbitrary Z(p)-scheme 
Y we would like to understand which principally quasi-polarized p-divisible groups (resp. 
which isogeny classes of principally quasi-polarized p-divisible groups) over Y are coming 
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from principally polarized abelian schemes (resp. from isogeny classes of principally 
polarized abelian schemes) over Y of relative dimension e. This forms the general integral 
Manin problem (resp. the general Manin problem) for the Siegel modular variety of 
4.12.4. Similarly we can define the general (integral) Manin problem for an arbitrary 
SHS (/, -Zv(p), v): we need to replace p-divisible groups by Shimura p-divisible groups (see 
2.2.20; in §5-10 we will gradually extend the referred definition: we will define Shimura 
p-di visible groups over any 0(„) -scheme). We can also define the general (integral) Manin 
problem in the context of 4.12.3: again 4.9.20 can be extended to any 0(^,)-scheme (see 
§5 for details). 

A general (integral) Manin problem looks very hard in such a generality. In the 
cases when we are dealing with (the p-adic completion of) a (regular, formally) smooth, 
separated scheme Y (over DVR's of index of ramification 1 over Z^^) or 0(„)) we hope 
that some partial solutions can be obtained based on 3.6. 

4.13. Local forms of the invariance principle. There are two main local forms 
of this principle: one in the adjoint context and one in the context of Shimura p-divisible 
groups; their proofs are very much the same and so they are combined. Let p > 3 be a 
rational prime. 

We start with the first form. Let {Gi, Xi, Hi,Vi), i = 1,2, be two Shimura quadru- 
ples of preabelian type, with Vi dividing p. Let A/i be the integral canonical model of 
(Gi, Xi, Hi, Vi). Let Hoi C Gi(Aj) be a subgroup such that either p\t{Gf'^) and Hgi x Hi 
is a subgroup of Gi{Af) p-smooth for (Gi, Xi) or p does not divide t{Gf'^) and i^oi x Hi 
is smooth for (Gj, Xi) (cf. AE.4.2 a)). Let yi : Spec(/c) — > Afik/Hoi, i — 1,2, be such that 
the non-trivial part of the Shimura adjoint Lie crfe-crystal attached to yi is isomorphic 
to the non-trivial part of the Shimura adjoint Lie crfc-crystal attached to y2. We fix such 
an isomorphism X. Let Oy^ be the local ring of yi (in Afiw{k)/Hoi) and let Oy^ be the 
p-adic completion of its henselization. We assume k = k. Let be the Shimura adjoint 
filtered Lie F-crystal over 0{p)^^ := Ojf/pOjf attached (see 4.9.20) to the canonical 
morphism S])ec{Oy^) Miw{k)/ Hoi. Let 

be its non-trivial part (it is defined as in 3.10.1; it is a direct factor of C^f). The refined 
canonical Lie stratification of jVjfe(„.) makes Spec(0(p)y.) to be a stratified scheme. 
Let 71 G N. We have: 

4.13.1. Theorem. There is an isomorphism 

p : Spec(0;f )^Spec(0;^^) 

inducing an isomorphism 

p(p) : Spec(0(p)Jj^Spec(0(p)Jj 



552 



of stratified schemes and such that P*{^yl/p^^yl) is isomorphic to Cy^/p^Cyl, through 
an isomorphism respecting the Lie structures and lifting I mod p^ . 

We present now the second form. Let (/*, -^(p), f'), « = 1, 2, be two standard Hodge 
situations. Using the standard notations of 2.3.1-3 for the SHS (/*,L^p^,f*) but putting 

everywhere an upper right index i, let yi : Spec(/c) — > M^/Hq be a morphism. Here k is 
an arbitrary perfect field containing k{v^) and k{v'^). We assume Hq is small enough so 
that all Hodge cycles of are as well Hodge cycles of A^rri . We have: 

4.13.2. Theorem. We assume the principally quasi-polarized Shimura a^-crystal 
attached to yi is isomorphic to the principally quasi-polarized Shimura ak-crystal attached 
to y2- We fix such an isomorphism!. Then there is an isomorphism 

p : Spec(0;f )^Spec(0;^^) 

inducing an isomorphism 

p(p) : Spec(0(p)Jj^Spec(0(p)5J 

of stratified schemes and such that the pull back through p, of the crystalline counterpart 
of the kernel of the multiplication by p^ of the principally quasi-polarized Shimura p- 
divisible group T>y^ over Spec(0y2) obtained from the principally quasi-polarized Shimura 
p-divisible group over N"^ / Hq (see Fact 3 of 2.3.11) by pull back through the canonical 
morphism '^\)qc{0^^) — > N"^ / Hq, is isomorphic to the crystalline counterpart of the kernel 
of the multiplication byp^ of the principally quasi-polarized Shimura p-divisible group Vy^ 
over Spec(Oy^), defined similarly as Vy^ (here Oy., 0{p)y. have the same meaning as in 
4-13.1), through an isomorphism lifting I mod p^ . 

Proofs: In connection to 4.13.1 we refer to definitions 4.9.17 and 4.9.20 (in the case 
of a SHS, 4.9.20 is trivial, just introducing some terminology). For the parts involving 
stratifications, we just need to take n big enough and to apply 3.15.7 BPl. So 4.13.1-2 are 
a direct consequence of (the second variant of) 3.6.14.4 (for 4.13.1 the passage from Lie 
algebras of reductive groups to Lie algebras of their adjoints, in the context of crystalline 
counterparts, is entirely trivial). 

4.13.3. Remarks. 1) The form of 4.13.2, with n = oo, where instead of taking 
henselization we take the completion, was obtained previously: the Serre-Tate's defor- 
mation theory implies this form for a standard PEL situation; the general case can be 
obtained by just copying [Va2, 5.4]. 

2) The condition k = k in 4.13.1 can be weaken: see §5 (cf. 4.9.20). 

3) We have variants of 4.13.1-2, where instead of refined canonical Lie stratifications, 
we use its variants listed in 4.9.9. 

4.14. Final remarks. Here we include some remarks which are sort of overview of 
great parts of [Va2] and of this paper. 
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4.14.1. The generic approach. Many results presented here or in [Va2] are trivial 
or very easy, from the generic point of view, i.e. working with a prime p big enough. But 
the main inconvenience of this simple approach is that we do not have at all effective 
upper bounds (of how big p has to be); so, from the point of view of concreteness, it is 
void. We now list some results which generically "are very easy" and motivate why this 
is so. 

a) [Va2, 3.4.1 and 3.4.7] is all we need to get generically the existence of integral 
canonical models of Shimura varieties of Hodge type. 

b) [Va2, 6.2.2 a), 6.2.3 and 6.8] is all we need to extend this to Shimura varieties of 
preabelian type. 

c) [Va2, 6.4.4 and 6.4.11] generically are obvious. 

d) The density part of 4.2.1 is obvious generically (due to the existence of smooth 
toroidal compactifications of canonical models of Shimura varieties and of c)). 

e) Using [Va2, 3.2.11] and d) we get (via 3.1.0 a) and c)) the generic form of 4.2.1 
itself. 

f) Using [Va2, 3.2.11] and d), 4.6 PI is obvious generically. 
For e) and f) cf. also the proof of 4.12.12 or cf. 4.12.12.6. 

4.14.2. The special type case. There are plenty of generalized Shimura (filtered) 
F-crystals and of Shimura (filtered) Lie F-crystals involving the Eq, Ei and Z)™^^®*^ 
types (see 3.6.1.6 and 3.10.5 for terminology). So, even before the proof of the existence 
of integral canonical models of Shimura varieties of special type and of the validity of 
the expectation of [Va2, a) and b) of 3.2.7 8)] (in loc. cit., strictly speaking just a 
variant of [Va2, 5.6.5 f)] is satisfied, cf. 2.2.8 3) and the beginning paragraph of 3.4; 
see also AE.O), we can speak about stratifications (as in 4.5) of schemes of moduli of 
Shimura (adjoint) filtered Lie -F-crystals (often attached to generalized Shimura filtered 
F-crystals) of special type. For the study of these stratifications we refer to [Va6]. Here 
we just mention two things: 

1) All formulas of 4.5.15.2 hold for the generalized Shimura context, whenever we 
have global deformations which are uni plus versal; based on 3.15.6 D (such deformations 
do exist and moreover) the arguments of 4.5.15.2.5 need no modification at all. 

2) AU of 4.7.11 and of 4.7.12-17 (as well as their p = 2 version; see 4.14.3 E below) 
can be entirely adapted to the generalized Shimura context (again, based on 3.15.6 D 
and E no modification of arguments are needed; 3.15.6 B shows that even the part of 
4.7.11 6) referring to [Ka4, A2.2 (2)] can be entirely adapted). In particular, the third 
paragraph of 4.7.11 2A) can be performed without any reference (via some lifting process) 
to p-di visible groups. 

4.14.3. The case of a p = 2 SHS. From 2.3.18 and 3.14 we get that most of the 
results of 4.1-13 remain true for a p = 2 SHS (/, L(2)-,v) (see also [Va5]). However some 
of them need some reformulation: below we refer to such a p = 2 SHS. Warning: below 
we do not always state explicitly at each step the implicit references to 3.14. 



554 



A. All results of 4.1-3 remain true: no extra reformulation is needed (cf. 3.14 C). 
Warning: 4.2.8.1* remains true (the argument of [Va2, 6.4.1.1 2)] applies for p = 2 as 
well) in the compact type case but we can not say presently anything very precise about 
non-compact type cases. Also, the quadratic form in two variables of the proof of Fact 2 
of 4.3.6, has to be replaced by + xiX2 + 0^X2, where a e A; is such that the equation 
x'^ + X + a has no roots in k. 

B. 4.4.1 1) and 3) as well as b), c) and d) of 4.4.1 2) remain true without any 
modification. We do expect that d) of 4.4.1 3) and 4.4.12 also hold. But b) of 4.4.1 2) 
and its version for ?7-ordinary points (see 4.4.13.1 d)) as well as 4.4.8 1) and 3) need 
substantial reformulation. 

As G-canonical lifts for p > 3 were defined at the level of filtrations in the crystalline 
cohomology context (cf. a) of 4.4.1 2)), for p = 2, for their (desired) uniqueness (and the 
parts of 4.4-11 involving it, like 4.4.5-6) we have to proceed very carefully, cf. 2.3.18.1. 

Bl. As a first warning, using the existence of (to be mentioned in E below) G- 
crystalline (additive or multiplicative) coordinates we get: 

Warning. For any k-valued G-ordinary point y of Hk{v)i denoting its attached 

Shimura cik-crystal by {My,(py,Gw[k)) , « ^ifi ^ '■ Spec(VF(/c)) A^w^(A;(u)) of y (viewed 
as a k-valued point of A4k{v)) such that (My, Fq , (^y, Gw(^k^), with [My, Fq ,(py,pMy) as 
the principally quasi-polarized filtered a^-crystal attached to z, is a Shimura filtered a^- 
crystal, does not necessarily factor through A'V(A;(u)) • 

Easy examples can be obtained with G a torus or starting from 4.14.3.1 below. 

So even if k{v) = F2 (i.e. even when we can use 4.6 PI cf. D below), we can not 
get (at least theoretically) the uniqueness part by specifying that we choose the usual 
canonical lift. 

We explain the situation, in the slightly more general case when k{v'"^) = F2. We use 
the notations and terminology of 4.7.0, 4.7.8 and 4.7.11 1). The formal moduli scheme of 
G-deformations of {Ay,pA, ) can be naturally identified with a closed formal subschcme 
of the formal torus (sec E below) of deformations of the 2-divisible group Dy (of 4.7.11 
1)). This formal subscheme is the translation of a formal subtorus by a 2-torsion point 
P2-tor: this is nothing else but the p = 2 analogue of 4.7.17 (cf. also E below). This 
formal subtorus is uniquely determined but not P2-tor, provided it is non-zero. So if 
P2-tor is the identity element, then we can define the G-canonical lift of y uniquely but 
not otherwise. We do not know when such a 2-torsion point is not the identity; we just 
point out that this problem is very much related to variants of Milne's conjecture of 
1.15.1. In §5 and §6 we will prove, using such variants of Milne's conjecture, that in 
many situations such a torsion point is the identity. 

So, in general, we have to allow either a finite number of such G-canonical lifts or 
to try to use something else. The most logical "something else" would be to use 3.14 I; 
however, as pointed out in the above paragraph, without quite a lot of work, we can not 
check that we can apply 3.14 I in our geometric contexts of p = 2 SHS's. 
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As a second warning we have: some G-canonical lifts might be defined only up to 
passage from k to an abelian extension whose Galois group is a subgroup of (Z/2Z)"^, with 
m e N, m < dime (5'), cf. the proof of 2.3.18.1 B and its logical variant in the principally 

quasi-polarized context. It can checked that m < dimc(^) (the case can be 

deduced from 2.3.18.1.1 and the above part on 2-torsion points; the general case can be 
deduced by adapting the proof of B2 below: see also the Exercise 4.14.3.1 below). 

Presently we do not know what in general would be the most practical "something 
else" . For instance, we could try to choose one such G-canonical lift to which a "bigger" 
(or specified) part of the Z-Lie algebra of G-endomorphisms (or of the Z-algebra of 
endomorphisms or of the group of G-automorphisms or of automorphisms) of Ay, lifts, or 
(this seems the easiest way) in terms of 2-divisible groups (i.e. of Galois representations 
with Z2-coefficients) ; in case k is not 1-simply connected, we could try to specify that 
the G-canonical lift has to be defined over W{k), etc. 

However we do have: 

B2. Proposition. // the Lie p-rank p — Lieaiy) (^^^ 4-3-8 1)) is Q (i.e. if each 
point of Hk{v) '^ith values in a field is non-integral in the sense of 4-12.12.6.5), then we 
can define a unique G-canonical lift of y. 

Proof: We refer again to the direct sum decomposition My = My® My of 4.7.11 1); 
so in what follows N and A^o are defined as in 4.7.1. We have a direct sum decomposition 

End(Mj,) = End(My^) © Hom(M^\ M^) © Hom(M2, mD © End(M2). 

From 3.14 I we get that the F-^-filtration of My defined by any G-canonical lift z 
of y can be similarly decomposed as — F^ © Fj^, with F^ C M^, j = 1,2. So we 
have a direct sum decomposition of F'^(End(M )) in four direct summands similar to the 
one of End(M). Accordingly, the moduli scheme Spec(i?) of deformations of Dy © Dy is 
"decomposed into four pieces" . Using the language of homomorphisms of VF(/c)-algebras, 
by this we mean: there are natural VF(fc)-epimorphisms qi : R ^ Ri, i = 1,4, with 
-R, -Ri,..., i?4 as Vr(A;)-algebras of formal power series, such that the tangent space of 
Spec(i?) is a direct sum of the images (via these VF(/c)-epimorphisms) of the tangent 
spaces of Spec(i?i), i = 1,4; qi is defined by the moduli scheme of deformations of Dy, 
Q4 is defined by the moduli scheme of deformations of Dy, etc. Here, as well as in what 
follows, the tangent spaces are defined w.r.t. the VF(fc)-epimorphism R W{k) defining 
the trivial deformation of Dl © D^ and factoring through qi, i — 1,4; D]. is a fixed lift of 
Dy, i = 1,2, such that the p-divisible group of z*{A) is naturally decomposed as a direct 
sum Dl © Dl (cf. also 2.3.18.1.1). 

We can view these four pieces also as projections. To exemplify it, we concentrate on 
the first factor corresponding to qi. We first consider a complete, local VF(/c)-subalgebra 
i?^ of R generated by W{k) and by a maximal set of regular parameters of R belonging to 
the kernel of 54, then we consider a complete, local M^(/c)-subalgebra R^^ of generated 
by W{k) and by a maximal set of regular parameters of R'^ belonging to the kernel of the 
natural VF(/c)-epimorphism R^ R3 defined by gs, and then we consider a complete. 
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local M^(/c)-subalgebra i?^^^ of R^"^ generated by W{k) and by a maximal set of regular 
parameters of i?^* belonging to the kernel of the natural VF(/c)-epimorphism R^^ R2 
defined by 52- The composite : i?^^^ — > i?i of the VF(A;)-monomorphism i?^^^ ^ R 
with qfi, is a VF(A;)-isomorphism. 

Let Oy be the local ring of y, viewed as a /c- valued point of Afw(k)'i we view it 
as a -algebra. The hypothesis p — LieG(y) = gets translated in: Lie(A^) has a 
trivial projection on End(M^); so also Lie(A''o) has a trivial projection on End(M^). We 

first consider the particular case when Lie(A^) C End(My). In this Spec(Oy) is 

integral, we are just deforming D^, while fixing Dl and so 2.3.18.1 C applies directly. 

We now come back to the general case. We assume the existence of another W{k)- 
valued point zi (different from z) of lifting y and whose attached Shimura filtered 

CTfc-crystal is (My, F^, (/j^, G'p^(fc)). From 2.3.18.1.1 (cf. also E below) we get that it 
corresponds to (i.e. it is defined by) a 2-torsion point of the formal torus of deformations 
of Dy. So, from the point of view of the moduli scheme of deformations of Dy © Dy, 
it is defined by a VF(/c)-valued point of Spec(i?) factoring through Spec(i?i). So, as the 
2-torsion points are "recorded" by the tangent space of Spec(i?i), the tangent map of the 
iy(fc)-morphism obtained by composing the natural VF(/c)-morphism ruy : Spec{Oy) — > 
Spec(i?) with the natural VF(/c)-morphism Spec(i?) Spec(i?^"^'^), is non-trivial. But 
this contradicts the mentioned trivial projection (the image of the Kodaira-Spencer map 
naturally associated to my can be identified with a direct summand of Lie(A^o): cf. 4.7.2 
and its logical p = 2 version). This proves the Proposition. 

B3. B2 applies entirely to [/-canonical lifts. So in 4.9.17.5 we do not get the 
uniqueness of [/-canonical lifts of [/-ordinary points (in G below we do not repeat this). 
So 4.4.8 1) and 3) have to be modified as well. However, the above part on the uniqueness 
of G-canonical lifts applies as well to non-integral, [/-ordinary points; so Proposition of 
B2 points out the following thing: for p = 2 it is easier to understand [/-canonical lifts 
of [/-ordinary points which in some sense are far from being ordinary. 

Moreover, we have: 

Corollary. We consider a quasi-pivotal point y G N'k{v){k). Then any W{k) -valued 
point z of N lifting y is uniquely determined by the Hodge filtration of My defined by 
z*{A). 

Proof: The proof of B2 takes care of the case when the Shimura filtered CTfc-crystal 
{My, Fl, (fiy, Gy^i^k)) attached to z is cyclic diagonalizable. It is the Claim of 2.4.1 which 
allows us to pass the uniqueness to any mentioned z. This ends the proof. 

B4. Also 4.4.4 has to be modified, in case a G-canonical lift is not uniquely deter- 
mined by its filtration in the crystalline cohomology context. The easiest way: 

Corollary. Referring to the notations of 4-4-4 have: 

4EndG(^) C EndG(A^) 
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and the elements of Auto {Ay) which restricted to Ay[4] are identity, are also elements of 

Proof: This is a consequence of Serre-Tate's deformation theory. 

Accordingly, 4.4.5-6 remain true. The rest, i.e. 4.4.7 and 4.4.9-12, does not need 
modifications. 

C. 4.5 involves just Newton polygons, parabolic groups and Shimura (adjoint Lie) F- 
crystals; so it needs no modification at all besides the fact that the split group of Bn (resp. 
of Dn) Lie type of 4.5.6.1 has to be defined using the quadratic form Xq + ^"^^ X2i-iX2i 
(resp. ^^^iX2i-iX2i), to be compared with 2.3.18 B2. For the fact that all of 4.5.15.2 
remains true for p = 2, cf. 2.3.18 and 3.14 C and J. It seems to us that the automorphism 
invariants of 4.5.15.3 have "jumps" in the case p = 2 provided we are dealing with the 
Bn and the Cn Lie types with n > 2 (cf. the special cases in [BT, 4.2.3]; see also 3.5.4 
and 3.14 C and end of J). Here by "jumps" we mean: irregular behavior (unpredictable 
by looking just at odd primes). 

D. Modulo some modifications, the part of 4.6 till 4.6.3 inclusive, except the parts 
of 4.6 P2 and 4.6.3 A referring to canonical lifts, remains true without modifications. In 
4.6.1 1) (resp. in connection to 4.6 P8), for p = 2 we presently need to restrict to the 
Ci (resp. to the Ai) Lie type. Out of 4.6.2, only 4.6.2.2 and 4.6.2.6 make any sense 
for p — 2. Moreover, P2 and 4.6.3 A can be modified as follows: any abelian variety 
over W{k) obtained via a M^(A;)-valued G-canonical lift of J\f, is isogeneous to the (usual) 
canonical lift of its special fibre (see 2.3.18.1 E). 

Warning: Exercise 4.6.4 A remains true (cf. its first proof) for p — 2; but (presently) 
it does not lead to the construction of integral canonical models of (some) Shimura 
varieties of preabelian type which are not of abelian type (cf. the limitations of [Va2, 
6.8.1]). 4.6.4 B makes no sense for p = 2. 4.6.5 can be checked in many situations (see 
§5, §6 and [Va5]) but for its complete p — 2 analogue we have to postpone to [Va3]. 4.6.6 
holds for p = 2 standard PEL situations (cf. b) of 2.3.18 B3: the argument pertaining 
to B{¥)- and W^(F)-valued points of 4.6.6 holds for p = 2 as well); so d) of 4.4.1 3) holds 
for all p = 2 standard PEL situations of 2.3.18 B. 

Lemma of 4.6.7 holds for p = 2. So 3.14 J implies that 4.6.7-8 applies for p = 2 as 
far as 4.14.4.1.1 and 4.14.4.1.2 2) below allow. More precisely, the first part of Corollary 
1 (resp. of Corollary 3) of 4.6.7 does hold for p — 2, as [Va2, 6.5-6] can be performed 
abstractly, with no reference to p = 2 SHS's (resp. as we have 2.3.18 B and Lemma 2 
of 4.6.4; see also 4.14.4.1.1); moreover. Corollary 2 of 4.6.7 holds for p = 2 for the A^ 
and the totally non-compact Cn and types (of 3.10.5); for the totally non-compact 
Cn and types, cf. also 4.14.4.1.2 2). 

In connection to the Bn and types, 4.6.8 for p = 2 has to be interpreted just in 
terms of principally quasi-polarized Shimura F-crystals, with no reference to a SHS. 

E. Related to 4.7 there are just three things to be modified. First, part of [De3, 1.4.2] 
and of [Ka4, A2.2] are dealing just with odd primes; so to get 4.7.5 we have to proceed 
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as explained in 4.7.11 (see 2) and 4) of it especially: they handle the case p = 2 as well). 
Second, in 4.7.8 the unit element can correspond to any one of the G-canonical lifts of 
y. Accordingly, in 4.11.8 (as well as in geometric variants of the end of 4.7.11 8) and of 
4.7.17) wc have to speak not about formal subtori but about the translate of a formal 
subtorus by a 2-torsion point. Moreover, in 4.7.11 2) for p = 2, we define q : Rm Rn 
to be a maximal formally smooth quotient of Rm preserving the tensors involved (i.e. we 
are in a universal context as of 2.2.21). Similarly, qn,r of 4.7.11 9) is uniquely determined 
up to translation with a 2-torsion point. 

Third, [Og, 3.14] implies that in the part of 4.7.11 8) referring to Theorem of 4.7.11 
4), with p = 2, the Frobenius lift of Rn which makes gn^ to be the identity element, 
is not unique; we recall n = dim^(fc)(A^). We have: 

Fact. The number of such Frobenius lifts is precisely 2", and so it is finite. 

Proof: Referring to the last paragraph of 4.7.11 6), we choose (as in 3.6.18.2 in the 
context where all fcy/'s are 0) a connection V on M <^w{k) Rn which is of the form 

n 
i=l 

with S the connection that annihilates M and with Xi G Rn such that the Kodaira- 
Spencer map of V is injective modulo the maximal ideal of Rn] for the convenience of 
the computations we assume Xi — ^q^j (cf. (24) of 3.6.18.2 and (LN) of 4.7.11 6)) and 
that (p{pai) — ai, \/i e 5(1, n), cf. end of 4.7.11 6). So Xidzi — d{ln{zi + 1)). Such a 
connection allows us to treat the situation as if n = 1: as the product of any two elements 
of Lie(iV), viewed as endomorphisms of M, is 0, based on [Og, 3.14], we get immediately 
that the number of Frobenius lifts of Rn which makes gn^ to be the identity element is 
at least 2"^. All such lifts are obtained (cf. loc. cit.) by mapping for i running through 
an arbitrary subset of 5(1, n), + 1 into —{zi + 1)^ (and not into {zi + 1)^). 

To check that the number of Frobenius lifts of Rn which makes gu^ to be the identity 
element is precisely 2" we just need to remark the following two things: 

a) is uniquely determined by its Teichmiiller lift Spec{W{k)) ^ Spec(i?n), i-e. 
there is no Frobenius lift of R^ different from which makes gR^ to be the identity 
element and whose Teichmiiller lift Spec{W{k)) ^ Spec(i2„) is the same as of ^r^; 

b) any Teichmiiller lift as in a) defines a 2-torsion point of the n dimensional formal 
torus Spf(i?„). 

We first argue b). Using a direct sum decomposition M = Mi©M2 as in 4.7.11 1), we 
can replace M by Mi. So, using the p = 2 variant of 4.7.17, we can assume G = GL{M) 
and this last case is well known (see 2.3.18.1 B and 2.3.18.1.1). The argument for a) goes 
as follows. Due to the injectivity of the Kodaira-Spencer map, any such Frobenius lift 

has to be of essentially multiplicative type and so (cf. 3.6.18.1.1) of multiplicative 
type. So, as in the part of 4.7.11 8) referring to "up to an isomorphism", we can assume 
the existence of Zi e i?n, Vi e 5(1,71), such that: 
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-Rn^W{k)[[zu...rZn]\, 

- Zi & (zi, Zn)i Vi e S'(l, n) (here is the place where the part on TeichmiiUer hfts 
is used); 

- w.r.t. ZiS, V gets the same logarithmic form as above. 

From 2.2.21 UP we get that the -isomorphism of Rn that takes Zi into Zi is the 
identity isomorphism, and so is not different from $i?„. This proves the Fact. 

In another order of ideas, the uniqueness part of [Og, 3.15] for p = 2 is a consequence 
of 2.3.18.1 C. 

F. The whole of 4.8 remains true for p = 2, as Fontaine's comparison theory with 
rational coefficients is still true in the case of good reduction and mixed characteristic 
(0, 2), see [Fal-2]. This is the reason we stated 4.8 in terms of Qp- valued points (however, 
see 4.8.3 f) and the involved 2.3.18.1 E). 

G. Also 4.9 can be adapted to a great extend to the case of a p = 2 SHS (/, L(2): v). 
The limitations are as follows. First, in 4.14.3.2 below we include just p = 2 versions of 
[Va2, 6.2.2] and not of [Va2, 6.1.1]. Second, we keep quiet (i.e. we postpone a precise 
statement, till Bl is "sorted out" fully) regarding the fact that (/4,Li(2) © -^2(2)7 "^^4) is 
or is not a, p = 2 SHS; accordingly we keep quiet about a p = 2 analogue of 4.9.20. 

So we get 4.9.8 using just: integral canonical models of Shimura quadruples having 
the same adjoint as the Shimura quadruple {G,X,H,v) (underlying {f, L^2):V)), involv- 
ing reductive groups over Q whose derived subgroups are quotients of G^^^, and whose 
existence is guaranteed by 4.14.3.2.1 below; warning: 4.9.8 can be worked out just in a ra- 
tional context (i.e. working with Shimura isocrystals attached to points). Unfortunately, 
for the variants of 4.9.8 listed in 4.9.9, the rational approach is not enough (except for the 
case of the canonical Lie stratifications and, when appropriate, of p-stratifications) . Also, 
in connection to 4.9.10-13 and 4.9.19-21 we have to deal only with such types of integral 
canonical models. Moreover, in connection to 4.9.20-21, due to limitations of 4.14.4.1 b) 
below, often we need to state explicitly that we assume is a pro-etale cover of M / Hq. 

4.9.14-6 and 4.9.17.0 hold for the case of a p = 2 SHS. Warning: based on reasons 
explained in Bl-2, the toric points of 4.9.17.3 can not be always defined ioi p — 2 in terms 
of Galois representations. The notions of 4.9.21 make sense for p = 2. 4.9.21.1 holds for 
p = 2 as far as allowed by 4.14.4.1.1 and by 4.14.4.1.2 2) below. 4.9.23 does not pertain 
to a fixed prime. 

H. 4.10 holds for p = 2, provided we use integral canonical models M of the type 
mentioned in G (i.e. are constructed via 4.14.3.2.1 below, etc.). 

I. No modifications are needed to 4.11 (except referring in 4.11.1 to 2.2.1.5.1 instead 
of [Va2, 3.2.7 4)]); due to reasons explained in 4.14.3 Bl, presently 4.11.1.1 and 4.11.2-4 
have to be interpreted in a sense which allows a finite number of G-canonical lifts of a 
G-ordinary point. 
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J. Related to 4.12 see 4.12.12.1-2 and 4.12.20. In connection to 4.12.12.6, 4.12.12.6.1, 
4.12.12.6.2 B, 4.12.12.6.3, 4.12.12.6.4 and 4.12.12.6.4.1-2 we presently assume (cf. the 
limitations of the rational approach of paragraph G) that (G, X, H, v) = (Gi, Xi, Hi,vi) 
and that we are in a context where X^°^^ = X, Va; G Wq'- it is 4.12.12.6.0 2) which 
allows us to always assume this second part. 

In particular, based on 4.12.12.6.0 2), the following sections 4.12.12.6.2, 4.12.12.6.2 B, 
4.12.12.6.3, 4.12.12.6.4 and 4.12.12.6.4.1-2 hold as weU for ap = 2 standard PEL situation. 
Moreover, the Corollary of 4.12.12.6.4 and 4.12.12.6.4.3 hold under no restriction for 
p = 2, as their arguments involve just Weyl elements and Newton polygons. 4.12.15 and 
4.12.18 hold for a p = 2 SHS (as the Theorem of 2.3.11 does). 

K. The second variant of 3.6.14.4 can be entirely adapted for p = 2, by just working 
in the context of Shimura F-crystals. So 4.13.1-2 remain true without any modification 
except the one (see end of G): often we need to state explicitly that we assume Mi is a 
pro-etale cover of J\fi/Hoi, i — 1,2. Accordingly, in connection to 4.13.2 we do not need 
to assume that there is a W {kyvalned point Zi of Afi lifting pi, i = 1,2, such that the 
principally quasi-polarized Shimura 2-divisible groups over W{k) obtained by pull backs 
via Zi and Z2, are isomorphic: based on the surjectivity part of the Claim of 2.4.1, it is 
enough to start with zi and Z2 such their attached principally quasi-polarized Shimura 
filtered crfc-crystals are isomorphic. 

4.14.3.1. Exercise. We refer to 2.4.1. Show that the number of points of each fibre 
of m%{k) is at least 2*'^"-'^) and at the most 2'^'^'^'^^''f'^^\ Here s{—l) is the number of 
slopes —1 of the Shimura Lie cr-crystal attached to (M, G). Hints: for the at least part, 
use the p — 2 variant of 4.7.11 9); for the at most part use first a similar specialization 
argument as in 2.3.18.1 B to reduce the situation to a Shimura-ordinary F-crystal over 
k and then use 2.3.18.1.1 and arguments at the level of dimensions of /c-vector spaces. 

4.14.3.2. The passage from the Hodge type to the abelian type. We follow 
very closely [Va2, 6.2.2] and its corrections of AE.4 and AE.4.1. We start with the 
situation of [Va2, 6.2.1]. Let / : (G, X) (Gi,Xi) be a cover such that E{G,X) = 
E{Gi,Xi). We consider a map {G,X, H,v) — > {Gi, X^, Hi,v) defined by / between two 
Shimura quadruples, with v a prime of E(G,X) dividing a rational prime p = 2. As 
usual F = k{v)). 

Due to 2.2.1.4, the proof of [Va2, 6.2.3] holds for p = 2: the only place where we 
used the fact that we were dealing with odd primes in the mentioned proof, was in the 
construction of a Galois-descent datum; but 2.2.1.4 guarantees that this datum can still 
be constructed for p = 2. 

[Va2, 6.2.2 a)] for p = 2 does apply only to the Eq and ^2n Lie types, with n e N, 
cf. also [Va2, 6.4.6 6)] and AE.4. 2. Accordingly, in Lemma 3 of 4.6.4, the part "2 times" 
can be removed. We have the following p = 2 analogue of [Va2, 6.2.2 b)]: 

4.14.3.2.1. Theorem. We assume the existence of a p ~ 2 SHS (/2, -^(2), "^^2), 
such that {Gf, Xf, Hf, vf) = (Gf , Xf, Hf, vf), G"^"' = G^' and the centralizer of 
Gz(2) GL[L^2)) is 0- reductive group (here we use the standard notations for (/2, -^(2)) '^2) 
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except that we put a lower right index 2 everywhere except for L^2))- We also assume 
•^2k{v2) enough quasi-pivotal points, i.e. we assume each connected component of 
•^2k{v2) has ¥ -valued quasi-pivotal points. Then {G,X,H,v) and (Gi, Xi, Hi,vi) have 
integral canonical models Af and respectively Hi; moreover, the natural morphism (cf. 
2.2.1.5.1) M ^ Ml is a pro-etale cover. 

Proof: The existence of M has been aheady argued. As A/2 is a quasi-projective 
integral model (in the sense of [Va2, 3.2.3 2')]; the argument is as in the proof of [Va2, 
6.4.2]), [Va2, 6.2.3] implies A/" is a quasi-projective integral model. To show that A/i 
exists, we follow the proof of [Va2, 6.2.2 b)]: we construct Mi as the quotient of M via a 
group action of a pro-finite, abelian group which is an M-torsion group, for some M e N; 
here we just mention that 2 does not divide M iff G^'^ has all its simple factors of some 
A2n Lie type, n G M (cf also [Va2, 6.2.3.1]). 

As any connected component C° of Mw{¥) can be identified with a connected compo- 
nent C2 of M2W{V), the fact that Mi has the EP, follows once we show that the mentioned 
group action is free (cf [Va2, 6.2.2 A) to D)]). We choose a connected component X° 
of X. We can assume it is a connected component of X2 as well (cf [Va2, 3.3.3]). We 
can choose = C2 such its set of complex points contains those defined by equivalence 
classes of the form [x, 1], x G X'^. We follow entirely the pattern of AE.4.1. Let {G'2, X2), 
h, y, GA, {Ay,pAy), {A'y,pA'y), M, a and om have the same significance as in AE.4.1. 
We assume h does not fix; all geometric points of C2. If j/ is a quasi-pivotal point, then 
we reach a contradiction as in AE.4.1 (cf 4.14.3 B3). So, based on our hypothesis on 
the existence of quasi-pivotal points, we get that h does not act trivially on any con- 
nected component of C2W- If y is not a quasi-pivotal point, then as in AE.4.1 we get 
that ttM leaves invariant the F-'--filtration of M defined by any W^(F)-valued point z of 
C2 lifting y. Based on 2.3.5.6.1 B (INTR) (see also end of 2.3.18 A) and on the proof of 
2.4.2, we get that h acts trivially on the connected component of C2F to which y belongs. 
Contradiction. This ends the proof 

For future references, we also mention here explicitly the following p — 2 version of 
the corrected version of [Va2, 6.2.2.1] mentioned in the Proposition of AE.4. Let 

g e kui{G2,X2,H2) C Aut{G2)m 

such that it takes X^ into X'^ and normalizes a compact, open subgroup Hq2 of G2{^^j). 
So g gives birth (via 2.2.1.5.1) to an automorphism ag of the image C2H02 '^^ ^2 into 

M2W{¥)/ Hq2- 

4.14.3.2.2. Proposition. We assume the order of ag is finite. If ag acts freely on 
C2H02 but fixes an ¥ -valued point y of it, then the power of p dividing the order of ag is 
hounded above independently of Hq2 and g. 

Proof: Let go have the same significance as in [Va2, p. 495]; so it is an automorphism 
of the non-trivial factor of the Shimura adjoint Lie UF-crystal attached to y. Let z e 
C2//„2 (W^(IF)) be a lift of y and let ftz := {My, F^, Lp,G2w{¥)) be its attached Shimura 
filtered a"F-crystal. Let Spec(i?) be the completion of the local ring of y and let Spec(i2i) 
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be obtained as in 2.4, starting from (E^. From the Claim 2.4.1 and from 4.14.3.1 we get 
that the W^(F)-morphism FILq : Spec(i?^^) ^ Spec(i?f^) is such that each W{¥)- 
valued point of Spec(i?f ^) hfts to precisely 2"* VF(F)-valued points of Spec(i?^^), where 
m e N U {0} is at most dd{{€z)). 

We can assume go has an order a power of p. As AE.6.1 points out, we can not 
always argue immediately that go is an inner automorphism even if g is. However, as the 
group of outer automorphisms of any adjoint group over VF(F) is finite, we get that there 

is ^(G2^(-pP e N which does not depend on g or on H02 such that gQ ^^(''^ [g an inner 

automorphism. So gj' 2w(j)) ( 2W(j)) identity automorphism. But this together 

with the existence of m implies that the order o of the VF(F)-automorphism of Spec(i?) 
defined by ag is bounded above independently of H02 and g. We have (cf. 2.4.2): 

O < 26(^2 W (F) )*(<^2W(F))- 

This ends the proof. 

4.14.3.2.3. Back to 2.3.18 A. Wc use the notations of the beginning of 2.3.18. We 

assume the centralizer of Gz^^) GL{L(2)) is a reductive group. We also assume Mk{v) 
has enough quasi-pivotal points; for instance, this is so if the connected components of Af 
are permuted transitively by G(Ap, cf. 4.14.3 J (in particular, this applies if (G, X) is of 
compact type). From 4.14.3.2.1 we get that exists and moreover the 0(„)-morphism 
qj\r (resp. qMi) obtained as in 2.3.3.2 (resp. as in 2.3.5.5) exists and is a pro-etale cover 
of its image (resp. is a pro-etale cover). 

Similarly, Fact 2 of 2.3.5.2 holds for p = 2 due to the mentioned p = 2 version of 
[Va2, 6.2.3] (see 4.14.3.2). 

4.14.3.3. References for 1.13.4. 1.13.4 a) follows from 4.14.3 A and B. For 1.13.4 
b) cf. 4.14.3.2.1 (or 4.14.4.1.1 below). 1.13.4 c) (resp. d) follows from 4.14.3 C (resp. J). 
1.13.4 e) follows from 4.14.3 B and D. 

4.14.4. Generalized Serre lemma. 4.14.3.2.1-2 point out that [Va2, 6.4.6 6)] 
has a version in mixed characteristic (0, 2). To state it as a Corollary, we need to adapt 
AE.4.2 and 4.4.13.5 to the context of 4.14.3.2.1. 

We refer to the mentioned context. Due to the limitations of 4.14.3 G, here we 
define a non-integral, tZ-ordinary point of N'l^vi) ^® ^ point with values in a field ki 
such that a Gi(A^)-translate of it lifts, after potentially replacing ki by ki and identifying 
connected components of A/vk(f) with ones ofN'2w{¥)j to a non- integral, [/-ordinary point 

of A/2F- We have: 

4.14.4.1. Corollary. Let Hqi be a compact subgroup o/Gi(Ap such that Hqi x Hi 

is smooth for (Gi^Xi). 

a) Then Afi is a pro-etale cover of Hi/ Hqi x Hi above all points of Hik{vi) which 
are non-integral, U -ordinary points. 
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b) We assume the centralizer of G2Z^2) ^-^(-^(2)) ^■s a reductive group over Z(2) 
and J\f2k{v2) ^^'^ enough quasi-pivotal points. If Hqi x Hi is 2 -smooth for {Gi,Xi), then 
H\ is a pro-etale cover of H\/Hqi x H\. 

Proof: The proof of a) is entirely the same as 4.4.13.5, cf. 4.14.3 B3. b) is obtained 
from 4.14.3.2.1 in the same way (see 2.3.8.5) AE.4.2 b) was deduced from AE.4.1. 

4.14.4.1.1. A conclusion. The concrete conclusion of the methods developed 
above in connection to the p = 2 theory of Shimura varieties, can be gathered in the 
following particular case of 4.14.4.1 b): 

Corollary. We consider a Shimura quadruple {Gi, Xi, Hi,vi) of abelian type, with 
vi dividing 2. We assume each simple factor of (Gi*^, Xf^) is either of some An Lie type 
or is of some Cn or type defined by an adjoint group whose extension to M has no 
simple, compact factors. We consider a p = 2 standard PEL situation (/, L(2), f , 
with {G,X,H,v) = {Gf,Xf,Hf,vf) (cf. Lemma 2 of 4.6.4 and the p = 2 version 
-see 2.3.18 A- of 2.3.5.1). We also assume Hk{v) has enough quasi-pivotal points (for 
instance this holds if {G,X) is of compact type). Then (Gi, Xi, Hi,vi) has an integral 
canonical model which is quasi- strongly smooth. 

Proof: As we are dealing with a p = 2 standard PEL situation (/, L(2), B)), the 
centralizer of G"^^^ in GL(L(2)) is a reductive group and so, as in Fact 2 of 2.3.5.5, we 
deduce the existence of a standard cover defined by (/, L(2)). So the Corollary follows 
from 4.14.3.2.1. 

4.14.4.1.2. Remarks. 1) The extra condition of 4.14.3.2.1 and 4.14.4.1 b) referring 
to centralizers, can be eliminated, cf. 2.3.5.6.1 A. However, in connection to the p = 2 
theory of Shimura varieties to be fully developed in §6 and [Va5], this is irrelevant (as 
the p=2 SHS's to be "constructed" will follow the pattern of [Va2, 6.5-6]). 

2) We take p > 2. We consider a Shimura quadruple {Gq.,Xq.,Hq.,vq) of adjoint, 
abelian type, with vq dividing p, such that any simple factor (Gi,Xi) of {Gq.,Xq) is of 
Cn or type and satisfies the following property: 

The essentially non-compact property. Every simple factor SF ofGiq^ is such 
that the Shimura group pair (GoZp, [a*o]) defined by {Gq, Xq, Hq^vq) is such that Hob{¥) 
has either a trivial image in SFb[w) or has a non-trivial image in all simple factors of 
SFb(w)- 

Then Lemma 2 of 4.6.4 can be entirely adapted to it: we just have to replace {p = 2) 
standard PEL situations by (p — 2) SHS's. The only two modifications in its proof needed 
to be made are as follows. First, Cvq is a product of GL(Vq'^) copies whose number may 
exceed (in general) the number of simple factors of G^. Second, we can work everything 
in the context of G^^ instead of Gzp , where G^^ is the subgroup of Gip generated by the 
maximal torus of GSp{L(^p) ^p,'*/') whose extension to Vq is contained in the center 
of Cvq and by each factor of G'^^ having a Zp-simple adjoint whose generic fibre is an 
SF as above. So the alternating representation of G\ on L^^^ ®'^{p) S^^s decomposed 
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into alternating subrepresentations, each one of them being a Zp-version of the {p — 2) 
standard PEL situations; Warning: some of them are related to Zp-groups which are 
tori (i.e. are not necessarily of Cn or D„ Lie type). So [Va2, 5.6.3] (cf. also AE.l) for 
p > 3 and 2.3.18 B for p = 2 can be applied entirely (using the language of abelian 
schemes endowed with Zp-endomorphisms and not with Z(p) -endomorphisms) to get that 
{f,L(p),v) is a (p = 2) SHS. 

Moreover, we have a version of 4.14.4.1.1 in the context of abelian quadruples having 
{Go, Xq, Hq, vq) as their adjoints. 

3) [Va2, 6.4.11 D] still holds for the compact type cases of 2) or of 4.14.4.1.1, cf. the 
part of 2.2.5.1 referring to [Va2, 3.2.12] and the fact that the arguments of [Va2, 6.4.1.1 
2)] hold as well for p= 2. 

4.14.4.2. Serre lemma via the p-adic approach. We now show that 4.14.4.1 b) 
and AE.4.2 imply the classical Serre lemma of [Mu, p. 207]. Let (A, p^) be a polarized 
abelian variety over an algebraically closed field k of arbitrary characteristic. Let G 
N \ {1, 2}. Let a be an automorphism of {A, pa) acting trivially on A [A]. We need to 
show that a is the trivial automorphism. 

We can assume pA is a principal polarization (cf. Zarhin's trick; see [M-B, p. 205]). 
If k is of characteristic 0, then we can assume it is C and so the fact that a is trivial 
can be easily checked starting from the classical theorem of Riemann. But, with the 
notations of [Va2, 4.1], this can be restated as: the subgroup K{N) of 2.3.3 is smooth 
for {GSp{W,^lJ), S) (for instance, this can be read out from Artin's method; see [FC, p. 
23-4]: these two pages have an analogue which considers level- A" symplectic similitude 
structures). Moreover, as the image of K{N) in PSp{W,^|J){Ql) is an open subgroup 
having no torsion, it is p-smooth for {GSp{W, V'), S) as well; here / is either an odd prime 
dividing A or is 2, depending on the fact that 4 does not or does divide A. So assuming 
that the characteristic of /c is a prime p not dividing A, from AE.4.2 (resp. from 4.14.4.2 
b)) for p > 3 (resp. for p = 2) applied to Siegel modular varieties, we get M./KP{N) 
is smooth over Z(p) and is a pro-etale cover of it; here A4 is as in [Va2, 3.2.9] and 
KP{N) is as in 2.3.3. But this implies (for instance, via [FC, p. 23-4]) that a is the trivial 
automorphism. 

We are left with the cases: A = p is odd or A = 4 and p — 2. These cases are 
trivial: as a has finite order, the automorphism of H^j.yg{A/W{k)) defined by a is trivial 
and so a acts trivially on ^(A"^), Vm e N (cf. also 2.3.18.1 D for A = 4). So a is trivial. 

There is one extra thing worth pointing out. The mentioned Artin's method can 
be used to get that, provided p does not divide A, there is / G N such that M./K{N^) 
is smooth over Z(p) and A^ is a pro-etale cover of it: there is q{a, A) G N such that a 
does not act trivially on yl[A'3''4]; the fact that the stack of principally polarized abelian 
schemes of dimension equal to dim^(A) is of finite type over Spec(Z) (see [FC, p. 23-4]) 
implies that we can choose q{a, A) to be independent of a and A. Using this we get the 
existence of integral canonical models of Siegel modular varieties, without appealing to 
Serre lemma. This also shows that any automorphism of a polarized abelian variety over 
a field has finite order. 
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4.14.4.3. Comment. In the classical situation of Siegel modular varieties, most 
common one works with some level- A?" structure (not necessarily a symplectic or symplec- 
tic similitude one), see [FC], [MFK], etc., or a very slight variant of it (see the classical 
case of elliptic modular curves). However this has considerable limitations and disadvan- 
tages in the general context of Shimura varieties of preabelian type. This forced us to 
introduce in [Va2, 2.11] the abstract notion of smooth subgroup for a given Shimura pair; 
Definition 1 of AE.4 is just a logical continuation of loc. cit. Some of the advantages 
we gain working in this abstract, general context can be read out from the easiness of 
stating different results: see [Va2, 6.4.4 and 6.4.6 1) and 2)], AE.4.1-2, 4.14.4.1, etc. 

4.14.5. Some extensions. Let A; be a perfect field. The greatest part of the 
terminology used in all previous sections can be extended to (filtered) (7fc-5-crystals. In 
particular we get ajt-iS-crystals which are [/-ordinary, T-ordinary, G-ordinary, potentially 
(or quasi or strongly) cyclic diagonalizable (of level n), etc. Similarly, in a geometric con- 
text we get tZ-ordinary, T-ordinary, G-ordinary, null points, etc; see [Va9] for an extensive 
study. Also, notions like deviations (see 3.13 and 4.5.15.0), a-Lie afc-crystals attached 
to cr/c-5-crystals and [a, 6]-filtered Lie cr/j-crystals attached to filtered o"fc-iS-crystals (see 
2.2.3 2)), CM levels, NP variation functions, etc., do extend as well. These extensions 
from the context of M.J-'[o^i]{W{k)) to the contexts of other categories M.J^[a,b]iW (k)) 
are automatic. 

4.14.6. The complete list of invariants. Let (/, L(^),t)) he a {p — 2) SHS. In 
2.3 and 4.1-5 (cf. also 4.14.3 for p = 2) we introduced many invariants attached to it. 
Here, for the sake of future references, we list them all. These invariants are: rational 
numbers, n-tuples of non-negative integers, sets, stratifications, F-crystals over perfect 
fields, groups, etc. Grouping them in some logical way, they are: 

a) E{G,X) and e (see 2.3.1); 

b) J^iG""^) and qo^^ (see 2.3.5.2); 

c) d{f), doif), di{f),..., daif), d{fp), doifp), dsifp) and d4{fp) (see 2.3.6.1); 

d) C and G (see 2.3.11); 

e) ^i, T^, r, r{f,v), FL{f,v), IL{f,v), SKL{f,v), CL{f,v), SDL{f,v), 
LieG(r), r(i;^^) and SS{v^'^) (see 4.1, 4.1.1 and 4.1.1.2); 

f) d = d{v) (see 4.1.1.1); 

g) £, (f, I(p, dis and m(/^„)(Tq)'s (see 4.1.1.4 and 4.1.2.2; here I e I^, q E N divides 
d and Tq e Tq); 

h) Wg, Roiv), l-i'uij T^^, (tuj, 'Puij Lie(j(7'i^) and t^^^'s (see 4.1.5 and 4.1.5.4-5; here 

uj e Wg); 

i) /c(vg'), d^% SDD{f,v) and MM (see 4.1.5.2-3 and 4.1.6; here uj e Wg); 

j) n, H^ Hi's, di's, 7p(G^^) and Ip{G'-"^) (see 4.3.1 and 4.3.1.1; here i E H); 

k) dA{iys, e^{v'"^ys, ej(t;^'^)'s, dA{v) and driv) (see 4.3.1.1-2); here i E W^); 

1) R{t), R'ir), aiiv""^), aiv""^), a^(^;^'^), Df{v'"^ys and Dr{v^'^ys (see 4.3.1.2; here 
i E H"^); 
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m) SLSp — rk{Afk(v)) (see 4.3.3); 

n) NPiATk^y)), LiVP(A4(.)), RLNP{Nkiv)), iV(G-^ t;-^) and iVi(G-^ X'^^ ^^-'i) 
(see 4.5.7); 

o) the standard stratifications of 4.5 and 4.9.9.1: the canonical Lie, the refined canon- 
ical Lie, the p-stratification, the absolute, the /-canonical, the Lie stable, the refined Lie 
stable, the Lie non-stable, the pseudo-ultra, the quasi-ultra (i.e. the Faltings-Shimura- 
Hasse-Witt), the ultra, the Faltings-Shimura-Dieudonne (adjoint, principal or standard), 
the ultimate and the ultimate adjoint stratifications of N'k{v) cind the level-n Faltings- 
Shimura-Dieudonne equivalence relation oi J\fk{v){^) (here n e N); 

p) /g (see 4.5.11 a)); 

q) d(z)'s and d*(c<j)'s (see 4.5.15.2.3; here i E H); 

r) GSC(A4) (see 4.9.9.2; here k is either k{v) or an algebraically closed field contain- 
ing k{v)); 

s) auti(a;)'s (see 4.5.15.3; here i e H and cj e Wq), 

t) NSU{Xk(v)) and Woii) (see 4.12.12.6.6 3); here i e ?i^°); 

u) Cp(-ffo), Cp{Ho,v) and pivj^g x v)(-^o) (see 2.3.3 and 4.12.12.6.7; here Hq is as in 
2.3.3); 

v) Dg{G,X,H,v,Ho) (see 4.12.12.8). 

4.14.6.1. Class invariants. Let F(dimc(^)) be the algebraically closed field 
of transcendental degree dimc(X) over F. So any point of Hk{v) with values in an 
algebraically closed field, factors through a point of Afkiv) with values in a subfield of 

F(dimc(^)). Another reason to introduce F(dimc(^)) is: we do not stop to check that 
all class invariants to be defined below are preserved by extensions (to algebraically closed 
fields). We consider the class 

^^{f,v) '■= C!liM ®w{kiv)) W^(F(dimc(X))),(^(8) l,GvK(F(dimc(x))), 

see 2.2.22 2) and 4.1.1. We assume G is not a torus; so CL(^f^y^ has at least 2 elements 
(cf. 4.3.6 and its proof). 

The maximal CM level of CL(/,„) is denoted by CML{CL^f^y)) (see 3.13.7). The 
smallest n e N such that: 

- the isomorphism deviation of any representative of an arbitrary element of CL^^y-^ 
is less or equal to n, is denoted by ISOM{CL^^y^) (cf. 3.15.7 BPl); 

- the Newton polygon (resp. the Newton polygon Lie) deviation of any representative 
of an arbitrary element of CL(j^„) is less or equal to n, will be denoted by NP{CL(^f^y)) 
(resp. by NPL{CL(^f y^) (its existence is implied by [Ka2, 1.4.4] or by the existence of 
ISOM{CL^f,y))); 

- the number of slopes of any representative of an arbitrary element of CL^f^y^ is 
less or equal to n, is denoted by NSL{CL(^f^y^); 
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- the denominator of any representative of an arbitrary element of CL(^f^y^ is less or 
equal to n, is denoted by DEN{CL(^f^y^)] 

- the cyclic rank (see 3.9.1.0) of any representative of an arbitrary element of CL(^f^y) 
is less or equal to n, is denoted by CR{CL(^f^y)). 

The non-negative integers CML{CL(^f^y)), CR{CL^f^y)), NP{CL^f^y)), NPL{CL^f^y)), 
NSL{CL(^f^y-^), DEN{CL(^f^y^) and ISOM{CL(^f^y^) are referred as the standard class in- 
variants of (/, -^(p), v). 

4.14.6.2. Types of points. For most useful types of points (with values in fields, 
in some cases -like the one of Borel points- assumed to be perfect) of special fibres of 
integral canonical models of Shimura varieties of preabelian type we refer to 4.9.17.2-3 
and to 4.12.12.6.3-4; cf. also 4.14.3 for the case of special fibres in characteristic 2. 

4.14.6.3. Remark. For each point w of M /Hq with values in some field F, we can 
attach to w''{AHo-,Vj^fj^) an incredible amount of invariants. See [Va4] and [ValO] for 
samples. 
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AE Addenda and errata to [Va2] 



We have the following addenda and errata to [Va2] ; all references below till the be- 
ginning of AE.l arc made to loc. cit. We use as a substitute for "should be replaced 
by". AE.O is a list of replacements. In AE.1-2 and AE.5 we mention three inexactitudes. 
Two mistakes are handled in AE.3-4. AE.6 consists of some extra specifications meant 
to help the reader less familiar with (group) schemes. 

AE.O. Always by "the closure" in some scheme we meant "the Zariski closure" . On 
p. 404 1. 17 (resp. 1. 23) "prove" ^ "proof (resp. "connected component" ^ "maximal 
subtorus"). On p. 4 10 1. 7 "D MF" "DMS". In 1.4.1 (resp. in 2.7), "4.6.10" 
"6.4.10" (resp. "T(Q)" ^ "T(Q)"). In 2.4.3 and of 3.2.7 9), "type" "type and aU its 
simple factors are such that [De2, 1.2.8 (ii)] applies" and "(of finite index)" "(it is of 
finite index if G is an adjoint group)". At the bottom of p. 415 (resp. in 2.6), "an" 
"a suitable" (resp. "action" "action (via conjugation)"). On p. 423 1. 15 and 1. 29 

"12" "12"- In 3. 1.4, "its centralizer" -w "the connected component of the origin C of 
its centralizer" . 

In 3.2.1.1 3) (resp. on. p. 427 1. 3), "3.2.1 3)" "3.2.1 4)" (resp. "almost" 
"almost healthy"). In 3.2.2 1) (resp. in 3.2.2.2), "this" "this and its proof (resp. "of 
the limit" "of the projective system"). In 3.2.2.4 b) (resp. in 3.2.3.1 1)), "3.2.3.2.1" 
^ "3.2.2.3.1" (resp. "3.2.2 1)" ^ "3.2.2 3)"). 

On p. 435, "for 2) above" ^ "as in 3.2.3.1 2)". In b) of 3.2.7 8), "for Shimura" ^ 
"for generalized Shimura", ", f) and g)" ", and a variant of f) and g)", and F-*^" 
should be deleted. On p. 451 1. 1, "[M," ^ "[Ma,". On p. 454 1. 13 (resp. 1. 40), 
"g-'^ok oi Hi{A,Q)'g)A/' -w ''g-^ok : Hi{A,Q)'g)Af^W'g)Af" (resp. "isomorphism" -w 
"isomorphisms"). In 4.1.3, "F°(Jf]^(A/Z) ® if]^(A/Z)*)®"^(")" ''F^{{H^j^{A/Z) ^ 
H^j^(A/ Z)*)'^'^^'^^y\ In 4.2, "the elements of their centers are semisimple endomorphism 
of W" "their centers are generated by semisimple endomorphisms of W and the trace 
forms on their centers are perfect" and "(cf. [Boul, ch. 1.1, th.4])" should be deleted. 

On p. 461 1. 34, "3.4.6 3)" ^ "4.3.6 3)" and "to its" "by its". On p. 463 1. 19 
(resp. 22), "a natural" "naturally an" (resp. "[[[" "[["). On p. 464 1. 1 and 1. 24, 
"component" -w "components" . On p. 464 1. 13, "automorphism" -w "automorphisms" . 
On p. 464 1. 34 (resp. 1. 41), "subgroup" -w "Ga subgroup" (resp. "isomorphism:" -w 
"isomorphism onto its image Ga,a:")- On p. 468 1. 24, "4.3.4" ^ "4.3.2". In 4.3.14, 
"the closure of Gq in GSp{L, ip)" "a reductive group having the Zariski closure of Gq 
in GSp{L,if)) as a reductive subgroup containing its derived subgroup" and "4.3.13" ^ 
"4.3.13 (cf. also 4.3.9)". On p. 471 1. 19, "situation" -w "PEL situation". In 4.3.17, 
"group i?" "subgroup ff". 
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On p. 472 1. 7, "3.2.7" ''3.2.7. r. In 5.2.1, "n G N." -w "n G NU {0}.". On p. 
475 1. 2 and 4, in order to be match [Fa2], "p-adic" should be removed. In (5.2.7), "p" 
^ "pP'\ In 5.2.3, := /" := /g". In 5.2.13, "V-parallel" ^ "annihilated by V". 

On p. 476 1. 12 (resp. 1. 33), "theory" -w "comparison theory" (resp. "have used" 
"used"). On p. 477 1. 37, "positive" -w "non-negative". On p. 479 1. 1 (resp. 1. 19), 
"as defined" "defined" (resp. "ring homomorphism" "Vo-homomorphisms"). On p. 
480 1. 11 (resp. 1. 40), ''u\Y := i^u" ''u\Yo := i^(z/)" (resp. ''pi^'^T" ^ "tt^-^T"). 

On p. 488 1. 9 (resp. 1. 24), "groups" ~^ "groups of classical Lie type" (resp. "(cf. 
[De2, 1.3.6])" should be deleted). On p. 489, "4.3.10.1)" "4.3.10.1 1)", ''A{G,X,W) = 
1") ~^ ''A{G, X,W) is 1 or 2 depending on the fact that I mod 4 is or is not 1 or 
2", and "(^2"^'^ = Gf*^^, but is a torus of dimension 2 (the representation Gf'^'^fj-. —>■ 
GL{Wc) is not irreducible, just the representation Gf'^^^ — > GL{W]^) is irreducible)" ^ 
ccj^der -g isogeneous to Gf^'^ times an S'L2-group, and is a torus of dimension 1 (the 
representation G^'^^'r GL{W^) is not irreducible; see [Sa, p. 458])". The last sentence 
of 5.8.1 should be deleted. On p. 491 1. 15 (resp. 1. 32), "^p+i" "ylp_i" (resp. "this" 
~^ "the corollary"). 

In 6.2.2 D), "and so Sq is a pro-etale cover of 5*1. This implies that" ^ "and so, 
provided the morphism — > TWi is a pro-etale cover, Sq is a pro-etale cover of and". 
In 6.2.2 E) "complex points are" "set of complex points contains those". On p. 498 1. 
32, "3.2. 7 10)" "3.2.7 10)". In 6.2.6 2), "6.2.4.1" "6.2.4". In 6.4.1.1 2), "[FC, ii)" 
"[PC, iv)". On p. 503, "6.4.1.1 2) and of [Mi4, 4.13]" "[Mi4, 4.13], via the same 
argument used in the first key fact of the proof of 3.2.3.2 b)". On p. 504 1. 6 (resp. 1. 
12), "isomorphism" 'isomorphisms" (resp. "preabelian." "preabelian type."). On 
p. 504 1. 36, "6.2.2." "6.2.2 a).". In 6.4.9, "healthy" "any healthy". On p. 506 1. 
15, "simple" "simply". 

On p. 507 1. 21, "forms" ^ "alternating forms" and "Gazj^j" "^'3^'^^^'". On p. 
507 1. 30, "6.6.5.1" "i)" and "component" -w "component of the origin". On p. 508 
1. 1, "i" "z". In 6.6.2 d) and in 6.6.4, "is the centralizer" -w "is contained and has 
the same derived subgroup as the centralizer". In b) of p. 510, "i?(G'|^ j)" "i?(G'|^)". 

In e) of p. 511 "is the centralizer of a torus T of Ge^j,)^ ~^ "is the derived subgroup of 
the centralizer of a torus f of Ge^^^ in G^^^/'. In 6.6.5.1, "4.3.6.2)" -w "4.3.6 2)" (resp. 
"keeping the" ~^ "keeping") and ". In fact, referring" ": referring". On p. 509, "so 
that G^ splits over the completion of Fi with respect to any finite prime of the ring of 
integers of Fi" should be deleted. In 6.6.6, "group" "group of classical Lie type". In 
6.7.1, "If there is a prime / such that G is ramified over (for instance if F or E{G,X) 
is different from Q)" ^ "If there is a prime I which mod 4 is 2 or 3 or if there are two 
distinct primes I such that Gq, is unramified,". In 6.8.2, "condition" -w "conditions". 

In 6.8.6, "fuU prove" "complete proof, "E(G^'^, X^'^) = Q" ^ "E(G=^'^, X^'^) 
is a totally real number field", ''E{G,X) = Q" ^ ''E{G,X) = E{G^'^, X^'^), "It is an 
easy" "If E{G,X) = Q it is an easy", "of Q" ^ "of a totally real number field", "the 
situation can not be reduced" "the situation still gets reduced" , "moreover the ideas" 
^ "On the other hand, the ideas" and "this second case" ^ "these two cases" . 
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AE.l. In [Va2, 4.3.11], as we worked with the natural trace form on the Lie algebra 
QSp of a group of symplectic similitudes, the condition p does not divide half of the rank 
vl of L needs to be added in order to have it perfect (i.e. in order to have the fourth 
paragraph of [Va2, p. 469] applying). If p is odd and divides then, provided we work 
with Sp^s groups instead of GSp^s groups, it still applies entirely, cf. [Va2, 3.1.6]. So, its 
only application (for p> 3), i.e. [Va2, 5.6.3], does not need to be modified. The Claim of 
[Va2, 4.3.11] is still true, under a very slight (compulsory) restriction, even if p = 2 and 
4|rL, see a) and c) of 2.3.18 B3. 

AE.2. The argument of the first sentence of [Va2, 6.4.6 5)] ought to be enlarged. 
As in [Va2, 3.2.7 11)], we consider two injective maps (Gi,Xi,ifi) ^ {G,X,H) and 
{G2,X2,H2) ^ {G,X,H), such that all simple factors of (Gf.Xf) and (Gf.Xf) 
are of preabelian and respectively of special type and we have a natural identification 
Qad ^ Q^d ^ Q^d_ [Yg^2, 6.4.1] (resp. [Va2, 3.4.1]) points out that (Gi, Xi, Hi) (resp. that 
{G2, X2, H2)) has an integral canonical model Afi (resp. has a quasi-projective normal 
integral model having the EP). As in [Va2, 3.2.16] we get that (Gi XG2, X1XX2, HiX 
H2) has a quasi-projective normal integral model A/12 having the EP. Using the fact that 
the intersection G^^"^ r\G2^'^ (taken inside G^^"^) is a finite group scheme of order relatively 
prime to p, from [Va2, 6.2.3] and [Va2, A) to E) of 6.2.2 b)] we get that (G, X, H) has a 
normal integral model M over the normalization of Z(p) in E{G2 x Gi, X2 x Xi), which 
is a quotient of A^i2 through a free (see [Va2, 3.4.5.1]) action. From [Va2, 3.2.12] we get: 
if (G, X, H) has an integral canonical model, then JV is smooth; so also A/12 and A^2 are 
smooth. So we can replace (G, X, H) by (Gi x G2, Xi x X2, Hi x H2). So [Va2, 6.4.6 5)] 
follows from [Va2, 6.2.2-3 and 6.4.1] or from [Va2, 6.2.4 and 6.4.1]. 

AE.3. The condition of [Va2, 4.3.6 3)] on the existence of Lie is not enough; the 
reason is: it misses data needed to relate H[j^^j^_^j^ with Hl^j^^j^^j^. Loc. cit. was 
thought as taking aside part of the argument of [Va2, 4.3.7 4)]; so in loc. cit. we had in 
mind the context of [Va2, 4.3.7 4)] (see the Proposition below). It turns out that [Va2, 
4.3.7 4) and 5)] as well needs some mild assumptions (they can be read out from the 
Proposition below and so they will not be restated explicitly). 

The impact of this is (cf. what follows below): the sentence (between parantheses) 
containing "it is instructive not to do so" (used before [Va2, Case a) of the proof of 
4.3.10]) should be deleted (however, i) below and combinations of i) and iii) below allow 
its usage under some restrictions). Warning: this deletion does not necessarily need to 
be performed in the context of the similar sentence (used before [Va2, Part 1) of the 
proof of 4.3.10]) or in connection to [Va2, 4.3.10.2], cf. iii) below. However, the proof 
of Proposition below is very much the same as parts of the proof of [Va2, 4.3.10 b)] and 
so (cf. also AE3.1 3) below) one might still prefer to perform such a deletion. So what 
follows is just of group theoretical interest; the reader interested just in applications to 
Shimura varieties can skip to AE.4. 

Coming back to [Va2, 4.3.6 3)], its conclusion holds if the O-algebras i?/(/j fligs/Ji), 
for any j G / and for every non-empty subset SI of I \ {j}, are still faithfully fiat, or if 
O is of equal characteristic 0. In both situations we get that Hir/i^^j^ and H2R/I1+I2 
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coincide (for the second one cf . also the part below referring to ii) ) . Let p be an arbitrary 
rational prime. We start with a definition. 

Definition. A faithful representation px : T ^ GL{V) of a split torus over an 
arbitrary field k is called p Lie recoverable, if T is generated by a finite family (Tj)j^j 
of subtori of it such that for any j E J, the representation of Tj on V does not involve 
two distinct characters of Tj whose difference inside the group of characters of Tj (viewed 
additively) is divisible by p. If J has just 1 element, then we also say pt is elementary p 
Lie recoverable. 

We situate ourselves in the context of the first paragraph of [Va2, 4.3.6 3)]. We 
assume that there is a noetherian, local, integral O-subalgebra Rq of R such that R is 
the strict henselization of Rq, that M is obtained by extension of scalars from a free 
i?o-niodule Mq and that H' is obtained by pull back from a reductive subgroup Hq of 
GL{Mq) We also assume the existence of a projector 11 of End(M) on Lie fixed by 
H' . So we have a direct sum decomposition End(M) = Lie © Ker(n) preserved by the 
action of H' on End(M[;^]). Let / (resp. Ir) be the residue field of O (resp. of R). Let 
k be the algebraic closure of the field of fractions ko of Rq. 

If Hq is non-trivial and semisimplc, then s{H' ^j^, Mq (S)Rg /c) G N is defined by: it 
is the maximal dimension of indecomposable S'T-submodules of Mq k, with ST- 
running through all standard semisimple subgroups of H'^^ whose adjoints are PSL2^s 
groups. Here "standard" is used in the same manner as in [Va2, 4.3.3] but at the level 
of subgroups and not of Lie subalgebras of Lie(iy'Q^). If O is of characteristic 0, then 
s{H'qi^, Mq k) = s(Lie(ii/''Q^), Mq k) (cf. Weyl's complete reductibility theorem 
and the standard connections between subrepresentations of Lie(if'Q^) and of H'^j). In 
[Va2, 4.3.10.2], by s{qq^ W) in case Qq is over a field of positive characteristic, we meant 
s{Gq,W). 

Proposition. The Zariski closure of Hq in GL{Mq) is a reductive group if moreover 
any one of the following three conditions hold: 

i) I is of characteristic p, H' is a torus and the representation pj^ of H' q^ on MQ®n^k 
is p Lie recoverable; 

a) I is of characteristic 0; 

Hi) Hq is non-trivial and semisimple, the characteristic of I is an odd prime p > 
s{H' Q^ Mq^h^U) and moreover the semisimplification AUT^^ of the connected component 
AUT^ of the origin of Aut(Lie <S>r Injred is smooth of dimension equal to the relative 
dimension of Hq. 

Proof: It is enough to show H'j^ is a reductive subgroup of GL{M). As in [Va2, 
4.3.6 3)] we can concentrate most of the time just on 1, 2 e /. 

The first step is to check that the pull backs of H[j^^j_^_^j^ and H2R1 to 
Spec(i?//i + l2)y-ed coincide. For ii) this is a consequence of [Bo2, 7.1]. For i) this can 
be checked as follows. The generic fibre GF of Hq splits over a Galois field extension of 
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ko contained in the residue field of any point of Spec(-R//i) of codimension 0, Wi G /. So 
we can assume GF is a split torus. So, based on arguments similar to the ones of [Va2, 
3.1.6] pertaining to of loc. cit., we can assume is elementary p Lie recoverable; but 
this case follows from the very definitions. In other words: we can recover the maximal 
direct sum decomposition of M (E)r R/Ii normalized by H[ from the representation of 
Lie ®R R/Ii on M ®r Rf, moreover, the character of the representation of H- on any 
fixed member of it can be read out from the representation of GF on Mo®i?o ko {i — 1,2). 

For the time being we assume that the pull backs of H[j^^j_^_^j^ and ^2fl//i+/2 
Spec(i?//i + /2)j,gj coincide even for iii); so let iyi2red ^® reductive subgroup of 
GL{M®fi {R/h + h)j:ed) with which these two pull backs coincide. Let R12 := R/I1 + I2 
and let be its ideal of nilpotent elements. Let n G N be such that A^"^ = {0}. We 
consider a maximal tori Tj of H[^^^, i — 1,2. We can assume that Ti and T2 lift the 
same maximal torus T12 of -ff{2red' [SGA3, Vol. II, 3.6 of p. 48]. Loc. cit. implies as 
well the existence of ^ G GL{M (8)i? -R12) which mod N is the identity and gTig~^ = T2 
as tori of GL{M <^ji Ri2)- 

The second step is to show, by induction on j G {1, n}, that we can assume Lie(Ti) 
and Lie(T2), as i?i2-submodulcs of End(M -R12), coincide modulo A^-'. The passage 
from j to J ' + 1 goes as follows. We can assume g mod A^-^ is the identity. The existence 
of g implies the existence oi A e N^Eiid{M R12) such that under the automorphism 
lEnd(Mig)flfli2)+^d(^) of End(M(8)iti?i2), Lie(Ti) mod A'"-'+^ is mapped onto Lie(T2) mod 
N^~^^. But due to the existence of H, modulo A'"-'"''-'^ we can assume A G A'"-'Lie®i?i?i2. As 
the Lie algebra of H[ is Lie®_R-R//i, we can assume g mod A^-'^^ is an i?i2/A^"'^^-valucd 
point of H[. So, by replacing Ti by an ifj (J?i2)-conjugate of it, we can assume that the 
restrictions mod N^'^^ of Lie(ri) and Lie(T2) are the same. So, by induction, we can 
assume Lie(Ti) = Lie(T2). 

The third step is to check that Lie(Ti) = Lie(T2) implies Ti = T2. For i) this is a 
consequence of Definition: as above, we can recover the maximal direct sum decomposi- 
tion of M R12 normalized by Ti as well as the characters through which Ti acts on 
its members from Lie(Ti) (and GF). The same applies for ii). 

For iii) we have to proceed as in [Va2, p. 465]: 

- if p > 2s{H' Mq <S)Ro k), then we can apply the part of the previous paragraph 
referring to i) (argument: we need to consider as in loc. cit. the standard 1 dimensional 
split subtori of Ti in order to get that we are in the context of elementary p Lie recoverable 
representations of their fibres over k; so the representation of T^j^ on Mq k is p Lie 
recoverable) ; 

- if s{H'q^, Mq k) <p < 2s{H'q^, Mq (8)^^ k), then we have to use as in loc. cit. 
standard ^[2 Lie subalgebras of Lie ®r R12 in order to be able to recover the maximal 
direct sum decomposition of M R12 normalized by Ti, from the representations of 
Lie(Ti) and of Lie ®b. R12 on it. 

What follows next for ii) and iii) is very much the same as [Va2, p. 464 and p. 466]: 
using exponential maps (for iii) this is allowed as p > s{H' Mq k)), we can recover 



573 



from Ti and Lie ®r R12 the Ga subgroups of H[^^^ normahzed by Ti and so, based on 
[SGA3, Vol. Ill, 4.1.2 of p. 172] we get that an open subscheme of H[j^^^ coincides with 
an open subscheme of Hl^j^^^ and so H[j^^^ = -f^2i^l2• '^^^ argument that H'j^ 

is a reductive group is based on amalgamated sums and is as in [Va2, 4.3.6 3)]. This 
paragraph forms the fourth step. 

So to end the proof, we need to argue the first step for iii). The natural homo- 
morphism from H^i^ to AUT^^ is an isogeny (it is nothing else but the natural central 
isogeny H-^^ H'^^^; as p is odd this can be checked easily using standard s\2 Lie 
subalgebras of Lie®/^ la). We get: Lie(Ti) ®r/i^ Ir is the Lie algebra of a maximal torus 
of H2i^ and so we can assume it is the Lie algebra of Lie(T2) <Sir Ir- As in the above 
part referring to the subcases corresponding to the fact that p is or is not greater than 
2s{H'qj^, Mq (^r^ k), we get Ti^^ = ^2;^- -^^ previous paragraph, we get: H'^^ and 

H2i^ coincide. But the role of Ir is just to fix notations: the same applies to any point 

Spec(/fl) — > Spec(i?i2), with Ir an algebraically closed field, lifting a point of the special 
fibre of Spec(O); we just need to mention that Lie Ir = Lie Ir Ir (cf. the 
uniqueness theorem of [SGA3, Vol. Ill, p. 313-4] and the fact that Hq is over i?o[;^])- 

AE.3.1. Remarks. 1) In practice we use i) and iii) intermingled. The last part 
of the above paragraph points out that the conditions of iii) are such that they can be 
checked over O, using an arbitrary split semisimple group over O whose extension to R/Ii 
is isomorphic to H[ (it does not matter which element 1 e / we use); so all three parts 
of the Proposition can be used to get right versions of [Va2, 4.3.7 4) and 5)]. Moreover, 
it is easy to see (based on [Bo2, 7.1] and on arguments involving non-degenerate trace 
forms) that the two assumptions of the second paragraph before the Proposition, are not 
needed in connection to ii). 

2) In [Va2, 4.3.6 3)] we could add: the fact that H' is split can be obtained via 
[SGA3, Vol. Ill, 1.5 of p. 329] applied over R/h + h (using the fact that we are in a 
local, strictly henselian context) and then making tt invertible; so the sentence of [Va2, 
4.3.6 3)] referring to it should have been placed after the argument that H'12 exists (i.e. 
after showing that we have H[^^^ — H2r^^)- 

3) The part of iii) referring to AUT^ automatically holds if the Killing form on 
Lie(-ffi) is perfect: in such a case AUT^ is semisimple (cf. [Va2, Part 1 of p. 463-4]). 

AE.4. Let p be a rational prime. A great part of the proof of [Va2, Lemma of p. 
496] is wrong and in fact there are contraexamples to it (for instance, with Hq of Ap-i 
Lie type). There are two mistakes in its proof. First, in the case p = 2 and Q = jJL2, 
we need to assume that the special fibre of ^ is a subscheme of Po/pO'i mentioned in 
loc. cit. this case is trivial: we can assume O is complete and so [SGA3, Vol. II, 3.6 of 
p. 48] implies Q is contained in gPog~^, with g G Ho{0) congruent to the identity mod 
2. Second, the last part of it referring to an action of Hp on Spec(0)o2 makes no sense. 
We did not have time to rethink the whole issue (i.e. to list all cases when it holds), so 
here we just mention that [Va2, 3.4.5.4 3)] implies that [Va2, Lemma of p. 496] holds at 
least if p — 1 is greater than the relative dimension of each factor of Hq / Po defined by 
a simple factor of Hq (here we can assume O is strictly henselian). 



574 



However, [Va2, 6.2.2.1] still holds in different forms (some weaker and some slightly 
stronger). We take a longer root, in order to fully exploit what can be done about it. 
We start with an arbitrary Shimura pair {G,X). The "root of the problem" is in [Va2, 
2.11]. In loc. cit. we defined subgroups of G{Af) smooth for (G, X): such a subgroup 
H is said to be smooth for (G, X) if it is compact and Sh(G', X) is a pro-etale cover of 
ShniG, X). Warning: in order to avoid always taking quotients (see [De2, 2.1.12]), we 
allow H to have elements which act trivially on Sh(G, X). For instance any compact, 
neat subgroup of G{Af) is smooth for (G, X). However, smooth subgroups are far more 
general than compact, neat subgroups. Here we mention just two examples. 

Example 1. If G is a torus, then any compact subgroup of G{Af) is smooth for 
(G,X) (cf. [Va2, 3.2.8]). 

Example 2. We assume G is a Q-simple, adjoint group. We assume Gq^ has 
two non-trivial factors Gi and G2 and there is a non-trivial, finite subgroup H of 
Gi(Qp). Then H is smooth for (G, X). This is a consequence of the structure of the set 
Sh(G, X)(C) (see [De2, 2.1.1]): as G(Q) has trivial intersection with any G(A/)-conjugate 
of ff, any g G H acts freely on this set and so on Sh(G, X). We get: there are compact, 
open subgroup of G(A/) which contain H, are smooth for (G, X) but are not neat. 

We propose some extra classes of compact subgroups of G(A^) which are "between" 
the neat ones and the ones smooth for (G, X). Let H he a compact subgroup of G{Af). 

Definition 1. a) H is called S-smooth for (G, X) (here S stands for strongly) if it 
is smooth and for each connected component C of Sh/f(G, X)c there is a compact, open 
subgroup Hi of G(A^) containing the subgroup H(C) of H leaving invariant C and such 
that the set of complex points of the connected component of Sh/f^(G, X)c dominated 
naturally by C can be identified (see [De2, p. 266-7]) with E \ X°, with X^ a connected 
component of X and with E an arithmetic subgroup of G^^{Q) which does not have 
2-torsion. 

b) We say H is p-smooth if it is smooth and for each connected component C of 
Sh/f(G, X)c there is a rational prime 1{C) different from p such that the image of any 
pro-p subgroup Hp{C) of H{C) (with H{C) as in a)) in G^'^(Qi(c)) is trivial. If 5 is a set 
of rational primes having at least two elements, we say H is 5-smooth, if it p-smooth for 
any p E S. 

Let w be a prime of E(G, X) dividing p. Let O be a faithfully flat, DVR 0(„)-algcbra. 
We consider a smooth (resp. normal) integral model of Shj^ (G, X) over O. b) suggests 
the following variant of [Va2, def. 3.4.8]. 

Definition 2. a) A/" is said to be quasi-strongly smooth (resp. quasi-strongly 
normal) if for any compact, open subgroup Hq of G(A^) such the subgroup Hq x H 
of G(A/) is p-smooth for (G, X), jV is a pro-etale cover of M /Hq. 

b) If p = 2 we say M is ^-strongly smooth (resp. A-strongly normal), if A/" is a 
pro-etale cover of M/Hq, for any subgroup Hq of G(A^) such the subgroup Hq x H of 
G(A/) is S-smooth for (G, X) (here A stands for almost). 
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Referring to [Va2, Lemma of p. 496], there is n G N easy computable in terms of 
Ho, such that Ho{0) has no elements of order p". This is an immediate consequence of 
the following two facts, applied in the context of any faithful representation of Hq (for 
instance, the adjoint one): 

- H-^(¥) has no semisimple elements of order p and all its unipotent elements have 
an order dividing a fixed power of p; 

- [Va2, 3.4.5.2] and its variant for p = 2 (if p = 2, any O-endomorphism of a free O- 
module of finite rank of order a power of 2 and which mod 4 is congruent to the identity, 
is the trivial endomorphism). 

We now start correcting the parts of [Va2] relying on [Va2, Lemma of p. 496]. In 
what follows, (G, X, H, v), (Gi, Xi, H^v), (G2, X2, H2), X^, Mu M2, P > 2, L^, {W, V'), 
Vq and C° = C2 are as in [Va2, 6.2.2 b) and its proof]. To conform with the notations of 
this paper, we denote Lp by I'(p). Let G2Z(p) be the reductive group over Z(p) obtained 
by taking the Zariski closure of G2 in GL{L^p^). Wc take O := Vq and Hq '■= G|y^. We 
consider g G Aut(G'2! ^2, H2); we do not assume it is inner (i.e. is defined by an element 
of ^2^^ ^(Z(p))). Moreover, is a compact, open subgroup of G'2(A^) normalized by g 
and such that the morphism A42 ^ M.2/H2 is a pro-etale cover. On [Va2, p. 494-7], 
''M2/HI X if2" ^ "M2/i^|" and ''M2V0/HI X if2" ^ ''M2Vo/Hl'\ The Z-lattice L of 
[Va2, p. 494] is as in [Va2, 5.1.2]. 

We assume g is such that the automorphism ag of j\/'2Vo/^2 defines naturally leaves 
invariant the image C(iyf ) in A2Vb/-f^2 of (chosen) connected component C2 of H2Vo- 
Warning: this does not necessarily imply that g leaves invariant . We also assume ag 
acts freely on the generic fibre of C{H2). We have four different possibilities (which can 
be combined) in connection to [Va2, 6.2.2.1]: 

al) we require X2 = and that in fact ttg acts freely on the generic fibre of N'2Va/ Hl^; 

a2) we require the order o{ag) of ttg to be divisible by p^^^^ , where p^^ is the greatest 
power of p dividing the order of the image of g into the group of outer automorphisms 
of the product of all simple, non-compact factors of 

a3) we require that g over R normalizes X° and each simple factor of G''^; 

a4) g is defined by an element of ^ (^(p)) which is contained in a compact subgroup 

H2^'^{g) of G'l'^(Aj) containing the image of iff in G|'^(Ap and having the property 

that i?r'^(£?) X Hl"^ is p-smooth for {Gf.XI'^). 

If we work under a3), then there is m G N relatively prime to p such that g'^ is an 
inner automorphism of Gf*^. This is a consequence of the structure of the group of outer 
automorphisms of an absolutely simple group of classical Lie type and (in case p = 3 and 
G^'^ has simple factors of D4 Lie type) of the fact that g leaves invariant 

If g is inner and we work under al), then either g is not an element of finite order 
or ag does not fix any F- valued point of C(iff). Argument: if it is of finite order, then 
we can assume (cf. [Va2, 3.4.5.1]) that this order is a power of p and so g over M (as 
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p > 3 there is no invertible element of M of order p) is contained in a maximal compact 
subgroup of G|'^(M); so it fixes an element of X2 = Xf^ (cf. also [De2, 1.2.8]) and so 
does not act freely on the generic fibre of A/'2Vb/-f^2 • Contradiction. 

Proposition. If we work under a2), then ag acts freely on (^(iyf)- particular, 
this applies if g is inner and G^{Vo) has no element of order p. 

Proof: If ttg fixes an F- valued point y of C{H2), then we can define ^ro as in [Va2, 
p. 495]; its order is the same as the order of g. As in loc. cit. we can assume o{ag) is a 
power of p and that ^ is inner. As p^ divides 0(^0 ^ ) we reach a contradiction to the 
definition of n. 

Remarks. For another form of this Proposition, see 4.4.13.5; see §13 for extra 
improvements of the Proposition (similar to the one of 4.4.13.5) obtained based on the 
extra fact that in [Va2, p. 495], ^fo was defining an automorphism of a Shimura adjoint 
cr-crystal over F (see def. 2.2.11 4) and end of 2.2.22 2)). This Proposition does not suffice 
in applications to [Va2, 6.2.2 b)]; so to considerable strengthen it, we need to bring into 
the picture some extra tools. 

AE.4.1. We can assume Gi is adjoint (the action of a subgroup of a group acting 
freely is free); so (Gi,Xi) = (G|'^,X|'^). Based on [Va2, 6.2.3 and 6.4.2] we can assume 
Gi is Q-simple. The only cases of [Va2, 6.2.2 b)] not covered by [Va2, 6.2.2 a)] are those 
in which p is odd and 6^3'^ has factors of Ap^-i Lie type. So based on [Va2, 6.5.1.1 and 
6.6.5.1], we can assume we are in the context of a standard PEL situation (/2, L^p), t)2, B2) 
(as defined in 2.3.5, cf. also 2.3.5.1), where V2 is a prime of E{G2, X2) dividing the prime 
of £;(G^d,X^d) = E{Gf,Xf) divided by v. 

We consider an injective map (^2,-^2) ^ (^'25-^2)5 with G2 as the subgroup of 
GL{W) generated by G2 and by the center of the centralizer of G2 in GL{W). The 
Zariski closure of G2 in GL{L(^p^) is a reductive group G^2Z(p) ^^'^ moreover we get a cover 

Q2 ' (^2)^2) ~^ {^2^, X2^); 

the first part can be seen immediately inside GL{L(^p-j Cg)Z(p) Vq), starting from the classifi- 
cation provided by [Ko2, top of p. 375 and p. 395], while the second part is a consequence 
of the fact that the center ^(^2) of ^2 is the group scheme defined by invertible elements 
of an etale Q-algebra AL of endomorphisms of W. AI2 is an open closed subscheme of 
the integral canonical model M.2 of the Shimura quadruple (G2) ^2) ^2Z(p) (^p); '^a) (cf. 
[Va2, 6.2.3 and 3.2.15]). 

So, based on [Mil, 4.13], we can assume that a connected component of AiiVo is the 
quotient of = C2 (see [Va2, p. 494]) by a group of automorphisms GA of C2 which 
are defined by right translation by elements of a subgroup of the group GR of A^-valued 
points of the center Z{G2) of based on [De2, 2.1.12], in fact we can replace GR by 
the familiar group (of the class field theory) 

Z(G^)(Ap/Z(G',)(L(,)), 
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cf. also [Va2, 3.3.1]. We can assume AL C B2 ®Z(p) Q- 

We consider an element h e Z{G2) defining an element of GA. We assume it fixes a 
point y e C2(F). y gives birth to a quadruple 

Qy = {^yjPAy,B2,{^N)Nen,{N,p)=l), 

where {Ay,pAy) is a principally polarized abelian variety over F of dimension | dimQ(14^), 
endowed with a family of Z(p)-endomorphisms (still denoted by B2) and having (in a 
compatible way; see [Va2, top of p. 455]) level- AT symplectic similitude structure 
N & N with {N,p) = 1, such that some axioms are satisfied, cf. the standard in- 
terpretation of A/2 as a moduli scheme (to be compared also with [Ko2, ch. 5]). We 
have a similar modular interpretation for F- valued and Vq- valued points of A/'2, pro- 
vided we work in a Z(p)-context; in such a context we speak about principally '^^{p)- 
polarized abelian varieties, Z(p) -isomorphisms (i.e. isomorphisms up to Z(p)-isogenies 
as defined in 2.1), etc. So the translation of y by /i gives birth to a similar quadruple 
Qy = (-4y,PA;,i32, {k'N)Nen,{N,p)=i)i with {A'y.pA'J a principally Z(p)-polarized abelian 
variety over F which is Z^^^-isogeneous to {Ay,pAy)- Due to this Z^p^-isogeny, we can 
identify H^,^^{A'y/Vo) with M := H^,^My/Vo)- 

The fact that h fixes y means that these quadruples are isomorphic, under a '^(p)- 
isomorphism a : Ay^A'y. The automorphism gm of M we get (via a and the mentioned 
identification), as an element of End(M), belongs to the Q-vector space generated by the 
crystalline realizations of the Q-endomorphisms of Ay naturally defined by elements of 
Lie{Z{G2))- this can be read out from the etale context with Q^-coefficients, where / is an 
arbitrary prime different from p. So qm leaves invariant any F^-filtration of M defined 
by a Vb-valued point lift z of C2 lifting y. Such a lift is determined by the mentioned 
filtration, cf. the deformation theory (see [Me, ch. 4-5]) of polarized abelian varieties 
endowed with endomorphisms; see also [Va2, 5.6.4]. So from the modular interpretation 
of J\f2 we get: h fixes all these lifts. So h acts trivially on C2. We conclude: C2 is a 
pro-etale cover of C2/GA. This completes the corrected proof of [Va2, 6.2.2 b)]. 

AE.4.1.1. The use of Z(p)-isogenies in AE.4.1 can be entirely avoided. This goes as 
follows. Let Gs := Gf'^ x Gm', identifying Gm with the quotient of G2 by its subgroup 
G2 acting trivially on i/j, we get naturally an epimorphism q2 : G2 ^ G3. Let (G^jX^) 
be the Shimura pair such that q2 defines a finite map 

q2:{G2,X2)^{G3,Xs). 

Fact. Let A :=Ker(q'2)- For any field I of characteristic 0, the group H^{Gal{l), A{1)) 
is a 2-torsion group (which in general -like for I = R- is non-trivial). 

Proof: From the structure of G2 (for instance, see [Ko2, ch. 5 and 7]) we get that 
A is a product of Weil restriction of scalars from sonic totally real number fields to Q of 
1 dimensional tori which over M are compact (if B ®Z(p) Q is a simple Q-algebra, then 
the mentioned product has only one factor). The Fact follows. 
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So q2 is not a cover but from the point of view of free actions (see [Va2, 3.4.5.1]) it 
is "close enough". In other words, the image of C2C in the quotient of Sh^j (G2, -^2)0 by 
^(Ap is a (potentially infinite) Galois cover of the image of C2C in ^^HsiG^i -^3)c whose 
Galois group is a 2-torsion group, cf. also [Va2, 3.3.1]; here Hs := i^f*^ x Gm(Zp) and C2C 
is obtained via extension of scalars through an arbitrary 0(^2)"nionomorphism Vq C. 
So, referring to AE.4.1, eventually by replacing hhj h^, we can assume h e G2(Aj). So 
AE.4.1 can be performed "in terms" of q2 and not of 

However, the context of ^2 is more convenient for generalizations (see the whole of 
2.3.5.5-6) and moreover it can be adapted (see the proof of 4.14.3.2.1) for p= 2. 

AE.4.2. [Va2, 6.2.2.1] was used in [Va2, 6.2.4.1] and so implicitly in [Va2, 6.4.4]. 
For the meaning of mid(X) and of the torsion number t{G^'^) we refer to 2.1. We have: 

Exercise. Let {G, X) be an adjoint Shimura pair, with all simple factors of G of 
classical Lie type. We assume Gq^ is unramified. Then the inequality mid(X) + 3 < p 
implies: p does not divide t{G^). If mid(X) + 2 = p, then it can happen that p\t{G^^). 
Hints: for the first part use the classification of [He, p. 518] and the fact that a GL^- 
group over the Witt ring WR of a perfect field of characteristic p, with n + 1 < p, can 
not have VF-R-valued points of order p; for the second part, use Q-forms of SU (1,^ — 2)^*^ 
or of 50(2,p-2)m. 

So, in connection to the part of the first paragraph of AE.4 referring to [Va2, 3.5.4 3)], 
it is shorter and more convenient to work with t{G'^'^) rather than mid(X); accordingly, 
in all that follows we state our results in terms of t(G*'^)'s. However, it is useful to keep 
in mind that for Shimura varieties whose adjoint varieties are products of simple, adjoint 

varieties which are either of type or of A„_2 type involving Q-simple groups which 

2 

over M have only simple factors of the form SU{a,p — 1 — a)]R, with a G {0, 1}, one can 
do a little bit better (with respect to the odd prime p). We have the following correction 
of [Va2, 6.2.4.1 and 6.4.4]: 

Correction, a) In [Va2, 6.2.4-1] we need to either assume p }(t{G^'^) or to replace 
strongly smooth by quasi- strongly smooth. 

b) In [Va2, 6.4-4] we need to assume Hg x is Si-smooth for {G,X), where Si 
is the set of odd rational primes belonging to S and dividing t{G^^). 

b) is a consequence of a), cf. the proof of [Va2, 6.4.4]. The proof of a) is very much 
the same as AE.4.1 (cf. also Proposition of AE.4); the only difference: fixing a connected 
component C of S\vh{G,X)£, we have "control" only on one prime 1{C) different from 
p (cf. a) of Definition 1). As the part of AE.4.1 involving G'2 has not been previously 
used (i.e. known outside the context of standard PEL situations), a) is detailed (as an 
application) in 2.3.5.8. From a) we get: 

Corollary. We refer to AE.4. If we work under a4), then ag acts freely on C(iff). 

For the sake of completeness we repeat here the philosophy of [Va2, 6.4.6 6)] in a 
slightly corrected form as suggested by Correction. 
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Ph. To generalize Serre's lemma [Mul, p. 207] to the context of an integral canon- 
ical models H of a Shimura quadruple {G, X, H, v) of preabelian type (with v dividing a 
rational prime p > 5) and of a compact subgroup Hq ofG{A^), it is enough to check things 
in characteristic zero (i.e. to check that Sh(G, X) is a pro-etale cover of Sh.Ht^xH{G, X)) 
as well as, in case p\t{G^'^), that Hq x H is in fact p-smooth (and not just smooth) for 
{G,X). 

AE.5. For a detailed (slightly corrected) version of [Va2, 5.5.1] we refer to 2.4. 

AE.6. In Step 6 of [Va2, 3.1.3.1] we could add that Y2 is obtained from Y2 as in 

Step 4 of loc. cit. In the proof of [Va2, 3.1.6], we could add first that the kernel of p is the 
extension of a finite, fiat group scheme by a torus, before concluding that it is a finite, 
flat group scheme (i.e. that this torus is trivial). Also we could add that the fastest way 
to see that G]^ is a reductive group, is to remark that we have a short exact sequence 

^ ^G]i^ Tr/Gr ^ 0. 

In [Va2, 3.2.1.1 15) and 16) and the proof of 3.2.2.1], we do not need to add quasi- 
separatedness to the quasi-compactness assumptions, despite the fact that in [EGA IV, 
§8] this is always done. It is [FC, 2.7 of p. 9] which implies that in connection to abelian 
schemes over normal schemes, quasi-separatedness condition can be dropped. Similarly, 
as Yi is normal and geometrically connected over the held Ky of characteristic 0, in [Va2, 
top of p. 431] we can still appeal to the fundamental exact sequence of [SGAl, p. 253], 
even if Yik^ is not quasi-compact. 

It is worth pointing out that in [Va2, proof of 3.2.2.1], the existence of 0[ in the case 
when Y is not quasi-compact, can be seen as well using Weil divisors, starting from the 
embedding of Ad{Au-i^),i,N in the projective scheme ^d(Ai7-^),i,7V as of [FC, §5 of ch. V] and 
using [FC, iv) of 10.1 of p. 88]. Before the fourth sentence of [Va2, proof of 3.2.2.3] we 
could add that we can assume Z is local, and using descent that it is strictly henselian; 
so the last paragraph of [Va2, proof of 3.2.2.1] can be imitated in the context of Z as well 
(to bring the things back to the level of O-schemes of finite type). 

We could add to [Va2, 4.2] that [fl,g] is algebraizable (see [Bo2, 7.6]) and so (as we 
are in characteristic and q is reductive) the restriction of Tr to it is non-dcgcncrate. 
We could add in the beginning of the proof of the Claim 1 of [Va2, 4.3.10 a)], that q{M) 
is free (as 7r{g) is enveloped by M). In [Va2, 4.3.10.2], we could add that any strictly 
henselian DVR is a Nagata ring (easy consequence of [Ma, Cor. 2 of p. 234]). Related 
to [Va2, p. 463], we could add that q{M) is naturally isomorphic to its dual and so it is 
irrelevant if we use R[[q{M)]] or R[[q{M)*]]. 

Related to [Va2, end of 6.2.2 C)], we could add that the forwarding to [Va2, 6.2.3] 
refers to the logical version of loc. cit. over C. Related to the unramified part of the 
proof of [Va2, 6.4.5], we could add the reference to [Va2, 3.4.5.2] (as p > 2). It is not 
stated explicitly, but on [Va2, p. 495] the argument that is not an outer automorphism 
did use the hypothesis p > 2: there are no outer automorphisms of odd order of a simple, 
adjoint group G over C leaving invariant a parabolic subgroup P of G with the property 
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that G/P is the dual of a hermitian symmetric domain; however if G/P is the dual of 
the hermitian symmetric domain associated to SU{n, n)^. or to S0{2, 2n — 2)k, then we 
can get such outer automorphisms of order 2. In the Fact of [Va2, 6.8.0] we could add 
that the pro-finite group is as well abelian. 

AE.6.1. We could add to the theory of [Va2, 4.3], that in applications to Shimura 
varieties of Hodge type, we need to consider only DVR's of mixed characteristic which 
are complete and have a residue field k which is the algebraic closure of a finite field and 
we need to check just that condition [Va2, 4.3.5] holds (in a suitable context) for any 
O-algebra R which is local, integral, strictly henselian and has k as its residue field. This 
is so due to the fact that the rings Re and Re^ of [Va2, 5.2.17.1] have all these properties 
(cf. [Va2, 5.2.1.1] for the strictly henselian part). Moreover, based on [Va2, 4.3.7 5') 
and 6)] we can assume R is as well complete and excellent. Warning: the way the proof 
of [Va2, 4.3.10 b)] is organized (we assumed that Go{M)jio is already semisimple), we 
still need to work in a reduced context (i.e. we still need to replace above integral by 
reduced). 
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Appendix 



It is desirable to make the connection between the present work and [RR]. There 
are three results here related to [RR] . They were obtained independently and their main 
part precedes [RR], cf. [Val] and 1.15.10. These results are: 

A) The part of 3.1.0 expressed in 3.6.6.1 2). It is related to the main results of [RR, 
ch. 3-4]. Loc. cit. obtains 3.6.6.1 2) (as well as its variant in a generalized Shimura 
context) in more general contexts. However our ideas work (without any change) to even 
more general contexts (see below). 

B) 3.2.10 (FORM). Its idea is very much the same as of the general result [RR, 1.17]. 

C) 4.5.4 and 4.5.6.1. The idea of 4.5.4 is the same underlying [RR, dcf. 3.3]. The 
Proposition 4.5.6.1 is related to the main result 3.6 of [RR]. It can be used to restate 
this main result in a simpler way, provided we restrict the class of groups. We use the 
notations of [RR, ch. 2-3] . We have: 

The Lie criterion (preliminary form). If all factors of G''^'^ are of B^, Cn 

(n G Nj, F4 or G2 Lie type, then for two points si, S2 of S, we have b{si) = 6(^2) iff the 
sequence of Newton polygons of the cyclic factors of the Lie isocrystal over si (defined by 
Lie{G) or, in the sense of [RR, 3.3], corresponding to the adjoint representation of G on 
its Lie algebra) is equal to the sequence of Newton polygons of the cyclic factors of the 
Lie isocrystal over S2- 

The proof of this is entirely the same as of 4.5.6.1: it is 2.2.24.1 (or [RR, 3.4 (i)]) 
which allows us to use semisimple elements as in the proof of 4.5.6.1. The "specialty" of 
F4 and G2 Lie types (from which the part of the Criterion pertaining to them follows) 
is: if we order the positive roots w.r.t. a chosen basis of the root system of any of these 
Lie types, on "the top part" we have a total ordering. To be quick, we explain what we 
mean by "the top part" directly in terms of the positive roots listed in [Bou2, planche 
VIII and IX] . We denote by > the ordering we referred to. For the G2 Lie type we have: 

3q!i + 2a.2 > Sai + 0:2 > 2q!i + 0:2 > cki + a2- 

For the F4 Lie type we have: 

2q!i-|-3q!2+4q!3-|-2q!4 > ai+3a2+4:a2+2a4 > ai+2a2+4:as+2a4 > ai+2a2+3as+2a4^. 

All the above roots are > than all positive roots which are not mentioned. 

We do not know when this criterion is true without its assumption on the Lie types 
of the simple factors of G^'^; 4.5.6.2 and the Fact of the proof of 4.5.6.1 point out that 
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there are simple variants (the easiest ones are for the Lie types; see 4.5.6.2 A) of 
this criterion in many cases involving factors of G^'^ of A^, or Lie types (n > 2). 
In practice it is easier to work with the above criterion (or variants of it) than with 
the partial ordering on B{G) defined in [RR, 2.3]. Moreover, Exercise 4.5.6 4) points 
out that, from the point of view of stratifications, [RR, 3.6] brings nothing new to the 
specialization theorem. Loc. cit. is just a restatement of the specialization theorem as 
provided by [RR, 2.2] and by the Newton map as defined in [RR] (in particular it does 
not represent a new proof of this theorem). [RR, ch. 1, 2.2, 2.4, 3.6-12] contains lots of 
useful theoretical tools (for instance, the language is practical and the proof of [RR, 4.2] 
is short). Unfortunately, [RR] is of extremely little use w.r.t. the Real Problem of L6.5. 

As a conclusion: the work of §1-4 is integral and so more refined (handling deforma- 
tion aspects and subtler things mod p, like 3.9 and 3.13) and more restricted (we work in 
a context of good reduction and of generalized Shimura p-divisible objects), while [RR] 
works rationally and so less refined but more general. 

However, the greatest part of the ideas and results presented in 3.6 can be used (i.e. 
extended) to even more general contexts. What follows (except Theorem 2 below) is an 
afterthought, suggested by [RR, 4.2]. Though 3.9.9 and 1) of 3.15.7 B point out that 
a lot can be done in the non-smooth context, for the time being let's refer just to the 
smooth one. We start with an arbitrary filtered ak-S-crystal 

we do not assume that the VF-condition holds for it or that G is a reductive group (see 
3.6.1.5). We work with p > 2. There are four steps in achieving this extension. 

Step 1. Part A. If the VF-condition holds for C and G is a quasi-split reductive 
group, then 3.2.3, 3.6.6, 3.6.6.0, 3.6.6.2 and the proof of 3.11.1 (relying on 3.4.11) remain 
valid, with no essential change (besides the logical one in connection to the part of 
3.13.7.8 involving iV/s, with j < 0). So the obstructions of proving 3.1.0, 3.4-5, 3.6.1.2-3 
and 3.11.1 in this context come just from: 

- 3.6.8.9 (cf. the discussion in 3.6.1.6), 

- from 3.5.6, 

and from 3.13.7.9 (cf. its end part postponing the general definition of Lie stable 
p-ranks) . 

The obstruction coming from 3.5.6 is not a very serious one (as we expect 3.5.6 to be 
a known result and), as it can be substituted (cf. 3.6.6.0) by the expectation of 3.6.1.6. 
Moreover, the obstruction coming from end of 3.13.7.9 is just for the time being. So 
the serious obstruction is in achieving suitable global deformations of C, as predicted by 
3.6.1.6. We hope to come back to this in a future paper, as we think it is one of the most 
urgent thing needed to be "sorted out" in connection to Fontaine categories. 

However, from the point of Newton polygons, the "lack of deformations" can be 
substituted by the specialization theorem (or by loc. cit.). Let go e G{W{k)) be such 
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that (fo :— QQip takes the Lie algebra of a Borel subgroup of G into itself (this is as in 
3.2.3). As in 3.6.6 (cf. also 3.6.6.2) and 3.6.6.0 we get that there is an affine, open, dense 
U = Spec(i?) of G through which the origin of G factors, such that for any u e U{W{k)), 
w((^o ® 1) and (fo^l are isomorphic under an isomorphism defined by an element of 
G{W{k)) which has the analogue shape of the element h of 3.13.7.8. We would like to 
add just four extra things. 

Tl. First, the fact that we use inner conjugations just by elements of G{W{k)) of 
the mentioned shape, is irrelevant from the point of view of the proof of 3.6.6 (see the 
end of the paragraph before the Expectation of 3.13.7.8). 

T2. Second, it is irrelevant what shape the exponential maps have (cf. also end of 
3.14 A); in connection to the generalization of 3.6.6 the only important think is that the 
property IND of the proof of 3.6.6 still holds. 

T3. Third, in the proof of 3.6.6 the particular shape of parabolic subgroups involved 
played no role at all. 

T4. Fourth, the case when we have (see the proof of 3.6.6) |/o| = 1 and 
(so we are dealing with the D4 Lie type) is, as mentioned in 3.6.6.2, entirely the same 
as the case when we have I In I = 1 and In =2. The explicit checking of this is left as 



an exercise for the diligent reader. We just add: the case |/o| = 1 and 
handled easily as well by computers. 



la 



3 can be 



3, a suitable 



This goes as follows. We need to check that, for |/o| = 1 and 

morphism mu : C/ — > f/ is such that its image has the right dimension, mjj is either 
constructed as the morphism ttih of the proof of 3.6.6 or (which is even better) as the 
orbit map of T/j of 3.13.7.8 defined by the identity element of H{k). mu is the extension 
to A; of a morphism mu,^ '■ U^^z ^^pi ^p^' ^7 is a connected, smooth group 
scheme of dimension less than 2(24 + 4) = 56 (see [Bou, planche IV] for the fact that the 
dimension of an absolutely simple adjoint group of -D4 Lie type is 28); if we construct mu 
via Th of 3.13.7.8, then we can replace 56 by 52 as well as below we can replace 55 by 51. 
Moreover, the number of possibilities for such morphisms mu is finite (as they depend 
only on the choice of some parabolic subgroups of an absolutely simple, split, adjoint 
group over Fp3 of Lie type) and each such morphism mu is defined by an orbit of a 
group action. Let c{mu) G N be the number of connected components of the maximal 
reduced subgroup U^^ of U mapped by mu into a point. Let c e N be the maximum of 
all such possible c(mj7)'s. 

Let e N \ {1, 2} be such that: 

a) any reductive group over F^s of dimension at most 55 splits over ¥pq and 

b) any etale, finite, fiat group scheme GS over FpS of rank at most c, over Fpq is 
defined by an abstract group. 

If any such morphism mu is not dominant, then the number NR{q) of Fp^-valued 
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points of U§ is 

(POINTS) c{mu)P{p'^) 

where P{x) is a polynomial with coefficients in Z which belongs to a finite list of polyno- 
mials of order of degree at least equal to dim/j(C/) — dimfc(C/) + 1. The finite list depends 
only on the number 55 and is obtained easily by combining [Bo2, 21. 15-17] (see also 
[GLS, Table 2.2 of p. 39]) with the fact that the number of split, reductive groups over 
¥pq of dimension at most 55 is finite, and with the fact that each reduced, connected, 
affine, algebraic group over ¥pq is the semidirect product of a reductive group with a 
unipotent group which is obtained from Ga via short exact sequences. By choosing q big 
enough (depending only on c and on 55), it can be easily checked by computers that none 
of these possible expressions for NR{q) is the right one. 

Lower bounds for such g's are effectively computable provided c is effectively com- 
putable. In practice is not very easy to compute c(mc/)'s; however, (SES) of 3.13.7.1 can 
be easily used to substitute b) by two other conditions b') and b"). For b') we just need 
to add replace in b) "of rank at most c" by the requirement that GS has a normal series 
of length at most 55 whose factors are direct sums of Z/pZ. For b") we just need to 
substitute in b) c by c' which is the maximum of effectively computable numbers c'{mu)- 

Part B. Either 3.15.7 BP2 or the estimates of [Ka2, 1.4-5] (to be compared as well 
with 3.15.8 or with the proof of [Ka2, 2.3.1-2]) imply that there is n G N, not depending 
on G, such that the Newton polygon of (M ®w{k) Wik), h{(pQ ® 1)) depends only on the 
reduction mod p"^ of /t e G(W(k)). We can assume U is small enough so that we have 
an isomorphism 

mu : S^ec{Wr,{R/pR)) Uw^(k) 

inducing the natural identification on special fibres. We fix some h e G{W{k)) and we 
consider the following object of p — A4{W{R/pR)) 

(M 0w{k) W{R/pR), KniMvo ^ 

with /luniv £ G{W{R/pR)) an element which mod p^ is the universal element defined 
naturally via mu- From the proof (of [Ka2, p. 143]) of the specialization theorem worked 
just mod and from the existence of U we get directly: 

Theorem 1. The Newton polygon of {M(S)w{k)j h'^o)) is above the Newton polygon 
NPo ofiM,0o). 

Theorem 1 is equivalent to [RR, 4.2]. For future references we state here the fol- 
lowing refinement of Theorem 1 for the generalized Shimura context. We assume € = 
(M, (-P'*(-^))je5(o+i b)) G) is a generalized Shimura p-divisible object of M.J^^^ ^ {W{k)). 

Let Aq, Bq, Cq and Dq be the subsets of G{W{k)) defined as in 3.1.3 and 3.2.10 (either 
Theorem 1 or the combination of the arguments of 3.7 with 3.15.6 D allows us to define 
Aq and Bq). 
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Theorem 2. 1) We have: Aq = Bq = Cg = D^qq. 

2) g & G{W{k) belongs to these sets iff the (refined) Lie stable p-rank of {M, gipQ,G) 
is equal to the one of (M, (pQ^G). 

3) If g G Aq, then there is a unique lift of {M, g(^Q, G) such that the Shimura adjoint 
filtered Lie a-crystal attached to it is of parabolic type (i.e. is Shimura- ordinary ) . 

The proof of this is entirely the same as the imphcations of 3.2.4. We just need to 
point out: either the deformation part of 3.15.6 or Theorem 1 imphes that we can stiU use 
the speciahzation part of 3.2.5-6 as for the context of Shimura cr-crystals (cf. also 3.7). 
No doubt, once the Faltings-Shimura-Hasse-Witt invariants are defined (see 3.13.7.9), in 
connection to Theorem 2, the extra hypothesis of being in a generalized Shimura context, 
will be automatically removed. 

One extra thing: ii p > b — a + 2, then the Galois property of 4.8.2 holds in the 
generalized Shimura context of €: no arguments need to be changed, cf. the deformation 
theory of 3.15.6 and [Fa2, th. 5]. In fact [CF] can be used to eliminate the assumption 
p >b — a + 2 (we recall that 4.8.2 is stated with Qp-coefficients). 

Step 2. If the VF-condition holds for €. and G is a reductive group which is not 
quasi-split, then 3.8 still applies. So, whenever we can define G-canonical lifts over k, 
they are in fact defined over k. Moreover, there is g & G{W{k)) such that the Newton 
polygon of (M, gip) is the same as the Newton polygon NPq obtained as in Theorem 1 
but for the pull back of € to k. 

Step 3. If the W^-condition holds for € but G is not a reductive group, we have to 
proceed as follows. For most problems (like isomorphisms classes, etc.) it matters only 
how G^ looks like. This, most common, reduces the problem to the case when G is the 
extension of a reductive group by a nilpotent groiip. So to work out 3.4-5 and 3.6.6 in this 
situation we have to combine the case of a reductive group with the case of a nilpotent 
group. For how this is accomplished see [Va5] (cf. 4.6.1 2)). Warning: from the point of 
view of Newton polygons, by giving up the condition that G is smooth, we can assume 
GB{k) is reductive; however, from the point of subtler things (mod powers of p) we can 
not make this assumption (to be compared with 3.9.7.2-3). 

Step 4. The last step is to deal with the case when the VF-condition does not hold 
for (to be compared with 2.2.9 1) and 1')). This, at a first glance, looks as an obstacle 
in getting 3.4-5 and 3.6.6 in this context. However, if G is reductive. Theorem 1 should 
be provable in this context, either by using global deformations or by shifting the focus 
from € to 

Lie(C) := {Ue{G),{F^{Ue{G)).^siLa,Lb)^'f^G/Z{G)). 

Here La, Lb E Z, Lb > La, are the logical values; the quotient group G/Z{G) acts on 
Lie((5) via inner conjugation. How "successful" we are (i.e. of what we achieved) in this 
shift of focus, can be read out from 2.2.16.5; for instance, if G/Z{G) is an adjoint group 
and if (Lie(Z'(G)), (p) has only slopes 0, then we are in the context of 1) or 2). We hope 
to come back to this step in a future paper. 



587 



As an afterthought, we point out: using [RR] and unpubhshed work of T. Zink, 
in [We] it is also checked the density part of 4.2.1 involving its a) part, in the cases 
mentioned in 4.6.6 as well as in the case p = 2 of the A and C cases of [Ko2]. 
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